Complexity versus scatter in fatigue modelling
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Fatigue design versus scientific development

 W0hler(1858) plotted log fatigue life against log stress and found
a linear relationship, without any understanding about the cause of
fatigue damage.

e Since then, the scientific community has made numerous
Investigations and now have a quite good understanding of the
fatigue damaging mechanisms.

o Still, industry uses the Waohler curve in design! Why?

* Engineers are oldfashioned ?
« Contacts between academy and industry is poor?

« The knowledge about the variables needed in
advanced models is limited.

2004-08-16 / TS

Fraunhofer

CHALMERS
Research Centre
Industrial Mathematics



Fatigue, a complex phenomenon
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Fatigue, a complex phenomenon
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Figure 7. Superimposed EBSD acquisition of the crack surtace and crack micrography l
after electropolishing, A B C D letters show grains where orientation has been analvsed.
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Fatigue life, the designers problem
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« Physical models only exist at micro level
 The microstructure details are unknown
 The sizes of local defects are unknown at the design stage.

 The transitions between different mechanisms are unknown.

. =

 Advanced calculation methods are not usable, since

necessary variables and conditions are unknown.

 The engineer is forced to use empirical macroscopic

models together with statistical modelling of scatter
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Fatigue design in practice

Estimates and predictions

equivalent load

10°

N = 1.6e+013 * A S22
i

+ estimates |]
e predictions

10°

2004-08-16 / TS

10° 10’
Number of cycles to failure

The Basquin equation
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The Palmgren-Miner rule
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Model complexity and random scatter
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For polynomial regression we have the following model

y=5 +131X+/82X2 +:B3X3+---+/8p—1xp_l+5,

where ¢~ N(O, 02)

For estimating the parameters a number of measurements are
performed and the least squares method gives the estimates:
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What polynomial degree should be chosen?
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Model complexity and random scatter

Example: A data set with 10 measurements is fit to
polynomials of different degrees:

The estimated functions with 95% prediction intervals
are compared with the data points.
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Model complexity and random scatter

Increasing model complexity gives better fit and in the
beginning also narrower prediction limits.

Degree 2 Degree 3

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
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Model complexity and random scatter

The fit becomes even better, but the prediction limits is not decreasing.

Degree 4 Degree 5

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
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Model complexity and random scatter

Additional increase in complexity gives better fit, but the prediction ability
become worse!

There exists an optimal choice of model complexity for a given data set size.

Degree 6 Degree 7

0 0.2 0.4 0.6 0.8 1
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Model complexity and random scatter

Generally, in physical models, the interesting property may be a function of a large
number of variables. A linear such model can be written:

Y=Lyt 6%+ 6%+t (X, €, £~N(O702)

The Breiman/Freedman criterion for the optimal choice of model complexity is
based on the expected prediction variance:

UZ — 2 l+ p
mP S”'p( n—p—lj

where the expectation is taken over the random x-space
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Model complexity and random scatter

Y=L6t B X+ B X+ + B X €, [X’£]~ N([M,O],Z)

When we have a physical phenomenon and choose a certain
model complexity we actually partition this sum according to
knowledge and usage:

X;... X are included
e X
Y= Z/”“Z/”X +Z/>’k
i j=p+1 k=m+l where X ....X,  areexcluded
. g J
k t
X X are no
il ®  measurable
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Model complexity and random scatter

Y= ZﬂX+ZﬁX+Zﬁk

j=p+1 k=m+1
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In fatigue design problems the logarithm of life can be seen as such a
linear function of a large number of variables:

InN =lnag + /81 InAS + Included in the Wohler curve concept
+18p+1 p+1( )+18p+2 p+2( )+'“+18m fm(freq)+ Excluded
+ m+1 fm+1(a0) + m+2 fm+2 (C) + m+2 fm+2 (Sop)+
+ m+3 1:m+4 (Gkonfig )+ le+5 1:m+5 (Gorient ) + le+6 1:m+6 (H\/Iocal ) +

+ Z,kak Unknown

k=m+4

Not measurable
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Model complexity and random scatter
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The total errors in the model is the sum of model simplification errors and
"random” scatter (¢) .

The model simplification errors kan be decreased by a more precise model, but
only variables with essential information should be included. Optimal complexity
depends on available data.

The errors originating from unknown sources can be decreased by restriction of
the application, i.e restricting to an area where the variation is small in

X X

p+1ooo 00
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Optimal complexity in fatigue modelling

|Og N = f(ao,aC,AU, AY,Ao UyskiAKeﬁ,th’ Kop,max’ Kmin)

wO !

A Taylor expansion gives an approximate linear function:

p
logN —log 1 = Zﬁi(xi ~ Hy, )+€
i=1
Rough estimates of the variances of the X-variables and the use of the
Breiman/Freedman criterion gives the following optimal model for the case with

initiation&growth and around 30 reference tests:

N=a,Y* [Ao" [E

which is the Basquin equation extended with a geometry dependent variable.
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Conclusions

The use of simple empirical models in industry can not be blamed on
oldfasioned engineers, but rational arguments suggest that....

...the Wohler curve, the Palmgren-Miner rule and the Paris law are
often complex enough in engineering design!

Statistical methods like the Breiman/Freedman criterion may be very useful tools in
engineering design and is also simple to use in each specific application.

Existant complex calculation methods in fatigue should be critically
studied with respect to their prediction abilities.
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