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1 Random events and random variables

1.1 Probability space

A random experiment is modeled in terms of a probability space (Q, F,P)

e the sample space € is the set of all possible outcomes of the experiment,
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o the o-field (or sigma-algebra) F is a collection of measurable subsets A C Q (which are called

random events) satisfying

1. P e F,
2.if A, e F,0=1,2,..., then U2, A; € F, countable unions,
3. if A € F, then A¢ € F, complementary event,

e the probability measure P is a function on F satisfying three probability axioms



1. if A e F, then P(A) > 0,
2. P(Q) =1,
3. if A; € F,0=1,2,... are all disjoint, then P(U2, A;) = >°2, P(4;).

De Morgan’s laws

(Na) =Ua. (Ua) =Nar
Properties derived from the axioms
P(0)
P(A%) =1 -P(A),
P(AUB) =P(A) +P(B) —-P(AN B).

0,
1

Inclusion-exclusion rule
P(A1 U UA) =) P(A) =) PANA)+ > PANA;NA)—. ..
i i<j i<j<k
+(=D"MPA; N...NA,).

Continuity of the probability measure
e if Ay C Ay C...and A= UzoilAZ = lim; Ai, then IP)(A) = lim; o P(Al),
e if BiDByD...and B = mloile = lim; o0 Bi7 then ]P)(B) = lim; oo IP)(BZ)

1.2 Conditional probability and independence
If P(B) > 0, then the conditional probability of A given B is

P(AN B)

PAIB) = —5 5

The law of total probability and the Bayes formula. Let By,..., B, be a partition of {2, then

P(A) = ZIP(A\Bi)IP(Bi),
 B(AIBR(B))
> i1 P(A|Bi)P(B;)

P(B;|A) =

Definition 1.1 Events Ay,..., A, are independent, if for any subset of events (A;,,..., 4;,)
P(A;, N...NA;,) =P(A4;,)...P(A,;,).

Example 1.2 Pairwise independence does not imply independence of three events. Toss two coins and
consider three events

e A ={heads on the first coin},
e B ={tails on the first coin},
e C ={one head and one tail}.

Clearly, P(A|C) = P(A) and P(B|C) = P(B) but P(AN B|C) = 0.



1.3 Random variables

A real random variable is a measurable function X : 2 — R so that different outcomes w € Q can give
different values X (w). Measurability of X (w):

{w: X(w) <z} € F for any real number z.

Probability distribution Px (B) = P(X € B) defines a new probability space (R, B,Px ), where B = o(all
open intervals) is the Borel sigma-algebra.

Definition 1.3 Distribution function (cumulative distribution function)
F(z) = Fx(2) = Px{(~o0,a]} = P(X < 2).
In terms of the distribution function we get

Pla < X <b) = F(b) — F(a),
P(X <z)=F(z—),
P(X =2z) = F(z) — F(z—).

Any monotone right-continuous function with

lim F(z)=0and lim F(z)=1

r—r—00 xTr—r 00
can be a distribution function.

Definition 1.4 The random variable X is called discrete, if for some countable set of possible values
P(X € {I1,$27 . }) =1.

Its distribution is described by the probability mass function f(z) = P(X = x).
The random variable X is called (absolutely) continuous, if its distribution has a probability density
function f(x):

F(x) = /f fly)dy, for all x,
so that f(z) = F'(x) almost everywhere.
Example 1.5 The indicator of a random event 14 = 1(,e 4} with p = P(A) has a Bernoulli distribution
Pla=1)=p, P1la=0)=1-p.

For several events S,, = > ., 14, counts the number of events that occurred. If independent events
Ajq, As, ... have the same probability p = P(4;), then S, has a binomial distribution Bin(n, p)

P(S, = k) = (Z)pk(l )k, k=0,1,....n.

Example 1.6 (Cantor distribution) Consider (2, F,P) with Q = [0, 1], F = By 1}, and

P([0,1]) =1
P([0,1/3]) = P([2/3,1]) = 27"
P([0,1/9]) = P([2/9,1/3]) = P([2/3,7/9]) = P([8/9,1]) = 27

and so on. Put X (w) = w, its distribution, called the Cantor distribution, is neither discrete nor contin-
uous. Its distribution function, called the Cantor function, is continuous but not absolutely continuous.



1.4 Random vectors

Definition 1.7 The joint distribution of a random vector X = (X, ..., X,,) is the function
Fx(z1,...,2,) =P{X1 <z} n...n{X, <z,}).

Marginal distributions

Fx, (z) = Fx(z,00,...,00),
Fx,(z) = Fx(co,z,00,...,00),
Fx, (x) = Fx(o0,...,00,).
The existence of the joint probability density function f(x1,...,%,) means that the distribution function

xry Tn
Fx(xl,...,xn)z/ / FWi, -y yn)dyr ... dyn, for all (z1,...,z,),

_ O"F(z1,m)

is absolutely continuous, so that f(z1,...,2,) = EETE: almost everywhere.

Definition 1.8 Random variables (X1,...,X,,) are called independent if for any (x1,...,2,)
P(X) <xp,..., X, <2,) =P(X1 < 21) ... P(X,, < 7).
In the jointly continuous case this equivalent to

flar,. o xn) = fx,(z1) ... fx, (Tn)-

Example 1.9 In general, the joint distribution can not be recovered form the marginal distributions. If

Fxy(2,y) = 2yl{zy)e0.1)2}
then vectors (X,Y) and (X, X) have the same marginal distributions.

Example 1.10 Consider

l—e®—ze ¥ if0<z <y,
Flz,y)=q 1—e¥V—ye ¥ if0<y<uz,
0 otherwise.

Show that F(z,y) is the joint distribution function of some pair (X,Y"). Find the marginal distribution
functions and densities.

Solution. Three properties should be satisfied for F(x,y) to be the joint distribution function of some
pair (X,Y):

1. F(z,y) is non-decreasing on both variables,

2. F(z,y) > 0asx — —oo and y — —o0,

3. F(z,y) > 1 as z — oo and y — 0.
Observe that

0%F (x,y)

f(z,y) = “owdy e Y1{o<a<y)

is always non-negative. Thus the first property follows from the integral representation:

F(z,y) = /; /_yoo f(u, v)dudv,

which, for 0 < z <y, is verifies as

T Yy z Yy
/ / flu,v)dudv = / (/ e*”dv) du=1—e""—ze™¥,
—00 J —00 0 u
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Figure 1: Filtration for four consecutive coin tossings.

and for 0 <y <z as

x Y Y Yy
/ / f(u, v)dudv = / (/ e*”dv) du=1—-e"Y—ye V.
—0o0 J —0o0 0 u

The second and third properties are straightforward. We have shown also that f(x,y) is the joint density.
For z > 0 and y > 0 we obtain the marginal distributions as limits
Fx(z)=lim F(z,y)=1-¢"",  fx(z)=e",
Y—>00
Fy(y) = lim F(r,y) =1—e¥ —ye ¥ fr(y) =ye "

X ~ Exp(1l) and Y ~ Gamma(2, 1).

1.5 Filtration
Definition 1.11 A sequence of sigma-fields {F,,}22; such that

FiCFC...CF,C..., F,CFiloraln

is called a filtration.

To illustrate this definition use an infinite sequence of Bernoulli trials. Let S,, be the number of heads
in n independent tosses of a fair coin. Figure 1 shows imbedded partitions F; C Fo C F3 C F4 C F5 of
the sample space generated by Si, .52, 53,54, S5.

The events representing our knowledge of the first three tosses is given by F3. From the perspective
of F3 we can not say exactly the value of Sy. Clearly, there is dependence between S3 and S;. The joint
distribution of S3 and Sy:

54:0 54:1 54:2 54:3 54:4 Total
Ss=0| 1/16  1/16 0 0 0 1/8
Sy =1 0 3/16  3/16 0 0 3/8
Sy =2 0 0 3/16  3/16 0 3/8
Sy =3 0 0 0 1/16  1/16 | 1/8
Total | 1/16 1/4 3/8 1/4 1/16 1

The conditional expectation

E(S4]53) = S5+ 0.5

is a discrete random variable with values 0.5,1.5,2.5,3.5 and probabilities 1/8,3/8,3/8,1/8.

For finite n the picture is straightforward. For n = oo it is a non-trivial task to define an overall
(Q, F,P) with © = (0,1]. One can use the Lebesgue measure P(dz) = dz and the sigma-field F of
Lebesgue measurable subsets of (0, 1]. Not all subsets of (0,1] are Lebesgue measurable.



2 Expectation and conditional expectation

2.1 Expectation
The expected value of X is

E(X) = /Q X (w)P(dw).

A discrete r.v. X with a finite number of possible values is a simple r.v. in that

X = ixilAi
i=1

for some partition Ay, ..., A, of Q. In this case the meaning of the expectation is obvious
n
E(X) =Y aP(A).
i=1

For any non-negative r.v. X there are simple r.v. such that X, (w) / X(w) for all w € Q, and the
expectation is defined as a possibly infinite limit E(X) = lim,_ o E(X,,).

Any r.v. X can be written as a difference of two non-negative r.v. X =XV 0and X~ = —-X AOQ.
If at least one of E(X*) and E(X ™) is finite, then E(X) = E(X*) — E(X ™), otherwise E(X) does not

exist.

Example 2.1 A discrete r.v. with the probability mass function f(k) = m for k=—-1,£2,43,...
has no expectation.

For a discrete r.v. X with mass function f and any function g
E(g(X)) =Y g(z)f(x).
x
For a continuous r.v. X with density f and any measurable function g

E(g(X)) = / @) o).

In general
E(X) = QX(w)}P’(dw) = /_OO 2Px (dx) = /_oo xdF(z).

Example 2.2 Turn to the example of (Q,F,P) with Q = [0,1], 7 = Byj, and a random variable
X(w) = w having the Cantor distribution. A sequence of simple r.v. monotonely converging to X is
Xp(w)=k3"forwe[(k—1)3™k37"),k=1,...,3" and X,,(1) = 1.

X1 (@) =0, E(X))=0,
Xo(w) = (1/3)Lqweqys.2/3)) + (2/3)1wepz/ay,  E(X2) = (2/3) x (1/2) = 1/3,
E(X3) = (2/9) x (1/4) +(2/3) = (1/4) + (8/9) * (1/4) = 4/9,

and so on, gives E(X,,) 7 1/2 = E(X).
Lemma 2.3 Cauchy-Schwartz inequality. For r.v. X and Y we have
(E(XY))* < E(X?)E(Y?)
with equality if only if aX +bY =1 a.s. for some non-trivial pair of constants (a,b).
Definition 2.4 Variance, standard deviation, covariance and correlation
Var(X) = E(X —EX)® = E(X?) — (EX)?,  ox = v/Var(X),
Cov(X,Y)=E(X —EX)(Y —EY) = E(XY) — (EX)(EY),

Cov(X,Y
p(X,Y) = ColX.Y)
OxXO0y



The covariance matrix of a random vector (Xi,..., X,) with means g = (u1,..., pn)
t
V=E(X - p) (X~ p) = Cov(X;, X,

is symmetric and nonnegative-definite. For any vector a = (a1,...,a,) the r.v. a1 X7 + ... + a, X,, has
mean au® and variance

Var(a X1 + ... + a, Xp,) = E(aX' — ap') (Xa' — pa') = aVa'.
If (X1,...,X,) are independent, then they are uncorrelated: Cov(X;, X;) = 0.

2.2 Conditional expectation and prediction

Definition 2.5 For a pair of discrete random variables (X,Y’) the conditional expectation E(Y|X) is
defined as ¥(X), where

= yP(Y = y|X = ).
y
Definition 2.6 Consider a pair of random variables (X,Y") with joint density f(z,y), marginal densities

/ffcyd@h fo(x /frﬂy

f(z,y)
filx)

and conditional densities

fi(zly) = F2y) fa(ylz) =

The conditional expectation E(Y|X) is defined as (X)), where

o) = [ uhllo)dy
Properties of conditional expectations:

(i) linearity: E(aY + bZ|X) = aE(Y|X) + bE(Z|X) for any constants (a,b),

(ii) pull-through property: E(Yg(X)|X) = g(X)E(Y|X) for any measurable function g(x),

(iii) E(Y1lg) = E(¢(X)1g) for G = {w: X(w) € B}, where B € R,

(iv) tower property: E(E(Y|X, Z)|X) = E(Y|X),

(v) total expectation: E(E(Y]X)) =E(Y),

(vi) total variance: Var(Y) = Var(E(Y|X)) + E(Var(Y]X)).

Proof of (ii) in the discrete case:

E(Yg(X)|[X) = yg(@)P(Y =y, X Zg P = y|X = o)
=Y 9@ (@)P(X = z) = g(X)E(Y|X).

Definition 2.7 General definition. Let Y be a r.v. on (2, F,P) and let G be a sub-o-algebra of F. If
there exists a G-measurable r.v. Z such that

E(Y — Z)1g) =0 for all G € G,
then Z is called the conditional expectation of Y given G and is written Z = E(Y|G).

Properties of conditional expectations:
(vii) if E(Y'|G) exists, then it is a.s. unique,
(viii) if E|Y| < oo, then E(Y|G) exists due to the Radon-Nikodym theorem,
(ix) if G = 0(X), then E(Y|X) := E(Y]G) and E(Y|X) = ¢(X) for some measurable function .

Proof of (viii). Consider the probability space (€2,G,P) and define a finite signed measure P;(G) =
E(Y1lg) = fG P(dw) which is absolutely continuous with respect to P. Thus P1(G) = fG Z(w)P(dw
with Z = 0P,/ 8IP belng the Radon-Nikodym derivative.



Definition 2.8 Let X and Y be random variables on (Q, F,P) such that E(Y?) < co. The best predictor
of Y given the knowledge of X is the function Y = h(X) that minimizes E((Y — Y)?).

Let L?(Q, F,P) be the set of random variables Z on (Q, F,P) such that E(Z?) < co. Define a scalar
product on the linear space L?(Q2, F,P) by (U, V) = E(UV) leading to the norm

12|l = (2, 2)'/* = (B(2%))"/>.
Let H be the subspace of L?(€, F,P) of all functions of X having finite second moment
H = {h(X):E(MX)?) < oo}
Geometrically, the best predictor of Y given X is the projection Y of Y on H so that
E((Y —Y)Z) =0, forall Z € H. (1)

Theorem 2.9 Let X and Y be random variables on (2, F,P) such that E(Y?) < 0o. The best predictor
of Y given X s the conditional expectation Y = E(Y|X).

Proof. Put ¥ = E(Y|X). We have due to the Jensen inequality Y2 < E(Y2|X) and therefore
E(V?) < E(E(Y?X)) = E(Y?) < oo,
implying Y € H. To verify (1) we observe that
E((Y —Y)Z) =EE(Y - Y)Z|2)) = EE(Y|X)Z -YZ) =0.

To prove uniqueness assume that there is another predictor Y with E((Y — Y)?) = E((Y — Y)?) = d°.
Then E((Y — ¥£¥)2) > d? and according to the parallelogram rule

Y4V .
5P+ Y =Y

2(Ily = V2 + 1y = 7)) = 4y -

we have ~ . . ~
17 = V2 <2y = VI + |y = Y)?) - 462 =o.

2.3 Multinomial distribution

De Moivre trials: each trial has r possible outcomes with probabilities (p1,...,p,). Consider n such
independent trials and let (Xi,...,X,) be the counts of different outcomes. Multinomial distribution
Mn(n,p1,...,pr)
n! & &
P(Xl = kl,...7X7~ = kr) = mpll RN

Marginal distributions X; ~ Bin(n,p;), also
(Xl + X2aX3 s 7X7") ~ Mn(n7p1 +p27p37 o 7p7‘)'

Conditionally on X3

P2 Dr
Xo,..., X)) ~Mn(n — Xy, e )
(Xap-on Xo) nin =X L—p 1*]?1)
so that (X;|X,) ~ Bin(n — Xj, 13—’@) and E(X;|X;) = (n — Xj)l_p;j. It follows

E(X;X;) = E(E(X; X;|X;))

Pi
= E(X;E(X;|X;)) = E(nX; — X7) -y
J

Pi
1_pj

= (n®p; — np; (1 — p;) + n°p) =n(n — 1)pip;

and Cov(X;, X;) = —np;p; so that

PiDj

p(Xi, Xj) = — (1T =p)(1—pj)



2.4 Multivariate normal distribution
Bivariate normal distribution with parameters (u1, ps2, 01,02, p)

L[ e ¢ (s
2mo1094/1 — p? 2(1 - p?) '

flz,y) =

Marginal distributions

1 _eonp)? 1 _wmng)?
file)= —=—¢ 1, faly) = e 7

V2mwog ’
and conditional distributions
f(z,y) 1 (z—pm — p,%(y*llz))2
fizly) = = 7 KPS~ 2 2 ’
f2(y) V271 (1 — p?) 207 (1 — p?)

(
 flzy) 1 ox _(y_ﬂZ—%(I—ul))2
f2(ylz) ( P{ 202(1 = p2) }

01
B Ji(x) - o94/27(1 — p?)

Exercise: check the total variance formula for this example.

A multivariate normal distribution with mean vector p = (p1, ..., i) and covariance matrix V has
density
F) = eV )
(2m)ndetV
For any vector (aq,...,a,) ther.v. a1 X7 + ...+ a, X, is normally distributed. Application in statistics:
in the IID case: g = (u,...,u) and V = diag{c?,..., 0%} the sample mean and sample variance
X_X1++Xn 82_(X1—X)2+...+(Xn—X)2

n n—1

are independent and @ has a t-distribution with n — 1 degrees of freedom.
If Y and Z are independent r.v. with standard normal distribution, their ratio X = Y/Z has a
Cauchy distribution with density

1

f(z) = m,

—00 < x < OoQ.

In the Cauchy distribution case the mean is undefined and X 2 x. Cauchy and normal distributions
are examples of stable distributions. The Cauchy distribution provides with a counterexample for the
law of large numbers.

2.5 Sampling from a distribution

Computers generate pseudo-random numbers Uy, U, ... which we consider as IID r.v. with Uy ;; distri-
bution.

Inverse transform sampling: if I is a cdf and U ~ Ujgyj, then X = F_;(U) has cdf F. It fol-
lows from
{Fa(U) <z} ={U < F(x)}.

Example 2.10 Examples of the inverse transform sampling.
(i) Bernoulli distribution X = 1;py<py,
(ii) Binomial sampling: S, = X1 + ... 4+ Xy, Xx = Ly, <p},
(iii) Exponential distribution X = —log(U)/A\,
(iv) Gamma sampling: S, = X1 + ...+ X, X = —log(Ux)/A.

10



Lemma 2.11 Rejection sampling. Suppose that we know how to sample from density g(x) but we want
to sample from density f(x) such that f(x) < ag(x) for some a > 0. Algorithm
step 1: sample x from g(x) and u from Upg 1y,

= ag(z)’
step 3: if not, reject the value of x and repeat the sampling step.

step 2: if u accept x as a realization of sampling from f(x),

Proof. Let Z and U be independent, Z has density g(z) and U ~ Ujg ). Then

f2)N ffOO]P)(U < J;g’;))g(y)dy "
]P’(Z < x‘U < ag(Z)) = ffooo]P’(U . %)g(y)dy = /_m f(y)dy.

2.6 Probability generating, moment generating, and characteristic functions

Definition 2.12 If X takes values k = 0,1,2,... with probabilities p; and Y ;- pr = 1, then the
distribution of X is fully described by its probability generating function

G(s) =E(s¥) = Zpksk.
k=0

Properties of pgf:
k S
(i) po = G(0), pr = g 7t |s—o,
(i) B(X) =G'(1), EX(X-1))=G"(1).
(iiii) if X and Y are independent, then Gx1y(s) = Gx(s)Gy(s),

Example 2.13 Examples of probability generating functions
(i) Bernoulli distribution G(s) = ¢ + ps,
(ii) Binomial distribution G(s) = (q + ps)™,
(iii) Geometric distribution G(s) = 11—_;?3 ,
(iv) Poisson distribution G(s) = e**=1),

Definition 2.14 Moment generating function of X is M () = E(¢X). In the continuous case M (#) =
[ €% f(x)dx. Moments E(X) = M'(0), E(X*) = M®*)(0).

Example 2.15 Examples of moment geneQrazting functions
(i) Normal distribution M () = efrt3z0%0"
(ii) Exponential distribution M () = 325 for 6 < A,

(ii) Gamma(a, \) distribution has density f(z) = %az“’le”‘z and M (0) = (ﬁ)a for 6 < A, it

follows that the sum of k exponentials with parameter A has a Gamma(k, A) distribution,
(iii) Cauchy distribution M (0) = 1, M (t) = oo for t # 0.

