Petter Mostad

Applied Mathematics and Statistics
Chalmers and GU

MVESS0 Stochastic Processes and Bayesian Inference

Exam 2019, January 16, 8:30 - 12:30
Allowed aids: Chalmers-approved calculator.
Total number of points: 30. To pass, at least 12 points are needed
There is an appendix containing relevant information about some probability distributions.

NOTE: By request, there is an appendix containing a Swedish version of all questions. You
may choose to answer in English or Swedish.

Figure 1: The graph for question 1.

1. (5 points) Consider the random walk on the weighted undirected graph given in Figure 1.

(a) Write down the transition matrix for the corresponding discrete-time Markov chain.

(b) Compute the stationary distribution for the random walk.

(c) Define time reversibility for a discrete irreducible Markov chain with transition ma-
trix P. Prove that any random walk on a weighted undirected graph is time reversible.

2. (4 points) Assume x | p ~ Geometric(p), so that x has a Geometric distribution with
parameter p.



(a) Assume that the prior is p | @, 8 ~ Beta(a, 8) for some parameters @ > 0 and 8 > 0.
Compute the posterior distribution p | x and find its name and parameters.

(b) Find a function f so that we have the following for the marginal probability mass
function 7(x):

m(x) = Cf(x)

for some constant C not depending on x.

3. (4 points) Let a discrete-time Markov chain on the state space {1, 2} have transition matrix

_|l=p p
r=|'o" 1]

for some p with 0 < p < 1.

(a) Compute the fundamental matrix.
(b) For a chain starting in 1, what is the expected number of steps until absorbtion?
(c) For a chain starting in 1, what is the variance of the number of steps until absorbtion?
4. (5 points) Assume a branching process is such that the probability of zero, one, or two
offspring is 1/8, 1/2, or 3/8, respectively.
(a) What is the expected size of Zs, the fifth generation of the branching process?
(b) Write down the probability generating function for the offspring process'.

(c) Compute the probability that the process will eventually go extinct.
5. (2 points) Consider the probability density on the real numbers defined by
n(x) = Cexp (—(x + sin x)Q)

where C is a constant. Describe in detail how to use the Metropolis Hastings algorithm to
obtain an approximate sample from a random variable with this density. Use as proposal
function g(x | xo) = Normal(x; xo, 02), where xo is the previous value in the chain and o
1s some constant.

6. (4 points) Assume {N,},»( is a Poisson process with parameter A, and let S, be the arrival
time of the n’th observation.

(a) Find the expectation and variance of S ,, — S ,, when m > n.

(b) Compute the correlation corr(S ,,, S ), when m > n.

'In the original exam, the question was formulated “Write down the probability generating function”.



7. (4 points) Customers arrive to a drop-in hair salon as a Poisson process with the rate of
3 per hour. Two people work at the salon: The owner A and her assistant B. When a
customer arrives, the following happens: If either the assistant or the owner is working,
the other one takes the new customer, but if none of them are working, the assistant is set
to work. If they are both working, the customer will wait in the single waiting chair. If the
waiting chair is filled, the new customer goes away.

The length of a haircut done by the owner is exponentially distributed with expectation
20 minutes, while the length of a haircut done by the assistant is exponentially distributed
with expectation 30 minutes. When they finish and there is a customer waiting, the person
who finishes will immediately start working on this customer.

(a) Write down the generator matrix Q for the 5 possible “states” of the hair salon.

(b) We would like to compute the long term? proportion of time that the owner is work-
ing but not the assistant. Write down exactly which equations to solve, and how to
make this computation without a computer; however you do not need to do the actual
computation.

8. (2 points) Assume A is a real 3 x 3 matrix with the property that there exists an invertible
matrix S such that A = § DS ~! with D a diagonal matrix with values 1, 1/2, 1/3 along the
diagonal. Compute the determinant of the matrix e”.

