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Problem 1.
P{system “up”} = (1− p)

[
3r(1− r)2 + (1− r)3

]
.

(2)

Problem 2. The inverse transform is x = e−λy, y > 0. Thus

(a)
fY (y) = fX(e−λy) · λe−λy = λe−λy, y > 0.

(2)

(b)

E[XY ] =

∫ 1

0

x
(
− ln x

λ

)
dx =

1

λ

[
− x2

2
ln x

∣∣∣1
0
+

∫ 1

0

x

2
dx

]
=

1

4λ
.

(2)

Problem 3. Since X and Y are jointly Gaussian, any non-degenerate linear combination of
X and Y is a Gaussian random variable.

(a) X − Y is Gaussian with

E[X − Y ] = µX − µY , σ2
X−Y = σ2

X + σ2
Y − 2ρσXσY .

(2)

(b) X and Y are independent Gaussian random variables with the same mean value and
variance, hence P{|X| > |Y |} = P{|Y | > |X|}. Since P{|X| > |Y |}+P{|Y | > |X|} = 1,
we get P{|X| > |Y |} = 0.5. (2)

Problem 4.

(a)

P{input 1 |Y > T} =
P{Y > T | input 1} p

P{Y > T | input 1} p + P{Y > T | input 0} (1− p)
,

=
p Q(T − 1)

p Q(T − 1) + (1− p) Q(T )
.

When p = 0.5 the above gives

Q(−0.5)

Q(−0.5) + Q(0.5)
= 1−Q(0.5) ≈ 0.692.

(2)
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(b)

Pe = P{Y > T | input 0} (1− p) + P{Y < T | input 1} p

= (1− p)

∫ ∞

T

f2(t) dt + p

∫ T

−∞
f1(t) dt = (1− p)Q(T ) + pQ(1− T ).

When p = 0.1, T = 0.5 + ln 9 ≈ 2.7, 1− T = −1.7 and

Pe = 0.9 Q(2.7) + 0.1 [1−Q(1.7)] = 0.9 · 0.0034 + 0.1 · 0.044 = 0.099.

(2)

Problem 5.

(a) N(t) is not stationary, since the mean-value time function mN(t) = E[N(t)] = λt is not
a constant. (2)

(b)
P{S1 > 1, S2 > 2 |N(3) = 3}

=
P{S1 > 1, S2 > 2, N(3) = 3}

P{N(3) = 3}

=
P{N(1) = 0}P{N(2)−N(1) = 1}P{N(3)−N(2) = 2}

P{N(3) = 3}

+
P{N(1) = 0}P{N(2)−N(1) = 0}P{N(3)−N(2) = 3}

P{N(3) = 3}
=

4

27
.

(2)

(c)

P{Wt > x, Sk < t < Sk + Tk+1} =

∫ t

0

P{Tk+1 > t− u + x}fSk
(u) du

=

∫ t

0

e−λ(t−u+x) λk

(k − 1)!
uk−1e−λ u du = e−λ(t+x) (λ t)k

k!
.

By the total probability formula,

P{Wt > x, Sk < t < Sk + Tk+1} = e−λ(t+x)

∞∑
0

(λ t)k

k!
= e−λ x.

(4)

Problem 6.

(a)

E[Xn+kXn] =

p∑
i=0

p∑
j=0

αi αjRW (k − j + i).
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If |k| > p we have |k| − j + i ≥ 1 and RW (|k| − j + i) = 0. Thus RX(k) = 0 for |k| > p.

For |k| ≤ p

RX(k) =

p∑
l=|k|

αi αi−k =
∞∑
−∞

αi αi−k,

where we have defined αi = 0 for i < 0 and i > p. (2)

(b)

SX(f) =
∞∑

k=−∞

∞∑
i=−∞

αi αi−ke
−j 2π f k =

∞∑
i=−∞

αi e
−j 2π f i

∞∑
m=−∞

αm ej 2π fm = H(f) H∗(f)

where H(f) =
∑∞

i=−∞ αi e
−j 2π f i is the transfer function of the system. (2)

(c)
aRX(0) + bRX(1) = RX(2)

aRX(1) + bRX(0) = RX(1)

(2)

(d)
e2 = RX(0)− aRX(2)− bRX(1).

(2)
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