Definition 2.16 The characteristic function of X is complex valued ¢() = E(e?X). The joint charac-
teristic function for X = (X1,...,X,) is ¢(8) = E(e®X").
Example 2.17 Examples of characteristig f2uncti0ns
(i) Normal distribution ¢() = e+ 207"
(ii) Gamma distribution ¢(0) = (25 ) ,
(iii) Cauchy distribution ¢(8) = e~ 19,
(iv) Multinomial distribution ¢(0) = (Z;Zl pjewﬂ')
(

v) Multivariate normal distribution ¢() = e+ ~26Ve",

n

Example 2.18 Given a vector X = (Xq,...,X,) with a multivariate normal distribution any linear
combination aX® = a1 X; + ...+ a, X, is normally distributed since

E(eeax‘) _ (,25(93) _ eieuféezlﬁ’ = a/j,t7 0'2 = aVa'.
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3 Convergence of random variables

3.1 Borel-Cantelli lemmas

Given a sequence of random events Ay, Ao, ... define new events
sup 4, = |An, infA, = |A,,
o0 o0 o0 o0
limsup 4, = ﬂ U A, liminf A,, = U ﬂ A,
oo n=1m=n n—roo n=1m=n

Observe that

limsup A,, = m U Ay, = {¥n Im > n such that A, occurs} = {events A, occur infinitely often},
o n=1m=n
liminf Af, = U ﬂ A¢ = {3n such that AS, occur Ym > n} = {events A4,, occur finitely often}.
n—oo

n=1m=n

Theorem 3.1 Borel-Cantelli lemmas. Let {A,, i.0.} := {infinitely many of events Ay, Aa, ... occur}.
1. If Y P(A,) < oo, then P(A,, i.0.) =0,
2. If 30" | P(An) = o0 and events Ay, As, ... are independent, then P(A,, i.0.) = 1.

Proof. (1) Put A = {A, i.0.}. We have A C Up>n A, and so P(A) <37 o P(A,,) = 0 as n — oo.
(2) By independence -
N

P(() 45) = Jim P(() 45) = [T (0 =PAn) <exp (= Y P(4m)) =0.

m>n m=n m>n m>n
It follows P(A°) = lim,, P(Ny,>nA%,) = 0 which gives P(A) = 1.
If events Ap, Ag, ... are independent, then either P(A,, i.0.) = 0 or P(A,, i.0.) = 1. This is an example
of a general zero-one law.

Definition 3.2 Let X7, X5, ... be a sequence of random variables defined on the same probability space
and H,, = o(Xnit1, Xnt2,...). Then H,y, D Hy1 D ..., and we define the tail o-algebra as T = N, H,p,.

Event H is in the tail o-algebra if and only if changing the values of Xi,..., Xn does not affect the
occurrence of H for any finite N.

Theorem 3.3 Kolmogorov’s zero-one law. Let X1, Xo,... be independent random variables defined on
the same probability space. For all events H € T from the tail o-algebra we have either P(H) = 0 or
P(H) =1.

Proof. A standard result of measure theory asserts that for any H € H; there exists a sequence of events
C, =o0(Xy,...,X,) such that P(HAC,) — 0 as n — oo. If H € T, then by independence

P(HNC,) =PH)PC,) — P(H)?
implying P(H) = P(H)?.
Example 3.4 Examples of events belonging to the tail o-algebra T

{X, >01i.0.}, {limsupX, = oo}, {Z X, converges}.
n—oo n

These events are not affected by Xi,..., Xy for any fixed N.

Example 3.5 An example of an event A ¢ T not belonging to the tail o-algebra: suppose X,, may take
only two values 1 and —1, and consider

A={S, =01i.0.}, where S, = X; + ...+ X,,.

Whether A occurs or not depends on the value of X;. Indeed, if Xo = Xy = ... =1 and X3 = X5 =
... = —1, then A occurs if X; = —1 and does not occur if X; = 1.

12



3.2 Inequalities

Jensen’s inequality. Given a convex function J(z) and a random variable X we have
J(E(X)) < E(J(X)).
Proof. Put p = E(X). Due to convexity there is A such that J(z) > J(u) + A(z — p) for all x. Thus
E(J(X)) 2 E(J (1) + MX = p)) = J ().

Markov’s inequality. For any random variable X and a > 0
E|X
P(IX| > 0) < DXL
a

Proof:
E‘X| > ]E(‘XHHX\ZG}) > a']E(l{\X\Za}) = CLP(|X‘ > (l).

Chebyshev’s inequality. Given a random variable X with mean p and variance o2 for any € > 0 we

have

o2

PX — 2 0) < 5.
Proof: )
E(X —
B(X ] > ) = B((X — p)? > &) < X 1)
€
Cauchy-Schwartz’s inequality. The following inequality becomes an equality if only if aX +bY =1
a.s. for a pair of constants (a,b) # (0,0):

(E(XY))* < E(X?)E(Y?).

Exercise 3.6 For a random variable X define its cumulant generating function by A(t) = log M(t),
where M (t) = E(e*¥) is the moment generating function assumed to be finite on an interval ¢ € [0, 2).
Show that A(0) =0, A’(0) = p, and

E(eX)E(X2e!Y) — (B(XetX))?

A//(t) _ e (t)

Deduce that A(t) is convex on [0, z).
Hélder’s inequality. If p,g > 1 and p~! 4+ ¢! =1, then
E|XY| < (Blx7))"" (B[Y )"/,
Lyapunov’s inequality. If 0 < s < r, then
(Elx*)"* < (BIX7)"".
Proof. Using Holder’s inequality with p = 7/s and ¢ = (1 — s/7)~! we obtain
E(1X7]-1) < (Bx°17)"77 = (E1X7)"
Minkowski’s inequality. If p > 1, then the following triangle inequality holds
EIX +Y")? < (BIX?) " + (B[Y?))"/".

Kolmogorov’s inequality. Let {X,,} be iid with zero means and variances o2. Then for any € > 0

2 2
P( max |X1+.‘.+XZ-\26)§L2'+0".
1<i<n €

13



3.3 Modes of convergence

Theorem 3.7 If X1, X5, ... are random variables defined on the same probability space, then so are

inf X,,, supX,, liminfX,, limsupX,.
n n n

n

Proof. For any real x

{w:ianngx}:U{w:Xngx}e}', {w:suangx}:ﬂ{w:Xngx}e]:.

It remains to observe that

liminf X,, = sup inf X,,, limsup X, = inf sup X,,.
n n

n m>n n m>n

Definition 3.8 Let X, X3, Xo, ... be random variables on some probability space (2, F,P). Define four
modes of convergence of random variables
(i) almost sure convergence X,, 3 X, if P(w : lim X,, = X) = 1,

(ii) convergence in r-th mean X, L X fora given r > 1, if E|X"| < oo for all n and
E(|X, — X|") =0,

(iii) convergence in probability X, 5 X, if P(|X,, — X| > €) — 0 for all positive e,
(iv) convergence in distribution X, 4 x (does not require a common probability space), if
P(X, <z) — P(X <z) for all z such that P(X = z) =0.
Theorem 3.9 Let g > r > 1. The following implications hold
X, 3 X =a P d
La T X, = X = (iv) X, = X.
X, =X = (i) X, =X = (i)

Proof. The implication (i) is due to the Lyapunov inequality, while (iii) follows from the Markov inequal-
ity. For (ii) observe that the a.s. convergence is equivalent to P(Up,>m{|Xn — X| > €}) — 0, m — oo for
any € > 0. To prove (iv) use

PX,<a2)=PX,<z,X<z2+4+e)+PX,<2,X>zx+¢)
PX<z—¢=PX, <z, X<z—¢)+PX,,>z,X <zx—¢)

(X <z+e)+P(|X — X,| >e),

<P
<P(X, <)+ P(IX — X,| > o).

Theorem 3.10 Reverse implications:
(i) X, be= X, 5e for a constant limit,

(i) X, 5Xx=X, L X, if P(|1Xy| <a) =1 for all n and some positive constant a,
(iii) X 5 X = X, 23 X if P(|X,, — X| > €) — 0 so fast that

Z]P’(|X,L—X|>e)<oofor any € > 0. (2)

(iv) X, 5X=X,%X along a subsequence.
Proof. To prove (i) use
P(| X, —c| >€) =P(X, <c—¢€)+P(X, >c+e).
To prove (ii) use P(|X| < a) =1 and
| X5 — X|" < €"ljx,—x1<e T (20)" 1x, X |5}

The implication (iii) follows from the first Borel-Cantelli lemma. Indeed, put B, = {|X, — X| >
m~1i0.}. Due to the Borel-Cantelli lemma, condition (2) implies P(B,,) = 0 for any natural m.
Remains to observe that {w : lim X,, # X} = sup,,, By,. The implication (iv) follows from (iii).
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Example 3.11 Let Q = [0, 2] and put A, = [an, anyt1], where a,, is the fractional part of 1+1/2+...4+
1/n.

e The random variables 14, converge to zero in mean (and therefore in probability) but not a.s.
e The random variables nl,4, converge to zero in probability but not in mean and not a.s.
e P(A4, i.0.)=0.5and ) P(A,) = oo.
Example 3.12 Let Q = [0, 1] and put B,, = [0,1/n].
e The random variables nlp, converge to zero a.s but not in mean.

o Put Xy, = 1p, and Xa,41 = 1 — X»,. The random variables X,, converge to 1p, in distribution
but not in probability. The random variables X,, converge in distribution to 1 — 15, as well.

e Both X, = 1p, and Xs,+1 = 1 — Xg, converge to 1p, in distribution but their sum does not
converge to 21p,.

Exercise 3.13 Suppose X, L, X, where r > 1. Show that E(|X,,|") — E(]X|"). (Hint: use Minkowski’s
inequality two times as you need two estimate limsupE(|X,|") from above and liminf E(]X,|") from
below.)

1
Exercise 3.14 Suppose X, Ly X. Show that E(X,) — E(X). (Hint: use Jensen’s inequality.) Is the
converse true?

Exercise 3.15 Suppose X, LY X. Show that Var(X,) — Var(X). (Hint :use the previous two exer-
cises.)
3.4 Continuity of expectation

Theorem 3.16 Bounded convergence. Suppose |X,| < M almost surely and X, 2 X, Then E(X) =
lmE(X,).

Proof. Let € > 0 and use

IE(X,) —E(X)| <E[X, — X| =E(|X, — X| - 1{jx,—x|<c}) + E(|1 X0 — X[ - 1{1x,—x|>¢})
<e+ MP(|X, — X| > ¢).

Lemma 3.17 Fatou’s lemma. If almost surely X, > 0, then liminf E(X,,) > E(liminf X,,). In particu-
lar, applying this to X, = 114,y and X, =1 — 144,y we get

P(liminf A,,) < liminf P(4,,) < limsupP(4,,) < P(limsup A4,,).

Proof. Put Y, = inf, -, X,. We have ¥}, < X,, and Y;, /Y = liminf X,,. It suffices to show that
liminf E(Y;,) > E(Y). Since, |Y, A M| < M, the bounded convergence theorem implies

liminf E(Y;,) > liminf E(Y,, A M) =E(Y A M).

n—o00 n—o0
The convergence E(Y A M) — E(Y) as M — oo can be shown using the definition of expectation.

Theorem 3.18 Monotone convergence. If 0 < X, (w) < X,,11(w) for all n and w, then, clearly, for all
w, there exists a limit (possibly infinite) for the sequence X, (w). In this case E(lim X,,) = imE(X,).

Proof. From E(X,,) < E(lim X,,) we have limsup E(X,,) < E(lim X,,). Now use Fatou’s lemma.

Lemma 3.19 Let X be a non-negative random variable with finite mean. Show that

E(X) = /000 P(X > z)dx.
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Proof. Put F(z) = P(X < z). Integrating by parts we get

E(X) = /OOO 2dF(z) = /OOC 2d(F(z) —1) = o(F(z) — 1)[5° — /OOO(F(:C) ~ 1)da.

Thus it suffices to prove that n(1 — F'(n)) — 0 as n — oo. This follows from the monotone convergence
theorem since
n(l—F(n)) <E(X1lxsn) — 0.

Exercise 3.20 Let X be a non-negative random variable. Show that

E(X") = r/ 2" IP(X > x)dr
0

for any r > 1 for which the expectation is finite.

Theorem 3.21 Dominated convergence. If X,, 3 X and almost surely | X,,| <Y and E(Y) < oo, then
E|X| < 00 and E(X,,) — E(X).

Proof. Apply Fatou’s lemma twice.
Definition 3.22 A sequence X,, of random variables is said to be uniformly integrable if

supE(|X,|; | Xn| > a) =0, a— occ.

Exercise 3.23 Put Z = sup,, |X,,|. If E(Z) < oo, then the sequence X,, is uniformly integrable.
Hint: E(|X,|14) <E(Z14) for any event A.

Lemma 3.24 A sequence X, of random wvariables is uniformly integrable if and only if both of the
following hold:

(i) sup, E|X,.| < o0,

(i) for all € > 0, there is § > 0 such that, for any event A such that P(A) < 6,

supE(|X,|14) < e
Proof. Step 1. Assume that (X,,) is uniformly integrable. For any positive a,
SupELX, | = sup (E(X, < X, < @) + B(Xo | [X,] > 0)) < 0+ supE(X, ;[ X,] > a)

Thus sup,, E| X,,| < oo.
Step 2. Assume that (X,,) is uniformly integrable. Pick a positive a such that

sup E(| X, [1¢B,}) < €/2, B, = {|X,| > a},

and put 6 = 5. If event A is such that P(A) < 4, then for all n,
E(|Xn|14) = E(|Xn|11anB,}) + E(|Xn|liansey) < E(|Xnllip,y) +aP(A) <e.

Step 3. Assume that (i) and (ii) hold. Let ¢ > 0 and pick § according to (ii). To prove that (X,,) is
uniformly integrable it suffices to verify, see (ii), that

sup P(| X, | > a) < o

for sufficiently large a such that a > 6~!sup,, E|X,|. But this is an easy consequence of the Markov
inequality
supP(|X,,| > a) < a tsupE|X,| < 4.
n n
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Theorem 3.25 Let X, BOX. The following three statements are equivalent to one another.
(a) The sequence X,, is uniformly integrable.

(b) E|Xn| < 00 for all n, E|X| < 0o, and Xn % X.
(c) E|X,| < 0o for all n, E|X| < oo, and E|X,,| — E|X]|.

Theorem 3.26 Letr > 1. If X, 2 X and the sequence |X"| is uniformly integrable, then X, L x.

Proof. Step 1. Show that E|X"| < co. There is a subsequence (X,/) which converges to X almost surely.
By Fatou’s lemma and Lemma 3.24,

E|X"| = ]E(liminf |X;;,|) < liminf E|X7,| < sup E[X"] < oc.

n’
n’/—o0o n’— oo
Step 2. Fix an arbitrary € > 0 and put B,, = {|X,, — X| > €}. We have P(B,,) - 0 as n — 0, and
E|X, — X|" < ¢ + E(|Xn - X|T13n).

By the Minkowski inequality

(1%, - x1115,)] " < [B(1%ar15,)] "+ [B(X118,)])

It remains to see that the last two expectations both go to 0 as n — oo: the first by Lemma 3.24 and
the second by step 1.

4 Limit theorems for the sums if IID random variables
4.1 Weak law of large numbers
Definition 4.1 Convergence in distribution X, % X means

P(X, <z) = P(X <z) for all x such that P(X =z) =0.

This is equvalent to the weak convergence F, < F of distribution functions when F,, (z) — F(zx) at each
point = where F' is continuous.

Theorem 4.2 Weak convergence and convergence of characteristic functions:
(i) two r.v. have the same characteristic function iff they have the same distribution function,

(ii) if Xn % X, then ¢n(t) — ¢(t) for all t,
(iii) conversely, if ¢(t) = lim ¢, (t) exists and continuous at t = 0, then ¢ is cf of some F, and
d

F, = F.

Theorem 4.3 If X1, Xs, ... are iid with finite mean u and S, = X1+ ...+ X, then
Sn/n A W, n — oo.

Proof. Let F, and ¢, be the df and cf of n=1S,. To prove F,(x) LY 1{z>u) we have to see that
én(t) — e which is obtained using a Taylor expansion

Pn(t) = (¢1(m71))n = (1 + iuhfl + 0(n71)>n —y eltn

Example 4.4 Statistical application: the sample mean is a consistent estimate of the population mean.
Counterexample: if X1, Xs, ... are iid with the Cauchy distribution, then S,, /n 4 X1 since ¢, (t) = ¢1(t).
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4.2 Central limit theorem

The LLN says that |S,, — nu| is much smaller than n. The CLT says that this difference is of order v/n.

Theorem 4.5 If X1, X, ... are #d with finite mean u and positive finite variance o2, then for any x
Sp —np 1 ¥ 2
P("igx)%—/ e Y /2g n — 00.
O'\/ﬁ V2T J_so 4

Proof. Let 1, be the cf of S;;\/%W Using a Taylor expansion we obtain

t2 n 42
Unl®) = (1= 3 +o(n™)) " —e 2
Example 4.6 Important example: simple random walks. 280 years ago de Moivre (1733) obtained the
first CLT in the symmetric case with p = 1/2.
Statistical application: the standardized sample mean has the sampling distribution which is approx-
imately N(0,1). Approximate 95% confidence interval formula for the mean X + 1.96%.

Theorem 4.7 Let (X7,...,X") have the multinomial distribution Mn(n,p1,...,p.). Then the normal-

ized vector (X{"\;anl ey X?Jgp ’") converges in distribution to the multivariate normal distribution with

zero means and the covariance matrixz

p1(1—p1) —Dp1P2 —Dp1P3 e —Dp1Dr

—pa2p1 p2(1 —p2) —p2p3 e —papr

V= —P3p1 —p3p2 p3(l—p3) ...  —ps3pr
—PrP1 —Prp2 —Prp3 cee pr(l - pr)

Proof. To apply the continuity property of the multivariate characteristic functions consider

Eexp(wl%—i—...—i—wrm) (Zp eifi /f)

where éj =0; — (6ip1 + ...+ 0,p,). Similarly to the classical case we have

(ijeiéj/\/ﬁ) (1 o ZPJ02 + 0 )>" . 67% i pi0; _ 67%(2;‘:1 P05 — (7, Pjﬁj)"’)'
j=1

It remains to see that the right hand side equals e~39V" which follows from the representation
D1 0 1
V= - (plv"'ap’r>~
0 Pr Pr

4.3 Strong LLN

Theorem 4.8 Let X1, Xs,... be iid random variables defined on the same probability space with mean

w and finite second moment. Then
Xi+...+ X, 12
——— S5

n

Proof. Since 02 := E(X?) — p? < o0, we have
X1 +...+ X, 2 X1 4.+ X, 2
E<(1++ﬂQ>ZVW<1++):mg%Q
n n n
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Theorem 4.9 Strong LLN. Let X1, X5, ... be iid random variables defined on the same probability space.

Then
Xi+...+ Xy as.
s A 1

n
, : _ Xt X, Ly

for some constant p iff E|X1| < co. In this case p = EX; and =1T="=2 =y,

There are cases when convergence in probability holds but not a.s. In those cases of course E|X;| = oo.

Theorem 4.10 The law of the iterated logarithm. Let X1, Xs,... be iid random variables with mean 0

and variance 1. Then
P ( lim su M =1) =1
n%oop v2nloglogn

and

P hminfm__l -1
nooo 2nloglogn -

Proof sketch. The second assertion of Theorem 4.10 follows from the first one after applying it to —X;.
The proof of the first part is difficult. One has to show that the events

Ap(c) ={X1+...+ X,, > cy/2nloglogn}

occur for infinitely many values of n if ¢ < 1 and for only finitely many values of n if ¢ > 1.

4.4 Large deviations

Let X1, Xo,... be iid random variables with mean y, variance o2, and partial sums S, = X; +...+ X,,.
Let A(t) be the cumulant generating function for a typical X;, see Exercise 3.6. For the convex function
A(t) we define the Fenchel-Legendre transform by

A (a) = igﬂ}g{at —A(t)}, a€R.

Observe that A*(a) > 0 for a > p. This follows from the representation

et 1+ at +o(t)
t—A(t) =1 =1
“ (£) = log M)~ Big pt + 20212 + o(t?)

showing that at — A(t) is positive for sufficiently small ¢ > 0.

Theorem 4.11 Let X;, Xo,... be iid random variables with mean w, and suppose that their moment
generating function M(t) = E(e'X) is finite in some neighborhood of the origint = 0. Let a > u be such
that P(X > a) is positive. Then A*(a) >0 and

1
- logP(S,, > na) = —A*(a), n — oco.

Without proof.
Exercise 4.12 What happens if a is such that P(X > a) = 07?

