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Abstract

In this thesis we develop a generalized finite element method for linear
thermoelasticity problems, modeling displacement and temperature in an elastic
body. We focus on strongly heterogeneous materials, like composites. For
classical finite element methods such problems are known to be numerically
challenging due to the rapid variations in the data.

The method we propose is based on the local orthogonal decomposition
technique introduced in [I2]. In short, the idea is to enrich the classical finite
element nodal basis function using information from the diffusion coefficient.
Locally, these basis functions have better approximation properties than the
nodal basis functions.

The papers included in this thesis first extends the local orthogonal de-
composition framework to parabolic problems (Paper I) and to linear elasticity
equations (Paper II). Finally, using the theory developed in these papers, we
address the linear thermoelastic system (Paper III).

Keywords: Thermoelasticity, parabolic equations, linear elasticity, multi-
scale, composites, generalized finite element, local orthogonal decomposition, a
priori analysis.
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Introduction

1. Background

In many applications the expansion and contraction of a material exposed to
external forces and temperature changes are of great importance. For instance,
it may be crucial when designing parts for aircrafts or when constructing a
bridge.

In this thesis we study numerical solutions to linear thermoelastic systems,
which consist of partial differential equations (PDEs) simulating displacement
and temperature changes in materials over time. In particular, we are inter-
ested in applications where the material under consideration is strongly het-
erogeneous, e.g. composites. Composite materials are constructed using two
or more different constituents. Typically, the material properties in composites
vary on a very fine scale, as in, for instance, fiber reinforced materials. Model-
ing physical behavior in these materials results in equations with highly varying
and oscillating coefficients. Such problems, that exhibit a lot of variations in the
data, often on multiple scales, are commonly referred to as multiscale problems.

Classically, numerical solutions to thermoelasticity equations have been ob-
tained using finite element methods (FEMs) based on continuous piecewise poly-
nomials. These methods work well for homogeneous materials, or materials that
are not varying too much in space. However, for strongly heterogeneous mate-
rials the classical FEMs struggle to approximate the solution accurately unless
the mesh width is sufficiently small. Indeed, the mesh width must be small
enough to resolve all the fine variations in the data. In practice, this leads to
issues with computational cost and available memory.

Today’s increasing interest in and usage of composite materials thus pose a
demand for other types of numerical methods. Several such methods have been
proposed over the last two decades, see, for instance, [9, [ (1, [10]. However,
the analysis of many of these methods require restrictive assumptions on the
material, such as periodicity or separation of scales.

In [12] a generalized finite element method (GFEM), cf. [2], is proposed and
rigorous analysis is provided. Convergence of the method is proven for an ar-
bitrary positive and bounded coefficient, that is, no assumptions on periodicity
or separation of scales are needed.



INTRODUCTION

The purpose of this thesis is to generalize the method proposed in [12] to
solve linear thermoelasticity equations with highly varying and oscillating coef-
ficients. This is done in three steps. In Paper I we extend the method to linear
parabolic problems, in Paper IT we consider (stationary) linear elasticity equa-
tions and in Paper III we finally address the thermoelastic system. In all three
papers we prove convergence of optimal order for highly varying coefficients and
provide several numerical examples that confirm the analysis.

In the upcoming section we describe the system of equations used to model
the displacement and temperature of an elastic material. In Section [2| the issue
with applying the classical FEM to multiscale problems is described in more
detail. In Section [3| we introduce the GFEM proposed in [12] for elliptic equa-
tions and discuss the main idea behind the extension to linear thermoelasticity.
Finally, in Section [4] we summarize the appended papers and highlight the main
results.

1.1. Linear thermoelasticity. Linear thermoelasticity refers to a cou-
pled system of PDEs describing the displacement and temperature of an elastic
body, see [3, [4]. To introduce the mathematical formulation of this system we
let @ C RY d =1,2,3, be a domain describing the initial configuration of an
elastic medium. For a given simulation time 7" > 0, we let the vector valued
function u : [0, 7] x Q — R denote the displacement field and 0 : [0, 7] x Q — R
denote the temperature. To define boundary conditions for u we let I'}, and
I'}; be two disjoint parts of the boundary such that I'f) U}, = 9Q. On the
part denoted I'}, we impose Dirichlet boundary conditions corresponding to a
clamped part of the material. On I}, corresponding to the traction boundary,
we impose Neumann boundary conditions. Similarly, we define F% and F?\, to
be the drained and flux part of the boundary for the temperature 6.

Under the assumption that the displacement gradients are small, the strain
tensor is given by the following linear relation

1

e(u) = i(Vu + VuT).

For isotropic materials the total stress tensor is given by
g =2pe(u) + MV -u)l —abl,

where [ is the d-dimensional identity matrix and « is the thermal expansion
coefficient. Furthermore, p and A denotes the Lamé coefficients satisfying

E FEv
= s3> A= 1 N1 oL\
2(1+v) 1+v)1-2v)

where v denotes Poisson’s ratio and E denotes Young’s elastic modulus. Pois-
son’s ratio is a measure on the materials tendency to shrink (expand) when
stretched (compressed) and Young’s modulus describes the stiffness of the ma-
terial. The coefficients «a, A, and p are all material dependent and thus rapidly
varying in space for strongly heterogeneous (multiscale) materials.
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Now, Cauchy’s equilibrium equations states that

where f: Q — R? denotes the external body forces. Furthermore, the temper-
ature in the material can be described by the parabolic equation

-V -kVO+aV . -i=g,

where & : @ — R%*? is the heat conductivity parameter and g denotes internal
heat sources. Note that x is material dependent and thus rapidly varying. To
summarize, the linear thermoelastic system is given by the following system of
equations

(1.1) =V (2ue(u) + AV -ul —abl)=f, in (0,7] x Q,
(1.2) -V -kVO+aV-u=g, in(0,T]xQ,
(1.3) u=0, in (0,7]xT%,
(1.4) g-n=0, in(0,7]xT%
(1.5) =0, on(0,T]xT%,
(1.6) kVO-n=0, on (0,T]xTI%.
(1.7) 9(0) = 6y, inQ,

where we for simplicity assume homogeneous boundary conditions. Note that

the equations ([1.1)-(1.2]) are coupled.

REMARK 1.1. The system — is formally equivalent to a linear model
for poroelasticity. In this case 6 denotes the fluid pressure, x the hydraulic
conductivity, and a the Biot-Willis coupling-deformation coefficient. Hence,
the results in this thesis also apply to the linear poroelastic system.

To define a FEM (and a GFEM) for (L.1)-(L.7) we define the corresponding
variational (or weak) formulation. For this purpose we first need to introduce
some notation and spaces. We use (-,-) to denote the inner product in Lo (12)
and || - || the corresponding norm. Let H!(Q) := W (Q) denote the classical
Sobolev space with norm ||v||§11(9) = ||v]|? + ||[Vv||? and let H~1(2) denote the

dual space to H'. Furthermore, let L, ([0,77]; X) denote the Bochner space with
norm

T » 1/p
Iolleyomion = ([ olae) ™. 1<p<oa,
[0l oo (f0,77;x) = esssup ||v]|x,
0<t<T
where X is a Banach space equipped with the norm || - ||x. The dependence

on the interval [0, 7] and the domain  is frequently suppressed and we write,
for instance, Lo(Lg) for Lo([0,T]; L2(€2)). We also use the double-dot product
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notation to denote the Frobenius inner product of two matrices A and B
d
A:B= Z AijBij7 A,B € RdXd.
i,j=1
Now, define the following spaces
Vi={ve(H' Q) :v=00nT%}, VZ:={vecH(Q):v=00nT%}.

Multiplying (1.1) with v; € V! and (1.2) with vo € V? and using Green’s
formula together with the boundary conditions (1.3))-(1.6)) we arrive at the fol-
lowing variational formulation; find u(t,) € V* and 6(t,-) € V2 such that, for
a. e t>0,

(1.8) (o(u):e(v)) — (ab,V -v1) = (f,v1), Vo1 € v
(1.9) (0,v2) + (KVO, Vo) + (aV -1, v3) = (g,v2), Yvg € V2,

and the initial value 0(0,-) = 6, is satisfied. Here o(u) := 2ue(u) + AV - ul is
the first part of & involving only the displacement u, commonly referred to as
the effective stress tensor.

Two functions u and 6 are weak solutions if — are satisfied and
uwe Ly(VY), Vi € Ly(H™Y), 0 € Ly(V?), and 0 € Ly(H™1). Existence and
uniqueness of such weak solutions are proved in, e.g., [I7, [16], and in [14] within
the framework of linear degenerate evolution equations in Hilbert spaces. In
[14] it is also proved that the system is of parabolic type, meaning that it is
well posed for nonsmooth initial data with regularity estimates depending on
negative powers of t.

2. Classical finite element

In this section we explain more carefully why the classical FEM fails to
approximate the solution to problems with rapidly varying data. To simplify
the discussion we start by considering elliptic equations.

2.1. Elliptic equations. Consider the elliptic equation
-V -AVu=f, inQ,
u=0, on 0,
with the variational formulation; find u € V, such that
(2.1) a(u,v) = (f,v), Ywey,

where V = H}(Q) and a(u,v) := (AVu, Vo). Here A : Q — R4 the diffusion
coefficient is assumed to be rapidly oscillating.

To define a FEM we need a triangulation of the domain. Let {7, }r>0 be a
family triangulations of Q with the mesh size hg := diam(K), for K € T, and
denote the largest diameter in the triangulation by h := maxgec7, hx. Now
let V,, € V denote the space of continuous piecewise affine functions on the
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triangulation 7. The finite element formulation then reads; find u, € V},, such
that,

(2.2) a(up,v) = (f,v), Yv €& V.
Classical a priori error analysis gives the bound
(2.3) lun — ullmrr < Ch||D?ull,

where D?u denotes the second order (weak) derivatives of u. Not only does this
bound require additional regularity of the solution, the norm || D?u| may also
be very large if A is rapidly oscillating. Indeed, if A varies with frequency ¢!
for some € > 0, then |[VA| . = O(e7!). Estimating || D?u|| with the problem
data gives

|D%u]l < CJlAul < CAV - (Vu)|| = C|[V - (AV4) — VAV
< OV - (AVW) | + [VA| . [Vull < C(1+ eV £,

where we used elliptic regularity in the first inequality and the bound |Ju||g: <
C||f|l, derived from (2.I), in the last inequality. Furthermore, we can derive
the bound [jup ||z < C||f| from (2:2)), which gives the following upper bound
of the error; ||up, — ul|gr < C||f||. Hence, the error bound takes the form

) h
lup, — ul|gr < C'min {h +o 1} 1,

and convergence does not take place unless h < €. If € is small, the condition
h < €, can be devastating considering computational cost and available memory.

2.2. Linear thermoelasticity. As in the previous section we define a
family of triangulations {7, }nr>0 and we let V;! C V! and V;? C V? denote
finite element spaces consisting of continuous piecewise linear functions on this
triangulation. Furthermore, we let 0 = t) < t; < ... < ty = T be a uniform
discretization of the time interval such that t; —¢;_y =7 > 0for j = 1,..., N.
The classical FEM with a backward (implicit) Euler discretization in time for
(L8)-(1.9) reads; for n € {1,..., N} find u} € V;! and 6} € V;2, such that

(2.4) (o(up) : e(v1)) = (aby, V- v1) = (f" 1), Voi €V,
(2.5) (0407, v2) + (kYO , V) + (aV - dpul, ve) = (g",v2), Vug € VhZ,

where 9,07 = (07 — 077 ')/7 and similarly for Jju. Here uf) = wupo and
09 = 64,0, where uy o € V! and 6, o € V;? denote suitable initial conditions. The
right hand sides are evaluated at time t,,, that is, f™ := f(¢,) and ¢" := g(¢,).

A priori analysis for the system — can be found in [7]. It follows
that the error is bounded by

n ] 1/2
o =l + 167 = 671+ (3076 -9 ) < ot
j=1

where the constant C.-1 depends on both |u(t,)| gz and ||0(t,)|| g=. By argu-
ments similar to the ones used for the elliptic equation in Section[2.1] we get that
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lu(tn)|lzz = O(e71) and ||0(t,)| gz = O(e™1), if the material has variations on
a scale of size e.

3. A generalized finite element method

In [I2] a GFEM, often referred to as local orthogonal decomposition, is
proposed and analyzed for elliptic equations of the form . In Section
below we describe this method and the main ideas used in the analysis. Finally,
in Section 3.4 we describe how this method can be generalized to define a GFEM
for linear thermoelasticity, which is the main objective of this thesis.

3.1. Elliptic equations. The method proposed in [12] builds on the ideas
from the variational multiscale method [10] [IT], where the solution space is
decomposed to into a coarse and a fine part. The nodal basis functions in the
coarse space is then modified by adding a correction from the fine space.

We begin by assuming that the mesh size h used in the classical FEM in
is fix and sufficiently small, that is h < €, such that the error is small.
In this case, the solution u; and the space V}, are referred to as the reference
solution and the reference space, respectively. Now define Vi similarly to V},
but with a larger mesh size H > h, such that Vi C V},. Note that the classical
FEM solution uy in the coarse space Vy is not a good approximation to u. It
is, however, cheaper to compute than wy since dim(Vy) < dim(V}). The aim
is now to define a new multiscale space Vs with the same dimension as the
coarse space Vg, but with better approximations properties.

To define such a space, we need an interpolation operator Iy : V), — Vg
with the properties Iy o Iy = Iy and for K € Ty

(31)  Hg'llo = Invll,u) + IIVIgv] i) < CrlVollLywr): v € Vi,

where wg := U{K €Ty :KNK # (}. For a quasi-uniform mesh, the bounds
in (3.1)) can be summed to achieve a global bound

(3.2) H= v = Igv| + [IVIzvl| < C|[Vo,

There are many interpolations operators that satisfy these conditions, for in-
stance, the global Ls-projection. In Paper II and Paper III we use an in-
terpolation of the form Iy = Eg o Ily, where Ily is the Lo-projection onto
Py(Ta), the space of functions that are affine on each triangle K € Ty and
Ey : Pi(Ty) — Vi is an averaging operator. We refer to [I3| 6] for further
details and possible choices of Iy .

Now let V; denote the kernel to the operator Iy

Vii=kerIg ={v eV, : Igv =0}

The space V}, can be decomposed as V;, = Vg @ V;, meaning that v, € V}, can
be decomposed into

(3.3) v = vy +ve, vy € Vi, vs € V4.
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The kernel V; is a fine scale (detail) space in the sense that it captures all
features that are not captured by the coarse space V. Let Rs : V), — V; denote
the Ritz projection onto V%, that is,

(3.4) a(Rev,w) = a(v,w), Yw € Vi, v e V.
Because of the decomposition we have the identity

vp, — Revp, = vy + ve + Re(vg + ve) = vy — Revg,
since v¢ € V;. Using this we can define the multiscale space Vs
(3.5) Vs == Vi — RV, = Vg — ReVi.

Note that Vs is the orthogonal complement to V¢ with respect to the inner
product a(-,-) and must have the same dimension as Vy. Indeed, with N
denoting the inner nodes in Ty and A, the basis function at node z, a basis for
Vs 18 given by

{z €N\, — ReM )

Hence, that basis functions are the classical nodal basis functions modified by
corrections R¢\, computed in the fine scale space.

Replacing V;, with V5 in we can now define the GFEM; find uys €
Vs, such that,

(3.6) a(Ums,v) = (f,v), Vv € Vips.

The following theorem gives an a priori bound for the GFEM and can be found
n [I2]. We include the proof here since it is short and highlights the main ideas
used in the analysis.

THEOREM 3.1. Let up, be the solution to (2.2)) and uws the solution to (3.6).
Then

[tms — unl[mr < CH| F],
where C' does not depend on the derivatives of A.

PROOF. Define e := uys — up and note that e € V;. Hence, Ige = 0.
Furthermore we have due to Galerkin orthogonality a(e, vms) = 0 for vyns € Vips.
Using this together with the interpolation bound (3.2)) we have

a(e,e) = —ale,un) = —=(f,e) < [ fllllell = [Iflllle = Imell < CHIf[|[| Ve,

and the bound follows by using equivalence of the energy norm induced by af(, -)
and the H'-norm. g

From Theorem we have that the solution given by the GFEM converges
to up, with optimal order, independently of the derivatives (variations) of A.
We emphasize that the total error is bounded by

s — ull g < [Jtms — unllm + [lun — ulla,

where the error in the second term is due to the classical FEM and assumed to
be of reasonable size, since h is assumed to be sufficiently small.