%In the original exam, the formulation was “expected” instead of “long term”



Appendix: Some probability distributions

The Bernoulli distribution

If x € {0, 1} has a Bernoulli distribution with parameter 0 < p < 1, then the probability mass
function is

m(x) = p*(1-p)'™
We write x | p ~ Bernoulli(p) and (x| p) = Bernoulli(x; p).

The Beta distribution

If x € [0, 1] has a Beta distribution with parameters with @ > 0 and 8 > 0 then the density is

I
e 00B) = o (1=

We write x | @, 8 ~ Beta(a, 8) and n(x | @, 8) = Beta(x; a, B).

The Beta-Binomial distribution

If x € {0,1,2,...,n} has a Beta-Binomial distribution, with n a positive integer and parameters
a > 0 and g > 0, then the probability mass function is
I'x+a)l'(n—-x+pB)I'(a+p)

Fa)Brn+a+p

(x| o, f) = (Z)

We write x | n, @, 8 ~ Beta-Binomial(n, @, 8) and n(x | n, @, ) = Beta-Binomial(x; n, , ).

The Binomial distribution

If x € {0,1,2,...,n} has a Binomial distribution, with n a positive integer and 0 < p < 1, then
the probability mass function is

n(x|n,p)= (Z)p"(l -p)"

We write x | n, p ~ Binomial(n, p) and (x| n, p) = Binomial(x; n, p).

The Dirichlet distribution

If x = (x1, x2, ..., x,) has a Dirichlet distribution, with x; > 0 and }?_, x; = 1 and with parameters
a=(ay,...,a,) witha; >0, ..., @, > 0, then the density function is

I'lag+ar+---+ay) -1 _ar—1
Pq )2 :
[(a)l(as) - - T'(ay,)

We write x | @ ~ Dirichlet(«) and n(x | @) = Dirichlet(x; ).

n(x | @) = ~pa



The Exponential distribution
If x > 0 has an Exponential distribution with parameter A > 0, then the density is
(x| A) = Aexp(—A1x)
We write x | 4 ~ Exponential(1) and n(x | 4) = Exponential(x; 1). The expectation is 1/4 and

the variance is 1/12.

The Gamma distribution

If x > 0 has a Gamma distribution with parameters @ > 0 and 8 > 0O then the density is

(1

n(x|aB) = B X! exp(—Bx).

I'(a)

We write x | @, 8 ~ Gamma(a, 8) and 7(x | @, ) = Gamma(x; @, ).

The Geometric distribution

If x € {1,2,3,...} has a Geometric distribution with parameter p € (0, 1), the probability mass
function is

n(x|p)=pl-p’

We write x | p ~ Geometric(p) and n(x | p) = Geometric(x; p). The expectation is 1/p and the
variance (1 — p)/p>.

The Normal distribution

If the real x has a Normal distribution with parameters u and ¢, its density is given by

1 1
m(x | o) = WCXP (—F(X—,U)Z)-
o

We write x | u, 0> ~ Normal(u, 0?) and ni(x | u, 0*) = Normal(x; , 0°2).

The Poisson distribution

If x € {0,1,2,...} has Poisson distribution with parameter 4 > 0O then the probability mass
function is
a4
e —.
x!
We write x | 4 ~ Poisson(1) and m(x | 1) = Poisson(x; A).



Appendix: Fragorna pa svenska

1. (5 podng) Observera slumpvandringen som defineras av Figur 1.

(a) Skriv ner 6vergangsmatrisen for motsvarande tids-diskreta Markovkedja.

(b) Berikna stationdrfordelningen for slumpvandringen.

(c) Definera tids-reversibilitet for en diskret irreducibel Markovkedja med overgangsma-
tris P. Bevisa att en slumpvandring pa en viktad oriktad graf ar tids-reversibel.

2. (4 podng) Anta X | p ~ Geometric(p), sa att X har en geometrisk foredelning med param-
eter p.