Corollary 4.13 Let X, Xo,... be iid random variables with mean p, and suppose that their moment
generating function M(t) = E(e!X) is finite in some neighborhood of the origin t = 0. Let a < u be such
that P(X < a) > 0. Then A*(a) > 0 and

! logP(S, < na) - —A*(a), n — occ.
n

Proof. Replace X; by —X; and put a = —a. Then {S, < na} = {S, > na} and @ > ji. Moreover,
A(t) = A(—t) and therefore, A*(a) = A*(—a). Thus according to the theorem

1 log P(S,, < na) = 1 logP(S,, > na) - —A*(a) = —A*(a), n — oo.
n n
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(w—pm)?
Example 4.14 For the normally distributed X; with a common density f(z) = \/217“7 e~ 27, the

normalized partial sums S,,/n are also normally distributed with mean p and variance o2 /n so that

P(S,, > na) = = dy.

1 o 2
—— e
Vo Ja—mvn

o

For = > 0, we have

Thus for a > p we obtain

o (a—w)®
P(S, >na) ~ ———e€ 22 .
( ) V2mn(a — p)
It follows,
1 _ 2
—logP(S,, < na) — —M, n — 0.
n 202

From M (t) = et"+3t°%" we find A(t) = tu + 11202 and

1 a—p)? 1,a—p 2
M—A@:ﬁM—uyf?22:(2ﬁ)Af§(a —to)".

Clearly, this quadratic function reaches its maximum at ¢ = “*. The maximum is

A*(a) = M.

202

Example 4.15 For X; with Ber(p) distribution, the partial sum S,, has a binomial distribution with
parameters (n, p)
n

p(s, =) = () )1 - o

Put 1
H(a):alogng(lfa)log1 a, a € (p,1).
b

Since H(p) =0 and H'(a) = log 28:53, we conclude that H(a) > 0. Using the Stirling formula

I T Cp L
2mn n"e "e1mt T < nl < V/2rn ne MeTen,

one can show that ) )
P(S, > na) ~ all = p) e~ (@)
a—p /2ra(l —a)n

On the other hand M (t) = pe’ +1 — p and

f(t) = at — A(t) = at — log(pe’ +1 — p)

has the following derivatives

f/(t)_ pet l—p f”(t):— (1—p)pe

=a-— =a-— , —.
pet+1—p pet+1—p (pet +1 —p)?

t

Thus the maximum of f(t) is achieved at ¢ satisfying

1—p a(l—p)
trl—p= t=log——=
pe+ p 1_a7 ng(l—a)’
and the maximum equals
a(l—p) 1—p
A (a) = al —1 = H(a).
(@) = alog S =2~ log 12 = H(a)
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5 Markov chains

5.1 Simple random walks

Let S, =a+ X1+ ...+ X,, where X7, X5, ... are IID r.v. taking values 1 and —1 with probabilities p
and ¢ = 1 — p. This Markov chain is homogeneous both in space and time. We have S,, = 27,, — n, with
Z, ~ Bin(n, p). Symmetric random walk if p = 0.5. Drift upwards p > 0.5 or downwards p < 0.5 (like
in casino).
(i) The ruin probability pr = pr(IV): your starting capital k against casino’s N — k. The difference
equation
Pk =P Pk+1+q Pk-1, PN=0, po=1

gives

N _ k .
pe(V) = { (a/p)"~(a/p)"  ip 205,

(¢/pN—-1 >
N7

ok if p=0.5.

Start from zero and let 7, be the first hitting time of b, then for b > 0

o [ 1, ifp<05,
P(r—p < 00) = lim py(N) = { (a/p)?, ifp> 0.5,

and ;
1, ifp>05
P(r, < 00) = ’ Lo
(m ) { (p/q)?, if p<0.5.
(ii) The mean number Dy, = Dy (N) of steps before hitting either 0 or N. The difference equation
Dp=p-(1+Dry1)+q-(1+Dyr-1), Do=Dny=0

gives

1 [ A, 1-(a/p)* :
D) = { o k- NS it 205,
k(N — k), if p=20.5.
If p < 0.5, then the expected ruin time is computed as Dy(N) — ﬁ as N — oc.
(iii) There are
h—
Ny (a,b) = (TL), pontb—a
2
paths from a to b in n steps. Each path has probability pF¢™~*. Thus

n+b—a

k 2

P(S, =b|Sp =a) = (n>pkq"k, k=
In particular, P(Ss, = a|Sy = a) = (2:) (pq)™. Reflection principle: the number of n-paths visiting r is
N} (a,b) = N,(2r —a,b), a>rb>r,
N7 (a,b) = Np(a,2r —b), a<rb<r.
(iv) Ballot theorem: if b > 0, then the number of n-paths 0 — b not revisiting zero is

Ny_1(1,0) = N°_(1,b) = Npy_1(1,b) — Npy_1(—1,b)
n—1 n—1
() - () = oo,
2 2
Thus (by default we will assume Sy = 0)

]P)(Sl>0,...Sn_1>0|5n:b):%, b >0,

B(S) £0,... St £ 0,5, = b) = Up(s, —p),

n
P(S; #0,...5, #0)=n"'E|S,]|.
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It follows that
P(S1 #0,...S52, #0) =P(Sz, =0) for p=0.5. (3)
Indeed,

P(S1 #0,... 592, #0) _2271}»52”_216 _22 <n+k> o

-1 2n—1 2n—1
— 9—2n+1 n — 9—2n+l — P(Sy, = 0).
Z<n+k—1 n+k n (52 0)

(v) For the maximum M,, = max{Sy,...,S,} using N/ (0,b) = N,,(0,2r —b) for r > b and r > 0 we
get

P(M,, > 7,8, =b) = (Q/p)ribp(sn =2r—b),
implying for b > 0
b
P(S; <b,...5,-1 <b,S, =b) = ZP(S" =0).
The obtained equality
P(Sl >0,...5,.1>0,8, = b) ZP(Sl <b,...5,.1<b8, = b)

can be explained in terms of the reversed walk also starting at zero: the initial walk comes to b without
revisiting zero means that the reversed walk reaches its maximum on the final step.
(vi) The first hitting time 7, has distribution
b
P(r, =n) = U]P’(Sn =b), n>0.
n

The mean number of visits of b # 0 before revisiting zero

EZ L{81#0,...8, 10,8, =b} = ZH" P(7 < 00).

Theorem 5.1 Arcsine law for the last visit to the origin. Let p = 0.5, Sg = 0, and Ts,, be the time of
the last visit to zero up to time 2n. Then

2
P(Tz, < 220) — / S arcsin/z, n — oo.
™

m/y(1 -
Proof sketch. Using (3) we get
P(T5,, = 2k) = P(Sak = 0)P(Sag+1 # 0, ..., S2, # 0|Sax = 0)
= P(Sar, = 0)P(S2(n—r) = 0),
and it remains to apply Stirling’s formula.
Theorem 5.2 Arcsine law for sojourn times. Let p = 0.5, Sy = 0, and T, be the number of time

intervals spent on the positive side up to time 2n. Then T;; 4 Top.

Proof sketch. First using
1
P(S1>0,..., 82, > 0) =B(S1 = 1,82 > 1,..., 520 > 1) = 5P(T3}, = 2n)

and (3) observe that
P(Ty = 0) = P(Ty, = 2n) = P(Sa, = 0).

Then by induction over n one can show that
P(Ty, = 2k) = P(Sax = 0)P(Sa(n—k) = 0)
for k=1,...,n — 1, applying the following useful relation

P(S2n, =0) = ZPS2nk)_O)( 2k),

where 79 is the time of first return to zero.
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5.2 Markov chains

Conditional on the present value, the future of the system is independent of the past. A Markov chain
{X,}52, with countably many states and transition matrix P with elements p;;

P(X, = jlXn-1=14,Xn2=1ln_2,..., X0 = 10) = pij-

The n-step transition matrix with elements pﬁ?) = P(Xpn4m = Jj|Xm = i) equals P". Given the initial

distribution a as the vector with components a; = P(Xy = i), the distribution of X,, is given by the
vector aP" since

o0

P(X,=j)= > P(X,=jlXo=0)P(Xo=1)= > ap).

i=—00 i=—o0
Example 5.3 Examples of Markov chains:
e IID chain has transition probabilities p;; = p;,
e simple random walk has transition probabilities p;; = pl{j—iy1} + qlgj=i—1},

e Bernoulli process has transition probabilities p;; = plyj—i;1) + qlyj—; and state space S =
{0,1,2,...}.

Lemma 5.4 Hitting times. Let T; = min{n > 1: X,, = i} and put fi(f) =P(T; = n|Xo =1). Define the
generating functions

Py(s)=>_ 5", Fy(s)=Y_ s,
n=0 n=1
It is not difficult to see that

Bij(s) = 1y=ay + Fij(s)Pjj(s)
1
Py(s) = TZ(S)
Definition 5.5 Classification of states
e state i is called recurrent (persistent), if P(T; < oo|Xo =) = 1,
e a non-recurrent state is called a transient state,
e a recurrent state ¢ is called null-recurrent, if E(7;| X, = i) = oo,
e state ¢ is called positive-recurrent, if E(T;|Xo = i) < cc.

(n)

Theorem 5.6 State i is recurrent iff Zzozl pgl) = 00. A recurrent state i is null-recurrent iff p;;’ — 0.

In the latter case pz(-?) — 0 forall j.

Proof sketch. Since Fj;(1) = P(T; < oo|Xo = i), we conclude that state i is recurrent iff the expected
number of visits of the state is infinite P;;(1) = co. See also the ergodic Theorem 5.14.

Example 5.7 For a simple random walk
. . 2n n
P(Son, =i|So =) = (n)(pq) .

Using the Stirling formula n! ~ n"e™"v/2mn we get

(2n) _ (4p9)"

i VTN ’

Criterium of recurrence » pgl) = oo holds only if p = 0.5 when p

n — o0.

2n) 1
] ™n

%

The one and two-

dimensional symmetric simple random walks are null-recurrent but the three-dimensional walk is tran-
sient!
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Definition 5.8 The period d(i) of state i is the greatest common divisor of n such that pz(-?) > 0. We
call ¢ periodic if d(#) > 2 and aperiodic if d(z) = 1.

If two states ¢ and j communicate with each other, then
e ¢ and j have the same period,
e i is transient iff j is transient,
e ¢ is null-recurrent iff j is null-recurrent.

Definition 5.9 A chain is called irreducible if all states communicate with each other.

All states in an irreducible chain have the same period d. It is called the period of the chain. Example:
a simple random walk is periodic with period 2. Irreducible chains are classified as transient, recurrent,
positively recurrent, or null-recurrent.

Definition 5.10 State ¢ is absorbing if p;; = 1. More generally, C' is called a closed set of states, if
pij =0forallie C and j ¢ C.

The state space S can be partitioned uniquely as
S=TUuC,UCyU...,

where T is the set of transient states, and the C; are irreducible closed sets of recurrent states. If S is
finite, then at least one state is recurrent and all recurrent states are positively recurrent.

5.3 Stationary distributions

A vector of probabilities m = (7,7 € 5) is a stationary distribution for the Markov chain X, if given
Xy has distribution 7, X, has the same distribution 7 for any n, or in other words 7 is a left eigenvector
of the transition matrix

7P =m.

Theorem 5.11 An irreducible chain (aperiodic or periodic) has a stationary distribution 7 iff the chain
is positively recurrent; in this case m is the unique stationary distribution and is given by m; = 1/p;,
where p; = B(T;| X = 1) and T; is the time of first return to i.

Proof sketch. Let p(k) = (p;(k),j € S) where py(k) = 1 and

NE

pi(k) = P(X,, =4, Tk >n|Xo = k)

n=1

is the mean number of visits of the chain to the state j between two consecutive visits to state k. Then

ij(k) = ZZP(Xn =43,T. >n|Xg=k)

jES jES Nn=1

=D P(Ti > n|Xo = k) = E(Ti| Xo = k) = pu.

n=1

If the chain is irreducible recurrent, then p;(k) < oo for any k and j, and furthermore, p(k)P = p(k).
Thus there exists a positive root x of the equation xP = x, which is unique up to a multiplicative

constant; the chain is positively recurrent iff jes Tj < 00.
Theorem 5.12 Let s be any state of an irreducible chain. The chain is transient iff there exists a
non-zero bounded solution (y; : j # s) satisfying |y;| < 1 for all j to the equations

vi= Y. pyy;, i€ S\{s}h (4)

jeS\{s}
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Proof sketch. Main step. Let 7; be the probability of no visit to s ever for a chain started at state j.
Then the vector (7; : j # s) satisfies (4).

Example 5.13 Random walk with retaining barrier. Transition probabilities
Poo=¢, DPi-1:=D DPii-1=¢, =1
Let p=p/q.
e If ¢ < p, take s = 0 to see that y; = 1 — p~7 satisfies (4). The chain is transient.

e Solve the equation wP = 7 to find that there exists a stationary distribution, with 7; = p?(1 — p),
if and only if ¢ > p.

e If ¢ > p, the chain is positively recurrent, and if ¢ = p = 1/2, the chain is null recurrent.

Theorem 5.14 Ergodic theorem. For an irreducible aperiodic chain we have that

n ]‘ . .
pz(-j) — — asn — oo for all (i,7).
1L

J

More generally, for an aperiodic state j and any state i we have that p(.n)

©j
probability that the chain ever visits j starting at i.

fij

- where fi; is the

5.4 Reversibility

Theorem 5.15 Put Y, = Xy_, for 0 <n < N where X,, is a stationary Markov chain. Then Y, is a
Markov chain with

' o Tpi
P(Ypt1 = jlYn =1) = ﬁ

T

The chain Y, is called the time-reversal of X,,. If 7 exists and ™% = p;;, the chain X, is called
reversible (in equilibrium). The detailed balance equations

mipij = mipy; for all (i, 7). (5)

Theorem 5.16 Consider an irreducible chain and suppose there exists a distribution w such that (5)
holds. Then 7 is a stationary distribution of the chain. Furthermore, the chain is reversible.

Proof. Using (5) we obtain

E Wipij:E TjPji = Tj-
i i

Example 5.17 Ehrenfest model of diffusion: flow of m particles between two connected chambers. Pick
a particle at random and move it to another chamber. Let X, be the number of particles in the first
chamber. State space S = {0,1,...,m} and transition probabilities

m—1 )
Diji+1 = ) Dii—-1= —-
m m
The detailed balance equations
m—1 1+1
m =Tip1———
m m

imply

m—1+1 m
Ty = —— TMji—1— . |To-
) )

Using >, m; = 1 we find that the stationary distribution m; = (7)2_" is a symmetric binomial.
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5.5 Branching process

We introduce here a basic branching process (Z,,) called the Galton-Watson process. It models the sizes
of a population of particles which reproduce independently of each other. Suppose the population stems
from a single particle: Zy = 1. Denote by X the offspring number for the ancestor and assume that all
particles arising in this process reproduce independently with the numbers of offspring having the same
distribution as X. Let y = E(X) and always assume that

Consider the number of particles Z,, in generation n. Clearly, (Z,,) is a Markov chain with the state
space {0,1,2,...} where 0 is an absorbing state. The sequence @, = P(Z,, = 0) never decreases. Its
limit

n = lim P(Z, =0)

n—oo

is called the extinction probability of the Galton-Watson process. Using the branching property
Zyir = XV 4.+ X5,

n

where the XJ(»") are independent copies of X, we obtain E(Z,) = p™.

Definition 5.18 The Galton-Watson process is called subcritical if g < 1. It is called critical if u = 1,
and supercritical if g > 1.

Theorem 5.19 Put h(s) = E(sX). If u <1, thenn = 1. If p > 1, then the extinction probability n is
the unique solution of the equation h(x) = x in the interval x € [0,1).

Proof. Let Z,gj), j=1,..., X be the branching processes stemming from the offspring of the progenitor
particle. Then
Znir =20 + .+ 20,

and
Qui1 =P(Z1V =0,..., 289 =0) = E(QX) = h(Qn).

Letting n — oo in the relation Q11 = h(Q,) we get Q = h(Q).

Now, if p1 < 1, then there is only one root of h(x) = x in the interval x € [0, 1] which is z = 1. Thus
n=1. If u > 1, then there are two roots of h(xz) = z in the interval = € [0, 1]: one of them is z = 1 and
the other x = z( is less than 1. To see that n = x¢ is the smaller root, it is enough to observe that

Q1 =P(X =0) = h(0) < o,

so that, by induction,
Qny1 = h(Qy) < h(zo) < 0.

Theorem 5.20 If 02 stands for the variance of the offspring number X, then

o2 (1—p)

T if p <1,

Var(Z,) =< no? if p=1,
2 n—1 n

"/‘#7_(/11*1) if p> 1.

Proof. The variance of the generation size z,, = Var(Z, ) satisfies iteration
2, 2 2
Tpy1 = p'o”" + p Ty, T =0,

because

Var(Zp+1) = E(Var(Z,41|Zn)) + Var(E(Zn+1)|Zn))
=E(Z,0?) + Var(uZ,).

Solving this iteration we arrive to the asserted formula.
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5.6 Poisson process and continuous-time Markov chains

Definition 5.21 A pure birth process X (¢) with intensities {\;}$2,
(i) holds at state ¢ an exponential time with parameter A;,
(ii) after the holding time it jumps up from i to 7 + 1.

Exponential holding times has no memory and therefore imply the Markov property in the continuous
time setting.

Example 5.22 A Poisson process N(¢) with intensity A is the number of events observed up to time ¢
given that the inter-arrival times are independent exponentials with parameter A:

At)*
( k;') e M kE>0.

P(N(t) =k) =
To find the last formula observe that
PINt)=k)=P(Th +.. 4T <t)—P(T1 +... + Tq1 < 1),

where T + ... + T}, has a gamma distribution with parameters (k, \) so that

t k k 1
A At
P(Ty+... 4T < t)= / ph—1g=Az gy, _ (M) / ey
0 0

(k—1)! (k—1)!
Atk Ayt At)F
_ Qo k|) ey DT ;, / yre My = (G k') e MAP(Ty + ...+ Tir < t).
. . 0 .

Explosion: P(X(t) = co) > 0 for a finite ¢. It is possible iff Y 1/\; < oo.

Definition 5.23 A continuous-time process X (t) with a countable state space S satisfies the Markov
property if

P(X(tn) = jI1X(t1) = i1, o, X(tno1) = in—1) = P(X(tn) = j[X (tn-1) = in-1)
for any states j,i1,...,i,—1 € S and any times t; < ... < t,.
In the time homogeneous case compared to the discrete time case instead of transition matrices P™ with

(n)

elements p;;” we have transition matrices Py with elements

pis(t) = B(X (u+1) = j|X (u) = i).

Chapman-Kolmogorov: Py, = P,P, for all £ > 0 and s > 0. Here Py = I is the identity matrix.

Example 5.24 For the Poisson process we have p;;(t) = (()‘jtzj%;li e M. and

N R QSR e A ASYT T )
;pik(t)pkj(s) - ; (k— Z)'e A (] — k)'e = We Alt+s) —pz](t+s)

5.7 The generator of a continuous-time Markov chain

A generator G = (g;;) is a matrix with non-negative off-diagonal elements such that Zj gi; = 0. A
Markov chain X (t) with generator G
e holds at state ¢ an exponential time with parameter \; = —g;,

9ij
i

e after the holding time it jumps from 4 to j # ¢ with probability h;; =

The embedded discrete Markov chain is governed by transition matrix H = (h,;) satisfying h;; = 0. A
continuous-time MC is a discrete MC plus holding intensities ();).

Example 5.25 The Poisson process and birth process have the same embedded MC with h; ;41 = 1.
For the birth process g;; = —\i, gi,i+1 = A; and all other g;; = 0.
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Kolmogorov equations. Forward equation: for any i,j € .S
pii(8) = > pir(t)grs
k

or in the matrix form P}, = P;G. It is obtained from Py, — P, = P,(P. — Py) watching for the last
change. Backward equation P}, = GP; is obtained from P;. — P; = (P. — Po)P; watching for the
initial change. These equations often have a unique solution

X un
_ G . Y an
P, =e%:=)" G
n=0
Theorem 5.26 Stationary distribution: wP, = w for all t iff #G = 0.

Proof:

TFPtgﬂ' & g LY LU SN g “agr%o o xgnZo.
n! n!
n=0 n=1
Example 5.27 Check that the birth process has no stationary distribution.

Theorem 5.28 Let X(t) be irreducible with generator G. If there exists a stationary distribution T,
then it is unique and for all (i, 7)
pij(t)%ﬂj, t — o0.

If there is no stationary distribution, then p;;(t) — 0 as t — oo.