9



INTRODUCTION

Although the a priori analysis seems promising, the GFEM as suggested
above suffers from some drawbacks. The problem of finding the corrections
R¢ )., which are needed to construct the basis, are posed in the entire fine scale
space V¢ which has the same dimension as Vj,. Furthermore, the corrections
generally have global support and therefore destroys the sparsity of the resulting
discrete system. Both issues are resolved by performing a localization of the
corrections. The localization is motivated by the observation that the correction
R¢ )\, decay exponentially away from node z.

3.2. Localization. In [I2] it is proved that the corrections decay expo-
nentially and a localization procedure is proposed. However, in [8] a different
localization technique is proposed which allows for smaller patches to be used.
We describe the procedure in [8] here, which is also the procedure that is used
in the appended papers.

We define patches of size k in the following way; for K € Ty

wo(K) :=int K,
wp(K) :=int (U{K € T : K Nwp_1(K) # 0}), k=1,2,...,
and let Vi(wi(K)) :={v € Vi :v(z) =0 on Q\ wp(K)} be the restriction of V;

to the patch wg(K).
We proceed by noting that Ry in (3.4]) can be written as the sum

Re= >  RE,
KeTnu
where RfK : Vi, — Vi and fulfills
(3.7) a(REv,w) = a(v,w)g, YweV, veV, KEcTu,
where we define
a(v,w)k = (AVv,Vw)r,(kx), K€ Tq.
The aim is to localize these computations by replacing V¢ with Vi(wg(K)). De-
fine Rflfk : Vio = Vi(wg(K)) such that
a(Rffkv,w) =a(v,w)g, Ywe€ V(wg(K)), veV,, KEeTy,
and set Rp ==, KeTy Rf{(k. We can now define the localized multiscale space
(3.8) Vins,k = {ve — R xvm - vy € Vi)

By replacing Viys with Vs in (3.6) a localized GFEM can be defined; find
Ums,k € Vins,k such that

(39) a(ums,ka 'U) = (fvv)v Yo € Vms,k'

Since the dimension of Vi(wy(K)) can be made significantly smaller than
the dimension of V; (depending on k), the problem of finding R¢ ;A\, is compu-
tationally cheaper than finding R¢)\,.. Moreover, the resulting discrete system
is sparse. It should also be noted that the computation of Ry A, for all nodes
z is suitable for parallelization, since they are independent of each other.

10



A generalized finite element method

The convergence of the method (3.9) depends on the size of the patches. In
[12, 8] the following Theorem is proved.

THEOREM 3.2. Let uy, be the solution to (2.2) and umsi the solution to
(3.9). Then there exists € € (0,1) such that

[tms k= unllen < CCH + k2R £]],
where C' does not depend on the derivatives of A.

To achieve linear convergence k should be chosen proportional to log H ™1,
that is, k = clog H~!, for some constant c.

3.3. Parabolic equations. A natural first step in generalizing the GFEM
to linear thermoelasticity is to first extend it to a time dependent problem of
parabolic type. Recall that the thermoelastic system — is parabolic
[14]. This is the subject of Paper I.

We consider a parabolic problem on the following weak form; find u(¢) € V,
such that, u(0) = up and

(3.10) (i,v) + a(u,v) = (f,v), YvevV,

where a(u,v) = (AVu, Vo) as in the elliptic equation (2.1)). The diffusion
coefficient A : Q — R**? is assumed to not depend on time.

The classical FEM for (3.10)) with a backward Euler discretization reads;
for n € {1,..., N} find u} € Vj,, such that, u) = u
(3.11) (Opu},v) + a(u},v) = (f",v), Yv eV,
with the notation and time discretization as in Section [2.2] and uy, o a suitable

approximation of ug. It is well known, see, e.g., [I5], that the following error
estimate holds for the parabolic equation

[y — u(tn)|| g < Ce-rh + Cr,

where C,-1 is constant depending on, among other terms, ||u(t,)|| g2 and is thus
of size e ! if A varies on scale of size e. Hence, parabolic problems suffers from
the same issues as elliptic problems when using classical finite element.

In the error analysis of the classical FEM, the error is usually split into the
two parts

up — u(ty) = up — Rpu(ty) + Rpu(t,) — u(ty) =: 60" + p",
where Ry, : V' — V}, is the Ritz projection given by
a(Rpv,w) = a(v,w), Yw € Vy, veV.
The error of the Ritz projection is given by the analysis of the elliptic problem
(3.12) | Rnv — vl g1 < Ch||D?v)|.

This directly gives the error of p". Indeed, ||p"|lm2 < Ch||D?u(t,)||, where
|D?u(t,)|| < Ce-t||V - AVu(t,)|| = Cear|| f* — u(t,)| and C.-1 depend on the

11



INTRODUCTION

derivatives of A. Furthermore, to bound ||6™| g: we put 6™ into (3.11)), which
gives

(040, v) + a(0™,v) = —((Rn, — DOu(ts) + (Dpu(ts) — u(ty)),v)
= _(5tpn + w,v),

where the error of 9;p" follows from and the error of w follows from
Taylor’s formula. In order to bound 6™ in the H'-norm we can choose v = 0,6™.

Inspired by this we propose the following GFEM for the parabolic problem,
where the space Vj, in is simply replaced by the multiscale space Vi
defined in Section for n € {1,..., N} find u?y € Vins, such that, ud, = tmso

(3.13) (Opull,v) + alul,,v) = (f",v), Yo € Vig,

ms?

with ums,o a suitable approximation of uj . Now, because of the choice of the
space Vs we can define a Ritz projection Rys : Vi, — Vins by

a(Rpsv,w) = a(v,w) = (Apv,w), Yv € Vs,
where Ay, : V, — V), is the operator defined by
(Apv,w) = a(v,w), Yw € V.
The error analysis for the elliptic problem in [I2] gives the bound
(3.14) |Rmsv — v|| g1 < CH||Apv|l, Vv € Vp,

where C' is independent of the derivatives of A. The assumption that A does
not depend on time is crucial here. Otherwise, we would have to define a new
space and compute a new set of basis functions at each time step t,.

As for the elliptic equation we assume that h is sufficiently small to resolve
the variations in A. This means that the reference solution wu, given by
approximates u in sufficiently well. In the error analysis we can thus split

s = wta) | < llums = wpllae + g = u(tn)llae,

where the second part is bounded by classical FEM error analysis. For the first
part we can use a similar analysis, but with the new Ritz projection R.,s. We
split the error into the parts

n n__,mn n n n __.pgn n
Umps — Up = Ups — Rmsuh + Rmsuh — Up = ams + Pms>s

where the error of p7 is given by (3.14) and Apul! = P, f" — du} with P,
denoting the Ls-projection onto Vj,. For 67, we get by plugging 6}, into (3.13)

(5&&5,@) +a(f,v) = —((’Zpﬁls,v), Vv € Vis.

Naturally, the error bound in this case depends on the regularity of the
(discrete) time derivative of the reference solution. Since the initial data is not
in H? we expect, for instance, ||0,u}|| to depend on negative powers of ¢,,. This
is possible since the backward Euler scheme preserves the smoothing effect of
parabolic problems. In Paper I this is thoroughly investigated and error bounds
involving negative powers of t, are derived.
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A generalized finite element method

To utilize the localization introduced in Section we can replace Vi,s by
Vins,i, define a new Ritz projection Rpg i : Vi — Vinsk, and perform similar
splits of the error.

3.4. Linear thermoelasticity. In the classical finite element error anal-
ysis for linear thermoelasticity, a Ritz projection related to the stationary form
of the problem is used to split the error into two terms. This Ritz projec-
tion is defined by the following Ry (v1,vs) : V! x V2 — V! x V}2| such that,
Rp,(v1,v2) = (R}, (v1,v2), R2vs) and for all (vy,vs) € V! x V|

(o(vy — R} (v1,v2)) : e(wr)) — (a(ve — R2vy),V -w1) =0, Yw, € V}},
(kV(v2 — Rivg), Vo) =0, Vws € V2.

with error estimates (see [7, Lemma 2.2])

(3.15) lv = Ry, (vi,v2) [ < CRIID?v1 [ + Clva — Riva,
(316) ||’U2 - R%UQHHI S ChHD21)2||

The error can now be split according to

up —ulty) = up — Rllz(u(tn)7 0(t,)) + R}L(u(tn)»e(tn)) —u(tn) =: ni?,u + pZ,m
O — 0(tn) = 0 — Rie(tn) + Rio(tn) —0(t,) =: 77;;,9 + pZ,e,

where the error of pj, ,, and pj, 4 follows from —. The first parts ny ,
and 7y 4 can be plugged into the equation — to derive error estimates
for these. Compare to the parabolic problem in Section [3:3] For the details we
refer to [7].

To derive a GFEM for the thermoelasticity problem — we need
to decompose two different spaces; Vh1 and VhQ. The decomposition of Vh1 is
performed with respect to the bilinear form (o () : (-)) and the decomposition
of V2 with respect to (xV-,V-). This is done by mimicking the procedure
described in Section First define two interpolations I}, : V! — V}} and
I% : V2 — V2 into the coarse finite element spaces Vj; C V;! and V2 C V2.
Now, the corresponding kernels are V;! := ker I}; and V;? := ker %, and we can
define the Ritz projections onto the these R} : V;! — Vi' and R? : V2 — V2
given by

(o(vy — Rfvy) :e(wy)) =0, Vu, € Vi, vy € V!
(kV(vy — R?vy), Vwy) =0, Vwy € V2, vy € V2.
The multiscale spaces are finally defined as
Vs = Vit = RiVip, Voo :=Vii — R{Vj,

asin (3.5)). With these spaces we can now define a Ritz projection corresponding
to the stationary system. Define Rys(v1,v2) : Vil x V2 = V1 x V2, such that,

ms?

13
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Rums(v1,v2) = (RL(v1,v2), RZ v2) and for all (vi,v2) € V}! x V}2,
(o(vy — RL (v1,v2)) s e(wy)) — (a(vg — R202),V -w1) =0, Yw;, € VL,
(FLV(UQ — ernsv2)7 va) = O, V’LUQ € Vn%m

The spaces V.1, and V2, are designed to handle multiscale behavior in the
coefficients u, A, and k respectively. However, « is also material dependent and
can be expected to vary at the same scale. For this reason, we shall add an
extra correction to the solution Rys(v1,v2) inspired by the techniques in [I11, §].
This additional correction is defined as Ry : th — Vfl, such that,

(O’(Rfvg) : 6(11)1)) = (OZR?HS’UQ,V . wl), Yw, € ‘/fl,

and we define RL_(vi,v2) = RL_(v1,v2) + Revy. Using the two operators A; :
Vi x V2 = V! and As : V2 — V2 defined by

(A1 (v1,v2),w1) = (o(v1) : e(wy)) — (a2, V - wy), Yw, € Vi,
(.AQ’UQ,’LUQ) = (/QVUQ, ng), Ywy € Vh27
we prove, in Paper III, that the following error bounds hold for any (vi,vs) €
Vb x V2
(3.17) [v1 = Rins (01, 09) || < CHIlAx(v1,02)[| + Cllog = Riyval,
(3.18) [va — Risval g < CH|[Azvall,

where C' is independent of the variations in u, A, v, and k.
The following system defines a GFEM for the time dependent problem ([2.4])-
[2.5). For n € {1,...,N} find @, = ul, + uf, with u?; € VI, and uf € V1,

and 07 € V2., such that

(3.19) (o(ay) s e(v1)) — (a0, V -v1) = (f*,v1), Yoy € VI,
(3.20) (040, v2) + (KVOL, Vo) + (aV - Dyiithg, v2) = (9", v2), Yuz € V2,
(3.21) (o(uf) : e(wy)) — (abps, V - wy) =0, Yw, € Vi,

where @0 = Ums,0 and 0. = Oms,0 are suitable approximations of up ¢ and
01,0 (see Paper III). Here we have added an additional correction, uf, on ull,
inspired by the correction in the stationary setting. Following the classical finite
element analysis one can now split the error according to

a&s - uﬁ = a&s - erns(uz7 H;LL) + erns(uﬁ7 92) - UZ = ﬁ:;ls,u + pzls,u’

errrLls - 02 - errrlls - R?nseg + ernseg - 92 = nrrrlls,a + pgqsﬂv
where the error of py, , and pp , are bounded by (3.17)-(3.18). The error of
Tums and ng o follows by plugging these into (3.19)-(3.21). However, in this
case M o & Ving, Which needs to be taken into account in the analysis.

To proceed we need to perform a localization of both spaces V.1, and V2.

We use the patches wy (K) defined in Sectionto define localized spaces an]s, &
and V2, as in (3.8). To motivate this we need to show that the corrections
RN, and R%)\y decay exponentially away from node x and y, where A, and A,

14
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denotes the classical hat functions in V4 and V2 respectively. The correction
R2?)\, is based on the bilinear form (kV-, V-) of the same type as in Section
and the decay thus follows directly from [12] [8]. The correction R} ), is based
on the elasticity form (o () : (-)) and the decay does not follow directly from
the earlier results. This is instead proven in Paper II.

The localized GFEM for — is now defined as; for n € {1,..., N}
find

~ms, = msk:+ Z ufk ’ with /U’:IL”IS,’C € Vrrll:a k> ufk € va (wk(K))
KeTn

and 07, € V2 ., such that

ms, k>’

(3:22)  (o(pss) :e(01)) = (@b V- v1) = (F7,01), Yor € Vi
(&(‘)ms,k, va) + (nV&mS 5 VU2)

(3.23) + (aV - O o v2) = (g7, v2), Vo2 € Vi,

(3.24) (o(uf3) t e(wn)) — (Al 4, V- wi) g = 0, Y, € Vit (wi(K)).

The main theorem in this thesis is Theorem below and is proved in Paper
IIT under certain conditions on the size of H. Here Cf, denotes a constant
depending on f and g, see Paper III for details.

THEOREM 3.3. Let {uf})_, and {07}, be the solutions to (2.4)-(2.5)) and
ﬂ&s,k}ﬁf:l and {QQS,k}nNzl the solutions to (3.22)-(3.24). For n € {1,..,N}

we have
lup = i gl + 105 = O gl < C(H + K268 (Cp g + 52107 10 ),

where C and Cy 4 are constants independent of the variations in o, X\, o, and k.

4. Summary of papers

Paper I. In Paper I we propose and analyze the GFEM for parabolic
equations with highly varying and oscillating coefficients. We prove convergence
of optimal (second) order in the Ls-norm to the reference solution assuming
initial data only in Lo. We do not assume any structural conditions on the
multiscale coefficient, such as, periodicity or scale separation. Furthermore, we
show how to extend this method to semilinear parabolic problems, where the

right hand side in (3.10)) is replaced by f(u).

Paper II. In Paper II we propose a GFEM for linear elasticity equations
with applications in heterogeneous materials. In particular, we prove expo-
nential decay of the corrections R{\, in Section Furthermore, we prove
that the GFEM reduces the locking effect that occur for materials with large
Lamé parameter A\ when using classical continuous and piecewise linear finite
elements.

15
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Paper III. In Paper III we build on the theory developed in Paper I and
Paper II (originating from [12]) to define a GFEM for linear thermoelasticity
with highly varying coefficients describing a heterogeneous material. We prove
linear convergence to the reference solution in the H!'-norm independent of the
variations in the data, see Theorem [3.3]in Section [3.4]

5. Future work

In Paper I on parabolic equations we assume that the diffusion coefficient
A(z) is independent of time. A natural extension would be to include time
dependent coefficients A(t, z). However, the main idea of the paper, to replace
Vi, with the space Vs in , then fails. We would need to have a new
space V. for each time t,, since the diffusion coefficient A(t,,-) takes different
values for different times ¢,,. This is considerably more expensive than the time
independent case, since we need to compute new corrections at each time step.
It is possible that a more refined strategy could be developed by working with
the parabolic problem in a space-time framework and perform localization in
both time and space.

In applications involving composite materials there may be uncertainties in
the material parameters, such as position or rotation, coming from the assembly
procedure. These uncertainties can, for instance, be modeled by letting the
coefficients depend on a random variable w. A first step in extending the GFEM
framework to such problems could be to consider an elliptic problem of the form

-V - A(z,w)Vu(z,w) = f(z,w),

where A(-,w) is multiscale in space for a fix w. This problem suffers from the
same problem as the time dependent case, since A(-,w) now takes different
values for different outcomes w.

