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u′(t) = Au(t),

W�kEP
A =

[

0 1
1 0

] D�FHG!l�[\PmkaI)L@KEP2[\nE[�L)R&kEPQW�[\Lo]QGS`b`Jprq

det(A − λI) =

∣

∣

∣

∣

−λ 1
1 −λ

∣

∣

∣

∣

= λ2
− 1 = 0

λ1 = 1, λ2 = −1.
s!t M

(A − λI)g = 0
D

Gvu
λ1 = 1

q�KEL@M^Ka]QM
g1 =

[

a
b

]

[

−1 1
1 −1

] [

a
b

]

=

[

0
0

] w KEx@M^M
⇒

[

1 −1
0 0

] [

a
b

]

=

[

0
0

]

⇒ b
hjPQG
q

b = s, a = b = s ⇒ g1 =

[

s
s

]

= s

[

1
1

] q
s
nET+W)]2]QKE`	D

GSGvu
λ1 = −1

q+KaL�M^Ka]QM
g2 =

[

a
b

]

[

1 1
1 1

] [

a
b

]

=

[

0
0

]

⇒

[

1 1
0 0

] [

a
b

]

=

[

0
0

]

⇒ b = t, a = −b = −t ⇒ g2 =

[

−t
t

]

= t

[

−1
1

]

FyG/h�faPzKE`S`S]QMQfr` t M^L�GbL�nE[�L

u(t) = c1e
t

[

1
1

]

+ c2e
−t

[

−1
1

]

.

{ [\nc|)L�L�[\`_M^[\R)GS`b`bIETEPQ[}]�nE[�P

u(0) =

[

1
2

]

=

[

c1 − c2

c1 + c2

]

.

FyG!` t MO[�P2x+]
c1

T+~m�
c2

q
[

1 −1
1 1

][

c1

c2

]

=

[

1
2

] w Kax@MQM
⇒

[

1 −1
2 0

][

c1

c2

]

=

[

1
3

]

⇒

[

c1

c2

]

=

[

3/2
1/2

]

C
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���)q+kaPzW+[\]z[\L8I)x�P^R�K
g : [a, b] → � 2 q�M^fcW�KaL K�]^]

f(g(t)) = c,
h t P

t ∈ [a, b],

W�kaP
c
kaP [�L IETEL�Mi]mKaL-]�D

l�u��y[\PQGSRc[\PmKrx+]^]^PQ|+~mIE[}] T�R�KaLeV D �!D K�D@IE[�W��i[\PQ[\nE[�`SL8M^fUh�fcM

d

dt
f(g(t)) = ∇f(x) · g′(t) = 0.

� hv]^[�PQM^TEV
g′(t)

kEP�[�L8]QKaL@nE[\L-] RE[�I-]^TEP�h�fcM2d@fEMO]QfE[\L@W+[\]�D

�oKcu	� L�`bGSnE]yW+[���L�GZ]QGSTcL�[\L��������	��q�MOG_W+TcP^L@K����
�gT+~m����C �cu�[\`b`b[\Pz[�L�`SGbna]"!-]^x�W+GST$#oT+~m�
%+q!W+[�`bKEP R)G GSL

Ω
G M^VgfNW�[\`bTEVgPQfcW+[\LJq�PQ[\I-]mKaL�nc`bKEP [�`S`b[\P L�fanETE]4KaL�L@Ka]�q!l�[\PmkaI)L@KEP

f & MR�kaPmW+[HG�L@fEnETEL�d�x�L�I-] G�R&KEP'�i[ W+[\`bTEVgPmfEW+[cqcVUx�`S]^Gbd�`SG_~}[�PQKEP�Vg[�W�W+[�`STcV PmfEW�[}]QM�KaPQ[�KrT+~m�
MOx@V Vg[�PQKEP t Rc[\P Ka`b`_K W�[\`bTEVgPQfcW+[\LJD
l�u�FHGJR&kE` �i[�P [\L(�@L@KEP^[ GbL@W+[�`SL�GbL�n�q�W/D R�D M\D@V GbL@W+PQ[ W+[\`bTEVgPmfEW+[�L!D
~�u�)@[\`b[}]zl�`bGSP VgGbL@MO]zL@kaP2nEPmKEW�GS[�Lc]Q[\L kaP2`bGZ]Q[\L!D*�y[}]zR)G!n t P kaP+�ixNK�]^]zR)G!Kad�d�PQT-,+GSVg[�PQKEP
f
Vg[�W [�LNhjx�L�I-]QGSTcL�M^TEV kaPyIETEL�Mi]mKaL-]yd@f�R�KaP.�i[UW+[�`STcV PmfEW�[Eq@T+~m� TcV nEPmKEW+Gb[\L-]^[�L kaP