Example 5.29 Poisson process holding times A\; = A\. Then G = A\(H—1I) and P; = eME-D)

6 Stationary processes

6.1 Weakly and strongly stationary processes

Definition 6.1 The real-valued process {X (t),t > 0} is called strongly stationary if the vectors (X (¢1), ..., X (tn))
and (X (t1 + h),..., X (t, + h)) have the same joint distribution for all ¢1,...,¢, and A > 0.

Definition 6.2 The real-valued process {X(t),t > 0} with E(X?(t)) < oo for all ¢ is called weakly
stationary if for all t1,t5 and h > 0

E(X(h)) = E(X(t2),  Cou(X(t), X(t2)) = Cov(X(t1 + h), X (t2 + h)).

Its autocovariance and autocorrelation functions are

c(t) = Cov(X (s), X (s + 1)), p(t) = z((é))

Example 6.3 Consider an irreducible Markov chain {X(¢),t > 0} with countably many states and a
stationary distribution 7 as the initial distribution. This is a strongly stationary process since

]P(X(h—‘rtl) = i1,X(h+t1 —l—tg) =19,... ,X(h+t1 + ... —|—tn) = Zn) = Wilpil,ig(t2) .. .pin717in(tn).

Example 6.4 The process {X,,,n =1,2,...} formed by iid Cauchy r.v is strongly stationary but not a
weakly stationary process.
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6.2 Linear prediction

Task: knowing the past (X, X;—1,..., X;—s) predict a future value X1 by choosing (ao,...,as) that
minimize E(X, 1 — X,1x)?, where

Xr+k = ZanT—j~ (6)
7=0

Theorem 6.5 For a stationary sequence with zero mean and autocovariance c(m) the best linear pre-
dictor (6) satisfies the equations

Zajc(\j —m|)=clk+m), 0<m<s.
=0

Proof. Geometrically, the best linear predictor )A(,«Jrk makes an error, X, — )A(H_k, which is orthogonal
to the past (X,, X,—1,..., X,_s), meaning that the covariances are equal to zero:

E((X7'+k - Xr—i—k)Xr—m) =0, m=0,...,s

Plugging (6) into the last relation, we arrive at the claimed equations.
To justify the geometric intuition let H be a linear space generated by (X,, X,_1,...,X,_5). We
have to show that if M € H is such that for all Z € H,

E(Xyk — M)? <E(X,qx — Z)°,

then
E(Xpyxr —M)X,—n) =0, m=0,...,s.

Suppose that E((X,+r — M)X,_m) = de(0) is positive for some m. Then writing M' = M +d - X,_,,
we arrive at a contradiction

E(Xpyp — M) =E(Xpqjp — M —d- X,_p)?
E(Xy i — M)? = 2dE(Xyyp — M) Xy_p, + d°c(0)
E

(Xyix — M)? — d*c(0).

Example 6.6 AR(1) process Y, satisfies
Yo=aY, 1+ 7Z,, —oco<n<o,

where Z,, are independent r.v. with zero means and unit variance. If o] < 1, thenY,, =" . a"Z,_,
is weakly stationary with zero mean and autocovariance for m > 0,

c(m) =E(YoYnim) =E(Zp + Zpn 10+ Zn 20+ ..) (Zoim + Znsm10 + Zpym-—o0® +...)
=E(Z>)a™ +E(Z2_))aa™ M + E(Z2_ )%™ 4 ...

m

o
zam+am+2+am+4+...:72.
1—«

The best linear predictor is YH_k = o*Y,. This follows from the equations

ap + a1+ axa® + ...+ a0’ = o,

apa + a1 + asa + ... +asa® "t = ot

The mean squared error of the best prediction is

1_a2k

E(Yrik = Yrn)? = E(@'Y, = Yiip)? = ae(0) + ¢(0) — 20%e(k) = T——-.

Example 6.7 Let X,, = (—1)" Xy, where Xy is —1 or 1 equally likely. The best linear predictor is
X4 = (—1)*X,.. The mean squared error of prediction is zero.
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6.3 Linear combination of sinusoids

Example 6.8 For a sequence of fixed frequencies 0 < A\; < ... < Ay < oo define a continuous time

stochastic process by
k

X(t)= Z(Aj cos(A;t) + Bjsin(A;t)),

j=1

where Ay, By, ..., Ag, By, are uncorrelated r.v. with zero means and Var(4;) = Var(B;) = o3. Its mean
is zero and its autocovariancies are

k
Cov(X (1), X (s)) =E(X ()X (s)) = Z E(A? cos(A;t) cos(A;s) + sz- sin(A;t) sin(A;s))
j=1

k
= Z 0']2 COS()\j(S - t))?

k
Var(X(t)) = Zaj?.

Thus X (¢) is weakly stationary with autocovariance and autocorrelation functions
k
c(t) = oFcos(\t), c(0)=) o7,
j=1

k o
p(t) = z(((t))) = Zgj cos(A\jt) = /0 cos(At)dG(N),

where G is a distribution function defined as
o2

_ J — .

gj_af—k...—i—a%’ G(A)_,‘Z 9

We can write - -
X(t):/o cos(t)\)dU()\)+/0 sin(tA)dV (N,
where
UN= > 4;, V= > B

FiA <A FiA <A

Example 6.9 Let specialize further and put £k =1, \; = %, assuming that A; and B are iid with

1 1 1
P(A; = \ﬁ) =P(A; = _ﬁ) =3
Then X (t) = cos(% (t + 7)) with
]P’(T:l):P(T:—l):IP(T:3):IP’(T=—3):i.

This stochastic process has only four possible trajectories. This is not a strongly stationary process since

E(X(1)) = %(0054 GH %) + sin? (%H %)) = 3(2 — sin? (§t+ g)) _ Hbl;?(gt)

Example 6.10 Put
X(t) =cos(t+Y) = cos(t) cos(Y) — sin(t) sin(Y),
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where Y is uniformly distributed over [0, 27]. In this case k = 1,A = 1,07 = % What is the distribution
of X(t)? For an arbitrary bounded measurable function ¢(z) we have

1 27 1 t+27 1 27

E(0(X (1) = E((cos(t +Y) = o | a(eostt )y = g [ ofeos(z))az = 5 |

= 1</07f @(cos(z))dz + :ﬂ

27
1 s
= | ot costuy

The change of variables @ = — cos(y) yields dx = sin(y)dy = v'1 — 22dy, hence

1 X )ax
E(3(X)) = 2 L} j‘;.

Thus X (¢) has the so-called arcsine density f(z) =
has a Beta(}, 1) distribution, since

. . X
ﬁ over the interval [~1,1]. Notice that Z = 3%

V1

/ S(FH)de 1 [ g(2)dz

1 - m2 TJo /2(1-2)
This is a strongly stationary process, since X (t + h) = cos(t + Y’), where Y is uniformly distributed
over [h, 2w + h], and

(X(t1+h),...,X(tn +h)) = (cos(t; +Y'),...,cos(t, +Y')) = (cos(t1 +Y),...,cos(t, +Y)).

Example 6.11 In the discrete time setting for n € Z put

k
Z (A;j cos(A;n) + B;sin(A;jn)),

j=1
where 0 < \; < ... < A\ < 7 is a set of fixed frequencies, and again, Ay, By, ..., Ax, B are uncorrelated
r.v. with zero means and Var(A;) = Var(B;) = 0. Similarly to the continuous time case we get

k T
E(X,) =0, c¢(n)= ZO’? cos(A;jn), p(n)= /0 cos(An)dG(N),
X, = /0 cos(nA\)dU (M) + /0 sin(nA\)dV ().

6.4 The spectral representation

Any weakly stationary process {X(t) : —oo < t < 0o} with zero mean can be approximated by a linear
combination of sinusoids. Indeed, its autocovariance function ¢(t) is non-negative definite since for any
tl,...,tn and Zlyeees’n

ZZ (tr — t; z]zk—Var(szX tk)f

j=1k=1

Thus due to the Bochner theorem, given that ¢(t) is continuous at zero, there is a probability distribution
function G on [0, 00) such that

p(t) = /000 cos(tA)dG(N).

In the discrete time case there is a probability distribution function G on [0, 7] such that

p(n) = /07r cos(nA)dG(N).
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Definition 6.12 The function G is called the spectral distribution function of the corresponding sta-
tionary random process, and the set of real numbers A such that

GA+e)—GA—¢)>0foralle>0
is called the spectrum of the random process. If G has density g it is called the spectral density function.

In the discrete time case, if
o0

S Jo(n)] < o,

n—=—oo

then the spectral density exists and is given by
(A)—fl—kgg () ()\) 0<Ax<m
= n) cos(n .
g y 1/) )

Example 6.13 Consider an irreducible continuous time Markov chain {X(¢),¢ > 0} with two states

{1,2} and generator
—a  «
G = .
( B -8 >

Its stationary distribution is 7w = (=2 ) will be taken as the initial distribution. From

B _a
at+pf’ at+p

pii(t) p2t) \ _ e © P = o 1 “1(q _ —t(a+B)
(pzl(f) P22(t)>_e _;on!G _I+G;n!( a=B)" =T+ (a+p) (1-e "G

we see that

B Q& tatB)
t)=1-— t)=——+ —— *rPl
Pu() plQ() a+t B a—l—,Be

a B
H=1-— 1) = + e Hath)
p22( ) p21( ) at B a—l—ﬁe

and we find for t > 0 8
@

t) = eft(aJrﬁ)’ t) = e*t(a+5).

0 = =35y o)
Thus this process has a spectral density corresponding to a one-sided Cauchy distribution:

2(a+8)
A) = , A>0.
1N = Tty

Example 6.14 Discrete white noise: a sequence Xg, X1,... of independent r.v. with zero means and
unit variances. This stationary sequence has the uniform spectral density:

p(n) =1g—gp =7 " / cos(n\)dA.
0

Theorem 6.15 If {X(t) : —oo <t < o0} is a weakly stationary process with zero mean, unit variance,
continuous autocorrelation function and spectral distribution function G, then there exists a pair of
orthogonal zero mean random process (U(XN), V(X)) with uncorrelated increments such that

X(t) = /000 cos(tA)dU (N) + /000 sin(tA)dV (A)
and Var(U(X)) = Var(V(N)) = G(A).

Theorem 6.16 If {X,, : —o0 < n < oo} is a discrete-time weakly stationary process with zero mean,
unit variance, and spectral distribution function G, then there exists a pair of orthogonal zero mean
random process (U(N), V(X)) with uncorrelated increments such that

s

X, = / " cos(A)U(N) + / sin(nA)dV (A)

and Var(U (X)) = Var(V(N)) = G(A).
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6.5 Stochastic integral
Let {S(t) : t € R} be a complex-valued process on the probability space (£, F,P) such that
e E(]S(t)]?) < oo for all ¢,
e E(|S(t+h)—S(t)]?) — 0as h\,0 for all ¢,
e orthogonal increments: E([S(v) — S(u)][S(t) — S(s)]) = 0 whenever u < v < s < t.
Put
rig - { _EO-s0R. ez
—E(]S(t) — S(0)|?), ift<0.
Since the process has orthogonal increments we obtain
E(IS(t) = S(s)]*) = F(t) - F(s), s<t (7)
implying that F' is monotonic and right-continuous.

Example 6.17 The Wiener process S(t) = W(t) with F(t) = ¢ is an example of such a process with
orthogonal increments.

Let ¢ : R — C be a measurable complex-valued function for which
| wwrara <.

Next comes a two-step definition of a stochastic integral of 1 with respect to S,
1) = [~ wiast)

possessing the following important property

BUW)I() = [ or(ualdF (@), ®
1. For an arbitrary step function
n—1
o(t) = chl{aj§t<aj+1}, —o<a <... < ap <00
j=1

put

n—1

1(¢) =Y ¢;(S(ajr1) — S(ay)).

)

<

Due to orthogonality of increments we obtain (8) and find that ”integration is distance preserving”

B(I(61) ~ 162)) = B((I(61 6207 = [ lon = suPdF (1),

2. There exists a sequence of step functions such that

oo

oo - vl = ([

Thus I(¢,) is a mean-square Cauchy sequence and there exists a mean-square limit I(¢,,) — I(¢).

1/2
| — w|2dF(t)> 0.

o0
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A sketch of the proof of Theorem 6.16 for the complex-valued processes.

Step 1. Let Hx be the set of all r.v of the form Z;’L:1 a;jXm, foray,as,...€ C,ne N, my,my,... €L,
Similarly, let Hr be the set of linear combinations of sinusoids f,,(x) := €!"®. Define the linear mapping
p: Hp — Hx by p(fn) = Xn.

Step 2. The closure H x of Hx is defined to be the space Hx together with all limits of mean-square
Cauchy-convergent sequences in Hy. Define the closure Hy of Hp as the space Hp together with all
limits of Cauchy-convergent sequences w,, € Hp, with the latter meaning by definition that

/ (un(A) = wm(A)) (un(A) — wm(A))dF(N) — 0, n,m — oo.
(777)7‘-]
For u = lim u,,, where u,, € Hp, define p(u) = lim u(u, ) thereby defining a mapping p: Hr — Hx.
Step 3. Define the process S(A) by
SA) = p(hy), —m <A<, ha(z) = e

and show that it has orthogonal increments and satisfies (7). Prove that
pw) = [ vt
first for step-functions and then for 1 (z) = e*. It follows that

X, = / e dS(t).
(_7"77"]

The case of real-valued processes.
For the sequence X, to be real, the following representation

X, = / e dS(\) = / e dS(\) + / e MAS (=)
(—m,m) (0,7]

[0,m)

- /[0 ]COS(”A)(dS(AHdS(—A))H‘ / sin(nA)(dS(A) — dS(—A))

[0,7]

:/ cos(n)\)dU()\)—i—/ sin(nA)dV (\)
[0,7]

[0,7]
must hold for real processes U(\) and V' (\) such that
dU(N) = dS(A) +dS(=)),
dV () =i(dS(N\) — dS(=XN)).

This implies that dS(\) + dS(—)) is purely real and dS(\) — dS(—) is purely imaginary, which implies
a symmetry property: dS(A) = dS(—\).

Exercise 6.18 Check the properties of U(A) and V() stated in Theorem 6.16 with dG(\) = 2dF(\)
for A > 0 and G(0) — G(0—) = F(0) — F(0—).

6.6 The ergodic theorem for the weakly stationary processes

Theorem 6.19 Let {X,,n =1,2,...} be a weakly stationary process with mean p and autocovariance
function ¢(m). There exists a r.v. Y with mean p and variance

Var(Y) = lim n™" ZC(J’) = ¢(0)(G(0) - G(0-)),

such that

X1++Xn L2
L 4 n — oo.
n
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Sketch proof. Suppose that ;= 0 and ¢(0) = 1, then using a spectral representation

Xn:/0 cos(n)\)dU()\)+/0 sin(nA)dV (X),

we get

Xi+...+X 4 T
X im PR [ o)+ [ haav (),
0 0
where in terms of complex numbers

. e+ .. e
gulV) i () = R
which equals 1 for A = 0. For A # 0 we have

IA _ inA A _ in 1— —iA
(V) + i (V) = e e _ (e e M)( e ')

n(l — e) 2n(1 — cos(N))
ei)\ — 14 ei(n—l))\ _ e—in)\
B Ansin?()/2) ’
so that
(V) = cos(A) — 1 4 cos((n — 1)) — cos(nA) _ sin((n — 1)A/2) — sin(A/2)
" 4nsin*(\/2) 2nsin(A\/2) ’
hn(\) = sin(A) + sin((n — 1)A) — sin(nA) _ cos(A/2) — cos((n — 1)A/2)
" Ansin®(\/2) 2nsin(\/2)

If X € [0,7], then |g,(A)| < 1, |hn(N)] <1, and g, (A) = 1ia=0}, hn(X) = 0 as n — oo. It can be shown
that

/ U B / Loy dU () = U(0) — U(0-),
0 0

/7r h(N)AV(A) 5 0.
0

Thus X, By .= U(0) — U(0—) and it remains to find the mean and variance of Y.

6.7 The ergodic theorem for the strongly stationary processes

Let {X,,n = 1,2,...} be a strongly stationary process defined on (€2, F,P). The vector (X, Xo,...)
takes values in RT, where T = {1,2,...}. The natural o-algebra for R” is the product BT of the
appropriate number of copies of the Borel g-algebra B of subsets of R.

Definition 6.20 Consider a shift operator 7 : RT — R such that 7(x1,22,...) = (22, 73,...). A set
B € BT is called invariant with respect to the shift operator 7, if B = 7='B. An event A € F is called
invariant, if

A= {(JJ . (Xl,XQ,...) € B}
for some invariant set B € BT. The collection of all invariant events forms a c-algebra and denoted Z.

The strictly stationary process is called ergodic, if either P(A) = 0 or P(A) =1 for any A € Z.

Example 6.21 Consider a reducible Markov chain {X,,,n = 0,1,...} with two states (0,1) and tran-
sition probabilities pogg = p11 = 1, po1 = p1o = 0. The invariant events Xg = 0 and Xy = 1 can have
probabilities 7y and m; = 1 — g for any given 7y € (0,1). This is an example of a non-ergodic case.

Example 6.22 Any invariant event is a tail event, so that Z C T. If {X,,,n = 1,2,...} are iid with
a finite mean, then according to Kolmogorov’s zero-one law such a stationary process is ergodic. The
classical LLN, the sufficiency part of Theorem 4.9, follows from the next ergodic theorem.
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Theorem 6.23 If {X,,n=1,2,...} is a strongly stationary sequence with a finite mean, then

- Xi+...+X
X, =2ttt A, E(X41|Z) a.s. and in L*.
n
In the ergodic case -
X, = E(Xy) a.s. and in L'.
PROOF IN THE ERGODIC CASE. To prove the a.s. convergence it suffices to show that

if E(X1) < 0, then limsup X,, <0 a.s. (9)

n— oo
Indeed, applying (9) to X/, = X,, — E(X;) — e and X! = E(X;) — X,, — ¢, we obtain
E(X;) — € < liminf X,, < limsup X,, <E(X1) +e.

n—oo n—oo

To prove (9) assume E(X;) < 0 and put
Mn = max{O,Xl,XlJng,...,Xl+...+Xn}.

Clearly X,, < M, /n, and it is enough to show that P(M,, < oo) = 1. Suppose the latter is not true.
Since {Ms < oo} is an invariant event, we get P(My, < oo) = 0 or in other words M,, * oo a.s. To
arrive to a contradiction observe that

M, 11 = max{0, X1 + M} = M} +max{—M,, X1},
where
M, :=max{0, Xo, Xo + X3,..., Xo+ ...+ Xpt1}
has the same distribution as M,,. Since E(M,,4+1) > E(M,,) = E(M]), it follows that
E(max{—M,, X;}) > 0.
This contradicts the assumption E(X;) < 0 as due to the monotone convergence Theorem 3.18
E(max{—M,,X1}) = E(X1).

Thus almost-sure convergence is proved.

To prove the convergence in mean we apply Theorem 3.25. It suffices to verify that the family
{X,}n>1 is uniformly integrable, that is for all € > 0, there is § > 0 such that, for all n, E(|X,|14) < €
for any event A such that P(A) < §. This follows from

n

E(XalLa) < n~" S E(XlLa),

i=1
and the next lemma.

Lemma 6.24 If Xy, X5, ... have a common distribution with a finite mean, then for all € > 0, there is
d > 0 such that E(|X;|14) < € for all i and for any event A such that P(A) < 4.

Proof. Put R(y) = E(|X;|1{x,|>y})- Since R(y) — 0 as y — oo, for a given ¢ we can find ¢ such that
R(t) < €/2. Writing § = €/(2t), consider any event A such that P(A) < 0. Denote B; = {|X;| > t}.
Then

E(1Xi|1a) < E(|Xi[lans:) + E(|Xi|1p,) < tP(A) + R(t) <e.

Example 6.25 Let Z1,..., Zy be iid with a finite mean pu. Then the following cyclic process
X1 =24,..., Xk = Zy,
X1 =21, Xog = Zi,
Xogy1 =21, Xapg = Ly« s
is a strongly stationary process. The corresponding limit in the ergodic theorem is not the constant p
like in the strong LLN but rather a random variable

Xi+...+ X, 14+ ...+ 72y
— )
n k
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Example 6.26 Let {X,,,n =1,2,...} be an irreducible positive-recurrent Markov chain with the state
space S = {0,£1,%2,...}. Let m = (7;),cs be the unique stationary distribution. If X has distribution
7, then X, is strongly stationary.

For a fixed state k € S let I, = 1x,—x). The stronlgy stationary process I, has autocovariance
function

)

c(m) = (COU(Ina In+m) = E(InIn+m) - Wl% = Tk(p[(;z - Wk)'

Since p,(;z) — 7, as m — oo we have ¢(m) — 0 and the limit in Theorem 6.23 has zero variance. It
follows that n=!(I; +...+1I,,), the proportion of (X1, ..., X,) visiting state k, converges to 7 as n — oo.

