Solution to the exam in TMS115 Probability and Stochastic Processes
2005-10-21

Problem 1.
P{system “up”} = (1 —p) [37’(1 — 7)Y+ (1— 7’)3}.

Problem 2. The inverse transform is z = e™*Y, y > 0. Thus

(a)
fr(y) = fx(e™) - de ™™ =Xe™™, 4> 0.

(2)

Problem 3. Since X and Y are jointly Gaussian, any non-degenerate linear combination of
X and Y is a Gaussian random variable.

(a) X —Y is Gaussian with
E[X —Y]=pux —py, 0x_y=0%+0v —2p0x0y.

(2)

(b) X and Y are independent Gaussian random variables with the same mean value and
variance, hence P{|X| > |Y|} = P{|Y| > |X|}. Since P{|X| > |Y|} +P{|Y| > | X|} = 1,
we get P{|X]| > Y|} =0.5. (2)

Problem 4.

(a)

P{Y > T|input 1} p
P{Y > T |input 1} p+ P{Y > T'|input 0} (1 — p)’
_ pQ(T—1)
pQ(T =1+ (1-p)QT)
When p = 0.5 the above gives

Q(~0.5)
Q(—0.5) + Q(0.5)

P{input 1Y > T} =

—1—Q(0.5) ~ 0.692.



P.=P{Y > T |input 0} (1 —p) + P{Y < T'|input 1} p

(1-p /f2 dt+p/ filt) dt = (1= p)Q(T) +pQ(1 — T).

When p=0.1,T=054+1n9~27 1—-T=—-1.7and

P, =09Q(2.7) +0.1[1—Q(1.7)] = 0.9-0.0034 + 0.1 - 0.044 = 0.099.

Problem 5.

(a) N(t) is not stationary, since the mean-value time function my(t) = E[N(t)] = Mt is not
a constant. (2)

(b)
P{S;>1,5 >2|N(3) =3}
_ P{S; >1, 5 >2 N(3) =3}

P{N(3) = 3}
~ P{N(1) = 0} P{N(2) — N(1) = 1} P{N(3) — N(2) = 2}
P{N(3) = 3}
P{N(1) =0} P{N(2) = N(1) = 0} P{N(3) = N(2) =3} 4
i P{N(3) = 3} Tor

t
P{Wt >, Sk <t < Sk+Tk+1}:/ P{Tk—H >t—u+x}f5k(u)du
0

. —A(t—u+zx) k—1_—Au = A(t+=x)
—/Oe —<k_1)!u e du=-e o

By the total probability formula,

()\t)k _ =z
k" = e .

P{W, >z, Sj, <t < Sp+ Tjp1} = e+ Z

Problem 6.

(a)



If |k| > p we have |k| —j+i > 1 and Ry (|k| —j+1i) =0. Thus Rx(k) = 0 for |k| > p.

For |k| <p
p [e%s)
Rx(k) = Z Q; QG = Zai Qs
I=|k| —00

where we have defined a; = 0 for 2+ < 0 and ¢ > p.

(b)

(2)

SX(f): Z Z Oél'Oéi,keij%rfk: Z OéieijQﬂfi Z am€j2ﬂfm:H(f)H*(f)

k=—00 i=—00 1=—00 m=—00

where H(f) =02 ;e 72"/ s the transfer function of the system.

(c)

aRx(l) + bRx(O) = Rx(l)

e = Rx(0) — aRx(2) — bRx(1).

(2)