(a) Anta apriori-fordelningen p | a,8 ~ Beta(a,pB) for parmetrar « > 0 och g > 0.
Berikna posteriori-fordelningen p | X och hitta dens namn och parametrar.

(b) Hitta en funktion f sa att foljande géller for den marginella sannolikhetsfunktionen
m(x):

m(x) = Cf(x)

for ndgon konstant C som inte beror pa x.

3. (4 podng) Lat en tids-diskret Markovkedja med tillstansrum {1, 2} ha 6vergangsmatris

_|l=p p
r=|'0" ]

for nagon pmed 0 < p < 1.

(a) Berikna den fundamentala matrisen.
(b) For en kedja som startar 1 1, vad &r forvintad antal steg till absorption?
(c) For en kedja som startar i 1, vad dr variansen av antal steg till absorption?

4. (5 podng) Anta en forgreningsprocess dr sadan att sannolikheten for noll, ett eller tva
avkom r 1/8, 1/2 respektiva 3/8.

(a) Vad dr forvintad storlek av Zs, femte generation av forgreningsprocessen?

(b) Skriv ner den sannolikhetsgenererande funktionen for fordelningen fér avkommor?.

(c) Berikna sannolikheten att processen dor ut.
5. (2 podng) Observera en stokastisk variabel med reella virden och tithetsfunktion
n(x) = Ceexp (—(x + sin x)’)

dir C dr en konstant. Beskriva detaljerad hur man kan anvianda Metropolis-Hastings al-
goritmen for att ta fram ett approximativt stickprov fran en slumpvariabel med denna té-
thetsfunktion. Anvind forslagsfunktionen g(x | xo) = Normal(x; xo, 0'5), dér x, ar kedjans
tidigare virde och o2 #r nigon konstant.

3] originaltentan s& formulerades frigan som “Skriv ner den sannolikhetsgenererande funktionen.



6. (4 podng) Anta {N,},»o dr en Poissonprocess med parameter A och lat S, vara ankomsttiden
for observation nummer 7.

(a) Beridkna véntevirde och varians for S, — S, ndr m > n.

(b) Berikna korrelationen corr(S ,,, S ,,) nir m > n.

7. (4 podng) Kunder ankommer en drop-in frisdrsalong enligt en Poissonprocess med rate 3
per timme. Tv4 personer arbetar i salongen: Agaren A och hennes assistent B. Nir en ny
kund ankommer sa hinder foljande: Om antingen assistenten eller dgaren arbetar sa borjar
den som inte arbetar att arbeta med kunden. Om vare sig dgaren eller assistenten arbetar
sa borjar assistenten arbeta med kunden. Om bade dgaren och assistenten arbetar sa vantar
kunden i salongens dnda stol for viantande kunder. Om det redan finns en kund i denna stol
sa lamnar den nya kunden salongen.

Tiden det tar dgaren att klippa dr exponensialfordelad med vintevirde 20 minuter, medan
tiden det tar assistenten att klippa dr exponensialfordelad med véntevirde 30 minuter. Om
en klippning avslutas medan det finns ndgon som vintar sa borjar den som har klippat
genast att arbeta med den véntande kunden.

(a) Skriv ner generatormatrisen Q for de 5 mojliga tillstand som frisorsalongen kan vara
i.

(b) Vi vill girna beriikna andelen tid, i det l&nga loppet*, under vilken #garen arbe-
tar medan assitenten inte arbetar. Skriv ner exakt vilka ekvationer som behdver
16sas, och hur man gor berdkningarna utan dator. Dock behover du inte genomfora
berdkningarna.

8. (2 podng) Anta A ir en reell 3 X 3 matris sa att det existerar en invertibel matris S sa
att A = S DS ! dir D #r en diagonalmatris med virden 1,1/2,1/3 l&éngsmed diagonalen.
Beriikna determinanten av matrisen e”.

“I den ursprungliga tentan var formuleringen “véntevirdet for andelen tid”