Example 6.27 Binary expansion. Let X be uniformly distributed on [0, 1] and has a binary expansion
X =372, X277 Put Y,, = 377 X;2"77/7! so that Y1 = X and Y, 41 = (2"X) mod 1. From

2"—1 .(j4+1)27" 2" -1 1 2" —1 1 ] 1 9—n
E(Y1Y,41) = Z / z(2"x — j)dx = 272" Z / (y+ j)ydy = 272" Z <§ + 5) =1 + =3
j=0 /327" j=0 70 =0

we get ¢(n) = 45 implying that n~*! > j—1Yj — 1/2 almost surely.

6.8 Gaussian processes

Definition 6.28 A random process {X(t),t > 0} is called Gaussian if for any (¢1,...,t,) the vector
(X (t1),...,X(t,)) has a multivariate normal distribution.

A Gaussian random process is strongly stationary iff it is weakly stationary.

Theorem 6.29 A Gaussian process {X (t),t > 0} is Markov iff for any 0 <t; < ... <t,
E(X ()X (1), - X (b 1)) = E(X ()| X (tn1). (10)

Proof. Clearly, the Markov property implies (10). To prove the converse we have to show that in the
Gaussian case (10) gives

Var(X (t)| X (t1), . .., X (tn-1)) = Var(X (t.)| X (tn_1)).

Indeed, since X (t,) — E{X(¢,)|X(¢1),..., X (tn—1)} is orthogonal to (X (¢1),..., X (tn—1), which in the
Gaussian case means independence, we have

E{(X(tn) CEIX ()X (1), - .. ,X(tn,l)})2|X(t1), . ,X(tn,l)}
= B{(X(t) ~ ELX()X (). o X (b))} = B (X(0) - B ()IX (1)) )
= B{ (X(t) ~ E(X(t)1X (tm)}) X (1) b

Example 6.30 A stationary Gaussian Markov process is called the Ornstein-Uhlenbeck process. It is
characterized by the auto-correlation function p(t) = e, ¢t > 0 with a positive a. This follows from
the equation p(t + s) = p(t)p(s) which is obtained as follows. From the property of the bivariate normal
distribution

E(X(t+5)[X(s)) = 0+ p(t)(X(s) — 0)

we derive

p(t+5) = c(0)E((X(t + 5) — 0)(X(0) — 0)) = c(0)'E{E((X (¢ + 5) — 0)(X(0) — )| X (0), X(s))}
()c(0) " E((X () — 0)(X(0) — 6))

p
p(t)p(s).
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7 Renewal theory and Queues

7.1 Renewal function and excess life

Let Ty =0, T,, = X1 + ...+ X, where X are iid strictly positive random variables called inter-arrival
times. A renewal process N (t) gives the number of renewal events during the time interval (0, ¢]

{N@) Z2n} ={T, <t}, Tnw <t <Tn@)t1-

Put F(t) =P(X; <t), p =E(X;), and define convolutions

t
FO0) = Lz P40 = [ PO - P ().
0

Then P(T}, < t) = F**(¢).

Exercise 7.1 Show that
{N(t) < n} = {Tus1 > 1}.

Definition 7.2 Put m(t) := E(N(¢)). We will call U(t) = 1 4+ m(¢) the renewal function.

Lemma 7.3 We have

Ut)=y F*),
k=0
and in terms of the Laplace-Stieltjes transforms F fo e OtdF(t)
A 1
U = =
1—F(6)

Proof. Using the recursion ~
N(t) = Lix, < (14 N(t = X1)),

where N(t) is a renewed copy of the initial process N(t), we find after taking expectations

It follows

and consequently

A _ > —t —0t * - n F(o)
m(@)—/o % dm(t) Z/ Otar=k(t) ZF 717F(9).

Example 7.4 Poisson process is the Markovian renewal process with exponentially distributed inter-

arrival times. Since F(t) = 1 — e~ we find m(f) = %, implying m(t) = At. Notice that p = 1/X and

the rate is A = 1/p.

Definition 7.5 For a measurable function ¢(t) the relation
t
At) = g(t) +/ A(t — u)dF (u)
0

is called a renewal equation. Clearly, its solution for ¢ > 0 takes the form A(t fo (t — u)dU (u).

Definition 7.6 The excess lifetime at ¢ is E(t) = Tnu)41 —t. The current lifetime (or age) at ¢ is
C(t) =t —Ty(. The total lifetime at ¢ is the sum C(t) + E(t).
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Notice that {E(t),0 < t < oo} is a Markov process of deterministic unit speed descent toward zero
with upward jumps when the process hits zero.

Lemma 7.7 The distribution of the excess life E(t) is given by

P(E(t) >y) = /0 (1-F(t+y—u)dU(u).

The distribution of the age C(t) is given by

P(C(t) > ) = 1gyen /Ot_ya — F(t —u)dU (u).
In particular, P(C(t) =1t) =1 — F(t).
Proof. The first claim follows from the following renewal equation for b(t) := P(E(t) > y)
b(t) = E(E(l{E<t>>y}|X1)) = E(l{E(t—X1)>y}1{X1St} + 1{X1>t+y})
=1-F(t+y) + /Ot b(t — x)dF(z).
It is the case that C(t) > y if and only if there are no arrivals in (¢ — y,t]. Thus
P(Ct) = y) =P(E(t —y) > y)

and the second claim follows from the first one.

Example 7.8 Return to the Poisson process with rate is A. In this case

t t
P(E(t) > y) = / (1= F(t+y—u)dU(u) = e M+ 4 ) / e ANV gy = AV
0 0

is independent of ¢t. Therefore, for y < t, we have
P(C(t)<y)=1—e™, 0<y<t, P(C(t) =t) = e,

implying that the total lifetime has the mean
o0
BIC() + E®) =2u-) [ (- ey,
t

which for large ¢ is twice as large as the inter-arrival mean p = 1/X. This observation is called the
?waiting time paradox”.
7.2 LLN and CLT for the renewal process

Theorem 7.9 Law of large numbers: N(t)/t %3 1/u ast — oo. So that 1/u gives the rate of occurrence
of the renewal events.

Proof. Note that Ty <t < Tn(t)+1. Thus, if N(t) >0,

TN t TNt)+1 1
NOESOREOES (1 N(t))

Since N(t) — oo as t — oo, it remains to apply Theorem 4.9, the classical law of large numbers, saying
that T,,/n — p almost surely.

Theorem 7.10 Central limit theorem. If 0® = Var(Xy) is positive and finite, then

N(t) —t/p d

NI — N(0,1) as t — oo.
o2/
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Proof. The usual CLT implies that for any x,

P(Ta(t) — pa(t)

ool < a:) — ®(z) as a(t) — oo.

For a given z, put a(t) = [t/p + x+/to?/p?|, and observe that on one hand

N(t) —t/n
P( Vio?/p? -

and on the other hand, % — —x as t — co. We conclude
loa a

z) = B(N(t) = alt) = P(Tu < 1),

N(t) = t/u -
7.3 Stopping times and Wald’s equation

Definition 7.11 Let M be a r.v. taking values in the set {1,2,...}. We call it a stopping time with
respect to the sequence (X,,) of random variables, if

{M <m}eF,, foralm=1,2,...,

where F,,, = o{X1,...,X,,} is the o-algebra of events generated by the events {X; < ¢1},...,{X,, <
¢m} for all ¢; € (—o0,00).

Theorem 7.12 Wald’s equation. Let X1, X5, ... be iid r.v. with finite mean p, and let M be a stopping
time with respect to the sequence (Xy,,) such that E(M) < oco. Then

E(X1 4 ...+ Xu) = pE(M).

Proof. Observe that . -
ZXll{MZZ} d—b> ZXll{MZZ} = X1 + ... +XM

i=1 i=1
and for all n,
|ZX2'1{M21‘}| <Y, Y:Z\Xill{Mzi}>
i=1 =1
where - -
E(Y) =) E(IXilliasa) = D E(IXDB(M > ) = E(| X, )E(M).

i=1 i=1

In the second equality we used independence between {M > i} and X;, which follows from the fact that

{M > i} is the complimentary event to {M <i—1} € 0{X1,...,X;_1}. By the dominated convergence
Theorem 3.21

E(X1 +...+ Xu) = nler;oE(ZXil{MZi}> = STE(X)P(M > i) = uE(M).
=1 i=1

Example 7.13 Observe that M = N(t) is not a stopping time and in general E(T)) # pm(t). Indeed,
for the Poisson process pum(t) = t while Ty ;) =t — C(t), where C(t) is the current lifetime.

Theorem 7.14 FElementary renewal theorem: m(t)/t — 1/u as t — oo, where p = E(X4).

Proof. Since M = N(t) + 1 is a stopping time for (X,,):

(M <my={N@t)<m—1}={X; +...+ Xp >},
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the Wald equation implies

E(Twy1) = iE(N(1) + 1) = ul (1)
From Tn)41 =t + E(t) we get

U(t) = p~ 't + E(E()),
so that U(t) > p~'t. Moreover, if P(X; < a) = 1 for some finite a, then U(t) < pu~'(t + a) and the
assertion follows.
If X7 is unbounded, then consider truncated inter-arrival times min(X;, a) with mean p, and renewal

function U, (t). It remains to observe that U, (t) ~ tu;t, Us(t) > U(t), and p, — p as a — oo.
7.4 Stationary excess lifetime distribution
Theorem 7.15 Renewal theorem. If X1 is not arithmetic, then for any positive h

Ut+h)—U(t) = pth, t— oo
Without proof.

Example 7.16 Arithmetic case. A typical arithmetic case is obtained, if we assume that the set of
possible values Rx for the inter-arrival times X; satisfies Rx C {1,2,...} and Rx ¢ {k,2k,...} for
any k = 2,3,..., implying p > 1. If again U(n) is the renewal function, then U(n) — U(n — 1) is the
probability that a renewal event occurs at time n. A discrete time version of Theorem 7.15 claims that
Umn)—Un—1) — pu L

Theorem 7.17 Key renewal theorem. If Xy is not arithmetic, p < oo, and g : [0,00) — [0,00) is a
monotone function, then

/ g(t —uw)dU(u) — p~* /OC g(u)du, t— oo.
0 0

Sketch of the proof. Using Theorem 7.15, first prove the assertion for indicator functions of intervals,
then for step functions, and finally for the limits of increasing sequences of step functions.

Theorem 7.18 If X; is not arithmetic and p < oo, then

t—o0

lim P(E(t) <y) = pu* /Oy(l — F(z))dx.

Proof. Apply the key renewal theorem and Lemma 7.7.

Definition 7.19 Let X, X5,... be independent positive r.v. such that X5, X3,... have the same dis-
tribution. If as before, Ty = 0 and T, = X; +...+ X,,, then N4(¢) = max{n : T}, < t} is called a delayed
renewal process. It is described by two distributions F(t) = P(X; <), i > 2 and Fi(t) = P(X; < t).

Lemma 7.20 The mean m?(t) = EN(t) satisfies the renewal equation
md(t) = F(t) + /Ot md(t — u)dF (u).
Proof. First observe that conditioning on X gives
md(t) = F(t) + /Ot m(t —u)dF(u).
Now since

m(t) = F(t) + /0 m(t — u)dF (u),

we have

mx FA(t) == /tm(t —w)dFY(u) = F« FYt) + m+ Fx F4(t) = F4« F(t) + mx F4 « F(t)
0

:(Fd—i—m*Fd)*F(t):md*F(t):/tmd(t—u)dF(u).
0
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Theorem 7.21 The process N4(t) has stationary increments: N9 (s +t) — N9(s) 4 N4(t), if and only
if

y
Fi) =t [ (- Fa)da. (11)
0
In this case the renewal function is linear m3(t) = t/u and P(EY(t) < y) = F(y) independently of t.

Proof. Necessity. If N9(¢) has stationary increments, then md(s +t) = md(s) + md(t), and we get
md(t) = tm4(1). Substitute this into the renewal equation of Lemma 7.20 to obtain

FA(r) = md(1)/0 (1— F(z))da

using integration by parts. Let t — co to find md(1) = 1/ as stated in (11).
Sufficiency. Given (11), we have

_ [T e _ o [T ey _1-F()
o) = [ emarte) =t [ e - Py = 52,

Taking the Laplace-Stieltjes transforms in Lemma 7.20 yields

_1-F(9)

md() 0

+m(0)F(6).

It follows that md(0) = 1/(u#), and therefore m(t) = t/pu.
Observe that N9(-) has stationary increments if and only if the distribution of E4(t) does not depend
on t, and it is enough to check that P(E4(t) > y) = 1 — F4(y). This is obtained from

¢
P(EY(t) > y) =1— Fi(t +9) +/ P(EY(t — u) > y)dF(u).
0
and
FosU(t) =mi(t) =t/p.
Indeed, writing g(t) = 1 — F(t + y) we have P(E4(t) > y) = g » U(t) and therefore

/tMEd(t ) > y)dF () = g U FA(t) = g FO 5 U(t) = /t<1 — P(t+y — w)du

t+y
—u [ F@)ds = P+ ) - P,

7.5 Renewal-reward processes

Let (X;, R;),i = 1,2,... beiid pairs of possibly dependent random variables: X; are positive inter-arrival
times and R; the associated rewards. Cumulative reWard process

W(t) =Ry ++RN(t)

Theorem 7.22 Renewal-reward theorem. Suppose (X;, R;) have finite means p = E(X) and E(R).
Then
W a.s.
() os R EW() | B
t o’ 4 o

Proof. We have by the laws of large numbers, Theorem 4.9 and Theorem 7.9, that the first claim is valid

W(t) Ri+...+Byw N(t) as E(R)
t N(t) v T g

, t — oo.

To prove the second claim we apply the argument used in the proof of Theorem 7.14

EW(t) =E(Ri + ...+ Rywy+1) — ERn@y41 = U(L)E(R) — E(Ry(t)41)-
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Figure 2: The queue length and the regeneration times. Here Ny =2, Ny =1, N3 =2, Ny =4, N5 = 3.

The result will follow once we have shown that r(t)/t — 0 as t — oo, where 7(t) = E(Ry()41). By
conditioning on X7, as usual, we arrive at the renewal equation

r(t) = H(t) +/0 r(t—w)dF(w),  H() = E(Rilix,n)-

Since H(t) — 0, for any € > 0, there exists a finite M = M (e) such that |H(¢)| < € for t > M. Therefore,
when t > M,

t—M t
Ly -1 —u U -1 —u U
@) <t /0 |H (t — u)|dU(u) +t / [H (¢ —u)|dU(u)

t—M

< ¢! (eU(t) FU@#)-U®E - M))IE\R|).
Using the renewal theorems we get limsup |r(¢)/t| < €/u and it remains to let € — 0.

7.6 Regeneration technique for queues

Here we start by three applications (A-C) of Theorem 7.22 to a general queueing system. Customers
arrive one by one, and after spending some time in the system they depart from the system. Let Q(t) be
the number of customers in the system at time ¢ with Q(0) = 0. Let T be the time of first return to zero
Q(T) = 0. This can be called a regeneration time as starting from time 7' the future process Q(T + t)
is independent of the past and has the same distribution as the process Q(t).

Assuming the traffic is light so that P(T < oo) = 1, we get a renewal process of regeneration times
0=Tyo<T =T <Tp <T3 < ... Write N; for the number of customers arriving during the cycle
[T;-1,T;) and put N = N;. To be able to apply Theorem 7.22 we shall assume

E(T) < o0, E(N) < o0, E(NT) < cc.

(A) Let the reward associated with the inter-arrival time X; = T; — T;_1 to be
T;
R; :/ Q(u)du.
T; 1
Since R := Ry < NT, we have E(R) < E(NT) < oo, and by Theorem 7.22,
t
tt / Q(u)du *¥ E(R)/E(T) =: L the long run average queue length.
0

(B) Let the reward associated with the inter-arrival time X; to be N;. Denote by W (t) the number
of customers arrived by time ¢t. Then by Theorem 7.22,

W(t)/t*3 E(N)/E(T) =: A the long run rate of arrival.

(C) Consider now the reward-renewal process with discrete inter-arrival times N;, and the associated
rewards S; defined as the total time spent in system by the customers arrived during [T;_1,7;). If the
n-th customer spends time V,,, then

S =5 =Vi+...+Vy.
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Since E(S) < E(NT) < oo, again by Theorem 7.22, we have

n~y V%3 E(S)/E(N) =: v the long run average time spent by a customer in the system.

n
=1

Theorem 7.23 Little’s law. If E(T) < oo, E(N) < 00, and E(NT) < oo, then L = Av.

Although it looks intuitively reasonable, it’s a quite remarkable result, as the relationship is not influenced
by the arrival process distribution, the service distribution, the service order, or practically anything else.

Proof. The mean amount of customer time spent during the first cycle can be represented in two ways

E(S) = E(ﬁjv) _ IE(/OT Q(uw)du) = E(R).

Thus combining (A), (B), (C) we get

7.7 M/M/1 queues

The most common notation scheme annotates the queueing systems by a triple A/B/s, where A describes
the distribution of inter-arrival times of customers, B describes the distribution of service times, and s
is the number of servers. It is assumed that the inter-arrival and service times are two independent iid
sequences (X;) and (S;). Let Q(t) be the queue size at time t.

The simplest queue M/M/1 has exponential with parameter \ inter-arrival times and exponential
with parameter p service times (M stands for the Markov discipline). It is the only queue with Q(t)
forming a Markov chain. In this case Q(t) is a birth-death process with the birth rate A and the death
rate p for the positive states, and no deaths at state zero.

Theorem 7.24 The probabilities p, (t) = P(Q(t) = n) satisfy the Kolmogorov forward equations

{ ph(t) ==+ w)pn(t) + Apn_1(t) + ppns1(t)  forn > 1,
po(t) = —=Apo(t) + up1 (1),

subject to the boundary condition p,(0) = 1{n—0y-
Proof. For n > 1 and a small positive §, put
R, (t,0) = P(Q(t + 8) = n, at least two events during (¢,t + 4]).
Observe that
R, (t,8) < P(at least two events during (t,t + 6]) < C - 6%

For example

It follows,

pn(t+0) = P(Q(t + 8) = n,at most one event during (¢,t + ]) + R, (t,6)
= pn(t)P(no events during (¢,t + d]) + prn—1(¢)P(single birth during (¢, ¢ + J])
+ Pnt1(t)P(single death during (¢,¢ + d]) + o(d)
=pu(t)(1 = (A + 1)8) + Pr—1(£)AS + Pn1(H)pé + o(9).
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Similarly,

po(t+ 6) = po(t)P(no birth during (¢,t + 6]) + p1 (t)P(single death during (¢,t + d]) + o(9)
= po(t)(1 = Ad) + p1(t)ud + o(0).

Exercise 7.25 In terms of the Laplace transforms py, (0) := [~ e~%"p,(t)dt we obtain

{ [Pns1(0) — (AN + 1+ 0)pn(0) + Mpu_1(6) =0,  forn>1,
pp1(6) — (A +0)po(0) =1

Its solution is given by

A+ pu+0)— /A +p+0)2—4
2u '
Theorem 7.26 Stationarity. Let p = \/u be the traffic intensity. Ast — oo for alln >0

_ _ Q=p)p" ifp<1,
P(Q(t) =n) = m, = { 0 if p>1.

Pn(0) =071 —a(0)a(0)”, () =

The result asserts that the queue settles down into equilibrium if and only if the service times are shorter
than the inter-arrival times on average. Observe that if p > 1, we have ) m,, = 0 despite ) pn(t) = 1.

Proof. As9 — 0

a(e):()‘+N+6‘)_\/()\_M)2+2()\+N)0+92_)()\+M+9)—|/\—/A‘: p ifA<p,
2 20 1 ifA>p
Thus ( )
5 —_(1_ n 1—-p)p" ifp<l,
0P, (0) = (1 — a(8))a(6)" — { 0 > 1,

On the other hand, the process Q(t) is an irreducible Markov chain and the ergodic theorem there are
limits p,,(t) — m, as t — co. Therefore, the statement follows from

0P, (0) = / e “pn(u/0)du — T, 6 — 0.
0

Exercise 7.27 Counsider the M/M/1 queue with p < 1. According to Little’s Law the time V spent by

a customer in the stationary regime queue has mean % = fp) 5= u—i)\ Verify this by showing that V'

has an exponential distribution with parameter p — .
Hint. Show that V = S; + ... 4+ Si4q, where S; are independent Exp(u) random variables and @ is
geometric with parameter 1 — p, and then compute the Laplace transform E(e=*V).

7.8 M/G/1 queues

In the M/G/1 queueing system customers arrive according to a Poisson process with intensity A and the
service times S; have a fixed but unspecified distribution (G for General). Let p = AE(S) be the traffic
intensity.