In the analysis of the localization the constant £ € (0,1), see e.g. Theo-
rem depends on the contrast 5/« of A, that is, the ratio between the max-
imal and minimal value obtained by A. Also the constant C' in Theorem
depends on this ratio. However, in available numerical examples, see Paper 1
and Paper II, but also, e.g., [I2] [§], the size of the patches and the resulting
convergence does not seem to be affected by large contrasts. Thus, the error
bounds derived for the localization could be too crude. This should be further
investigated to derive sharper error bounds for special classes of A.
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Multiscale techniques for parabolic equations

AXEL MALQVIST"2 AND ANNA PERSSON!

ABSTRACT. We use the local orthogonal decomposition technique intro-
duced in [I5] to derive a generalized finite element method for linear and
semilinear parabolic equations with spatial multiscale diffusion coefficient.
We consider nonsmooth initial data and a backward Euler scheme for the
temporal discretization. Optimal order convergence rate, depending only
on the contrast, but not on the variations in the diffusion coefficient, is
proven in the Loo(L2)-norm. We present numerical examples, which con-
firm our theoretical findings.

1. Introduction

In this paper we study numerical solutions to a parabolic equation with a
highly varying diffusion coefficient. These equations appear, for instance, when
modeling physical behavior in a composite material or a porous medium. Such
problems are often referred to as multiscale problems.

Convergence of optimal order of classical finite element methods (FEMs)
based on continuous piecewise polynomials relies on at least spatial H? - regu-
larity. More precisely, for piecewise linear polynomials, the error bound depends
on ||ul| gz, where ||u||gz ~ et if the diffusion coefficient varies on a scale of e.
Thus, the mesh width h must fulfill A < € to achieve convergence. However,
this is not computationally feasible in many applications. To overcome this
issue, several numerical methods have been proposed, see, for example, [2], [5],
[9], [15], [16], [I7], and references therein. In particular, [I6] and [17] consider
linear parabolic equations.

In [15] a generalized finite element method (GFEM) was introduced and
convergence of optimal order was proven for elliptic multiscale equations. The
method builds on ideas from the variational multiscale method ([9],[I1]), which
is based on a decomposition of the solution space into a (coarse) finite dimen-
sional space and a residual space for the fine scales. The method in [I5], often
referred to as local orthogonal decomposition, constructs a generalized finite
element space where the basis functions contain information from the diffusion
coefficient and have support on small vertex patches. With this approach, con-
vergence of optimal order can be proved for an arbitrary positive and bounded
diffusion coefficient. Restrictive assumptions such as periodicity of the coef-
ficients or scale separation are not needed. Some recent works ([7], [8], [14])
show how this method can be applied to boundary value problems, eigenvalue
problems, and semilinear elliptic equations. There has also been some recent
work on the linear wave equation [1].

IDepartment of Mathematical Sciences, Chalmers University of Technology and Univer-
sity of Gothenburg SE-412 96 Goteborg, Sweden.
2Supported by the Swedish Research Council.
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In this paper we apply the technique introduced in [15] to parabolic equa-
tions with multiscale diffusion coefficients. For the discretization of the temporal
domain we use the backward Euler scheme. Using tools from classical finite el-
ement theory for parabolic equations, see, e.g, [12], [I3], [I8], and references
therein, we prove convergence of optimal order in the Lo, (Lg)-norm for linear
and semilinear equations under minimal regularity assumptions and nonsmooth
initial data. The analysis is completed with numerical examples that support
our theoretical findings.

In Section [2| we describe the problem formulation and the assumptions
needed to achieve sufficient regularity of the solution. Section [3] describes the
numerical approximation and presents the resulting GFEM. In Section 4| we
prove error estimates and in Section [p| we extend the results to semilinear par-
abolic equations. Finally, in Section [6] we present some numerical examples.

2. Problem formulation
We consider the parabolic problem
4—V-(AVu)=f, in Qx (0,7T],
(2.1) u=0, ondQx(0,T],
u(+,0) =ugp, inQ,
where T > 0 and Q is a bounded polygonal/polyhedral domain in R¢, d < 3.
We assume A = A(x) and f = f(z,t), that is, the coefficient matrix A does not

depend on the time variable.
We let H'(Q2) denote the classical Sobolev space with norm

||v||§{1(9) = HUH%Q(Q) + ||Vv||%2(sz)

and V = H}(Q) the space of functions in H*(£2) that vanishes on 92. We use
H~1(Q) = V* to denote the dual space to V. Furthermore, we use the notation
L,(0,T; X) for the Bochner space with finite norm

T 1/p
P
[ollz,0,m:%) = (/ llvll% dt) , 1<p< oo,
0

||U||Loo(0,T;x) = esssup [|v] x,
0<t<T

where X is a Banach space equipped with norm | - ||x. Here v € H(0,T; X)
means v, v € L3(0,T; X). The dependence on the interval [0, 7] and the domain
O is frequently suppressed and we write, for instance, La(Lg) for L2(0,T; L2(€2)).
Finally, we abbreviate the Lo-norm || - || := || - [|1,(q) and the energy norm,
1= 14129 - .

To ensure existence, uniqueness, and sufficient regularity, we make the fol-
lowing assumptions on the data.

ASSUMPTIONS. We assume
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(A1) A € L>(Q,R¥?) symmetric, and

0 < a:=essinf inf M,
z€Q veRIN{0} V-V

A(z)v-v
oo > ff:=esssup sup ————
z€Q weRd\{0} VU
(AQ) () E Lg,
(A3) f,f € Loc(L2).

Throughout this work C' denotes constants that may depend on the bounds
«a and S (often through the contrast 8/a), the shape regularity parameter -y
(3.1) of the mesh, the final time T, and the size of the domain 2, but not on the
mesh size parameters nor the derivatives of the coefficients in A. The fact that
the constant does not depend on the derivatives of A is crucial, since these (if
they exist) are large for the problems of interest. This is sometimes also noted
as C being independent of the variations of A.

We now formulate the variational form of problem (2.1). Find u(-,t) € V
such that u(-,0) = up and

(2.2) (@,v) + a(u,v) = (f,v), YveV, te(0,T]

where (u,v) = [, uwv and a(u,v) = (AVu, Vo).
The following theorem states existence and uniqueness for (2.2]). The proof
is based on Galerkin approximations, see, e.g., [6] and [I0].

THEOREM 2.1. Assume that (A1), (A2), and (A3) holds. Then there exists
a unique solution u to (2.2)) such that u € Ly(0,7;V) and @ € Lo(0,T; H™1).

3. Numerical approximation

In this section we describe the local orthogonal decomposition presented in
[15] to define a generalized finite element method for the multiscale problem
2.2).

First we introduce some notation. Let {73 }r>0 and {Tg}u>p be families
of shape regular triangulations of Q where hyx := diam(K), for K € T, and
Hy := diam(K), for K € Ty. We also define H := maxke7,;, Hx and h :=
maxge7, hi. Furthermore, we let v > 0 denote the shape regularity parameter
of the mesh Tx;

diam B
(3.1) v 1= max vg, with v := am K for K € Ty,

KETH diam K
where By is the largest ball contained in K.
Now define the classical piecewise affine finite element spaces

Vi ={v e C(Q):v=0o0ndN,v|x is a polynomial of degree < 1,VK € T},
Vi ={v € C(Q):v=0o0n 9dQ,v|x is a polynomial of degree < 1,YK € Ty,}.
We let AV denote the interior nodes of Vi and ¢, the corresponding hat function
for x € N, such that span({¢;}zen’) = V. We further assume that 7; is a
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refinement of Ty, such that Vg C Vj. Finally, we also need the finite element

mesh Ty of ©Q to be of a form such that the Ly-projection Py onto the finite

element space Vj is stable in H'-norm, see, e.g., [3], and the references therein.
To discretize in time we introduce the uniform discretization

(3.2) O=to<t1 <..<ty=T, wheret, —t,_1 =17.

Let U, be the approximation of u(t) at time ¢ = t,, and denote f,, := f(t,). Us-
ing the notation 0;U,, = (U, —U,_1)/7 we now formulate the classical backward
Euler FEM,; find U,, € V}, such that

(3.3) (0sUn,v) + a(Un,v) = (fn,v), Yo € Vp,

forn = 1,...,N and Uy € V}, is some approximation of ug. For example, one
could choose Uy = Ppug, where Py, is the Lo-projection onto V,. We also define
the operator Ay, : V, = V}, by

(3.4) (Apv,w) = a(v,w), Yv,w € Vj,.

The convergence of the classical finite element approximation depends
on ||D?ul|, where D? denotes the second order derivatives. If the diffusion
coefficient A oscillates on a scale of ¢ we have ||D?ul| ~ ¢~1. Indeed, defining
A= -V - AV, elliptic regularity gives

D% < Ci|Aul| < Caf| AAul| < Cof|V - AVu — VA - Vul|
< Cy([|Aull + VA - Vul]) < Co([|Aull + Cal[Vull) < C3(1 + Ca)l| Aul],

where C4 is a constant that depends on the derivatives (variations) of A. This
inequality is sharp in the sense that Au and VA - Vu does not cancel in general.
The total error is thus ||u(t,) — Un|| ~ (7 + (h/€)?), which is small only if h < e.

The purpose of the method described in this paper is to find an approximate
solution, let us denote it by U for now, in some space V C Vj, such that
dimV = dim Vg, for H > h, and the error |U, — U,|| < CH2. Here C is
independent of the variations in A and U, is less expensive to compute than
U,. The total error is then the sum of two terms

lu(tn) = Unll < Ju(tn) = Unll + |Un = Ual,

where the first term is the error due to the standard FEM approximation with
backward Euler discretization in time. This is small if A is chosen small enough,
that is, if h resolves the variations of A. Hence, we think of h > 0 as fix and
appropriately chosen. Our aim is now to analyze the error ||U,, — UnH

We emphasize that V= Vy is not sufficient. The total error would in this
case be ||u(ty) — Up|| ~ (7 + (H/€)?), which is small only if H < e.

The next theorem states some regularity results for .

THEOREM 3.1. Assume that (A1), (A2), and (A3) holds. Then, for 1 <n <
N, there exists a unique solution U,, to (2.2)) such that U,, € V},. Furthermore,
if Uy = 0, then we have the bound

(3.5) 10:Unll < CUS N zoza) + 1 22):
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and, if f =0, then
(3.6) 10:U || < CtH [T, n> 1, [10:0:Unll < Ct2|Uoll, > 2,
where C' depends on « and T, but not on the variations of A.
PRrROOF. From it follows for n > 2 that
(0:0:Up,v) + a(0:Up,v) = (Opfn,v), Yv € Vi,
and the stability estimate for backward Euler schemes gives
10:Un || < [10:UL ]| + ZT”@JCJ‘”-
j=2
From we have, since Uy = 0, ||0:U1|| < || f1]|- Finally, using the inequality

n

dorlafill <) max TlIFEN < Clf e
j=2"

= Li<€<t
we deduce (3.5)).
For the bound (3.6) we refer to [I8, Lemma 7.3]. O

3.1. Orthogonal decomposition. In this section we describe the orthog-
onal decomposition which defines the GFEM space denoted V in the discussion
above. We refer to [I5] and [14] for details.

For the construction of the GFEM space we use the (weighted) Clément
interpolation operator introduced in [], Ty : V;, — Vg defined by

(3.7) Jpv = Z('JHU)(x)SOz7 where (Jyv)(z) := fj{lv‘pz.
zEN QSDw

For this interpolation operator the following result is proved [4]
(38)  Hi'llv = Tuvll Loy + V(0 = I0) | Ly(x) < CIVO L) Vo €V,

where W := U{K € T : KN K # (0} and C depends on the shape regularity
5.

Let VI = {v € V}, : Jgv = 0} be the kernel of the Clément interpolation
operator . This space contains all fine scale features not resolved by V.
The space V}, can then be decomposed into Vj, = Vg @ Vf7 where v € V}, can
be written as a sum v = vy + v, with vy € Vi, of € VI, and (vg,of) = 0.

Now define the orthogonal projection Rf: V;, — V{ by

a(R'v,w) = a(v,w) Ywe V' veV,.
Using this projection we define the GFEM space, also referred to as the multi-
scale space,
V™S = Vi — R'Vy,
which leads to another orthogonal decomposition V;, = V™ & VI, Hence any

function v € V}, has a unique decomposition v = v™ 4 vf, with v™ € V™ and
ot € VI with a(v™s,0!) = 0.
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To define a basis for V™ we need to find the projection R of the nodal
basis function ¢, € Vy. Let this projection be denoted ¢,, so that ¢, € VI
satisfies the (global) corrector problem

(3.9) a(¢p, w) = al@y,w), Ywe Vi
A basis for the multiscale space V™ is thus given by
{po — durw €N}
We also introduce the projection R™*: V}, — V™5 defined by
(3.10) a(R™v,w) = a(v,w), Ywe V™ vel.

Note that R™ = I — Rf. For R™ we have the following lemma, based on the
results in [I5].

LEMMA 3.2. For the projection R™® in (3.10|) and v € V}, we have the error
bound

(3.11) v — R™v|| < CH?||Apv|, v € Vi,
where C' depends on « and ~, but not on the variations of A.

PROOF. Define the following elliptic auxiliary problem: find z € V}, such
that

a(z,w) = (v — R™v,w), Yw € V.

In [I5, Lemma 3.1] it was proven that the solution to an elliptic equation of the
form

a(uaw) = (gaw)v Yw € Vha
satisfies the error estimate
lu — R™ull| < CH||gl,

where C depends on 7 and «, but not on the variations of A. Hence, we have
the following bound for z,

Iz = B™z[[| < CH|lv — R™v]].
Furthermore, we note that v — R™%v € V}, and
v — R™v|> = (v — R™v,v — R™) = a(z,v — R™v)
a(z = R™z,0 — R™v) <[z = R™ ||| [[Jv — R™v]|.
Now, since a(v,w) = (Apv,w), we get [|lv — R™v|| < CH||Apv| and
(]

follows.

In particular, if U, is the solution to (3.3)), then (3.11)) gives
||Un_RmsUn|| SOH2||thn_5tUn”7 n>1,
10;U, — R™50,U,|| < CH?||Prosfpn — 010U, ||, n > 2.
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The result in Lemma [3.2] should be compared with the error of the classical
Ritz projection Ry, : V' — V}, defined by a(Rpv,w) = a(v,w), Yw € V},. Using
elliptic regularity estimates, one achieves

|Rhv = vll < CR?||[ D?v]| < Ch?||Av],

which is similar to the result in Lemma[3.2] However, in this case, C' depends on
the variations of A, as we noted in the discussion in the beginning of this section.
This is avoided using the R™S-projection, since the constant in Lemma [3.2] does
not depend on the variations of A.

Now let P™* denote the Lo-projection onto V™ and define the correspond-
ing GFEM to problem ; find U} € V™ such that Uy*® = P™*U, and

(3.12) (O U™ 0) 4+ a(UMS,0) = (fn,v), Yo V™,
for n =1,..., N. Furthermore, we define the operator A™s : V™S — Vs Ly
(3.13) (A", w) = a(v,w), Yv,w e V™S,

3.2. Localization. Since the corrector problems are posed in the
fine scale space V! they are computationally expensive to solve. Moreover,
the correctors ¢, generally have global support, which destroys the sparsity
of the resulting linear system . However, as shown in [I5], ¢, decays
exponentially fast away from z. This observation motivates a localization of
the corrector problems to smaller patches of coarse elements. Here we use a
variant presented in [7], which reduces the required size of the patches.

We first define the notion of patches and their sizes. For all K € Ty we
define wy (K) to be the patch of size k, where

WQ(K) = K,
wp(K):=U{K €Ty : KNwi_1(K) #0}, k=1,2,..
Moreover, we define VF(wy,(K)) := {w € V : supp(w) C wp(K)}.
Now define the operator Rb: Vj, — VI by

/AVR;U.VU;Z/ AVv-Vw, YoV, weVi,
Q K

and note that Rf := )" Tn RY-. We now localize the operator R, by defining
Rﬁ(’k: Vi, = Vi(wi(K)) through
/ AVRY v Vw :/ AVv-Vw, Yo €V, w e Vi(wp(K)),
w (K) K

and we define Rfc =YK Tu REK’ .- Hence we can, for each nonnegative integer
k, define a localized multiscale space

V'S i= Vg — Ry Vi

Here the basis is given by {¢, — ¢r. : © € N}, where ¢, = Rigpz is the
localized version of ¢,. The procedure of decomposing V}, into the orthogonal
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spaces V™ and Vf together with the localization of V™ to V™8 is referred to
as local orthogonal decomposition.
The following lemma follows from Lemma 3.6 in [7].