`SGS]^[�L GbL�L�[�l@kaPgW+[\]#Ka]O]
f
R�KaPQGb[\PmKaP4h t P^��fa`b`bKEL@W+[\R)G_M4`bGZ]Q[ d@f<R�KEP'�i[ W+[\`bTEVgPmfEW+[8M^f�R�faP

Kad�d@P^T-,+GbVgKa]^GbTEL�kEP ncKEL@MOI�KUl�PmK�D

#UK-u0/y]QKaL8kaP�[\Le�@Ka`bR#[\`b`SGbd@M^TEG_W21)MOI�kaPQL�GbL�nE[�LoVg[�W
x1 −x2 3 d�`_KaL�[\]�l�`bGbP�[�L���[\]QMQ~}GbP^Ic[\`bLT+~m�e|-]QKEL8MO]^PmkE~mIc[\P M^GSngx�d�d8]QGS`b`4�Ud@f

x3 3 K5,+[\`bL!Dl�u76yVgPmfEW+[\]�I�KEL d�KaPmKaVg[}]QP^G_MO[�PQKcM�nE[\L@TEV
V (r, u, v) = (r cos(u) sin(v), r sin(u) sin(v), 2r cos(v))

q
W�kaP

r ∈ [0, 1], u ∈ [0, 2π], v ∈ [0, π/2]
D)FyG!l�[�PQkEI)L@KaP�hjx�L�I-]QGSTcL@Ka`_W+[}]Q[\PQVgGSL@KEL-]^[\Le]^Gb`b`

∣

∣

∣

∣

∣

∣

cos(u) sin(v) −r sin(u) sin(v) r cos(u) cos(v)
sin(u) sin(v) r cos(u) sin(v) r sin(u) cos(v)

2 cos(v) −0 −2r sin(v)

∣

∣

∣

∣

∣

∣

=

= −2r2 cos2(u) sin3(v) − 2r2 sin2(u) sin(v) cos2(v) +

−2r2 sin2(u) sin3(v) − 2r2 cos2(u) sin(v) cos2(v) =

= −2r2 sin(v)(cos2(u) sin2(v) + sin2(u) cos2(v) +

+ sin2(u) sin2(v) + cos2(u) sin2(v)) =

= −2r2 sin(v)(cos2(u) + sin2(u)) =−2r2 sin(v)

8 L-]Q[\nEPmKa`b[\L8MOTcV M^I&K l�[\PmkaI)L@KcM�l@`SGbP

∫

1

0

∫

2π

0

∫ π/2

0

2r2 sin(v)dvdudr = 4π

∫

1

0

r2dr

∫ π/2

0

sin(v)dv = 4π
1

3
1 =

4π

3

~�u�� L l�[\PmkaI)L�GbL�n#K&RoW+GbRE[\PQnE[�L@M^[\L�nc[\P

∇ · B = 2x1x2 + 0 − 2x1x2 = 0.