Theorem 7.28 If the first customer arrives at time X1, define a typical busy period of the server as
B=inf{t >0: Q(t+ X;) =0}. We have that P(B < o0) =1ifp <1, and P(B < o0) <1 if p > 1.
The Laplace transform ¢(u) = E(e~"B) satisfies the functional equation

d(u) = U(u+ A — Ap(u)), where U(z) = E(e™*%).

Proof. Imbedded branching process (recall Section 5.5). Call customer Cs an offspring of customer C,
if C5 joins the queue while C] is being served. Given S = t, the offspring number Z for a single customer
has conditional Pois(At) distribution. Therefore, the conditional probability generating function of Z is

X (AS)
E(uZ1S) — u]( D) oAS _ oSA(u-1),
(u”]9) Jzz(:) 7l
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This yields

The mean offspring number is
E(Z) =h(1) = =A¥'(0) = AE(S) = p.

Observe that the event (B < o0) is equivalent to the extinction of the branching process, and the first
assertion follows.

The functional equation follows from the representation B = S 4+ By + ... + Bz, where B; are iid
busy time of the offspring customers and Z is the number of offspring with generating function h(u).
Indeed, we observe first that

E(e "B .. e7"P7|S) = E(p(u)?]S) = e~
This implies
P(u) = E(e e uBr | e7uBz) = E(e %SNSy — Wy 4+ A — Ao (u)).

Exercise 7.29 Show that for the M/M/1 queue, Z is geometric with parameter ﬁp. Compute the
generating function ¢(u) for the busy period B.

Theorem 7.30 Stationarity. Ast — oo for alln >0

T if p <1, where Z;io miud = (1—p)(1—u) h(u)

P(Q(t) =n) — { 0 ifp>l OETE

Partial proof. Let D,, be the number of customers in the system right after the n-th customer left the
system. Denoting Z,, the offspring number of the n-th customer, we get
DnJrl - Dn + ZnJrl - 1{Dn>0}~

Clearly, D,, forms a Markov chain with the state space {0,1,2,...} and transition probabilities

S 01 6

S & 0y ... ;

0 &% o ... |, @w:PKZ::j)::E<(A€)e_AS)
0 0 & ... J:

The stationary distribution of this chain can be found from the equation

DLD—1(pog + 2.

For the probability generating function v (u) = E(u?), we have
() = BP0 h) = (M0 4 y0))au),
Thus 0 DA
If p < 1, we get 0 0
¥(0 Y (0

== =1,

and therefore
Bu?) = (1= p)(1— ) (12)

gives the same stationary distribution as in the theorem statement (only for the embedded chain).
From this analysis of the chain (D,,) one can be derive (not shown) the stated convergence for the
queue size distribution.
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Theorem 7.31 Suppose a customer joins the queue after some large time has elapsed. She will wait a
period W of time before her service begins. If p < 1, then

B =007 AE(e—S)’

Proof. Suppose that a customer waits for a period of length W and then is served for a period of length
S. In the stationary regime the length D of the queue on the departure of this customer is distributed
according (12). On the other hand, D conditionally on (W, .S) has a Poisson distribution with parameter
AW+ 5):

(1= p)(1 = 8) 0" = B(:P) = B 496-0) ~ B D))
Thus, with u = A(1 — s),

1 1-p)s—1 Lo
E(e™"W) = E(eMs~DW) = s(_ ]E(pgx(<sl>g) T u— /\(+ /\Igl)(eus) '

Exercise 7.32 Using the previous theorem show that for the M/M/1 queue we have
nw—A
p—A+tu
Theorem 7.33 Heavy traffic. Let p = Ad be the traffic intensity of the M/G/1 queue with M = M ()
and G = D(d) concentrated at value d. For p < 1, let Q, be a r.v. with the equilibrium queue length

distribution. Then (1 — p)Q, converges in distribution as p /1 to the exponential distribution with
parameter 2.

Ee™W)=1-p+p

Proof. Applying Theorem 7.30 with u = e=*(=?) and h(u) = e?(*~Y, we find the Laplace transform of
the scaled queue length

= ; plu—1) — — e—s(1-p)
E(efs(lfﬁ)Qp) — Zﬂ-juj — (1 _ ,0)(1 _ u) € _ (1 P)(l e )
7=0

ep(u—1) _ 4 1 — er(l—u)e—s(1—p)

which converges to ﬁ as p 1.

Exercise 7.34 For p = 0.99 find P(Q, > 60) using the previous theorem. Answer 30%.

7.9 G/M/1 queues

Customers’ arrival times form a renewal process with inter-arrival times (X,,), and the service times are
exponentially distributed with parameter p. The traffic intensity is p = (uE(X)) L.

An imbedded Markov chain. Consider the moment 7, at which the n-th customer joins the queue,
and let A,, be the number of customers who are ahead of him in the system. Define V,, as the number of
departures from the system during the interval [T}, T, +1). Conditionally on A,, and X,,11 = Tpy1 — Th,
the r.v. V,, has a truncated Poisson distribution

Me““} if v <a,
v

2iza+t (#Tgf)ieiw fv=a+l

P(V, =v|l4, =a,Xp41 =2) = {

The sequence (A,,) satisfies
An+1 :An+1fvn

and forms a Markov chain with transition probabilities

17050 ap 0 0 )
l—apg—o ap o9 0 ... 7 ajzlE((#).()Je*”X)
l—ag—a;—as ay a1 «q 3!
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Theorem 7.35 If p < 1, then the chain (Ay) is ergodic with a unique stationary distribution m; =
(1 —n)n?, where 1 is the smallest positive root of n = E(eXH1=1). [f p =1, then the chain (A,) is null
recurrent. If p > 1, then the chain (A,) is transient.

Without proof.

Example 7.36 Consider a deterministic arrival process with P(X = 1) = 1 so that A4, = Q(n) — 1.
Then p = 1/p and for p > 1 we have the stationary distribution

P(A=j) = (1L—n),
where 1 = ("=, For ¢ € (0,1), we have Q(n +t) = A, + 1 — V,,(t), where

B .
WO)” o—pt if v < a,

L _ _ _ v! )
pe(a) :==P(Va(t) = v|An = a) = { S isait W)’ o=t if y = q + 1.

Using the stationary distribution for A, we get
PQn+t)=k) = > (1—nwp().
j=k—1

This example demonstrates that unlike (D,,) in the case of M/G/1, the stationary distribution of (A4,)
need not be the limiting distribution of the queue size Q(t).

Theorem 7.37 Let p < 1, and assume that the chain (A,) is in equilibrium. Then the waiting time W
of an arriving customer has an atom of size 1 —n at zero and for x > 0

P(W > z) = ne~r(-m=,
Proof. If A,, > 0, then the waiting time of the n-th customer is
Wn:ST—I—SQ—‘rSg-i—...—‘rSAn,

where ST is the residual service time of the customer under service, and S2,Ss,...,S54, are the service
times of the others in the queue. By the lack-of-memory property, this is a sum of A,, iid exponentials.
Use the equilibrium distribution of A,, to find that

]E(e—uW> _ E((E(e—uS))A) _ E((‘u ij,r U)A) _ (/;‘:Ug(l ;7777) =(1-n)+ nﬂ(/f(l ;)HJ)F .

Exercise 7.38 Using the previous theorem show that for the M/M/1 queue we have

— A
E(e W) =1— _RA
(e™™) (Al v e

7.10 G/G/1 queues

Now the arrivals of customers form a renewal process with inter-arrival times X,, having an arbitrary
common distribution. The service times S,, have another fixed distribution. The traffic intensity is given

by p =E(S)/E(X).
Lemma 7.39 Lindley’s equation. Let W, be the waiting time of the n-th customer. Then
Wi = max{ov Wi+ Sn — XnJrl}'

Proof. The n-th customer is in the system for a length W,, + S,, of time. If X,, 11 > W,, +.5,,, then the
queue is empty at the (n + 1)-th arrival, and so W,,41 = 0. If X,,4; < W, + S,,, then the (n + 1)-th
customer arrives while the n-th is still present. In the second case the new customer waits for a period
of Wpp1 =W, + 5, — Xnt1.
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Theorem 7.40 Note that U, = S,, — X,,1+1 is a collection of iid r.v. Denote by G(x) = P(U,, < z) their
common distribution function. Let F,,(x) = P(W,, <x). Then for x >0

Fanle) = [ Fulo = 5)dG().
There exists a limit F(x) = lim, o Fy,(x) which satisfies the Wiener-Hopf equation
Fa) = [ Fla-pdci).
Proof. If x > 0 then due to the Lindley equation and independence between W,, and U,, = S,, — X;, 41
P(Wpi1 <z2)=PW,+U, <z)= /1 P(W, <z —y)dG(y)
and the first part is proved. We claim that
Foi1(x) < F,(z) forallz >0 and n > 1. (13)

If (13) holds, then the second result follows immediately. We prove (13) by induction. Observe that
Fy(z) < 1= Fi(z), and suppose that (13) holds for n = k — 1. Then

x

mﬂuwwww:/<&@—w7ﬂﬂw—wmmmsa

—0o0

Theorem 7.41 If p < 1, then F is a non-defective distribution function. If p = 1 and G is not
concentrated at one point or if p > 1, then F(x) =0 for all .

Proof. Imbedded random walk. Define an imbedded random walk by
0=0, 2, =U1+...4U,.
Lemma 7.39 implies
Wit = max{0,Up,Un + Un—1,...,Un +Up_1 + ...+ U1} L max{So,...,Ep}.
Note that E(U) = E(S) — E(X), and E(U) < 0 is equivalent to p < 1. It follows that
F(z) =P(%, <z for all n), x> 0.
(A) fE(U) < 0, then
P(¥, > 0 for infinitely many n) = P(n"'%, > 0i.0.) =P(n"'%, —E(U) > [E(U)| i.0.) =0

due to the LLN. Thus max{Xg, X1,...} is either zero or the maximum of only finitely many positive
terms, and F' is a non-defective distribution.
(B) Next suppose that E(U) > 0 and pick any « > 0. For n > 2z/E(U)

P(S, >z)=Pn 'Y, —EU) >n" 'z —EU)) >P(n 'Y, —EU) > -E(U)/2) = P(n"'%, > EU)/2).

Since 1 — F(z) > P(¥,, > z), the weak LLN implies F'(x) = 0.

(C) In the case when E(U) = 0 we need a more precise measure of the fluctuations of ¥,,. According
to the law of the iterated logarithm the fluctuations of 3,, are of order O(y/nloglogn) in both positive
and negative directions with probability 1, and so for any given x > 0,

1— F(x) =P(X, > x for some n) = 1.
Definition 7.42 Define an increasing sequence of r.v. by
L(0) =0, L(n+1)=min{k > L(n):Xx > Xpm)}-
The L(n) are called ladder points of the random walk X, these are the times when the random walk ¥

reaches its new maximal values.
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Lemma 7.43 Let n = P(X,, > 0 for some n). The total number A of ladder points has a geometric
distribution
PA=Fk)=(1-n)n* k=0,1,2,....

Theorem 7.44 If p < 1, the equilibrium waiting time W 4 max{Xg,X1,...} has the Laplace transform

]E(e—GW) 1 — 1

1)
where Y = X1y 1s the first ladder hight of the imbedded random walk.
Proof. Follows from the representation in terms of Y; = X — Xy (;_1) which are iid copies of ¥ = Yi:
max{¥o, X1,...} =X =Y1 +... + Y.
Exercise 7.45 Using the previous theorem show that for the M/M/1 queue we have

_ w—A
E(e W) =1— s
(e™™) (R v vy

8 Martingales

8.1 Definitions and examples

Example 8.1 Martingale: a betting strategy. After tossing a fair coin a gambler wins for heads and
looses for tails. Let X,, be the gain of a gambler doubling the bet after each loss. The game stops after
the first win. The distribution of X,, evolves as follows

Xo=0,

X1 = 1 with probability 1/2 and X; = —1 with probability 1/2,

X5 = 1 with probability 3/4 and Xy = —3 with probability 1/4,

X3 =1 with probability 7/8 and X3 = —7 with probability 1/8,
and so on so that

X,, = 1 with probability 1 — 27" and X,, = —2" + 1 with probability 27".
If H,, and T;, are the heads and tails outcomes for the n-th tossing, then

Xpt1 = (2Xn — 1)1Tn+1 + ].HnJrl.
This yields in terms of the conditional expectations

1
E(Xni1X0) = (2X0 = 1) 5 + 5 = Xo.

N |

If N is the number of coin tosses until one gets heads, then P(N =n) =2"",n=1,2,... with E(N) = 2.
Interestingly, the state X _1 prior to the winning toss has the mean

E(Xy_1) =E(1-2""1)=1-)"2""127" = —oc.

n=1

Definition 8.2 A sequence of sigma-fields (F,) such that Fo C F; C ... C F, C ... C F is called a
filtration. A sequence of r.v. (Y,) is called adapted to (F,) if Y,, is F,,-measurable for all n. In this case
the sequence (Y,,, Fy,) is called a martingale if, for all n > 0,

o E(|Yn]) < oo,
o E(Y,11|Fn) = Yy

Definition 8.3 Let (Y),) be adapted to a filtration (F,).
Then (Y, F,) is called a submartingale if

+
* B(¥;7) < oo, The origin of the term ”martingale”.

50



o E(Ypi1|Fp) > Yo
Definition 8.4 Let (Y,,) be adapted to a filtration (F,). Then (Y,,, F,) is called a supermartingale if

e E(Y, ) < o0,

o E(Yi1|Fn) <Y
Definition 8.5 The sequence (Y},),>1 is a martingale (submartingale, supermartingale) with respect to
the sequence (X,,)n>1, if (Y, F») is a martingale (submartingale, supermartingale) for F,, = o{X1,..., X, },

the o-algebras generated by (Xi,...,X,). It follows that Y,, = ¥, (X1,...,X,,). We sometimes just say
that (Y},) is a martingale.

Exercise 8.6 Consider the sequence of means m,, = E(Y;,). We have m, 1 > m,, for submartingales,
Mpy1 < m,, for supermartingales, and m,+1; = m, for martingales. A martingale is both a sub- and
supermartingale. If (Y},) is a submartingale, then (-Y,,) is a supermartingale.

Example 8.7 Consider a simple random walk S,, = Sop + X1 + ...+ X, with P(X; = 1) = p, P(X; =
—1) = ¢, and Sp = k. The centered S,, — n(p — ¢) is a martingale:

E(Spt1—(n+1)(p— )| X1,..., Xpn) = S + E(Xps1) — (n+1)(p—q) = Sp —nlp — q).
Another martingale is Y;, = (¢q/p)°»:

E(Yor1|X1,. o Xn) = pla/p)> " +ala/p)> " = (¢/p)°" = Ya
with E(Y,,) = E(Yy) = (¢/p)*. It is called De Moivre’s martingale.

Example 8.8 Let S, = X; + ...+ X,,, where X; are iid r.v. with zero means and finite variances o2.

Then S2 — no? is a martingale

E(S2,, — (n+1)0?Xq,.... X,) = 52 + 25, E(Xpy1) + E(X7Z, ) — (n+1)0? = S2 — no?.

n

Example 8.9 Application of the optional stopping theorem. Consider a simple random walk S, =
So+ X1 +...+ X, with P(X; =1) =p, P(X; = —1) = ¢, and Sy = k. Let T be the first time when it
hits 0 or N, where is 0 < k < N. Next we show that for p # ¢,

(/9N F -1
(/N -1~

Put pi := P(St = 0) so that P(S7 = N) = 1 — pi. According to Definition 7.11, T is a stopping time.
Applying Theorem 8.41 to De Moivre’s martingale we get E(Yr) = E(Yp). Since P(Yr = 1) = p and
P(Yr = (¢/p)V) = 1 — py, it follows

(q/p)°pr + (a/D)" (1 — pr) = (a/p)",

and we immediately derive the stated equality.
In terms of the simple random walk starting at zero and stopped either at —k or at N we find

(p/)" -1
(p/@N+k -1

If p>gand N — oo, we obtain P(Sp = —1) — . Thus, if (—X) is the lowest level visited, then X has
a shifted geometric distribution distribution with parameter 1 — %.

P(Sy = 0) =

P(Sy = —k) =

Example 8.10 Stopped de Moivre’s martingale. Consider the same simple random walk and let 1" be
a stopping time of the random walk. Denote D,, = Y, where (Y,,) is the de Moivre martingale. It is
easy to see that D, is also a martingale:

E(Dpt1| X1, Xn) = EVnp1lirsny + Z Yilir—jy | X1, X5)

j<n

= Ynl{T>n} + Z Y}I{T:j} =D,.

Jj<n
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Example 8.11 Branching processes (recall Section 5.5). Let Z,, be a branching process with Z; = 1
and the mean offspring number p. In the supercritical case, p > 1, the extinction probability 1 € [0,1)
of Z, is identified as a solution of the equation 7 = h(n), where h(s) = E(s%) is the generating function
of the offspring number. The process V,, = n?" is a martingale

E(Vyyi1l|Z1, ..., Zy) = B+t X2n |z, . Z,) = h(n)?" = V.

8.2 Convergence in L?

Lemma 8.12 If (Y,,) is a martingale with E(Y,?) < oo, then Y11 — Y, and Y, are uncorrelated. It
follows that (Y,?) is a submartingale.

Proof. The first assertion follows from
E(Yn(yn+l - Yn)|]:n) = Yn(E(Yn+1|]:n) - Yn) =0.
The second claim is derived as follows
E(Yr?-i-l'fn) = E((YH-H - Yn)2 + QYn(Yn-H - Yn) + Y712|]:n)
= E((Yn+1 - Yn)2|~7:n) + Ynz > YnQ'

Notice that

E(Y,2 ) =E(Y,7) +E((Yns1 — Ya)?)
so that E(Y,2) is non-decreasing and there always exists a finite or infinite limit

M = lim E(Y?). (14)
n—oo
Exercise 8.13 Let J(x) be a convex function. If (Y},) is a martingale with E[J(Y,,)] < oo, then J(¥,)
is a submartingale. (Hint: use Jensen’s inequality.)

Lemma 8.14 Doob-Kolmogorov’s inequality. If (Y,) is a martingale with E(Y,?) < oo, then for any

e>0
E(Y;?)

n

| > <
Ploax M2 9 < =

Proof. Let By = {|Y1]| > €} and By = {|Y1] < ¢,...,|[Yi—1] < €, |Yi| > €}. Then using a submartingale
property (in the second inequality) we get

n n n
E(?) > Y E(YV21s) > Y E(¥21s) > @Y P(B) = @ max [¥i] > o).
i=1 =1

‘ 1<i<n
=1 -

Theorem 8.15 If (Y,,) is a martingale with finite M defined by (14), then there exists a random variable
Y such that Y, — Y a.s. and in mean square.

Proof. Step 1. For
Am(e) = U{'Ym+i - Ym' > 6}

i>1
we will show that
P(A,,(¢)) = 0, m — oo for any € > 0.

For a given m, put S, = Y,,4n — Yin. It is also a martingale, since
E<Sn+1|sla s Sn) = E(]E(Sn+1|fm+n)|51v R Sn) = E(Sn|51, ) Sn) = Sn.
Apply the Doob-Kolmogorov inequality to this martingale to find that

P(|Yonii — Y| > € for some i € [1,n]) < € 2B((Vingn — Yin)?) = e 2(E(Y,2

m—+n

) —E(Y7))-

m
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Letting n — oo we obtain
P(Am(e) < e*(M —E(Y,))
and hence the step 1 statement follows.

Step 2. Since A, (e1) C A (e2) for €1 > €2, we have, by step 1,

IP’(U N Am(e)) _%P(Qlflm(e)) < lim lim P(An()) = 0.

e—0m—oo
e>0m>1

Therefore, the sequence (V) is a.s. Cauchy convergent:
P(N U 450) =1.
e>0m>1

which implies the existence of Y such that Y,, — Y a.s.
Step 3. Finally, we prove the convergence in mean square using the Fatou lemma

E((Y, — Y)?) = E(liminf(Y;, — Y;,,)?) < liminf E((Y;, — Y;,,)?)

m—0o0 m— o0
= liminf E(Y,2) — E(Y;?) = M —E(Y,?) =0, n — oc.
m—0o0

Example 8.16 Branching processes (recall Section 5.5). Let Z,, be a branching process with Zy = 1 and
the offspring numbers having mean p and variance o2. Since E(Zn+11Zn) = nZy, the ratio W,, = n="Z,
is a martingale with

EW2) =1+ (o/p)*(A+p~t 4.+ p~"Fh).

In the supercritical case, u > 1, we have E(W?2) — 1+ u(fbiil)’ and there is a r.v. W such that W,, - W

a.s. and in L2
The Laplace transform of the limit ¢(8) = E(e~%") satisfies the functional equation ¢(u6) = h(¢(8)).