LEMMA 3.3. There exists a constant 0 < g < 1 that depends on the contrast
B/« such that

1R = Riwlll < CKY2pM|lolll, Vo € Vi,
where C' depends on 3, «, and v, but not on the variations of A.
Now let R;®: V}, — V™ be the orthogonal projection defined by
(3.14) a(RPv,w) = a(v,w), Ywe V™

Next lemma is a consequence of Theorem 3.7 in [7] and estimates the error due
to the localization procedure.

LEMMA 3.4. For the projection Rp® in (3.14) we have the bound
(3.15) v — RPv|| < C(H + kY2uk)? || Apol|, Yo € V.
Here C depends on 3, a, and -y, but not on the variations of A.

PROOF. The proof is similar to the proof of Lemma Let z € V}, be the
solution to the elliptic dual problem

a(z,w) = (v — RP®v,w), Yw €V,
which gives
lv — Rg‘ssz = (v — R®v,v — R;™v) = a(z — R;°z,v — R®v)
< |llz = RE®=[llllv — R vl||-

It follows from Theorem 3.7 in [7] that there exists a constant C depending
on B, a, and 7, such that ||z — RP"z|| < C(H + k%2u*)||v — RPM™v||, with
1 as in Lemma Since (Apv,w) = a(v,w) we get ||lv — Rp®v||| < C(H +
k42 k) || Apv|| and (B.15) follows. O
We are now ready to formulate the localized version of (3.12)) by replacing
Vs by Vi, The localized GFEM formulation reads; find Uy, € V™ such
that U™ = PUp and
(3.16) (0 Uk v) + a(Uih,v) = (fa,v), Yo € ™,

for n =1,..., N, where P;"® is the La-projection onto V;"*. We also define the
operator AP : V™S — V™S, a localized version of (3.13]), by

(3.17) (AP, w) = a(v,w), Yv,we V™.

Next lemma states some important properties of the operators A, A™,
and A},
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LEMMA 3.5. The operators Ay, A™, and A are self-adjoint and positive
definite. Furthermore, the following bound hold

(A 2P fll < Cll fll, VS € La,
where C' depends on a.
PROOF. The fact that the operators are self-adjoint and positive definite

follows from the assumptions on A (Al). A proof of the bound can be found in
[13]. O
We also define the solution operator E*s = ((I+7Ap%)~")", such that the

solution to (3.16)), with f = 0, can be expressed as U}y = Ep', U5 For this
operator we have estimates similar to (3.6).

LEMMA 3.6. For [ = 0,1, and v € Lo, we have
10, Es Psv]| < Ctllloll, n> 1, [|ER PRl < Ct P o), n> 1,
where C' depends on the constant Cj = sup,- ske™s, 3, and a.

ProoOF. The operator A} is self-adjoint, positive definite, and defined on
the finite dimensional space V;"*. Thus, there exist a finite number of positive
eigenvalues {\;}*, and correspondmg orthogonal eigenvectors {p;}}, such
that span{y; } = V5. We refer to [14] for a further discussion on the eigenvalues
to the operator A‘,fs.

It follows that E}75 v can be written as

N
Epnv=) ———-(v,9i)pi
knv 2(1—0—7')\1)"(”7@)@
=1
and the estimates now follows from [18, Lemma 7.3]. O

4. Error analysis

In this section we derive error estimates for the local orthogonal decompo-
sition method introduced in Section [3| The localized GFEM solution is
compared to the classical FEM solution , which leads to a setting where
the initial data is not smooth, since Uy € V}, only. This leads to error bounds
which are non-uniform in time, but of optimal order for a fix time ¢, > 0.
The same phenomenon appears in classical finite element analysis for equations
with nonsmooth initial data, see [18] and references therein. The error analysis
in this section is carried out by only taking the Ly-norm of Uy, which allows
ug € Lo. If we, for instance, choose Uy = Pjuy, then HU0|| < |uoll-

THEOREM 4.1. Let U, be the solution to and Uy, the solution to
(3.16). Then, for 1 <n < N,

Uz = Ul < 1+ log =) (1 + k21 (61U | + 1 .
1 pez2)s
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where C' depends on (3, a, 7, and T', but not on the variations of A.

The proof of Theorem [£.1]is divided into two lemmas. The first covers the
homogeneous case, f = 0, and the second covers the nonhomogeneous case with
vanishing initial data uy = 0. To study the error in the homogeneous case we
use techniques similar to the classical finite element analysis of problems with
nonsmooth initial data, see [I§] and the references therein.

Define Ty, = A;'P, and T/ = (AP$)~!PPs. With this notation the
solution to the parabolic problem (3.3), with f = 0, can be expressed as
T1,0.U, + U, = 0. Similarly, the solution to , with f = 0, can be ex-
pressed as TglsétUgjfL + Uy, = 0. Note that Tp™ is self-adjoint and positive
semi-definite on Lo, and that T = RpSTy,.

Now, let e, = U}, — Un, where en, solves the error equation
(4.1)  TPSosen + e, = —U, — Ti*0,U,, = (Ty, — T**)0:U,, = (R — 1)U,
= Pn,

for n =1,..., N with T}™ey = 0, since U5 = P;"*Up. The following lemma is a
discrete versions of [I8, Lemma 3.3].

LEMMA 4.2. Suppose e, satisfies the error equation (4.1). Then

(4.2) mwﬁsc@%W+m%§jw%W+2)#Wmn» nz2,

Jj=1
(4.3) leal] < flpafl-

PRrOOF. Multiply the error equation (#.1]) by dse,, and integrate over Q to
get

(T];nsgtem g'ten) + (€n, 5t€n) = (pmgte”)’

where the first term on the left hand side is nonnegative, since 7, is positive
semi-definite on Lo. Multiplying by 7t,, we have

tn”en”2 - tn(enaen—l) < tn(pvn €n — en—l),
which gives

t

tn—
2 fen? -

1 th —tn-1
len 1l < ta(pnsen = enm1) + 2=

S tn(pn7 en) - tn—l(pn—lv 6n—l)

len—1]I?

T
- (tnpn - tn—lpn—l’ enfl) + §Henfll|2~

Summing over n now gives

n
tallenl® = trllerl]® < 2tn(pn, en) = 2t1(p1,e1) = > 2(t505 — tj1pj-1,€5-1)
j=2

n
+ 7l
j=2
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and thus,
n _ n
tullenl? < C (tallpall? + 32 7 (10512 + llpg—112) + D 7lle117)-
j=2 j=2

To estimate the last sum we note that, since T;"® is self-adjoint and positive
semi-definite,

2(Ti"50sen, €0) = (T"SO1en, €n) + (Tien, Oser)
= 0T e, en) + T(TS0en, 0sen) > (T e, ).
so by multiplying the error equation by 2e,, we get
O (T en, en) + 2lenll? < 2T ren, en) + 2]lenl|* = 2(pn, €n).
Multiplying by 7 and summing over n gives
(Tensen) + ) 7lles > < D 7llosll,
j=1 j=1

where we have used that 717"®ep = 0. Since the first term is nonnegative we
deduce that Y27, 7(le;||* < 327, 7(|py]|* and ([&.2)) follows. For n = 1 this also

proves (4.3]). O

Next Lemma is a discrete version of a result that can be found in the proof
of [I8, Theorem 3.3].

LEMMA 4.3. Under the assumptions of Lemma [4.2] we have, for n > 2, the
bound

J
~ < 0" (s, 500wl + o, (il )
(44) lenll < O (max G100 + max (tillpsl+ 11> 7

r=1
ProoOF. It follows from Lemma [4.2 that

< NOep i » >
lenll < C(max t;|0up; | + max flp;]), n =2,

or by using Young’s inequality with different constants the proof can be modified
to show that

leall < € max ¢;l10ep;]l + C() max llpsll, n=>2,
for some € > 0. Now define z; = t;je;. Then
T50s2n + 2n = tapn + TiSen_1 == 1p, n>1,
and, since T} 2o = 0 we conclude from Lemma 2]
lzall < € max ¢;[10um;]l + C max |lnj]).
From the definition of 7, it follows that

Il < tillpsll + 1T ejall, 5= 1.
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Furthermore, for j > 2
tillOensll < t51106t ;|| + 5110, T e |
< 5 N0upsll + t5llp—1ll + t5llpj—1 — el
< 0o || + 2t5llp5 — pi—ll + 2t 11051l + tillej-|
< 363 |0ep; || + 2t o5l + 2t51lej—a |
< O(E110ep; 1l + t5llos ) + 2zl
where we used 3t; < t;_; < t; for j > 2. To bound [Tj™e,| we define

én = z;;l Te; and €y = 0. Multiplying the error equation (4.1) by 7 and
summing over n gives

n
> T 0en + & = T 0y + én = pn, 1> 1,
j=1
where p, = 2?21 7p; and we have used that 7;"%ey = 0. Note that by definition
Ti*%ép = 0. Thus, by Lemma .2} we have

leall < ©(jmax 19075 + max 151

J
< C( max tlo;]l + max > 7pll).
r=1

1<j<n
Hence, since T,f‘sgt'én =T en,
J
Tl < eul + 10l < € s tllosl + oo 15l
With € = i we get

1
lenll < 7 jmax t; i10em; | + € [max |

IN

1
2 s s+ C(max 21000+ max (5,1 + 13 700l)).
- r=1

but from (4.3]) we deduce ||z1] < t1]|p1]|, and hence

Izl < ,2max 1251 +C( maxx £330, + max (tllo,| + ||Zm|| )).
r=1

Choosing n* such that maxo<j<p z; = z,+ we conclude (4.4). O

LEMMA 4.4. Assume f = 0 and let U, be the solution to (3.16) and U,
the solution to (3.3]). Then, for 1 <n < N,

U3 = Unll < C(H + k2 5¥) 21| U
where C' depends on 5, «, v, and T, but not on the variations of A.
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ProOOF. From Lemma [4.3 we have
J
1 2115
leall < Ot ( max. 318up; | + max. (1]l + ||Zlmr|))7 n>?2,
r=

and from Lemma [£.2]|le1|| < [|p1]|. The rest of the proof is based on estimates
for the prOJeCtIOD R in Lemma [3.4] and the regularity of the homogeneous
equation ([3.6). We have

2110ep; 1| < C(H + kY2 1F)262 || AL 0,U; |
< C(H + k"?pk)*3)10,0,U5|| < C(H + kY2 1")? |||, j > 2,
t-Hij < C(H + kY2 AU < C(H + B2 0R)2| U, G > 1,

IIZTprll = IIZ (Tr = Ti*)0Ur || < [I(Th — T™)(U; — Do)

< C(H + K42 0)%|| U
where we have used ||U;|| < ||Uy||, which completes the proof. O

The next lemma concerns the convergence of the inhomogeneous parabolic
problem ({2.1)) with initial data Uy = 0.

LEMMA 4.5. Assume Uy =0 and let U,fcns be the solution to and U,
the solution to . Then, for 1 <n < N,

1U = Unll < C(1+10g )(H+kd/2 VU Lo za) + 1L (22)):
where C' depends on S, «, v, and T, but not on the variations of A.

Proor. Let Uy — U, = U, — R®°U, + RP°U, — Uy, = On + prn. For p,
we use Lemma B4 to achieve the estimate

lpall < CH + k21%)? | AL
Now, for v € V*® we have
(5t9n,v) + a(0n,v) = (=0 pn,v).
Using Duhamel’s principle we have

b =7 B 1 PE(=0up;),
j=1

since 6y = 0. Summation by parts now gives
0, = B P py — P°py, +TZatEkn i1 P
j=1
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Note that po = 0. Using Lemma [3.4] and Lemma [3.6 we get

n
10l < llonll + 7>tk ol
j=1

d/2, k\2 —1
< C(H + k%2 gjagxnIIAhUj||(1+Tthn_j+1)a
=

where the last sum can be bounded by
- t
—1 n
Tz;tn,j+1 <1+log .
=

It remains to bound ||A,U,||. We have A,U, = Py, f, — 0;U, and Lemma
gives
ARG < £+ 100511 < CUN Lo (22) + 1 e (22))
which completes the proof. O
PrOOF OF THEOREM [4.1]l The result follows from Lemma .4 and Lemma
@by rewriting U,, = Uy, 1 +U, 2, where U, 1 is the solution to the homogeneous

problem and U, 2 the solution to the inhomogeneous problem with vanishing
initial data. (]

REMARK 4.6. We note that the choice of k and the size of ;1 determine the
rate of the convergence. In general, to achieve optimal order convergence rate,
k should be chosen proportional to log(H~1!), i.e. k = clog(H~'). With this
choice of k we have [|U™ — Uy,|| < C(1 +logn)H?t,".

5. The semilinear parabolic equation

In this section we discuss how the above techniques can be extended to a
semilinear parabolic problem with multiscale diffusion coefficient.
5.1. Problem formulation. We are interested in equations of the form
u—V - (AVu) = f(u), inQx (0,77,
(5.1) u =0, on 90 x (0,71,
u(+,0) = uo, in Q,

where f : R — R is twice continuously differentiable and € is a polygo-
nal/polyhedral boundary in R?, for d < 3. For d = 2,3, f is assumed to
fulfill the growth condition

(5.2) FOE < Cc@+ g, forl=1,2,

where § =2 if d =3 and 0 € [1,00) if d = 2. Furthermore, we assume that the
diffusion A fulfills assumption (A1) and uy € V.

EXAMPLE 5.1. The Allen-Cahn equation @ — V - (AVu) = —(u® —u) fulfills
the assumption (5.2]).
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Define the ball Bg := {v € V : ||v||g: < R}. Using Holder and Sobolev
inequalities the following lemma can be proved, see [13].

LEMMA 5.2. If f fulfills assumption (5.2)) and u,v € Bg, then
If ()l <C, I (w)zllg-1 < Cllzll,
1f (wzll < Cllzlla, 1" (w)zlla-r < Cllz]),
and
1/ (u) = f) |z < Cllu—wvl],
where C is a constant depending on R.
From (5.1) we derive the variational form; find u(t) € V such that
(5.3) (i,0) + (AV4, Vo) = (f(w),0), Vo€V,

and u(0) = ug. For this problem local existence of a solution can be derived
given that the initial data ug € V, see [13].

THEOREM 5.3. Assume that (A1) and (5.2) holds. Then, for ug € Bg, there
exist 79 = 79(R) and ¢ > 0, such that (5.3]) has a unique solution v € C(0,79; V)
and [|ul| . (0,7;v) < cR.

For the Allen-Cahn equation it is possible to find an a priori global bound
of u. This means that for any time 7" there exists R such that if u is a solution
then [|u(t)||z g1y < R for t € [0,T]. Thus we can apply the local existence
theorem repeatedly to attain global existence, see [13].

5.2. Numerical approximation. The assumptions and definitions of the
families of triangulations {7, }r>0 and {Tg} g~ and the corresponding spaces
Vy and V}, remain the same as in Section [3| For the discretization in time we
use a uniform time discretization given by

(5.4) 0=ty <ty <..<ty=rm, wheret, —t,_1 =7,

where 79 is given from Theorem [5.3] With these discrete spaces we consider the
semi-implicit backward Euler scheme where U,, € V}, satisfies

(5.5) (0:Up,v) + (AVU,,Vv) = (f(Un_1),v), Yv e Vj,

for n = 1,..., N where Uy € V}, is an approximation of ug. It is proven in [12]
that this scheme satisfies the bound

U = ulta) ]| < CEV2(02 + 1),

if we choose, for instance, Uy = Pjug, where P, denotes the Lo-projection onto
V. Note that C' in this bound depends on the variations of A.
The following theorem gives some regularity estimates of the solution to

(5-5)-
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there exist 79 = 79(R) and ¢ > 0 such that (5.5) has a unique solution U,, € V},,
for 1 <n < N, and maxi<p<n |Un|lg: < cR. Moreover, the following bounds
hold

THEOREM 5.4. Assume that (Al) and (5.2) holds. Then, for Uy € Bg,

10Ul < Ct, %, n> 1, |6UL)| < Ct,ty > 1,
000U, || < Ct,3/2, n > 2,

where C' depends on «, 79, and R, but not on the variations of A.

PRrOOF. We only prove the estimate ||9;0,U,|| < Ct,>/? here. The other
two follow by similar arguments.