�



FyG�M^`Sx�]^[\P TcV PmfEW�[}]H[�L�`SGbna] l�u 3 x�d@d�nEGShv]^[�L<T+~m� I�Ka`b`bKEPH[�L���[}]mM^~\GSPQIE[�`SL<G x1 − x2 3 d�`_KaL�[\]h t P
S̃
D w Kax@MQM���M^Ka]QM2nE[�P K�]O]

∫

S

B · nds = −

∫

S̃

B · nds = 0,

W�kEP M^G_Mi]mKo`bGSI)��[\]^[\L IETcVgV [�P K&RNKa]O]
B · n = (x2

1x2, x1x3,−2x1x2x3) · (0, 0,−1) =
2x1x2x3 = 0

d@f
S̃
[}hv]Q[\PmMOTcV

x3 = 0
d@f#W+[\L8|-]QKEL!D

% Kcu�) ka`S]^[\]HkaP IcTEL@M^[\PQR�K�]^GbR-]�TcV
∇× u = 0

D+FHG/h�fEP

∇× u =

∣

∣

∣

∣

∣

∣

e1 e2 e3

∂
∂x1

∂
∂x2

∂
∂x3

x2 + 2x1 x1 x2

3

∣

∣

∣

∣

∣

∣

=





0
0

1 − 1



 =





0
0
0





l�u 8 L-]Q[\nEPQ[\PQGbL�nUK&RoIcTEVgd�TEL�[�Lc]
ui

Vg[�W K&R+MO[�[\L@W+[ d@f
xi

nE[\P
∫

u1dx1 = x2

1 + x1x2 + C1(x2, x3),

∫

u2dx2 = x1x2 + C2(x1, x3),

∫

u3dx3 =
1

3
x3

3
+ C3(x1, x2).

� Ta]Q[\L-]^G_Ka`b[\L8I�KaL W�kaP^h t P2R�ka` �OKEM�]QGS`b`
ϕ(x1, x2, x3) = x2

1
+ x1x2 + 1

3
x3

3

D
~�u�6yVXV#KaL8`S|+~mI�K�]mM2l�[�Mi]mkaVgV#KU[�L d�TE]^[\L-]QGbKE`!G/l�u�h�fEM

∫

Γ

u · ds = ϕ(3, 1, 1)− ϕ(1, 1, 0) = 9 + 3 +
1

3
− (1 + 1 + 0) = 10

1

3
.

6yV V#KaL8GbLc]Q[ `S|+~mI�K�]mM�l�[�Mi]mkaVgV#KUd�Ta]Q[\L-]^G_Ka`
q+Vg[\L8x+]^L)|-]O].�OKaPzKa]O] GSL-]Q[\nEPmKa`b[\L8kaP2TEl�[ 3PQT)[\L@W+[ K&R#R�kanc[\L �j[\hv]^[\PmM^TEV h�kE`Z]Q[}]HkaP IcTEL@M^[\PQR�K�]QGSR-]mu I�KaL R)G/GSL-]Q[\nEPQ[\PmKU`bkEL�ncM2I)x�PQR�KaL
s(t) = (1 + 2t, 1, t) &

∫

Γ

u · ds =

∫

1

0

(3 + 4t, 1 + 2t, t2) · (2, 0, 1)dt =

∫

1

0

6 + 8t + t2dt = 10
1

3
.

�yGSPQ[\I-]QPQkEI-L@GSL�n `_kaL�n-M�W�[\L nEGbR)L@K
Γ
nc[\P GbL-]^[\ncPQKE`S[�L

∫

Γ

u ·ds =

∫ 1

0

5π sin(πt)+2π cos(πt)+2π sin2(πt)−2π cos(πt) sin(πt)−π+t2dt.

) t PmMO]QKr]^[\PQVg[\L8nE[�P
∫

1

0

5π sin(πt)dt = 10,

KEL@W+PmK
∫

1

0

2π cos(πt)dt = 0,

�



h �OkaPmW+[

−

∫

1

0

2π cos(πt) sin(πt)dt = [cos2(πt)]1
0

= 0,

T+~m�8M'�Ok�]^]^[
∫ 1

0

t2dt =
1

3
.
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∫

1

0

2π sin2(πt)dt = 2π

∫

1

0

cos2(πt)dt =

∫

1

0

2πdt −

∫

1

0

2π sin2(πt)dt,

M^f GbL-]^[\ncPQKE`S[�L�l�`bGbP
∫ 1

0

2π sin2(πt)dt = π,

R)GS`bIE[\]�]mKEM2x+]HK&ReW+[\L8hj[\Vr]^[ ]Q[\PQV [�L!D
��� G_~mI�KaPmW
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