8.3 Doob’s decomposition

Definition 8.17 The sequence (S, F,) is called predictable if Sy = 0, and S, is F,,—1-measurable for
all n > 1. It is also called increasing if P(S,, < Sp,4+1) =1 for all n > 0.

Theorem 8.18 Doob’s decomposition. A submartingale (Yy, F,) with finite means can be expressed in
the form'Y,, = M,,+ Sy, where (M,,F,) is a martingale and (Sy,, Fy) is an increasing predictable process
(called the compensator of the submartingale). This decomposition is unique.

Proof. We define M and S explicitly: My = Yy, Sp =0, and for n > 0
Myi1— My =Yy — EYni1|Fn), Snt1 — Sn = E(Yoq1|Fn) — Y.
To see uniqueness suppose another such decomposition Y;, = M/, + S;,. Then
My — My + Sy — Sy = Mg — My + Spir — Sy

Taking conditional expectations given F,, we get S; | — S;, = Sp41 — Sy. This in view of S5 = Sy =0

implies S}, = S,,.
Definition 8.19 Let (Y;,) be adapted to (F,), and (S,,) be predictable. The sequence

n

Zn=Yo+ Y Si(Yi-Yi1)

i=1
is called the transform of (Y;,) by (Sy).

Example 8.20 Such transforms with S,, > 0 are usually interpreted as gambling systems with (Y,)
being a supermartingale (the capital after n gambles each involving a unit stake). Optional skipping is
one such strategy. Here the gambler either wagers a unit stake or skip the round: S,, equals either 1 or
0. The following result says that you can not systematically beat the casino.
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Theorem 8.21 Let (Z,) be the transform of (Yy) by (Sn). Then

(i) If (Ys,) is a martingale, then (Z,) is a martingale so long as E|Z,| < co for all n.

(i) If (Y,) is a submartingale and in addition S,, > 0 for all n, then (Z,) is a submartingale so long
as E(Z;) < oo for all n.

(#i3) If (Y,,) is a supermartingale and in addition S, > 0 for all n, then (Z,,) is a supermartingale so
long as E(Z) < oo for all n.

Proof. All three assertions follow immediately from
E(Zn+1|]:n) —Zp = ]E(Sn+1(Yn+1 - Yn)|fn) = Sn+1(E(Yn+1‘fn) - )/n)

Example 8.22 Optional stopping. The gambler wagers a unit stake on each play until a random time 7.
In this case S,, = 1{,<7} and Z,, = Yrp,. If S, is predictable, then {T' = n} = {S, = 1,5,11 = 0} € Fy,
so that T' is a stopping time.

Example 8.23 Optional starting. The gambler does not play until the (T + 1)-th round, where T is a
stopping time. In this case S, = 1{7r<,_1} is a predictable sequence.

8.4 Hoeffding’s inequality

Definition 8.24 Let (Y, F,) be a martingale. The sequence of martingale differences is defined by
D, =Y, —Y, 1, sothat D, is F,,-measurable and

E|D,| <00,  E(Dpy1|Fn) =0, Y,=Yo+Di+...4D,.

Theorem 8.25 Hoeffding’s inequality. Let (Y, F,) be a martingale, and suppose P(|D,| < K,) =1
for a sequence of real numbers K,,. Then for any © > 0

2

X
P(Y, — Yo| > z) < 2 (— )
( ol = 7) < 2exp 2K2+ ...+ K2)

Proof. Let 6 > 0.
Step 1. The function e’? is convex, therefore

1 1
e < il d)e ™ + S+ d)e? for all |d| < 1.
Hence if D is a r.v. with mean 0 such that P(|D| < 1) =1, then

0 2k el 2k
E(eGD) 0 0 6%/2

< e ¥+ e _
- 2

Step 2. Using the martingale differences we obtain

]E(e9(Yn,—Yo)|fn_1) — ee(Yn—l_YO)E(eeDn“Fn_l) < e@(Yn_l—Yo)eOQKfl/Q.

Take expectations and iterate to find
2 n
6(Y,— o) 0(Yu 1Y)y 0°K2 /2 o~ >
E(e 0y < E(e 1=Y0))e <exp<2;Ki .
Step 3. Due to the Markov inequality we have for any « > 0
0% &
P(Yn _ YO 2 ZL‘) S e—@-’t}E(ee(Yn—Yﬂ)) S exp ( — 91’ + ? ZKZQ)
i=1

Set # =x/> " | K? to minimize the exponent. Then

2

x
1 n

Since (—Y,,) is also a martingale, we get

2

X
P(Yan()S*iC):P(*YnJFYOZm)SeXp(f2(K2+ —I—KQ)).
4. z
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Example 8.26 Large deviations. Let X,, be iid Ber(p) random variables. If S, = X; + ...+ X,,, then
Y, = S, — np is a martingale with

1Yy = Yo 1| = [ Xy — p| < max(p, 1 — p).

Due to the Hoeffding’s inequality for any = > 0

2

P(|Sp — np| = 2v/n) < 2exp ( B 2(max(§ 1 —p))2>.

In particular, if p = 1/2,
P(|S, — /2| > zv/n) < 20727

Putting here x = 3 we get P(|S,, —n/2| > 3y/n) <3-1078.

8.5 Convergence in L!

On the figure below five time intervals are shown: (11, 73], (T3, Ty], - .., (T, Tho] for the uppcrossings of
the interval (a,b). If for all rational intervals (a,b) the number of uppcrossings U(a, b) is finite, then the
corresponding trajectory has a (possibly infinite) limit.

b = FANIAN n ay A A

. a A A A
T \VA4 < v V |Z4AN
T T T Te T

|4
T T Ts Ts . To Ta

All Ty, are stopping times. Definition 7.11 for the stopping times can be extended as follows.

Definition 8.27 A random variable T' taking values in the set {0,1,2,...} U {oo} is called a stopping
time with respect to the filtration (F,), if

{I'=n}eF,, foralln=0,1,2,....

Exercise 8.28 Define more exactly the crossing times Tj. Let (Y, F,,)n>0 be an adapted process, and
take a < b. Put T} = n for the smallest n such that Y,, < a. In particular, if Yy < a, then 77 = 0.

For an even natural number £k > 2 put T, = nif Y; <bfor T_1 <i<n-—1,and Y, > b. For an odd
natural number £ > 3 put T, =n if Y; > a for Ty <i<n—1, and Y,, < a. Show that all crossing
times T} are stopping times.

Lemma 8.29 Snell’s uppcrossing inequality. Let a < b and U,(a,b) is the number of uppcrossings of
the interval (a,b) for a submartingale (Yy,...,Y,). Then

E[(Y, —a)*]

B[, (a.b)] < =7—

Proof. Let I; be the indicator of the event that ¢ € (Tox_1,72x] for some k. Note that I; is F;_1-
measurable, since

(L =1} = {Toeo1 <i— 1< Ty} = | J{Tonm1 < i — 13N {Top < i — 1)
k k

is an event that depends on (Yp,...,Y;_1) only. Now, since Z,, = (Y,, — a)T forms a submartingale, we
get

E((Zi — Zi—1) - 1) = E[E(L; - (Zi — Zi—1)|Fi-1)] = E[L; - (E(Zi|Fi-1) — Zi-1)]
< E[E(Zi|Fi1) — Zi1] = E(Zi) — E(Zi1).
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Now, observe that (inspect the figure above)

n
(b - Cl) . Un(a, b) S Z(ZZ — Zi—l)Ii-
i=1
Thus
(b—a) -E(U,(a,b)) <E(Z,) —E(Zy) <E(Z,).
Theorem 8.30 Suppose (Y,,, F,) is a submartingale such that for some finite constant M,

supE(Y,") < M.

n>1

(i) There exists a r.v. Y such thatY, — Y almost surely. In addition: (ii) if E|Yy| < oo, the limit' Y
has a finite mean, and (iii) if (Y,) is uniformly integrable, see Definition 3.22, then Y, — Y in L*.

Proof. (i) Using Snell’s inequality we obtain that U(a,b) = lim U, (a, b) satisfies

<M—|—|a|_
~— b—-a

E(U(a,b))

Therefore, P(U(a,b) < co) = 1. Since there are only countably many rationals, it follows that with
probability 1, U(a,b) < oo for all rational (a,b), and Y,, — Y almost surely.
(i) We have to check that E|Y| < oo given E|Yy| < oo. Indeed, since |Y,| = 2V, — Y, and
E(Ya|Fo) > Y, we get
E(|Y,]|Fo) < 2E(Y,[Fo) — Yo

By Fatou’s lemma

E(|Y'||Fo) = E(liminf |Y,,||Fo) < liminf E(|Y,||F) < 2liminf E(Y,"|Fo) — Yo,
n—00 n—00 n—r00

and it remains to observe that E(liminf E(Y,F|Fo)) < M, again due to Fatou’s lemma.

(iii) Finally, recall that according to Theorem 3.25, given Y, LA Y, the uniform integrability of (Y;,)

n—oo

1
is equivalent to E|Y,| < oo for all n, E|Y| < oo, and Y, Ly.

Corollary 8.31 Any martingale, submartingale or supermartingale (Y, F,) satisfying sup,, E|Y,| < M
converges almost surely to a r.v. with a finite limit.

Corollary 8.32 A non-negative supermartingale converges almost surely. A non-positive submartingale
converges almost surely.

Example 8.33 De Moivre martingale Y,, = (g/p)°" is non-negative and hence converges a.s. to some
limit Y. Let p # ¢. Since S,, — oo for p > g and S,, — —oo for p < ¢, in both cases we get P(Y = 0) = 1.
Note that Y,, does not converge in mean, since E(Y;,) = E(Yp) # 0.

Example 8.34 Doob’s martingale. Let Z be a r.v. on (€, F,P) such that E(|Z]) < oo. For a filtration
(Fn) define Y,, = E(Z|F,). Then (Y,,F,) is a martingale: first, by Jensen’s inequality,

E(|Yna]) = E[E(Z]Fn)| < E(E(Z]|F0)) = E(|Z]),

and secondly
E(Yn+1|]:n) = E(E(Z|]:n+1)|]:n)) =E(Z|F,) =Y.

As we show next the Doob martingale is uniformly integrable. Again due to Jensen’s inequality,
Vo = [E(Z|Fn)| < E(Z]|Fn) = Zy,
so that for any a

Yall{vaizat < Znliz,>a}
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By the Definition 2.7 of conditional expectation we have
E((1Z] = Zu)1{z,>4}) =0,
which together with the previous inequality imply
E(Yallgv.zay) < E(1Z[11z2,2a))-
To derive from here the uniform integrability

SupE(D/nH{\Y”\Za}) — 0, a — 00,

it is enough to show that
supE(|Z|14z,>a}) = 0, a— oc.

The latter is obtained using the Markov inequality:

E(Z,
B(Z01 (7, 50) < O P(Zn 2 &) +E(ZILz201) < O 22 L B(Z]1 51201,
for arbitrary C' > 0, implying that
E|Z
sup E(|Z|1{z,>a}) < C- % +E(1Z]1{12>c)-

It remains to send first a — co and then C' — oo.

By Theorem 8.30, Doob’s martingale converges E(Z|F,) — Y a.s. and in mean as n — oco. It is
actually the case (without proof) that the limit ¥ = E(Z|F), where Fo is the smallest o-algebra
containing all F,,. There is an important converse result (without proof): if a martingale (Y,,, )
converges in mean, then there exists a r.v. Z with finite mean such that Y, = E(Z|F,).

Exercise 8.35 Knapsack problem. It is required to pack a knapsack of volume ¢ to maximum benefit.
Suppose you have n objects, the ith object having volume V; and worth W;, where V1,...,V,,Wq,..., W,
are independent non-negative random variables with finite means. You wish to find a vector z1,..., 2,
of 0’s and 1’s such that

i+ ...+ 2, V, <c

and which maximizes W = 2z W; + ...+ 2,W,,. Let Z be the maximal possible W, and show that given
W; <1 for all 4,

22
P(|Z -EZ| > x) <2 2n.

In particular,
P(|Z —EZ| > 3v/n) < 0.022.

Solution. Consider a filtration Fy = {0, Q} and F; = o(Vy,Wh,..., Vi, W;) for i = 1,...,n. And let
Y; =E(Z|F;),i=0,1,...,n be a Doob martingale. The assertion follows from the Hoeffding inequality
if we verify that |Y; — Y;_1| < 1. To this end define Z(j) as the maximal worth attainable without using
the jth object. Clearly,

B(Z()IF;) = E(Z(§)|Fj-1)-

Since obviously Z(j) < Z < Z(j) + 1, we have
Yi =Y = E(Z|F) — B(Z|Fi-1) < 1+ E(Z(0)|F) — E(Z(9)|Fi-1) = 1,
and

Y; = Y1 = E(Z|F) - E(Z|Fi-1) 2 E(Z()|F:) — E(Z(i)| Fi-1) —1=—1.
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8.6 Bounded stopping times. Optional sampling theorem
The stopped de Moivre martingale from Example 8.10 is also a martingale. A general statement of this
type follows next.

Theorem 8.36 Let (Y,,F,) be a submartingale and let T be a stopping time. Then (Yran, Fn) is a
submartingale. If moreover, E|Y,| < oo, then (Y, — Yran, Fn) is also a submartingale.

Proof. The random variable Z,, = Yr,,, is F,-measurable:
n—1

L = Z KI{T:z} + Yn]-{TZn}a
=0

with .
E(Z}) < 3BV < o,
i=0

It remains to see that
Zny1 — Zn = (Yoy1 — Yo)lrsn)
implies one hand,
E(Zp+1 — Zn|Fn) = E(Yot1 — Yn|]:n)1{T>n} >0,
and on the other hand,
E(Yng1 = Zny1 — Yo + ZnlFn) = E(Yy1 — Y| Fo)lir<ay > 0.
Corollary 8.37 If (Y,,F,) is a martingale, then it is both a submartingale and a supermartingale, and
therefore, for a given stopping time T, both (Ypan, Fn) and (Y., — Yran, Fn) are martingales.

Definition 8.38 For a stopping time T with respect to filtration (F,), denote by Fr the o-algebra of
all events A such that
An{T =n} e F, foralln.

The stopping time T is called bounded if P(T' < N) =1 for some finite constant N.

Theorem 8.39 Optional sampling. Let (Y,, F,) be a submartingale.

(i) If T is a bounded stopping time, then E(Y;) < oo and E(Yr|Fo) > Yy.

(ii) If 0 = To < Ty < Ty < ... is a sequence of bounded stopping times, then (Yr,,Fr,;) is a
submartingale.

Proof. (i) Let P(T < N) = 1 where N is a positive constant. Since Z, = Y, is a submartingale and
Zy = Yr, we have E(Y,1) < oo and E(Yr|Fy) > Y.
(ii) Tt is easy to see that for an arbitrary stopping time S, the random variable Yg is Fg-measurable:

{Ys<z}n{S=n}={Y,<z}n{S=n}eF,.
Consider two bounded stopping times S < T < N. We have to show that W := E(Yr|Fs) > Ys. For
this, observe that for A € Fs we have
E(W1a)=E(Yrla) = Z E(Yrlangs=k}) = Z ]E<1Aﬁ{5:k}E(YT|]:k))7
k<N k<N
and since in view of Theorem 8.36,
E(YT|]:]C) = ]E(YT/\N‘.F]C) Z YT/\k fOI‘ all k § N,

we conclude

E(W1a) 2 E( Y Langs=r Yrar) = E( D Langsoi ¥i) = E(¥sla),
k<N k<N

so that E(W —Yg)14) > 0 for all A € Fg. In particular, for any € > 0 and A, = {W < Y5 — ¢}, we have
0<E(W —Ys)la,) < —cP(A.)
implying P(A.) = 0. Thus W > Ys with probability 1.

Exercise 8.40 Let the process (Y;,) be a martingale and T' be a bounded stopping time. Show that
according to Theorem 8.39 we have E(Yr|Fp) = Yy and E(Yr) = E(Y0).
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8.7 Unbounded stopping times

The martingale property in Exercise 8.40 is not enough for Example 8.9 because the corresponding
stopping time 7T is not bounded. However, according to Section 5.1,

g—p 1 (a/p)V
is finite and the following theorems work.

Theorem 8.41 Optional stopping. Let (Y, Fn) be a martingale and T be a stopping time. Then
E(Yr) =E(Yo) if (¢) P(T < o0) =1, (b) E[Y7| < 00, and (¢) E(Yn1l{r>pn)) — 0 as n — co.

Proof. From Y7 = Yran + (Y7 — Y3)1{1>y) using that E(Yra,) = E(Y)) we obtain
E(Yr) = E(Yo) + E(Yrlirsny) — E(Yalirsny)-
It remains to apply (c) and observe that due to the dominated convergence E(Y717psn,y) — 0.

Theorem 8.42 Let (Y, F,) be a martingale and T be a stopping time. Then E(Yr) =E(Yy) if
(a) E(T) < oo and (b) there exists a constant ¢ such that for any n

E(|Yns1 = Yal|Fu)lirsny < clirsny.
Proof. Since T An — T, we have Y, — Y7 a.s. It follows that
E(Yy) = EY7ran) — E(YT)

as long as (Ypa,) is uniformly integrable. By Exercise 3.23, to prove the uniform integrability it is
enough to observe that

sup |Yran| < |Yo| + W, W :=|Y1 Y| +...+|Yr —Yr_4],

and to verify that E(W) < oo. Indeed, since E(|Y; — }/Z-_1|1{T2i}‘]-"i_1) < clyr>i}, we have E(|Y; —
Yio1|lfr>sy) < cP(T > i) and therefore

T oo 0o
E(W) = E( Y|V = Yial) = SB(Y: = Yiallgrsiy) = 3 B(B(Y: — Yioallgrsa i)
i=1 i=1 i=1

<) P(T>i) < cE(T) < oo.
i=1

Example 8.43 Wald’s equality. Let (X,,) be iid r.v. with finite mean p and S, = X1 + ...+ X,,, then
Y, = S, — nu is a martingale with respect to F,, = 0{X1,..., X, }. Now

E(|Yn41 — Yn||-7:n) =E|Xn+1 — pl =E|X1 — pf <oo.

We deduce from Theorem 8.42 that E(Yr) = E(Yy) for any stopping time 7" with finite mean, implying
that E(St) = pE(T).

Lemma 8.44 Wald’s identity. Let (X,,) be iid r.v. with a finite M(t) = E(e!X). Put S, = X1+...+X,,.
If T is a stopping time with finite mean such that |Sy|1{r>n} < clirsny, then

E(e*TM(t)™") = 1 whenever M(t) > 1.

Proof. Define Yy = 1, Y,, = e>"M()™", and let F,, = 0{X1,...,X,}. It is clear that (V) is a
martingale and thus the claim follows from Theorem 8.42 if verify condition (b). Indeed,

E(|Yns1 — Yal|Fn) = YLRE[eX M) 7! — 1] S V,E(X M(8) 7' + 1) = 2Y,,.
Furthermore, given M (t) > 1,

Yn]-{T>n} = etsnM(t)_nl{T>n} < eclt‘]-{T>n}'
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Example 8.45 Simple random walk S, with P(X; = 1) = p and P(X; = —1) = ¢q. Let T be the first
exit time of (—a,b). By Lemma 8.44 with M (t) = pe! + ge™?,

e_atE(M(t)_Tl{ST:,a}) + eth(M(t)_Tl{ST:b}) = 1 whenever M (t) > 1.
Setting M(t) = s~ in M(t) = pe' + ge~! we obtain a quadratic equation for ¢! having two solutions

)\i:/\i(s):
1+ /1 —4pgs? 11— /1—4pgs?
AMN=—F—— Ap= —F————— 86[071].

2ps 2ps ’
They give us two linear equations
A E(sT Lgpm—ay) + NE(s T 1yg,py) =1, i=1,2,
resulting in

AAS(A] = AD)
)\lll+b _ )\ng) )

A=\

E(s" L(s,—a)) = E(s Lise=n) = Somp _yart
1 2

Summing up these two relations we get the probability generating function

_ MO =AM - 1)

T
E(S ) )\¢1J,+b o )\ngb

8.8 Maximal inequality

Theorem 8.46 Maximal inequality.
(i) If (Yy,) is a submartingale, then for any e >0

E(Y,")

n

P(max Y; >¢) <
0<i<n €

(i1) If (Y,) is a supermartingale and E|Yy| < oo, then for any ¢ > 0

P(maxnze)gw'

0<i<n €

Proof. (i) If (Y,) is a submartingale, then (Y,F) is a non-negative submartingale with finite means.
Introduce a stopping time
T:=min{n:Y, > ¢} =min{n: Y, > ¢}
and notice that
T< = Y; > €},
{T'<n}={max ¥; > c}

By the second part of Theorem 8.36, E(Y, — Y;/m) > 0. Therefore,

E(Y,") > E(Y7,

tan) = EYF Lir<ny) + BV, Lirany) = E(Y 1ir<py) > eP(T < n),

implying the first stated inequality.
Furthermore, since E(Y,, 1(r>n}) = E(Y, 1{15,}), we have

E(Y, 1rany) 2> E(YV7,lir<ny) = E(Y7 1irany) > €P(T < n).