From (b.5) we get
(5.6) (0:0: U, v) + a(0:Up, v) = (0rf (Up—1),v), Yv € Vi, n>2,

6.7 (0P Un,v) + a(8:0,U,0) = (8404 f (Un—1),v), Yo €V, n > 3.
Choosing v = 9,0,U,, in gives
%HététUnH? - %(&@Un_l, 8:0:U) + 13:0:UnI2 = (5:30f (Un—1), 38, Us),
which gives the bound
(5.8) 10:0:Un||* = 10:0,Up 111> < C7(10:00 f (Un—1) | 11+
Using Lemma [5.2] we have for
& € (min{Un—j, Upn— (1)}, max{Un—;, Up—(j-1)})
the following bound
18,00 )11 = 51 (€)(Tn = Un2) = (&) (U1 = Un )l
< ) ~ £ Un — Uno)
+ 17U~ 2y + U o)l

1 _ -
< Sl = &)(Un = Un-1)ll + Cl10:0:Ual,

Note that |& — & < [|Up—2 — Un—1|| + [Un—1 — Un||- By using Sobolev embed-
dings we get
1 5772 577112
L6 - @)U~ Ua ) < max 2@V < max 2100517,

<C max |0U;|3: < Ct,%, <Ot
n—1<j<n

38



The semilinear parabolic equation

where we recall the bounds %tj <tj_q1 <t for 7 > 2. Multiplying by Ttk in
(5.8) and summing over n gives

10,0, U2

< 63]0:0:Ua|1° + > (5100 f (Un—1) 77—+ + (8] — £7_)110:0:U; 1 [|)
=3

n
< t5)10:0:Us||” + CZT(t?HgtétUj—lHQ + t?tj_i + 5 1110:0:U; 1)
=3

n
< 300007 + Cto + C > 7 (65 1110:0:U; 1 |1* + £, 10:0:U; 1 1%),
j=3

for n > 3. Using [|0,U;]| < Ct;l/2 for j > 1 we get
3010:0,Us||> < CT2(|0,Us|” + 0:UL|)?) < CT2(t; "+ 71) < O

Now, to bound E;ZQ t?||5t5tUj||, we choose v = 0;0,U,, in (5.6) to derive

_ 1 . 1 _
69 138U + NG = NG < 10 U )2
and with &; as above, we get

100 f (Un—1)l = If (€2)0Un—1]| < Cl0Un—1lll < Ct314,

where we used Lemma H and [|0,U;]|| < Ct;1 for j > 1. Multiplying with
7t2 and summing over n gives

Y TEODU N + 10U < O (rt2) + (£ = )10 U1 )

Jj=2 j=2
+ 610,01 |

n
5 2 5 2
< O (rty + 710U 1) + 10U I
j=2
Using [|0,U; ||| < Ct;l for j > 1 we get
ZTt?”ététUj”Q S C(ti +tn +t1) S Ctn,

Jj=2
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where C' now depends on t,, < T. So we have proved

ti||(§t5tUn”2 S CZ Tt?_lngtétUj_l”z + Ctn + 7

j=3
n—1

S C Z Tt?HatatUjHQ + Ctn+1
j=2
n—1

<O rt30:0.U|° + Ct.
j=2

Applying the classical discrete Gronwall’s lemma gives

t4 ||5tgt(]n||2 S Ctna

which proves ||0;0,U,|| < Ctn 32 for n > 3. For n = 2 we proved
t2||8t8tU2||2 S CT S Ctz,
which completes the proof. O
We use the same GFEM space as in Section that is, V™ = Vi — R (Vy)
and the localized version V¢ = Viy — R! (Vy7). Furthermore, for the completely
discrete scheme, we consider the time discretization defined in and the

linearized backward Euler method thus reads; find U g e yms such that urs iy o =
PUy and

(5.10) QUi v) + a(Uih, v) = (F(UZ 1), v),

for n =1,..., N where P;"® is the Lo-projection onto V;"*.
To derive an error estimates we represent the solution to - 5.10) by using
Duhamel’s principle. Note that U’ is the solution to the equation

O, mﬁAmSU =B (U1,
and by Duhamel’s principle we get

Uin = Een Ui +7'ZEIM 1 P U5 Z1)-
Jj=1

5.3. Error analysis. For the error analysis we need the following gener-
alized discrete Gronwall lemma, see, e.g., [13].

LEMMA 5.5. Let A,B >0, 71,7 >0,0<ty<t, <T,and 0 < ¢, < R.

If
n—1
_ 1
on < At 4 Br g i, jligaﬁ
j=1

then there is a constant C' depending on B, 71, 2, and, T, such that,
©n < At’r—Ll'f"Yl'
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THEOREM 5.6. For given R > 0 and 79 > 0 let U, be the solution to
(5.5) and Uy, be the solution to (5.10), such that U,, Ui, € Br. Then, for
1<n<N,

(5.11) UK = Unll < C(H + k42 14)2,12,
where C depends on 3, «, 7, R, and 7p, but not on the variations of A.

PROOF. First we define e, = U —U,, = (U2 — RESU,, )+ (RESU, —U,) =
0, + pn. For p; we use Lemma[3.4] to prove the bounds

lps|l < C(H + k2R 20 >,
and
18Il < CCH + kY2 )22 > 2.
For 6,, we have
On, _E?:LGO—FTZEkn ]+1 (f(Uk] 1) f(Ujfl)_gtpj)'
j=1

To bound |8, || we first assume n > 2 and use summation by parts for the
first part of the sum. Defining ns to be the integer part of n/2 we can write

n2

—T Y B PO = B PP po — B, PP pn,
j=1

+TZ atEk:]n _]+1 k: p.77
and 6,, can be rewritten as

na
On = B Pieo — B, PPpny +7 Y (OB j11) Pp;

j=1
n —
-7 Z Elrcr,lfz—jﬂpénsatpj
j*n2+1
+TZ (AF)Y2ERS i (AR TP (f(URs-) = F(U;-1)),
j=1

where we note that P;"*ey = 0. To estimate these terms we need the following
bounds for 1,72 > 0

no

I+y1p—1+72 —1l+v1+72 1472 2
T E :tn ity < Cy ety ) gty < Cymatn .
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see [12]. Using Lemma [3.6) we get

n

16| < HpnzH+CTZt_1j+1||p]”+OT > o]

J=1 j=no2+1
—1/2
+Cthn 2O = FU 1),

and together with Lemma 4 and Lemma [5.2] this gives

n

n2
I6nll < OO+ K200 (622 w7 306t 24 3 57
j=1 j=na2+1

+CTZtn _]+1|| k] 1 ]'*1”

< C(H + k2 pF)2 12 4 CTitﬁiﬁlHBj—ﬂL
j=1
Now consider 8;. We can rewrite
01 = Ek190+TEk RS (FURS) = f(Uo) = Dipn)
= B PP eo — ES PR pr + TERS PES(F(URS) — (U0)),
and using sumlar arguments as above
161 < C(H + kY222 4 77 e

Hence, we arrive at the estimate

lenll < Ctﬁl/Q(H‘F kd/2 2+ CTZtn j+1H€] i, n=1,

and we can use Lemma [5.5|to conclude 1) O

6. Numerical Results

In this section we present some numerical results to verify the predicted
error estimates presented for the linear problem in Section [d] and the semilinear
problem in Section [6} In both cases the domain is set to the unit square Q) =
[0,1]x[0,1] and T' = 1. The domain 2 is discretized with a uniform triangulation
and the interval [0, 7] is divided into subintervals of equal length.

The method is tested on two different types of diffusion coefficients A; and
A defined as

= (s 9 w= () )

where B is piecewise constant with respect to a uniform Cartesian grid of size
276, see Figure Note that our choice of B imposes significant multiscale
behavior on the diffusion coefficient. Here we expect quadratic convergence
in space of the standard finite element with piecewise linear and continuous
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polynomials (P1-FEM) when A = Ay, but poor convergence when A = A,. For
the GFEM we expect quadratic convergence in both cases.

.

= B
M
WEE

1 =

o o
T

ath

fon, ==

(A) Coefficient B for the linear para- (B) Coeflicient B for the semilinear

bolic problem. The contrast is 3/a &~ parabolic problem. The contrast is
106. B/a = 103,

F1GURE 1. Coefficients for the two parabolic problems.

We compute the localized GFEM in and , denoted Uy";, for 5
different values of the coarse grid width, H = v/2-272,1/2.273 /2.274 1/2.275,
and v/2-276. The time step is chosen to 7 = 0.01 for all problems. The reference
mesh 7}, is of size h = v/2- 277 and defines the space V}, on which the localized
corrector problems ¢y, , are solved. To measure the error, the solution U, in
is computed using P1-FEM on the finest scale h = /2-2~7 with 7 = 0.01.

Note that this experiment measures the error [|U,, — Ui"; [|. The total error
[u(tn) — Ui |l is also affected by the difference [|u(t,)—Us,||, which is dominating
for the smaller values of H. We now present the result in two separate sections.

6.1. Linear parabolic problem. For the linear parabolic problem
the right hand side is set to f(x,t) = ¢, which fulfills the assumptions for the
required regularity. For simplicity the initial data is set to ug = 1. More-
over, at each cell in the Cartesian grid we choose a value from the interval
[1071,10%]. This procedure gives B a rapidly varying feature and a high con-
trast max(B)/ min(B) ~ 10, see Figure 1| (left).

For each value of H the localized GFEM, Uy, and the corresponding P1-
FEM, denoted Ug,,, are computed. The patch sizes k are chosen such that
k ~ log(H™'), that is k = 1,2,2,3, and 4 for the five simulations. When
computing Uy ,, the stiffness matrix is assembled on the fine scale h and then
interpolated to the coarser scale. This way we avoid quadrature errors. The
convergence results for A; and A, are presented in Figurem where the error at
the final time ¢ is plotted against the degrees of freedom |A|. Comparing the
plots we can see the predicted quadratic convergence for the localized GFEM.
However, as expected, the P1-FEM shows poor convergence on the coarse grids
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when the diffusion coefficient has multiscale features. We clearly see the pre-
asymptotic effects when H does not resolve the fine structure of B.

. . .
10° 10° 10" 10° 10° 10°

(A) Constant coefficient A;. (B) Multiscale coefficient As.

FIGURE 2. Relative Ly errors U} — Un n||/||Un,n|| (blue
o) and |[Ug,ny — Unn||/IUnn| (red %) for the linear para-
bolic problem plotted against the number of degrees of freedom
IN| ~ H~2. The dashed line is H2.

6.2. Semilinear parabolic problem. For the semilinear parabolic prob-
lem we study the Allen-Cahn equation, which has right hand side f(u) =
—(u® — u) that fulfills the necessary assumptions. We define the initial data
to be up(z,y) = x(1 — x)y(1 — y), which is zero on 9€2. The matrix B con-
structed as in the linear case but with values varying between 10~2 and 1. Note
that the solution to the Allen-Cahn equation converges to zero rapidly if the
diffusion is too high, thus the smaller contrast max(B)/min(B) ~ 10% in this
case, see Figure [1| (right). However, B is still rapidly varying. As in the linear
case we now compute the localized GFEM approximations Uy"; and the corre-
sponding P1-FEM, Ug,,. The patch sizes are chosen to k£ = 1,2, 2, 3, and 4, for
the five simulations. The convergence results for A; and As are presented in
Figure [3} We can draw the same conclusions as in the linear case. The local-
ized GFEM shows predicted quadratic convergence in both cases, but P1-FEM
shows poor convergence on the coarse grids when the diffusion coefficient has
multiscale features.
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10°

107k

107}

107

107

10°

10° 10° 10* 10° 10°

(A) Constant coefficient Aj. (B) Multiscale coefficient As.

FIGURE 3. Relative Ly errors [|U"3 — Un, N ||/ ||Un,n|| (blue o)
and ||Ug,ny — Un,n||/||Un N (red *) for the semilinear para-
bolic problem plotted against the number of degrees of freedom
|N| ~ H=2. The dashed line is H?.
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A multiscale method for linear elasticity reducing Poisson
locking

PAaTRICK HENNING! AND ANNA PERSSON?

ABSTRACT. We propose a generalized finite element method for linear
elasticity equations with highly varying and oscillating coefficients. The
method is formulated in the framework of localized orthogonal decompo-
sition techniques introduced by Malgvist and Peterseim [23]. Assuming
only Leo-coefficients we prove linear convergence in the Hl-norm, also for
materials with large Lamé parameter A\. The theoretical a priori error
estimate is confirmed by numerical examples.

1. Introduction

In this paper we study numerical solutions to linear elasticity equations
with highly varying coefficients. Such equations typically occur when modeling
the deformation of a heterogeneous material, for instance a composite material.
Problems with this type of coefficients are commonly referred to as multiscale
problems.

The convergence of classical finite element methods based on continuous
piecewise polynomials depends on (at least) the spatial H2-norm of the solution
u. However, for problems with multiscale features this norm may be very large.
Indeed, if the coefficient varies at a scale of size €, then ||u|| gz ~ e~t. Thus, to
achieve convergence the mesh size must be small (h < ¢€). In many applications
this condition leads to issues with computational cost and available memory. To
overcome this difficulty several methods have been proposed, where we refer to
[T, 9], 241 29] for multiscale methods particularly addressing elasticity problems.

Generalized finite element methods (GFEM, cf. [4]) belong to the class of
Galerkin methods. Instead of constructing the finite dimensional solution space
from standard shape functions, a generalized finite element approach is based on
constructing a set of locally supported basis functions (not necessarily piecewise
polynomials) that incorporate additional information about the structure of the
original problem. This strategy can enhance the local approximation properties
significantly. In this paper we propose a GFEM based on the ideas in [23],
often referred to as localized orthogonal decomposition (LOD). The methodology
of the LOD arose from the framework of the Variational Multiscale Method
(VMM) originally proposed by Hughes et al. [I7], 18] as a tool for stabilizing
finite element methods that perform bad due to an under-resolution of relevant
microscopic data. The stabilization was achieved by using a Petrov-Galerkin
formulation of the problem with a standard finite element space as trial space
and a generalized finite element space for the test-functions. The concept was

Department of Mathematics, KTH Royal Institute of Technology, SE-100 44 Stockholm,
Sweden.

2Department of Mathematical Sciences, Chalmers University of Technology and Univer-
sity of Gothenburg, SE-412 96 Goteborg, Sweden.
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reinterpreted and specialized in [19] [20] to elliptic homogenization problems. A
short time later, the first rigorous analysis was provided in [23] by introducing a
H'-stable localized orthogonal decomposition for constructing the test function
space. In subsequent works, refined construction strategies were proposed [16,
13].

The LOD framework relies on a decomposition of a high-dimensional so-
lution space into a coarse space (spanned by a set of standard nodal basis
functions) and a fine scale detail space that is expressed through the kernel
of a projection operator. The generalized finite element basis functions are
constructed by adding a correction from the detail space to each coarse nodal
basis function. The corrections are problem dependent and constructed by
solving a partial differential equation in the fine scale part of the space. In
[23] elliptic equations are considered and it is proven that the corrections decay
exponentially for these problems. This motivates a truncation to patches of
coarse elements, which allow for efficient computations. The resulting method
is proved to be convergent of optimal order. This convergence result does not
depend on any assumptions regarding periodicity or scale separation of the co-
efficients. Since its development, the method has been applied to several other
types of equations, see, for instance, semilinear elliptic equations [I4], boundary
value problems [I3], eigenvalue problems [22] [T5], linear and semilinear parabolic
equations [21], the Helmholtz problem [27, T1] and the linear wave equation [2].
A review is given in [2§].

In this work we consider linear elasticity equations with mixed inhomoge-
neous Dirichlet and Neumann boundary conditions. We construct correspond-
ing correctors for standard nodal basis functions and prove that they decay
exponentially. Moreover, we prove that the resulting generalized finite element
method converges with optimal order in the spatial H'-norm. The results are
confirmed by a numerical example.

Furthermore, the generalized finite element method proposed in this paper
reduces the locking effect that is observed for classical finite elements based
on continuous piecewise affine polynomials for nearly incompressible materials.
The error bound derived for the ideal method (without localization) is uniform
in the Lamé parameter A, i.e., completely locking-free. The error estimate for
the final localized method depends on A, however not in the usual manner, but
only weakly through a term that converges with an exponential rate to zero. In
practice, this eliminates the locking-effect.

The paper is organized as follows. In Section [2] we formulate the problem,
in Section 3] we define the generalized finite element method and in Section [4] we
perform the localization of the basis functions. Finally, in Section [b| we provide
some numerical examples.

