91. Linearization and stability

Note: these problems repeat some of the problems in 90. Linearization and Newton’s
method. But problems 91.4 and 91.5 are not exactly the same as 90.4 and 90.5!

91.1. Compute the Jacobi matrix f/(z) (also denoted D f(z)). Compute the linearization of f at
x.

. 1
(a) f(z) = Zt)r;((ill))ics?sgzg , =0; (b) f(z)= l}i_—;f;IQ , X = {ﬂ )

91.2. Compute the gradient vector V f(x) (also denoted f/(z) = D f(x)). Compute the lineariza-
tion of f at Z.

(a) f(z)=e "tsin(zz), ==0; (b) f(z)=|z|?, z€R?® z=

I

91.3. Compute the tangent vector f’(¢). Compute the linearization of f at ¢. Illustrate with a
figure.

@ s0=[o] =m0 s0=|, L] -0
91.4. (a) Write the system

uh (t) = ug () (1 — ua(t)?),
us(t) =2 — uy (t)ua(t)

in the form «' = f(u). Find the stationary points, i.e., solve the equation f(u) = 0 by hand
calculation.

(b) Compute the Jacobi matrix DF'(u). Linearize the system at each stationary point 4, i.e.,
write down the linearized system v’ = D f(@)v.

(¢) Solve this system analytically. Is @ stable?

(d) Solve both the nonlinear system «' = f(u) and the linearized systems v’ = D f(@)v in
Matlab with your program my_ode. Plot the solutions w(t) and @ + v(t) in the same figure.
Remember that we should have u(t) ~ @ + v(t) as long as the perturbation v(t) is small.

91.5. (a) Write the system

ul(t)(l - ’LLQ(t)),
uh(t) = ug(t) (1 — ua (1)),
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in the form u' = f(u). Find the stationary points, i.e., solve the equation f(u) = 0 by hand
calculation.

(b) Compute the Jacobi matrix DF(u). Linearize the system at each stationary point @, i.e.,
write down the linearized system v’ = D f(a)v.

(c)Solve this system analytically. Is u stable?

(d) Solve both the nonlinear system «' = f(u) and the linearized systems v = Df(a@)v in
Matlab with your program my_ode. Plot the solutions u(t) and @ + v(¢) in the same figure.
Remember that we should have u(t) = @ + v(t) as long as the perturbation v(t) is small.
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Answers and solutions

91.1.
(a)
=Sy i | s =r@sr@e-a=[]+ ] 3 2]
(b)
0 0 1 0 0],
Fa=|1 o o) = @)+ -2 = | 2 |+ 1ol |17
e’ x1e™? 1+e e e
91.2
(a)
Vf(x) = [-e ' sin(x), e "' cos(xz)],
g(x) = f(@) + f'@)(e—2)=0+1[0 1] B;] = x5.
(b)
Vf(z)=[221 223 2x3],
1 —1
g(z)=f@)+ f@)(z—2)=3+[2 2 2] [x; - 1] = —3 4221 + 229 + 223.
xr3 — 1
91.3.
(a)
s |—sin(?)
7t = [ C(S)s(t) } ’
o=@+ 1@ -0 = )]+ [] -2
(b)

1o =)
f@+f®@—a:ﬁ]+mt:ﬁ]

g(t)

91.4. (a) The stationary points are given by the equation f(u) =0, i.e.,

-2 )

2 — UiU

We find two solutions u = B] and u = [:ﬂ .



(b,c) The Jacobian is
Dr) = |

Let u(t) =~ a+wv(t). Linearization f(a+v) = f(a)+ Df(u)v = Df(u)v at u gives the following
equation for the perturbation v(t)

—2uqus 1—u%
—Ug —up |’

v =(u—u) =u' = f(u) = f(atv) = Df(@)v.

1

Linearization at u = [2

] leads to the linearized system
vi@)| -4 0| [vi(t)
vh(@)| T =2 =1 [ve(t)|”

u(t) = c1eMtg + coeMtgy

—at |3 —¢ |0
=cre ¥ [2] + coe™t [1]

Its solution is

u= B] is stable.

Linearization at u = 9 gives

Its solution is

v(t) = creMlgr + caetigy

_ ) 0
= c1e at {_2} + czet L] .

The stationary point a = {:ﬂ is unstable.

91.5. (a) The stationary points are given by the equation f(u) =0, i.e.,
o u1(1 - ’U,g) o 0
f(u) B |:U2(1 - ’U,l):| o |:0 )
. _ 0 _ 1
We find two solutions u = [0] and u = [ } .

1
(b,c) The Jacobian is

—Uu2 1-— Ul

Dr) = |

Let u(t) = u+v(t). Linearization f(u+v) = f(u)+ Df(u)v = Df(u)v at @ leads to the linearized
equation for the perturbation v(t):

1—U2 —U1 :|

v =(u—u) =u' = f(u) = f(atv) = Df(@)v.



Its solution is

v(t) = c1eMlgr + oMy

_ ¢ |1 ¢+ 10 _t|a
= c1e [0} + coe [J =e LQ].

The stationary point u = [0] is unstable.

0

. L _ 1| .
Linearization at u = [1] gives

Its solution is

v(t) = c1eMltgy + cpetitgy
-1 |1
:clet [ 1 ] + coe ¢ [J .
. o 1] .
The stationary point @ = 1| unstable.
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