Using this we get even a stronger inequality

E(Y F1
M, where A = { max Y; > €}. (15)
€ 0<i<n

P(4) <

(ii) If (Y,) is a supermartingale, then by the first part of Theorem 8.36, E(—Yran) > E(—Yp). Thus
E(Yo) > EYrnn) = EYrlir<ny) + EYal(rsny) = P(T <n) —E(Y,)

giving the second assertion.
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Corollary 8.47 If (Y;,) is a submartingale and E|Yy| < oo, then for any e >0

2E(Y. 1) — E(Y;
P( max |V;| >¢€) < M.
0<i<n c

Proof. Let € > 0. If (Y},) is a submartingale, then (—Y3,) is a supermartingale so that according to (ii),

]P)( min Y; < —6) — P( max (_}/Z) > 6) < E(—YO) +E[(7Yn)7} — E(Yn+) — E(YO)

Adding this to (i) we arrive at the asserted inequality.

Exercise 8.48 Show that if (Y},) is a martingale, then

ElY,
P(max |Y;| > €) < M
0<i<n €

Corollary 8.49 Doob-Kolmogorov’s inequality. If (Y,) is a martingale with finite second moments, then
(Y,2) is a submartingale for any ¢ > 0

E(Y,?
P( max |Y;| > €) = P( max Y;? > ¢?) < (2")
1<i<n 1<i<n €

Corollary 8.50 Kolmogorov’s inequality. Let (X,) are independent r.v. with zero means and finite
variances (02), then for any e >0

2 2
P( max |X1+...+Xi\ze)§L2'+U".
1<i<n €

Theorem 8.51 Convergence in L". Letr > 1. Suppose (Y, Fy) is a martingale such that E(|Y,|") < M
for some constant M and all n. Then Y, — Y in L", whereY is the a.s. limit of Y, as n — oo.

Proof. Combining Corollary 8.31 and Lyapunov’s inequality we get the a.s. convergence Y,, — Y. We

prove Y, By using Theorem 3.26. For this we need to verify that (Y,7) is uniformly integrable. Observe
first that B
Y, := max |Y;|

0<i<n

have finite r-th moment -
E(Y;) <E(([Yo] + ...+ [Ya])") < oo.

By Exercise 3.20,
E(Y,)) = /OOO ra"'P(Y, > z)dx.
Applying (15) to A(z) = {Y,, > =}, we obtain
E(VT) < /Ooo ra" 2B (Yo Lag) ) do = B (1Y, /Ooo ra" 1y de) = —E(|Y[¥ 7).

By Holder’s inequality,
_ 1/r _ (r=1)/r
E(Jal%s ) < (B(va") © (BOD))

and we conclude

B( max Vi) =B(V) < () B(val) < () M.

0<i<n —1

Thus by monotone convergence E(supn \Yn|r) < oo implying that (Y;7) is uniformly integrable, see
Exercise 3.23.
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8.9 Backward martingales. Strong LLIN

Definition 8.52 Let (G,) be a decreasing sequence of o-algebras:

GoD2G1 DG D ...,

and (Y,,) be a sequence of adapted r.v. The sequence (Y,,,G,) is called a backward (or reversed) mar-
tingale if, for all n > 0,

E([Yn]) < oo,
E(Yn|gn+1) = Yn+1~

Theorem 8.53 Let (Y,,,G,) be a backward martingale. Then Y, converges to a limit Y almost surely
and in mean.

Proof. The sequence Y;, = E(Y(|G,,) is uniformly integrable, see the proof in Example 8.34. Therefore,
it suffices to prove a.s. convergence. Applying Lemma 8.29 to the martingale (Y, G,),..., (Yo, Go) we
obtain E(U,(a,b)) < E((};"f_aam for the number U, (a,b) of [a,b] uppcrossings by (Vy,...,Yy). Now let
n — oo and repeat the proof of Theorem 8.30 to get the required a.s. convergence.

Theorem 8.54 Strong LLN. Let X1, Xs,... be iid random wvariables defined on the same probability
space. If E|X1| < oo, then
Xi+...+X,
n

— EX,

almost surely and in L'. On the other hand, if

X1+~~~+Xna.s.
—_— =
n

for some constant p, then E|X;| < oo.

Proof. Let E|X;| < co. Set S, = X1+ ...+ X, and let G,, = 0(S,,, Snt1,...), then by symmetry,

n

E(Snlgn+1) = E(Sn|5n+1) = ZE(Xi|Sn+1) = nE(X1|Sn+1)~

i=1
On the other hand,
Spt+1 = E(Sn+1[Sn+1) = (n + DE(X1[Sn41).

We conclude that S, /n is a backward martingale, and according to the Backward Martingale Convergence
Theorem there exists Y such that S,,/n — Y a.s. and in mean. By Kolmogorov’s zero-one law, Y is
almost surely constant, and hence a.s.

Y = E(S,/n) = E(X1).

To prove the second part assume that S, /n 2% for some constant p. Then X, /n 23 0 by the
theory of convergent real series. Indeed, from (a; + ...+ ay,)/n — p it follows that

ap ar+...+ap—1 a1—|—...—|—an_a1+...+an_1

— —0
nin—1) n n—1

Now, in view of X,,/n %% 0, the second Borell-Cantelli lemma gives
> P(IX,| > n) < o0,
since otherwise P(n=%|X,| > 1 i.0.) = 1. Thus

E|X;| = / B(X:| > 2)dz < S P(Xy] > n) = 3 P(|Xa] > 1) < oo,
0 n n
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9 Diffusion processes

9.1 The Wiener process

Definition 9.1 The standard Wiener process W (t) = W, is a continuous time analogue of a simple
symmetric random walk. It is characterized by three properties:

o Wy =0,
e W, has independent increments with Wy — Wy ~ N(0,¢t — s) for 0 < s < t,
e the path ¢ — W; is continuous with probability 1.
Next we sketch a construction of Wy for ¢t € [0, 1]. First observe that the following theorem is not enough.

Theorem 9.2 Kolmogorov’s extension theorem. Assume that for any vector (ti,...,t,) with t; € [0, 1]
there given a joint distribution function F(y, . ¢ y(21,...,%,). Suppose that these distribution functions
satisfy two consistency conditions

(1) Ftyyotnitns) (@150 B0, 00) = Fiyy g 3 (T1,000,T0),

(i) if ™ is a permutation of (1,...,n), then F(tﬂ(l)w)t"(n))(:cﬂ(l), oy Trmy) = Fey ) (X1, ).
Put Q = {functions w : [0,1] — R} and F is the o-algebra generated by the finite-dimensional sets
{w : w(t;) € By,i = 1,...,n}, where B; are Borel subsets of R. Then there is a unique probability
measure P on (Q, F) such that a stochastic process defined by X (t,w) = w(t) has the finite-dimensional
distributions Fiy, . ¢ y(T1,...,%5).

The problem is that the set {w : ¢t — w(t) is continuous} does not belong to F, since all events in F may
depend on only countably many coordinates.

The above problem can be fixed if we focus of the subset Q be the set of dyadic rationals {t = m2™"
for some 0 < m < 2" n > 1}.

Step 1. Let (X,n) be a collection of Gaussian r.v. such that if we put X(t) = X, ,, for t = m27",
then

o X(0) =0,
e X (t) has independent increments with X (t) — X (s) ~ N(0,t —s) for 0 < s < ¢, s,t € Q.

According to Theorem 9.2 the process X (¢), t € Q can be defined on (4, Fy,P,) where index g means
the restriction t € Q.
Step 2. For m2™" <t < (m + 1)27" define

Xn(t) =X + 2"t —m27" ) ( Xmg1,n — Xnyn)-

For each n the process X, (t) has continuous paths for ¢ € [0,1]. Think of X, 11(¢) as being obtained
from X, (t) by repositioning the centers of the line segments by iid normal amounts. If ¢ € Q, then
X, (t) = X(t) for all large n. Thus X,,(¢) — X (t) for all t € Q.

Step 3. Show that X(t) is a.s. uniformly continuous over t € Q. It follows from X, (¢t) — X (¢) a.s.
uniformly over ¢ € Q. To prove the latter we use the Weierstrass M-test by observing that X, (t) =
Z1(t) + ...+ Z,(t), where Z;(t) = X;(t) — X;-1(¢), and showing that

o0
> sup|Zi(t)] < oc. (16)
i1 t€Q

Using independence and normality of the increments one can show for x; = c4/i2~%log 2 that

i1 27ic2
P(fgngz(t)l > ;) <2 NATTh
The first Borel-Cantelli lemma implies that for ¢ > 1 the events sup;c g |Z;(t)| > x; occur finitely many
times and (16) follows.

Step 4. Define W (t) for any ¢ € [0,1] by moving our probability measure to (C,C), where C =
continuous w : [0,1) — R and C is the o-algebra generated by the coordinate maps ¢ — w(t). To do
this, we observe that the map v that takes a uniformly continuous point in €, to its unique continuous
extension in C' is measurable, and we set P(A) = P, (71 (A)).
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9.2 Properties of the Wiener process

We will prove some of the following properties of the standard Wiener process.

(i) The vector (W (ty1),...,W(t,)) has the multivariate normal distribution with zero means and co-
variances Cov(W (t;), W(t;)) = min(¢;, ¢;).

(ii) For any positive s the shifted process W, = Wiys — Wy is a standard Wiener process. This implies
the (weak) Markov property.

(iii) For any non-negative stopping time 7 the shifted process Wiyr — Wy is a standard Wiener
process. This implies the strong Markov property.

(iv) Let T'(z) = inf{t : W(¢) = x} be the first passage time. It is a stopping time for the Wiener
process.

(v) The r.v. M(t) = max{W(s) : 0 < s < t} has the same distribution as |W (t)| and has density

function f(x) = \/%6’37 for x > 0.

(vi) The r.v. T'(z) 4 (x/Z)%, where Z ~ N(0,1), has density function f(t) = \/%e’é for t > 0.

. . . OW (t)—0%t/2 i i
t s W=t ’ .
(vii) If F; is the filtration generated by (W (u),u < t), then (e?V(H)=07t/2 .} is a martingale

(viii) Consider the Wiener process on t € [0,00) with a negative drift W (t) — m¢ with m > 0. Its
maximum is exponentially distributed with parameter 2m.

Proof of (i) If 0 < s < ¢, then
E(W ()W (1)) = E[W(s)® + W(s)(W () — W(s))] = E[IW(s)?] = s
Proof of (v) For x > 0 we have {T'(z) <t} = {M(¢) > z}. This and
P(M(t) > xz) =P(M(t) >z, W(t)—x>0)+P(M(t) >z, W(t) —z <0)
imply
P(M(t) >z, W(t) <z)=

Thus

Proof of (vi) We have

PT() < ) =PI 2 ) = B(W(O| 2 0) = 2= [ ey = [ e Foa

OW(s) outside

Proof of (vii) Bringing e
E(e/ | F,) = /W OR (LW O-WE)| 7)) = OW (5) 02 (t5) /2.
Proof of (viii) It suffices to prove that for any = > 0
P(W (t) — mt = x for some t) = e 2™7,

Let T'(a,b) be the first exit time from the interval (a,b). Applying a continuous version of the optional
stopping theorem to the martingale U(t) = e2mW()=2m*t we obtain E(U(T(a,2))) = E(U(0)) = 1. Thus

1= P(U(T(a,x)) = z) + 2™ P(U(T(a,z)) = a).

Letting a — —oo we obtain the desired relation.
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9.3 Examples of diffusion processes

Definition 9.3 An Ito diffusion process X (¢) = X; is a Markov process with continuous sample paths
characterized by the standard Wiener process W; in terms of a stochastic differential equation

dXt = ,LL(t,Xt)dt+O'(t,Xf)th (17)

Here u(t,r) and o2(t,x) are the instantaneous mean and variance for the increments of the diffusion
process.

The second term of the stochastic differential equation is defined in terms of the Ito integral leading to
the integrated form of the equation

t t
X — Xo = / w(s, Xs)ds —I—/ o(s, Xs)dWs.
0 0

The Ito integral J; = fot Y,dWy is defined for a certain class of adapted processes Y;. The process J; is
a martingale (cf Theorem 8.21).

Example 9.4 The Wiener process with a drift W; 4+ mt corresponds to u(t,z) = m and o(t,z) = o>.

Example 9.5 The Ornstein-Uhlenbeck process: pu(t,z) = —a(z —6) and o(t,z) = 0. Given the initial
value X the process is described by the stochastic differential equation

dXt = —OZ<Xt — 9)dt + O'th, (18)

which is a continuous version of an AR(1) process X,, = aX,,_1 + Z,. This process can be interpreted
as the evolution of a phenotypic trait value (like logarithm of the body size) along a lineage of species in
terms of the adaptation rate a > 0, the optimal trait value @, and the noise size o > 0.

Let f(t,y|s,x) be the density of the distribution of X; given the position at an earlier time Xy = x.
Then

0 0 1 62
forvard equation 5 =~ L [u(t.)f] + 5 55 0%t )] )
0 ) 1 0?
backward equation 87(]90 = —M(Saﬂi)% — 502(5, m)aixﬁé
Example 9.6 The Wiener process W; corresponds to u(t,z) = 0 and o(t,z) = 1. The forward and
y—x 2
backward equations for the density f(t,y|s,z) = ﬁe* T are

o 19 o 15
ot 20y 0s  20x2’
Example 9.7 For dX; = o(t)dW; the equations
of _ o(t) 02 of _ o?(t) 0% f

ot 2 oy s 2 0x?

imply that X; has a normal distribution with zero mean and variance fot o?(u)du.

9.4 The Ito formula

Main rule: (dW;)? should be replaced by dt.

Theorem 9.8 Let f(t,x) be twice continuously differentiable on [0,00) X R and X is given by (17).
Then Y; = f(t, By) is also an Ito process given by

dY} = {ft(t, Xt) + fx(t, Xt),u(t, Xt) + %fxx(t, Xt)O'Q(t, Xt)}dt + fx(t, Xt)O'(t, Xt)th,

where

2

FotX0) = s S0 X) = D)o, falt X0) =

O @f(tﬂx”f:xt'
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Example 9.9 The distribution of the Ornstein-Uhlenbeck process X; is normal with
E(X;) =0+ *(Xo—0), Var(X;) =o?(1—e ") /2a (19)

implying that X; looses the effect of the ancestral state Xy at an exponential rate. In the long run Xy
is forgotten, and the OU-process acquires a stationary normal distribution with mean 6 and variance
o?/2a.

To verify these formula for the mean and variance we apply the following simple version of Ito’s
lemma: if dX; = pdt + 04dWy, then for any nice function f(t, z)

0 0
df (t, X)) = ?{dt + a—i(utdt + 0y dWy) + 3

Let f(t,z) = ze®. Then using (18) we obtain

19%f

d(Xe™) = aXe™dt + et (a(@ — Xy)dt + ath> = feadt + ge®tdW,.

Integration gives

t
Xie® — X = 0(e® — 1) + O'/ e dW,,
0

implying (19), since in view of Example 9.7 (see also (8) with F; =t) we have

t 2 t e?at -1
E( / e““qu> - / 20Uy, — .
0 0 2

Observe that the correlation coefficient between X (s) and X (s + t) equals

_ p—2as
1—e —at

p(s,s+1) =e — e M s — 00.

1— 672a(s+t)

— e/u‘,+(7W1,

Example 9.10 Geometric Brownian motion Y; . Due to the Ito formula

1
dy, = (u+ 5(JQ)Ytdt + oY dWy,

so that p(t,z) = (u+ 20%)z and o(t,z) = o2, The process Y; is a martingale iff p = —102.
Example 9.11 Take f(t,x) = 2. Then the Ito formula gives
dX? = 2X,dX, + o(t, X;)?dt.
In particular, dW7? = 2W,;dW; + dt so that fg Wi dW, = (W2 —t)/2.
Example 9.12 Product rule. If
dX; = pi(t, Xy)dt + o1 (8, Xp)dWy,  dY, = po(t,Yy)dt + oo(t, Yy)dW,,

then
d(X:Y:) = X4 dYs 4+ Yid Xy + o1 (8, Xy )oa(t, Yz ) dt.

This follows from 2XY = (X +Y)? — X2 — Y2 and

dX}? = 2XdX, + o1 (t, X;)2dt, dY? = 2Y,dY; + oo(t, X;)?dt,
A(X; +Y1)? = 2(X, + Yi)(dXy + dYy) + (01(t, Xo) + 02(t, Xy))?dt.
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9.5 The Black-Scholes formula

Lemma 9.13 Let (W;,0 < ¢ < T) be the standard Wiener process on (2, F,P) and let v € R. Define
another measure by Q(A) = ]E(e”WT”’QT/zl{A}). Then Q is a probability measure and Wy = Wy — vt
regarded as a process on the probability space (Q, F,Q), is the standard Wiener process.

Proof. By definition, Q(€2) = e=*"7/2E(e*") = 1. For the finite-dimensional distributions let 0 = to <
t1 <...<tp=Tand xg,21,...,2, € R. Writing {W(¢;) € dz;} for the event {z; < W(t;) < z; + dx;}
we have that

2
QW (t1) € dar,..., W (ty) € day) =E (e’ T/21{W(t1)edx1 ..... W(tn)edan})
(

2
_  VITp—V T/2 (_ i )d )
=e || ~— " \dx;
L2t — 1) 20t — ;1)

Black-Scholes model. Writing B; for the cost of one unit of a risk-free bond (so that By = 1) at time
t we have that
dBt = T’Btdt or Bt = Grt.

The price (per unit) Sy of a stock at time ¢ satisfies the stochastic differential equation
dS; = Si(pdt + odW;) with solution S; = exp{(u — 0?/2)t + oW, }.

This is a geometric Brownian motion, and parameter o is called volatility of the price process.
European call option. The buyer of the option may purchase one unit of stock at the exercise date T’
(fixed time) and the strike price K:

e if S7 > K, an immediate profit will be Sy — K
e if S7 < K, the call option will not be exercised.
The value of the option at time t < T is V; = e "(T=Y(Sy — K)*, where St is not known.
Theorem 9.14 Black-Scholes formula. Let t < T. The value of the European call option at time t is
Vi = 8 ®(di(t,8y)) — Ke "D (dy(t, S1)),
where ®(x) is the standard normal distribution function and

log(z/K) + (r +02/2)(T — t) log(z/K) + (r — 02/2)(T — t)
oVT —t ’ oVT —t ’
Definition 9.15 Let F; be the o-algebra generated by (S,,0 < u < t). A portfolio is a pair (o, ;)

of Fi-adapted processes. The value of the portfolio is Vi(a, 8) = oSy + B:B:. The portfolio is called
self-financing if

dl (t, 33) =

d2 (t, l‘) =

dVi(a, B) = cudS; + BrdBy.
We say that a self-financing portfolio (ay, 3;) replicates the given European call if Vi (o, ) = (St — K)*

almost surely.

Proof. We are going to apply Lemma 9.13 with v = “—£. Note also that under Q the process e S, =
exp{(vo — 02/2)t + oW, } = e"W+=7"1/2 i5 a martingale.

Take without a proof that there exists a self-financing portfolio (ay, ;) replicating the European
call option in question. If the market contains no arbitrage opportunities, we have V; = Vi(«, 8) and
therefore

d(e™"V,) = e "V, — re"Vidt = e "oy (dS; — 7S;dt) + e "B (dB; — 7 Bydt)
= oe S (1 — 7r)dt + odWy) = ae” "t S, odW;.
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This defines a martingale under Q:
t ~
eV =1 —|—/ ayge "S,odW,.
0

Thus

Vi = ¢"Bo(e” T Vr|F) = e T TVEQ((Sr — K) VI F) = e " T VEg((ae” - K)TIF),
where a = S; with

Z = exp{(n— 0?/2)(T =) + o(Wr = W3)} = exp{(r — 02/2)(T — 1) + o (Wi — Wy)}.

Since (Z|F;)g ~ N(v,72) with v = (r — 02 /2)(T — t) and 72 = (T — t)o?. It remains to observe that for
any constant a and Z ~ N(v, 72)

log(a/K) +~

log(a/KHV)

E((ae? — K)T) = ae'HTz/Q(I)(
-

—|—7’> —ch(
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