2. Problem formulation

Let d = 2,3, denote the spatial dimension and let S := RZX¢ denote the

sym
space of d x d symmetric matrices over R. On S, we use the double-dot product
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notation

d
A:B= ZA’ijBija A,BES.

ij=1

The computational domain Q C R? is assumed to be a bounded polygonal (or
polyhedral) Lipschitz domain describing the reference configuration of an elastic
medium. We use (+,-) 1, (@) to denote the inner product on Ly (€2, R)

(v, W), Q) = / v(z) - w(z)dr, v,w € Ly(Q,RY),
o

and |||, () for the corresponding norm. Furthermore, we let H* (2, R?) denote
the classical Sobolev space with norm [|v[[31 o = [[0]17, ) + I VV[Z, o), Where
Vv € Ly(Q,R¥>*?) and

d
Vol o= 3 [ @uyle)?de, ve H(@RY,

ij=1

Let u : Q — R? denote the displacement field of the elastic medium. Under
the assumption of small displacement gradients, the (linearized) strain tensor
e(u) is given by

1
ep(u) = 5(6kul + o), 1<kl<d.

Furthermore, Hooke’s (generalized) law states that the stress tensor o is given
by the relation

d
oy = Y Ayn(@)en(u), 1<i,j<d,
k=1

where A is a fourth order tensor describing the elastic medium. In this paper we
assume that the material is strongly heterogeneous and thus A has multiscale
properties. The tensor A is assumed to be symmetric in the sense that A;ji =
Ajikl = Aijlk = Ak“j almost everywhere.

Cauchy’s equilibrium equation now states that

_VO':f7

where f : Q — R denotes the body forces. To formulate the problem of interest
we let I'p and I'y denote two disjoint Hausdorff measurable segments of the
boundary, such that I'p UT'y = 912, where Dirichlet and Neumann conditions
are imposed respectively. The linear elasticity problem consists of finding the
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displacement u and the stress tensor o such that

(2.1) —V.o=1 in Q,
d
(22) O'ij = Z Aijkl ekl(u), in Q,
k=1
(2.3) u=g, on I'p,
o-n=>b, on 'y,

where we assume that meas(I'p) > 0. Here g,b: Q — R? denotes the Dirichlet
and Neumann data respectively.

To pose a variational form of problem - we need to define appro-
priate test and trial spaces. Letting v : H*(2) — Lo(I'p) denote the trace
operator onto I'p, we define the test space

V= {ve (H'(N)?": yv=0}.

Multiplying the equation (2.1)) with a test function from V' and using Green’s
formula together with the boundary conditions (2.4]) we get that

(0: V) = (f,v) 0000 + (0,0) Ly

Due to the symmetry of A we have the identity (o : Vv) = (0 : €(v)), and by
defining the bilinear form

B(u,v) := (01 £(v)) Ly (0) = (A(x)e(u) : £(v)) Ly(0)

we arrive at the following weak formulation of (2.1)-(2.4). Find u € H*(Q,R9),
such that yu = g, and

(2.5) B(u,v) = (f,v) ) + (0,0)1yry), Yo EV.

REMARK 2.1. In the case of an isotropic medium the elasticity coefficient
satisfles A;jii = p(dindji + 0:0jk) + X0;j0ki, where 6;; is the Kronecker delta,
and p and X\ are the so called Lamé coefficients. The stress tensor can in this
case be simplified to

o =2pe(u) + AV -u)l,
where [ is the identity matrix.

AssuMPTIONS. We make the following assumptions on the data

(A1) Aijri € Loo(Q,R), 1 < 4,4, k,l < d, and there exist positive constants
a, B € R such that

aB:B<A()B:B<fB:B, VBE€S, ae. in.
(A2) f € Ly(Q,RY), be Ly(Ty,R?Y), and g € HY/?(Tp, RY).

Recall Korn’s inequality for a domain with mixed boundary conditions, see,
for instance, [7], 25].
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LeEmMA 2.2 (Korn’s inequality). Let Q C RY denote a bounded and con-
nected Lipschitz-domain, and let T'p denote the part of the boundary where
Dirichlet boundary conditions are defined. If meas(T'p) > 0, then

(2.6) [VUllLa@) € Crolle(v)lLa), Yo €V,
Here Cy, is a constant depending only on €.

In the case I'p = 9Q we have Cyx, = v/2, independently of the size of Q.
Using ([2.6) we derive the following bounds,

(2.7) aC2|IVolT, ) < B(v,v) < BIVolli, ) YweV,

where we have used the bound ||e(v)||z,) < [[Vv][1,)- It follows that the
bilinear form B(-,-) is an inner product on V and existence and uniqueness of a
solution to the problem follows from the Lax-Milgram lemma. We denote
the norm induced by the inner product B(-,-) by HU”%(Q) = B(v,v) forv e V.

REMARK 2.3. In the case of an isotropic material (see Remark|2.1) we have
the bounds

01;)22ﬂl||v“||2L2(Q) <V 2ue)1Z,0) < 1V 2ue@)17, @) + VAV - vl|7, 0
= B(v,v) < C(2u2 + A)[Vl7, 05
where p1 > 0 is the lower bound of p and po, Ao < 0o are the upper bounds of

and A respectively. We emphasize that this means that only 8 in (2.7) depends
on .

3. Numerical Approximation

3.1. Classical finite element. First, we define the classical finite element
space of continuous and piecewise affine elements. Let T;, be a regular triangula-
tion of € into closed triangles/tetrahedra with mesh size hr := diam(7), for T' €
Th, and denote the largest diameter in the triangulation by h := maxreT;, hr.
We assume that the family of triangulations {7} }xs0 is shape regular. Now
define the spaces

Sy = {v € (C(Q)?: vj|r is a polynomial of degree < 1,¥T € Tp,,1 < j < d},

Vi=58,NnV.

Furthermore, we let A}, denote the nodes generated by 7Tj and ./\D/'h =N, \Tp
the free nodes in V. Now, let g, € S;, be an approximation of an extension of
g, such that g,(z) = 0, Vz € N} and g, is some appropriate approximation

of g. The classical finite element method now reads; find up = up0 + g, such
that Up,0 € Vi, and

(31) B(uh,())U) = (va)Lz(Q) + (b’ U)LZ(FN) - B(gh’ U): Vv € Vp.
Note that yup = g, where vgy, is an approximation of g.
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THEOREM 3.1. Let u be the solution to (2.5) and up, the solution to (3.1)).
If the solution u is sufficiently reqular we have

|lw — ’LLhHHl(Q) < C’AhHDQuHLz(Q)7

where Cy depends on the size of A and || D?ul|r,(q) depends on the variations
in A via a regularity estimate || D*ul|1, ) < C(u, Q)||Allw1.(q)- In particular,
we have || D?u||,(q) — oo the faster A oscillates.

Since the a priori bound in Theorem depends, through the H?-norm
of w, on the variations (derivatives) in the data, the mesh width h must be
sufficiently small for uj to be a good approximation of w. In the context of mul-
tiscale problems, this results in a significant computational complexity. In the
following we assume that h is small enough and we shall refer to uj, as a reference
solution. However, we emphasize that our method never requires to compute
this expensive reference solution and that it is purely used for comparisons.

3.1.1. Poisson locking. This subsection describes the phenomenon known
as locking, sometimes referred to as Poisson locking to distinguish it from other
types of locking. To simplify the discussion here we assume that we have an
isotropic material with p and A constant parameters and gp = 0 on I'p = 99.
In this case we can exploit Galerkin orthogonality and the norm-equivalence in
Remark 2.7l to see that the error bound in Theorem [3.I] becomes the estimate

NeTEDY

(3.2) v —unllg) < Ch Nen 1D*ul| 1,0,

where C is independent of y and X. Moreover, ||D?u| 1, q) is independent of x
and A which follows from the stability estimate (see [§]),

(3.3) lull 72y + AV - ullgr@) < Callfllz, @),

where Cq is independent of p and A\. We emphasize that the estimate (3.3
does not hold if y and X vary in space. Since both C and ||D?ul|,q) in (3.2)
are independent of A, we conclude that the error bound blows up as A — oc.
This is counter-intuitive to the observation that the error with respect to the
H'-best-approximation in V}, is not affected by \.

In fact, there is a simple reason for this phenomenon. For A\ — oo we
have that the displacement must fulfill the extra condition V - u = 0. However,
vp, = 0 is the only function in V}, that fulfills V - v, = 0. This forces the
Galerkin-approximation u; to convergence to the bad approximation up, = 0
in order to remain stable. This issue can be avoided by using discrete solution
spaces in which divergence-free functions can be well-approximated, cf. the
robust methods in [7, 8, 5] B], where it is in fact possible to derive estimates of
the type [|u — up| g1 (o) < Ch||D?ul|, () independent of A.

From the discussion above we conclude that if A is large compared to p the
mesh size must be sufficiently small, i.e. h < 1/v/), to achieve convergence for
conventional Lagrange P1 finite elements. A natural question is what the typical
ranges of values for u and A are and how they are related. The Lamé parameters
are determined by Young’s modulus E and Poisson’s ratio v according to pu =
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2(175_”) and \ = (1+V)E(+2V) Consequently, we obtain V\Z/‘%A = 1_12,/ and
hence (3.2)) reduces to

h
(3.4) v — unll (o) < Oﬂﬁ”fHLz(Q)a

where we see that the problem only arises if the Poisson’s ratio is close to v =
0.5, which describes a perfectly incompressible material. In most engineering
applications the value of Poisson’s ratio lies between 0.2 and 0.35 (e.g. v =
0.27 — 0.30 for steel, v = 0.2 — 0.3 for rocks such as granite or sandstone and
v = 0.17 — 0.27 for glass; cf. [12]). Poisson’s ratios larger than 0.45 are rare.
Examples for such tough cases are clay (v < 0.45), gold (v = 0.45) and lead
(v = 0.46). Natural rubber with v = 0.4999 can be considered as the most
extreme case (cf. [26]). These values give us a clear image about the order of
magnitude required for h in practical scenarios. If the extension of €2 is of order
1, tough cases (v & 0.45) require h < % and extreme cases (v ~ 0.4999) require
h < 7—10. These values help us to understand the phenomenon of locking better.
The constraints that are imposed by Poisson locking are not severe (in the sense
that it does typically not make the problem prohibitively expensive), but they
are highly impractical and not desirable in the sense that they make the problem
significantly more expansive than it should be. For instance for v = 0.45 the
mesh needs to be three times finer than for a locking-free method, which makes
an enormous difference in CPU demands due to the curse of dimension.

3.1.2. Poisson locking for multiscale problems. This paper is devoted to
multiscale problems and the locking effect has to be seen from a different per-
spective in this case. Multiscale elasticity problems as they typically arise in
engineering or in geosciences involve material parameters (in general form rep-
resented by the tensor A(z)) that vary on an extremely fine scale € (relative to
the extension of the computational domain) with € << A='/2. These variations
need to be resolved by an underlying fine mesh which imposes the condition
h < € < A\™/2 even for locking-free methods. In other words, the natural con-
straints imposed by the variations of the coefficient are much more severe than
the constraints imposed by the locking effect. Since we assume that the reference
solution wuy given by is a good approximation to our original multiscale
problem (i.e. h < €), then the solution will not suffer from the locking effect
either. For that reason we consider u; as being locking-free. Our multiscale
method is constructed to approximate wuj on significantly coarser scales of order
H, and we call this method a locking-free multiscale method if the convergence
rates in H are independent of A and the variations of A.

Locking and multiscale are two different characteristics that typically need
to be treated with different approaches, as a multiscale method is not neces-
sarily locking-free. In the following we show that the framework of the LOD
can be used for stabilizing P1 Lagrange finite elements in such a way that both
effects are reduced simultaneously. In particular we show that it is not neces-
sary to use higher order Lagrange elements, discontinuous Galerkin approaches,
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mixed finite elements or Crouzeix-Raviart finite elements as they are commonly
required for eliminating Poisson locking.

In this paper the error estimate for the ideal method (without localization)
in Lemma [3:2] is independent of A and thus locking-free. The localization de-
pends on the contrast 8/, see Theorem |4.1l However, this ratio enters only
through a term that converges with exponential order to zero. Consequently,
the locking effect decays exponentially in the localized method. This is also
tested numerically in Section

3.2. Generalized finite element. In this subsection we introduce a gen-
eralized finite element method. Let Vg denote the same classical finite element
space as Vj, but with a coarser mesh size H > h. Let Ty be the triangulation
associated with the space Vg and assume that 7 is a refinement of 7y such
that Vi C V4. In addition to shape regular, we assume the family {7z} g to
be quasi-uniform.

We define Ny and Ny analogously to Aj, and Aj. Note that the mesh
width H is too coarse for the classical finite element solution in Vg to be
a good approximation. The aim is now to define a new (multiscale) space with
the same dimension as Vi, but with better approximation properties.

To define such a multiscale space we need to introduce some notation. First,
let Iy : V), — Vg denote an interpolation operator with the property that
IH o IH = IH and

(3.5)
Hi' o= Igvllnyery + IVIgvl L,y < CrllVolliawe): VT € Ta, v € Vi,
where

wr=U{T €Ty :TNT #0}.

For a shape regular mesh, the estimates in (3.5) can be summed to a global
estimate

(3.6) H™ o = I ny0) + IVl Lo@) < Gl Vol Ly (0),

where €, depends on C7 and the shape regularity parameter, p > 0;
diam Br
diam T

Here Br is the largest ball contained in 7. For instance, we could choose
I, = Eiolly, 1 <i < d, where I} is the Lo-projection onto P; (7 ), the space
of functions that are affine on each triangle T' € Ty and EY : Pi(Ty) — Vi
the averaging operator defined by

(3.7) (Biy (0))(2) = . S (e,

card{T € Ty : z € T} rerer

p := max pr, with pr := , for T € Ty
H

TeT;

where z € Ny, see [28] for further details and other possible choices of Ip.
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Numerical Approximation

Let Vi denote the kernel to the operator Iy
Vi:=ker Iy ={v €V : Igv =0}

The space V}, can now be split into the two spaces V;, = Vi @ V¢, meaning that
v, € Vi, can be decomposed into vy, = vy + vg, such that vy € Vi and vy € V4.
The kernel V; is a detail space in the sense that it captures all features that are
not captured by the (coarse) space V.

Let Rt : Vi, — V; be the Ritz projection onto V; using the inner product
B(-,-) such that

(3.8) B(Riv,w) = B(v,w), Yw e Vy, veV.
Since v, = vy + vf with vy € Vi and vy € V; we have

vp — Ryvp, = vg — Revyg, Yup, € Vp,
and we define the multiscale space
(3.9) Vins = {vg — Revy : vy € Vi }.

Note that this space has the same dimension as Vy, but contains fine scale
features. Indeed, with A, denoting the hat basis function in Vg corresponding
to node z, the set

(. — ReM. i 2 € N b,

is a basis for V5. Moreover, we note that V5 is the orthogonal complement to
V¢ with respect to the inner product B(-,-). Thus the split V};, = Vs @ V; and
the following orthogonality holds for vy, € Vs and ve € Vs

(310) B<va7Uf) = B(’Uf,vms) =0.

To define a generalized finite element method we aim to replace the space
V), with Ve in . Due to the inhomogeneous boundary conditions we also
need two extra corrections similar to the ones used in [13]. For the Dirichlet
condition we subtract R¢gy from the solution. For the Neumann condition we
define a correction Ef € V; such that

(3.11) B(bg,w) = (b,w)r,(ry)s VW € V.
We are now ready to define the generalized finite element method; find
Ums = Uo.ms + b5 + gn — Regn,

such that ug ms € Vins and
(3.12)

B(uo,ms:v) = (f,0) o) + (0,0) orny — Bt + gn — Regn,v), Vv € Vis.
Note that both by = Regn, =0 on I'p, so yums = Y9gn, and

B(tms,v) = (f,v) L) + (0,0)Ly0n), Y0 € Vins,

as desired.

59



PAPER 11

LEMMA 3.2. Let up, be the solution to (3.1) and ums the solution to (3.12)).
Then

(3.13) lun — umsll @) < CHa™ | fll 1,0,
where C depends on Cy, and C,,.

