Solution to the exercise problems in Chapter 7

Problem 7.7

b) Ry(7); Sv(f)

h(t) = 6(t) — 6(t — d) - the impulse response
H(f) = 1 — i

|H(f)|? = (1 — e 72md)(1 — e727/d) = 2(1 — cos 27 fd)

a) Sxy(f) = H(f)*Sx(f) = Sx(f) — ”*Sx(f)
—_——
F{Rx(-+d)}
ny(T) = Rx(T) — Rx(T + d)

b) Sy(f) = [H(/)PSx(f) = 2(1 —cos 2nfd) - Sx(f)

J/

F(25()-6(+d)—5(—d)}  F{Rx()}
[2cos 2m fd = /2™ 4 =204 = F{5(- +d) + 6(- — d)}([)]

Ry = Ry # (26(-) = 6(- + d) + 6(- — d))
Ry(T) = QR)((’T) — Rx(T + d) — Rx(T — d)

Problem 7.9
Ry (k) =4(1/2)" +16(1/4)*




e Consider first for |o| <1
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Sy (f) = 1—(1/2)? 1—(1/4)?
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Problem 7.19
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Y@:—/ X (¢ dt'

T Jir
!
a short-term average of X (¢)

Find Sy (f) in terms of Sx(f)

if t—T <0<t

)

t
o Wt)=+ [ ,o(t)dt' = 0<t<T
0, otherwise
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Problem 7.34
3 1
Y, = qYn1 - gYn,Q + W, |W,, -zero mean
white-noise proc. (%)
!
AR(2)
2:27" =47 n>0
8) Show that hy = { 0, otherwise

b) Find H(f); Sy(f); Ry (k)

a) The process Y is obtained by passing the white-noise process W through a
linear time-invariant system. According to (*), the unit impulse response function
h,, of the system is defined as

1
hn = zhnl - ghn,Q + 57“ n = 0, :i:l, :i:2,

It is easy to check that the functions h, in a) and h,, are the same.
Below we use a standard technique for computing the unit impuls response func-
tion of a system producing an autoregressive process from the white-noise process.
Yn - %Ynfl + %Ynf2 = Wn (*)
_ o 3 1 2
f(D) =D°—4D+35D

the polynomial shift operator corresponding to (x)
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(x): [P(D)(Y) =W

To express Y in terms of W, we need the inverse operator P(D)~1.

P(z) =1— 22+ £ 2% - the characteristic polynomial of P(D)
P(z)=3(z—2)(z—4)=(1—2/2)(1 - z/4)

1 2 1
(1—2/2)(1—2/4) 1—2/2 1—2z/4

P =

23 () -5 6) SR - ()] - S

The inverse operator P(D)~! is now obtained from the above as

(PD)'(®)) =" I = ]
" k=0
b)
- INe /1 ,
— - . —j2rfk
H(J) ;<2<2> (4) )e
1 1
1— Le—ionf 1 — Le-ionf
B 1
(11— Te=12m) (1 — te—i2nf)’
Then
Sy(f) = [H(f)oiy,
where
1 1
H(H|]? = -
H ) 1+%—00527rf 1—1—%6—%(:0827?]”
B 8[ 2 _ 1
~ T4+ 1 —cosorf 1+ 4 —cos2rfl’
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Recall from Problem 7.9 that for |o| < 1

FlaMy(f= — o
1+ a? —2acos 27 f
From this and from
S(f)_§ 2 1—(3)? 1 1—(3)? ]
vV 1—(3)2 1+ ()2 —cos2rf 1-(1)2 1+(3)2—lcos2mfl™"
we obtain

w50 - )]

Next we compute Ry (k) by help of standard technique. For convenience, denote

R(k) = Ry (k).

o Yn:%Ynfl_%Yan_FWn
Multiply both sides by Y,,_ to get
Ynfk Yn = % Ynfk Ynfl - % Ynfk Yn72 + Ynfk Wn

and take the expectation of both sides.

R(k) = Z R(k—1) - é R(k— 2) + E[Y, W,

E=0: R(0)= Z R(1) - % R(2) + 2,

k=1: R()= ZR(O) LRy (v, and W, are uncorelated)
k=2: R(2)=]R(1) - S R(O)

E>2 R(k)z%R(k:—l)—%R(kz—m

true for k > 2

e We first find R(0) and R(1) from the first two equations, substituting there



R(2) by the right hand side of the equality with & = 2 above.

3 173 1
— 2R(1) = = |2R(1) = = 2
R(0) = JR() - 5| {RO) = SRO)| + o
3 1
1) = 2R(0) — =R(1
R(1) = R(0) - 2R(1)
63 21 R(i)
—_ _ — ]_ pr— 2 Z: — 1
3 9
— —_— 1 P—
LR(0) = SR(1) =0
637‘0 —427"1 =64
67’0 —97’1 =0
64 —42
T_det[o -9 _}_ —64-9  —576
0 63 —42]  —63-9+6-42 —315
det
6 —9
63 64
et { 6 0 ]  [384
T T 315|315
576 384
= 1) = ==

e Now we compute R(k), k > 2. As we saw above, for k& > 2 the series R(k)

obey the recurrent equations

1
R(k) — 23(1@— )~ SR(=2)=0, k>2

called second-order difference equations. The characteristic polynomial of the

system is
3 1
PA) = \F— S\ 2 k2
(A) Nty

We need to find the non-zero rooths of this polynomial, i.e., the non-zero rooths
1
Ay = T All possible

3 1
of \? — é_l)\ + —. Easy to see that these rooths are \; =

8 2’

576
315




solutions of the system of difference equations have the form

P N 1\ K
# =a(z) +5(3) |-
where o and [ are some constants. We have already computed R(0) and R(1),
thus we must have

a (3
k=1: —+2=R01
5 T2 R(1)
This gives
—1
HEEIRES
I - R(1
B 5 1 (1)
576
2052,
B 1 { 1/4 —1} 315
- 1 1 -1/2 1 284
Clet[1/2 1/4] 3150
~ (—4)o}, [ 144 — 384
315 —9288 4 384
64
252,
Ao}, [ —240 } B 21
— o6 | =
315 + _%02
105 W
and hence

R(k) ZU%[%G)W —%(%)k] C k=0,41,42, ...

Problem 7.44

e X,=27Z,+N,, N,- whitenoise, o3 =1

LIVANES %Zafl + W,



o Ry(k) =43 k=0,+1,...

a) Find the optimum linear filter for estimating Z, when p = 1.

b) Find the mean-square error in a)

a) p = 1. We have to solve the system

ol ]! +77 r ho
r B r 1 +7'_1 hl
with r =1/2, 7=0%/0% = 4.
o ho | _ 1 1+771 —r 1
hi | (147122 _r 1471 ,

iy 1 14+7t—12
M )2 -2 rrt

e Put r=1/2, 71 =1/4, to get

ho 21
[ h ] 2
21
b) Ele] = 0% — hooy — hiroy = 4(1 — % — %%)
1
Ble) =|
21