PROOF. Define e := up — ups. Since Vg € V3, we have the Galerkin
orthogonality

B(e,v) =0, Yv € V.
Recall that we can write e = (I — R¢)e+ R¢e where (I — R¢)e € Vi and Ree € V;.
Using this we get
ozC’k_OQHVeHQLQ(Q) < B(e,e) = B(e, Rre) = B(up, — tms, Ree)
= (f, Ree)po() + (b, Ree) py(ry)
— B(uo,ms + b + gn — Regn, Rre)
= (f, Rte), (),

where have used the orthogonality (3.10]) and the definitions (3.11]) and (3.8) in
(3-6)

the last equality. Now, since Rfe € V; we have that Iy Rre = 0 and using
we get

(3.14) aC 2 Vel7, ) < Ble,e) < (f, Ree — I Ree) o)
<[ fllro@ |1 Ree — Tn Reelln, ) < CoH| fll Ly IVell Ly @),

and ((3.13)) follows. O

4. Localization

The problem of finding R¢A, in is posed in the entire fine scale space
V¢ and thus computationally expensive. Moreover, the resulting basis functions
may have global support. However, as we show in this section, the basis func-
tions have exponential decay away from node z, which motivates a truncation
of the basis functions. This truncation significantly reduces the computational
cost and the resulting functions have local support.

We consider a localization strategy similar to the one proposed in [I3].
We restrict the fine scale space V¢ to patches wy(T) of coarse elements of the
following type; for T' € Ty

wo(T) :=1int T,
wi(T) := int (U{TETHZTﬂwk_l(T)#@}), k=1,2,..
Define Vi(wi(T)) :=={v € V;:v=0o0n (Q\T'x) \ wr(K)} to be the restriction

of V; to the patch wy (7). Note that the functions in Vi(wg (7)) are zero on the
boundary dwg(T) \ T'n.
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We proceed by noting that the Ritz projection R in (3.8) can be written

as the sum
Ri= > R{,
TETu

where R? : Vi, — Vi and fulfills
(4.1) B(RIv,w) = B(v,w)r, YweV;, veV, TEcTu,
where we define

B(v,w)r := (Ae(v) : e(w)) oy, T € Ta.

We now aim to localize these computations by replacing V; with Vi(wg(T)).
Define R, : Vi — Vi(wi(T)) such that

(4.2) B(ngv,w) =B, w)r, Ywe Vi(wi(T)), veV, Te&cTy,
and set Ry := D pcr, ng. We can now define the localized multiscale space
(4.3) Vms,k = {'UH — Rf,k'UH Vg € VH}.

Using the same techniques we also define localized versions of the Neumann
boundary correctors (3.11). Note that b = > rcr ry bl where bl is defined
by

B(Obf,w) = (byw),xrry, YwEVE, T €Ty, TNIy#D,
Thus, we define E{k € Vi(wg(T)) such that
B(B?:kvw) = (b,w)r,oynr), Yw € Vi(wi(T)), T €Ty, TNIy#0,

and set by j, = > ety Bka
We are now ready to define a localized version of (3.12)); find

Ums,k = U0,ms,k T Bf,k + gn — Rt 1n,
such that o ms x € Vs, and
(4.4)  B(uo,ms,k;v)
= (£,0) Lo + (0, 0) Lorn) — Bbes + gn — Rekgn,v), V0 € Vigg .

As for the non-localized problem (3.12), we note that Bf’k» and Ry vanish on
1—‘D7 SO YUms,k = YYh, and

B(umsjcy U) = (f?U)Lz(Q) + (ba U)LQ(FN)a Vv € Vms7k-
The main result in this paper is the following theorem.

61



PAPER 11

THEOREM 4.1. Let up be the solution to (3.1) and umsy the solution to
(13.12). Then there exists 0 € (0,1), depending on the contrast B/, such that

(4.5)
lun — Ums il 2 (0) SCHO™ | f]l o0

B3
+ de/Qek\/;(Hflle(m F10lzon) + Vallgnlse),

where C' and 6 depends on Cy,, p, and Cy, but not on k, h, H, or the variations
of A.

To prove the a priori bound in Theorem we first prove three lemmas.
In the proofs we use the cut-off functions 5} € Vi with nodal values

(4.6a) nt(z) =0, VxeNnuw,(T),
(4.6b) nt(z) =1, Yo e Nn(Q\wp(T)).
These functions satisfy the following Lipschitz bound
(4.7) ||V771¢T||LOO(Q) <CH™', TeTy,

where C' now depends on the quasi-uniformity. The proof technique relies on
the multiplication of a function in the fine scale space V; with a cut-off function.
However, this product does not generally belong to the space V;. To fix this, let
Iy : V. — Vi denote the classical linear Lagrange interpolation onto V},. Using
that Iy in is a projection we get

2= (I —Ig)Th(nfw) € Vi(Q\ wp_o(T)), Yw eV,

where I denotes the identity mapping. Note that the Lagrange interpolation
is needed since n} w & Vj,. Furthermore, we have supp Z (nf w) C Q \ wy—1(T)
and supp Iy Zy,(nF RI'v) C Q\ wr—2(T) and we conclude z € V¢(Q\ wi—2(T)).

LEMMA 4.2. Forw € Vi and z := (I —Iy)Ipnfw € Vi(Q\wk—2(T)) it holds
that supp(w — z) C wi(T) and

(4.8) IV (w = 2) | Ly i (m\wr—2(T)) < Crall VO Ly (s (T)\wr—s(T))>
(4.9) [V(w = 2) | o)) < CrallVOll Ly s (1)
(4.10) IV 2l a@wn_a () < CTyll VWl Lo@\wn 3(T>>7

where Cr,, C} 7 and CY depends on Cp, p, and the bound in , but not
onk, h, H, T, or the varwtzons of A.

PrOOF. We have ] =1 on Q \ wy,(T) and hence
w—z=w—(I—-Ig)w=0, onQ\w(T),

since Iyw = 0 and it follows that supp(w — z) C wy(T).
Now, note that

w—z=(I—Ig)(w—Tyniw)).
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Using the stability of Iy in (3.5) we derive the bound
IV (I = I ) (w = Zn (1 w)) | Lo (o (T)\wor_2(T)
< CIHV(U) - Ih(n/zw))||L2(wk+1(T)\wk—3(T))'

Now, using that the Lagrange interpolation Z;, is H'-stable for piecewise second
order polynomials on shape regular meshes and the bound (4.7)) we get

INVZL (W) L s () \wr—s (7)) < CHV W L wrogs () \ w5 (T))
< CllwVnE | Lar w1 (1)) + CIME VWO 1y (w1 (T)\wr1 (7))
< CH Y \w = THwl| Ly o (1)1 (T)) T CIVWI L (w1 ()01 (T))
< OV Ly (wrsr (1) \wr—2 (1))

where we also have utilized the bounded support of the cut-off function and the
bound of Iy in (3.5). This completes the bound (4.8]). The bounds in (4.9 and

(4.10) follow similarly. O
LEMMA 4.3. For the Ritz projection (3.8|) there exist 6 € (0,1), such that
(4.11) IVRE || Ly @\wn(ry) < O°IVRI V|| 1o0) v € Va,

where 6 depends on p and the contrast 8/a, but not on k, T, h, H, or the
variations of A.

PROOF. Fix an element T € Ty and let 5} be a cut-off function as in (.6)),
and define z as in Lemma with w = R] v such that

(4.12) 2= (I — Iy)Tn(ni RIv) € Vi(Q\ wi_2(T)).
Since 7y = 1 on Q\w(T), we have the identity Zn{ ; Rf v = R{ v on Q\ wy(T).
Using this and the bounds for B(-,-) we get
(4.13) ||VR?U||%2(Q\UJ,C(T)) = [|V(I - IH)RfTU”%Q(Q\wk(T)) < ||VZ||2L2(Q)
< CEa'B(z,2).
Now, due to and , the following equality holds
B(RTv,2) = B(v,2)r =0,
since z does not have support on the element 7. Using this and the fact that
supp(z — RI'v) Nsupp 2z C wi(T) \ w—2(T) we have
(4.14)
B(z,2) = B(z — Rlv,2) = / Ae(z — RYv) @ e(2) da
wi(T)\wr—2(T)
< BIV(z = Rf V)| Laor @ wr—a ) V2l Lo wn—a(r)
< BIIV(z = R o) La(or@nen—a(0) 1V (2 = BE0) | Lo (0vwr—s (7))

+ VR | Ly o (1) \wr o (1))

3)
< Cry(Cry + DBIVRT VI, sy (1) \wr_s(T)

I8
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Combining (4.13)) and ( we have
||VRTU||L2 Qi (T)) = C/HVRT”||L2(UJH1(T)\W,€ 5(T))
< C'(|VR{ UHLz(Q\wk,3(T)) - HVRfTUH%q(Q\warl(T)))a
where C" = C2,Cr,,(Cr,, +1)3/c. Thus

C/
T 2 T 2
IVRE 07, 0\wrir (1)) < T o IV R 0|7, @\wns (7))

An iterative application of this result and relabeling k + 1 — k yields (4.11)),
with 0 = ((+S5)/4)1/2 < 1. 0

+C7
LEMMA 4.4. For the Ritz projections (4.1)) and (4.2) we have the bound

8 1/2
| > VR v= R0 o) < CRP0 (> IVR i, ) 5 vEVE

TeET TETH
with 0 as in Lemma and C depends on Ci,, C}m’ and C}/m

PRrOOF. Define ef = rer, Riv— RfTJCv and let 0/, , be the cut-off func-
tion as defined in . Since e; € Vf, we define 21 = (I — [H)Ih(ng+2ef) as
in Lemma, and note that suppz C Q\ wg(T). Thus, due to the fact that
supp RY e ﬂ supp z!' = () and ([{.1)), we have

B(RI'v — Rf &Us Ze ) B(Rlv,2T) = B(v, 21 = 0.
Using this and the bounds we derive

(4.15)
||Vef||2L2(Q) < Croa 'Bles, er) = Croa™! Z B(R{v— R{ v, er)
Te€Ta
= Coa™! Z B(Rfv — Rfj:ku er — 2z71).
Te€Ta
< CkO\/Ba_l Z ”R?'U - R kv”B(Q ”v(ef — Ze )||L2(Wk+2(T))
Te€TH

Now, we use Cauchy-Schwarz inequality for sums and Lemma to get

(416) > 1R v = Ryolls@IV(er = 20 Latonra )

TGTH
1/2 1/2
0177( Z ”RfU_Rg:kUHQB(Q)> ( Z Hvef”QLz(warg(T)))
TET TeETH
1/2
< C Ok 3 IRFv = Rlollhe)) Vel
TET

In the last inequality we have used the total number of patches overlapping
an element 7' is bounded by C’f’)kd/ 2 where C; is a constant depending on the
shape regularity of the mesh.

64



Localization

It remains to bound ||Rf v — R}, v||p(q). For this purpose we define z, =
(I —Ig)Zn(nf RTv) as in Lemma Recall that R v — z, € Vi(wi(T)). Now,
we use Galerkin orthogonality to derive

|Rf v — R{ vl < IRf v —wlpq), Yw e Vi(wi(T)).
Thus, with w = Rf'v — 2, € V(wi(T)) we have
IRTv — REwlls) < 2ol < VBIVZulla9) < VBIVZul La@\wr )

< C}/,'r]\/BHVREUHLKQ\wkfs)’
Using Lemma [£.3] we thus have

(4.17) IV(R v = RE )l a0y < CF v/ BO*IIV R vl 1,00
Combining (#.15)), [#.16)), and ([@.17)), concludes the proof. O

REMARK 4.5. Using the same techniques as in Lemma [£.3] and Lemma [£-]
we can prove (since the right hand side still has support only on a triangle
T € Ty) exponential decay also for the Neumann boundary correctors

_ B ﬂ B 1/2
IV(bf = bf )| o) < de/z@ka SV IT,) o veEVh
TETH

with @ as in Lemma [£.3]
We are now ready to prove Theorem |4.1

ProOOF OF THEOREM [£]l Recall that u, = ug n+9gn and ums k = Uo,ms &+
bt i + gn — Ry gn. Due to (3.1)) and (4.4)) we have the Galerkin orthogonality

B(uh — Ums, k> U) =0, Vve Vms,kv
which implies
[un — ums,k |5 < un — v —bek — gn + Rell)y, Y0 € Vins g

Let tms = U0 ms + be + gn — Regp, be the solution to (3.12)). Since ugms € Vins
and uo,ms,k € Vs, there exist vy, vy € Vi, such that

Uo,ms = VH — RtVE, Uomsk = VAL — R kVH k-
Using the Galerkin orthogonality with v = vy — Rf yvg € Vs, we have
lun — tms kllB) < llun — ve + Re gvr — be.. — gn + Rexanllse
< |lun — vir + Revy — bs — gn + Regnlls) + | Resvn — Revallso)
+ [|be — bellse)y + || Rekegn — Regnlls@))s
From in Lemma we have
|un — vi + Rever — be — g + Regn |5y = lun — ums|50)

< CpCro/VaH | fllL, @),
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and due to Lemma and (4.1) we have
Rt wvrr — Reve By < BIV(Resvr — Reva)|17,0
< OB Ja’k6% Z ||VRfTUH||2L2(Q)
TETH
< CB% /oK% Y Vo,
TETH
= CB% k0% | Vuu |17, )
Now, since ug ms satisfies (3.12) we deduce the stability estimate

[wo,msll @) < CL/Va(lfll o) + 1l narn)) + 1050 + 1lgn — Regnllsey)
< C/Va(||fllLy@) + bl oy + Vallgnlls@)),

where we have used stability derived from (3.11]) and (3.8]) in the last inequality.
Hence, using that Iy Revy = 0 and the stability of Iy (3.6]), we get

IVva L, = IVIg(ve — Revr)|lL, @) < CllVuoms|l z. @)
< C/Vallugmsllae) < ClalllfllL.@) + 10llL,my) + Valgnllsw))-
Similarly, we deduce the bounds
bk — bell By < CB% /R0 >~ IVH (17, 0

TETH
TN n#0

< CB a0 b7, )
IRt kgn — Regnlay < CB° /K67 > VR gul} 0
TeTa
< CB° o’ k10%" | gl q)-
Thus we have
IV (un = tms k) | Lo (2) < Cro/Vellun — tms k|l B
< CfaH | f|l o) + CV B[k 205(|| fl Loy + Bl La(rn) + Vallgnllse)-

The proof is now complete. O

REMARK 4.6. To achieve linear convergence in Theorem the size of
the patches for the localization should be chosen proportional to log H™!, i.e.
k = clog(H ') for some constant c.

5. Numerical Experiment

In this section we perform two numerical experiments to test the conver-
gence rate obtained in Theorem The first experiment shows that linear
convergence is obtained, in the H!'-norm, for a problem with multiscale data.
The second experiment shows that the locking effect is reduced for a problem
with high value of A\. We refer to [10] for a discussion on how to implement this
type of generalized finite elements efficiently.
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Numerical Experiment

We consider an isotropic medium, see Remark on the unit square in
R2. Recall that the stress tensor in the isotropic case takes the form

o(u) = 2ue(u) + MV -u)l,

where p and A are the Lamé coefficients. For simplicity we consider only homo-
geneous Dirichlet boundary conditions, that is, I'p = 02 and g = 0. The body
forces are set to f = [1 1]T.

In the first experiment, we test the convergence on two different setups
for the Lamé coefficients, one with multiscale features, and one with constant
coefficients © = A = 1. For the problem with multiscale features we choose u
and A to be discontinuous on a Cartesian grid of size 27°. The values at the
cells are chosen randomly between 0.1 and 10. The resulting coefficients are
shown in Figure [

(A) Lamé coefficient (B) Lamé coefficient A

FIGURE 4. Lamé coefficients with multiscale features.

For the numerical approximations we discretize the domain with a uniform
triangulation. The reference solution uy in is computed using a mesh of
size h = /2 - 276, which is small enough to resolve the multiscale coefficients
in Figure El The generalized finite element (GFEM) solution in is com-
puted on several meshes of decreasing size, H = /2 - 271 ...,y/2 - 2% with
k = 1,1,2,2,3, which corresponds to k = [0.8log H~']. These solutions are
compared to the reference solution. For comparison we also compute the clas-
sical piecewise linear finite element (P1-FEM) solution on the meshes of size
H =+/2-271,...,4/2-27°. The error is computed using the H' semi-norm ||V - ||
and plotted in Figure 5]

In Figure[5] we see that both methods, as expected, show linear convergence
for the problem with constant coefficients. For the problem with multiscale
coefficients we clearly see the advantages with the generalized finite element
method, which shows linear convergence also in this case, while the classical
finite element shows far from optimal convergence.
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.
107 10° 100 107 107 10°
H H

(A) Constant coefficients 4 =X =1.  (B) Multiscale coefficients, see Figure

FIGURE 5. Relative errors using GFEM (blue o) and P1-FEM
(red x) for the linear elasticity problem plotted against the
mesh size H. The dashed line is H.

For the second experiment we aim to test the locking effect. We consider a
problem from [6]. The domain is set to the unit square = [0,1] x [0,1] and
gp = 0 on the boundary I'p = 0. Furthermore, with ;4 = 1 and the right
hand side f = [f1 f2]T chosen as

fi=m2 (4 sin(2my)(—1 + 2 cos(2nx)) — cosm(x + y) + 1 i S sin(mx) sin(wy)),
fo=m2 (4 sin(27y) (1 — 2 cos(2mx)) — cosm(z + y) + 1 i 3 sin(mz) sin(7ry))7

the exact solution u = [u; us]T is given by

uy = sin(27y)(—1 + 2 cos(2mx)) + sin(mz) sin(7y),

b
1+ A
ug = sin(27y)(1 — 2 cos(2mx)) +

T _|1_ 3 sin(7z) sin(my).

In this experiment we let A = 103. The discretization of the domain remain the
same as in our first example, but the size of the reference mesh is set to h =
V2277 which is sufficiently small for uy, to be a relatively good approximation,
since h < 1/ V/A. Indeed, using the knowledge of the exact solution we have
IV (Zn(w) = un) || L, ) /I VIh(w) || L, (0) = 0.15, where 7), is the Lagrangian nodal
interpolation onto V.

The GFEM and the classical P1-FEM solutions are computed for the val-
ues H = v/2-271 ...,4/2-276. The localization parameter is chosen to be
k = 1,1,2,2,3,4 which corresponds to k = [0.8log H~']. The numerical ap-
proximations ums ; and ug are compared to the reference solution u; and the
error is computed using the H'-seminorm. The relative errors are plotted in
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Figure [} Clearly, the classical finite element method suffers from locking ef-
fects for the coarser mesh sizes. However, the generalized finite element solution
shows linear convergence, that is, no locking effect is noted.

10°

107

107}

1075
10

.
107"
H

FIGURE 6. Relative errors for the locking problem using
GFEM (blue o) and P1-FEM (red *) plotted against the mesh
size H. The dashed line is H.
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A generalized finite element method for linear
thermoelasticity

AXEL MALQVIST"'2 AND ANNA PERSSON!

ABSTRACT. We propose and analyze a generalized finite element method
designed for linear quasistatic thermoelastic systems with spatial multi-
scale coefficients. The method is based on the local orthogonal decompo-
sition technique introduced by Malqvist and Peterseim in [I8]. We prove
convergence of optimal order, independent of the derivatives of the coef-
ficients, in the spatial H'-norm. The theoretical results are confirmed by
numerical examples.

1. Introduction

In many applications the expansion and contraction of a material exposed
to temperature changes are of great importance. To model this phenomenon a
system consisting of an elasticity equation describing the displacement coupled
with an equation for the temperature is used, see, e.g., [6]. The full system
consists of a hyperbolic elasticity equation coupled with a parabolic equation
for the temperature, see [§] for a comprehensive treatment of this formulation.
If the inertia effects are negligible, the hyperbolic term in the elasticity equation
can be removed. This leads to an elliptic-parabolic system, often referred to as
quasistatic. This formulation is discussed in, for instance, [22) 24]. In some
settings it is justified to also remove the parabolic term, which leads to an
elliptic-elliptic system, see, e.g., [22, [24]. Since the thermoelastic problem is
formally equivalent to the system describing poroelasticity, several papers on
this equation are also relevant, see, e.g., [ [25].

In this paper we study the quasistatic case. Existence and uniqueness of a
solution to this system are discussed in [22] within the framework of linear de-
generate evolution equations in Hilbert spaces. It is also shown that this system
is essentially of parabolic type. Existence and uniqueness are also treated in
[24] (only two-dimensional problems) and in [23] 21] some results on the ther-
moelastic contact problem are presented. The classical finite element method
for the thermoelastic system is analyzed in [I0, [24], where convergence rates of
optimal order are derived for problems with solution in H? or higher.

When the elastic medium of interest is strongly heterogeneous, like com-
posite materials, the coefficients are highly varying and oscillating. Commonly,
such coefficients are said to have multiscale features. For these problems clas-
sical polynomial finite elements, as in [10} 24], fail to approximate the solution
well unless the mesh width resolves the data variations. This is due to the fact
that a priori bounds of the error depend on (at least) the spatial H2-norm of the
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solution. Since this norm depends on the derivative of the diffusion coefficient,
it is of order e~ ! if the coefficient oscillates with frequency e~*. To overcome
this difficulty, several numerical methods have been proposed, see for instance
[, 3, 11} 18, [14].

In this paper we suggest a generalized finite element method based on the
techniques introduced in [I8], often referred to as local orthogonal decomposition.
This method builds on ideas from the variational multiscale method [14] [15],
where the solution space is split into a coarse and a fine part. The coarse
space is modified such that the basis functions contain information from the
diffusion coefficient and have support on small patches. With this approach
the basis functions have good approximation properties locally. In [I8] the
technique is applied to elliptic problems with an arbitrary positive and bounded
diffusion coefficient. One of the main advantages is that no assumptions on scale
separation or periodicity of the coefficient are needed. Recently, this technique
has been applied to several other problems, for instance, semilinear elliptic
equations [12], boundary value problems [I1], eigenvalue problems [I7], linear
and semilinear parabolic equations [16], and the linear wave equation [].

The method we propose in this paper uses generalized finite element spaces
similar to those used [I8] and [I3], together with a correction building on the
ideas in [T} I5]. We prove convergence of optimal order that does not depend
on the derivatives of the coefficients. We emphasize that by avoiding these
derivatives, the a priori bound does not contain any constant of order e !,
although coeflicients are highly varying.

In Section [2] we formulate the problem of interest, in Section [3] we first recall
the classical finite element method for thermoelasticity and then we define the
new generalized finite element method. In Section [4] we perform a localization
of the basis functions and in Section [5] we analyze the error. Finally, in Section[6]
we present some numerical results.

2. Problem formulation

Let Q C R, d = 2,3, be a polygonal/polyhedral domain describing the
reference configuration of an elastic body. For a given time T > 0 we let
u: [0,T] x Q — R? denote the displacement field and @ : [0,7] x  — R the
temperature. To impose Dirichlet and Neumann boundary conditions, we let
I'y and I'y, denote two disjoint segments of the boundary such that I' := 902 =
I'Y, UT%. The segments '}, and I'}; are defined similarly.

We use (-,-) to denote the inner product in Ly(€2) and || - || for the cor-
responding norm. Let H'(£)) denote the classical Sobolev space with norm
HU||%{1(Q) = ||v]|? + ||[Vv||* and let H~!(Q) denote the dual space to H!. Fur-

thermore, we adopt the notation L,([0,7T]; X) for the Bochner space with the
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norm
T 1/p
V]l 0. m1:x) = (/0 o]l dt) , 1<p<oo,
191l Loe (0, 73;) = esssup [[v]|x,
0<t<T
where X is a Banach space equipped with the norm | - ||x. The notation

v € HY(0,T; X) is used to denote v,v € Lo(0,7;X). The dependence on the
interval [0,7] and the domain 2 is frequently suppressed and we write, for
instance, Lo(Lg) for Lo([0,T]; L2(2)). We also define the following subspaces
of H'

Vi={ve HQ) :v=00nT%}, VZ:={veH(Q):v=00nT%}.

Under the assumption that the displacement gradients are small, the (lin-
earized) strain tensor is given by

e(u) = %(Vu + VuT).

Assuming further that the material is isotropic, Hooke’s law gives the (total)
stress tensor, see e.g. [2I] and the references therein,

g =2pe(u) + MV -u)l —abl,

where I is the d-dimensional identity matrix, « is the thermal expansion coef-
ficient, and p and A are the so called Lamé coefficients given by

_ E \_ Ev
P=oa+wy " T arna-2v)

where F denotes Young’s elastic modulus and v denotes Poisson’s ratio. The
materials of interest are strongly heterogeneous which implies that o, p, and A
are rapidly varying in space.

The linear quasistatic thermoelastic problem takes the form

(2.1) =V (2ue(u) + AV -ul —abl)=f, in (0,T] x Q,
(2.2) -V -kVO+aV-u=g, in(0,T]xQ,
(2.3) u=0, in (0,7]x T},
(2.4) g-n=0, in(0,7]xT%.
(2.5) =0, on(0,T]xT%,
(2.6) VO-n=0, on (0,T]xTI%.
(

2.7) 6(0) = 6y, in €,

where k is the heat conductivity parameter, which is assumed to be rapidly
varying in space.

REMARK 2.1. For simplicity we have assumed homogeneous boundary data
(2.3)-(2.6). However, using techniques similar to the ones used in [I1] 3] the
analysis in this paper can be extended to non-homogeneous situations.
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AssuMPTIONS. We make the following assumptions on the data
(A1) K € Loo (9, R¥*?) symmetric,
K(z)v-v K(x)v-v

0 < ky:=essinf inf ———— 00> kg:=esssup sup
z€Q veRI\{0} V-V z€Q wveRd\{0} V'V

(A2) p, N\, € Lo (2, R), and

0 < py :=essinf p(z) < esssup pu(z) =: po < co.
zeQ zeQ

Similarly, the constants Aq, Ag, 1, and as are used to denote the cor-
responding upper and lower bounds for A and a.

(A3) f,f € Loo(L2),f € Leo(H™Y), g € Loo(La2), § € Loo(H™1), and 6y €
V2,

To pose a variational form we multiply the equations and with
test functions from V! and V2 and using Green’s formula together with the
boundary conditions — we arrive at the following weak formulation
[10]. Find u(t,-) € V! and 0(¢t,-) € V2, such that,

(2.8) (o(u) : e(v1)) — (@0, V -v1) = (f,v1), Vv €V
(2.9) (0,v2) + (KVO, V) + (aV -, v2) = (g,v2), Yug € V2,
and the initial value 0(0, -) = 6, is satisfied. Here we use o to denote the effective
stress tensor o(u) := 2ue(u) + A(V-u)I and we use : to denote the Frobenius in-

ner product of matrices. Using Korn’s inequality we have the following bounds,
see, e.g., [T,

(2.10) collvr | < (a(v1) : e(v1)) < Cpllvr |3, Vo, € V?

where ¢, (resp. C,) depends on py (resp. pg and Ag). Similarly, there are
constants ¢, (resp. C,;) depending on the bound k; (resp. x2) such that

(2.11) c,{||v2||§{1 < (kVg, Vug) < C,{H/UQH?'_Il, Yoe € V2.

Furthermore, we use the following notation for the energy norms induced by
the bilinear forms

||U1H§ = (o(v1) : e(v1)), v1 € VY, ||112Hi = (kVuaVy), vy € V?

Existence and uniqueness of a solution to (2.8)-(2.9) have been proved in
[22, 24]. There are also some papers on the solution to contact problems, see
2, 23].

THEOREM 2.2. Assume that hold and that 99 is sufficiently
smooth. Then there exist u and @ such that u € Lo(V?Y), V- u € Ly(H™Y),
0 € Ly(V?), and 0 € Ly(H™1) satisfying (2.8)-(2.9) and the initial condition
6(0,-) = by.

REMARK 2.3. We remark that the equations (2.1)-(2.7) also describe a

poroelastic system. In this case 6 denotes the fluid pressure, x the permeability
and viscosity of the fluid.
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3. Numerical approximation

In this section is we first recall some properties of the classical finite element
method for -. In subsection we propose a new numerical method
built on the ideas from [I8]. The localization of this method is treated in
Section (4l

3.1. Classical finite element. First, we need to define appropriate finite
element spaces. For this purpose we let {7 }r~0 be a family of shape regular
triangulations of 2 with the mesh size hy := diam(K), for K € Tj,. Further-
more, we denote the largest diameter in the triangulation by h := maxge7, hx.
We now define the classical piecewise affine finite element spaces

Vi ={v e (C(Q)?:v=0o0nTY%,v|k is a polynomial of deg. < 1,VK € Ty},
V2 ={veC(Q):v=0o0nT%, vk is a polynomial of deg. < 1,YK € T}.

For the discretization in time we consider, for simplicity, a uniform time
step 7 such that ¢, = nt for n € {0,1,..., N} and N7 =T.

REMARK 3.1. The classical linear elasticity equation can in some cases
suffer from locking effects when using continuous piecewise linear polynomials
in both spaces (P1-P1 elements). These typically occur if v is close to 1/2
(Poisson locking) or if the thickness of the domain is very small (shear locking).
In the coupled time-dependent problem locking can occur if 0 is neglected in
(2.2) and P1-P1 elements are used. The locking produces artificial oscillations
in the numerical approximation of the temperature (or pressure) for early time
steps. However, it shall be noted that in the case when 6 is not neglected, this
locking effect does not occur, see [20]. Thus, we consider a P1-P1 discretization
in this paper.

The classical finite element method with a backward Euler scheme in time
reads; for n € {1,..., N} find u! € V}! and 67 € V}?, such that

(3.1) (o(up) s e(v1)) = (@, V- 01) = (f",01), Yo €V,
(3.2) (9,07, v2) + (KVO), Vue) + (aV - Quuf,v2) = (¢",v2), Yvz € V2,

where 0,0 := (07 — 67'")/7 and similarly for d;u}. The right hand sides are
evaluated at time t,,, that is, f := f(t,) and g™ := g(t,,). Given initial data u}
and ¢} the system (3.1)-(3.2) is well posed [I0]. We assume that 6 € V;! is a
suitable approximation of 6y. For uY we note that u(0) is uniquely determined
by at t = 0, that is, »(0) fulfills the equation

(o(u(0)) : e(vy)) — (a907V ‘1) = (fo,vl), Yo, € V1,
and we thus define u?L S Vh1 to be the solution to
(3.3) (U(u%) ce(v)) — (a@%,v cvp) = (fo,vl), Yu, € Vhl.

The following theorem is a consequence of [I0, Theorem 3.1]. The conver-
gence rate is optimal for the two first norms. However, it is not optimal for the
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Ly-norm [|§™ — 67]|. In [I0] this is avoided by using second order continuous
piecewise polynomials for the displacement (P2-P1 elements). It is, however,
noted that the problem is still stable using P1-P1 elements. In this paper we
use P1-P1 elements and derive error bounds in the L. (H')-norm, of optimal
order, for both the displacement and the temperature.

THEOREM 3.2. Let (u,6) be the solution to (2.8)-(2.9) and {(u},07)}_,
be the solution to (3.1))-(3.2). Then for n € {1,..., N}

n 1/2
=il + (D2 7™ = 013 ) T+ 107 = 03 < Cen(h+ 7),
m=1
where C.—1 is of order ! if the material varies on a scale of size €.

Note that the constant involved in this error bound contains derivatives of
the coefficients. Hence, convergence only takes place when the mesh size h is
sufficiently small (h < €). Throughout this paper, it is assumed that h is small
enough and V;! and V2 are referred to as reference spaces for the solution. Sim-
ilarly, uj and 60} are referred to as reference solutions. In Section this solution
is compared with the generalized finite element solution. We emphasize that
the generalized finite element solution is computed in spaces of lower dimension
and hence not as computationally expensive.

In the following theorem we prove some regularity results for the finite
element solution.

THEOREM 3.3. Let {ul}Y_, and {7}, be the solution to (3.1))-(3.2).
Then the following bound holds

n . 1/2 n . 1/2
B4 (ol )+ (X rIa0) T+ 103
i=1 i=1

< C9llzne(za) + Il Locir—1) + 1051 10)
If 9 = 0, then for n € {1,...,N}

n

_ _ . 1/2
(3:5) 1Bwuillis + 10071 + (D 70013 )

j=1

< O(I9 Lo L2y + 190l e (1) + Hf”Loo(H*l) + ||]E||LOO(H*1))~
If f=0and g =0, then for n € {1,..., N}
(3.6) 10wl i + 00711 + 2/ 21007z < CtM 21091 1

PrOOF. From (3.1))-(3.2)) and the initial data (3.3]) we deduce that the fol-
lowing relation must hold for n > 1

(3.7 (o(Opu}) < e(v1)) — (OO, V - v1) = (Oef™,v1), Yo € V3!,
(3.8)  (0:0),v2) + (KVO), Vua) + (aV - dyu}t, v2) = (9", v2), Yo, € V2.
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By choosing v; = 5tu2 and vy = 5}9}: and adding the resulting equations we
have

Cog.n L5 n n 9 on n a fn
(3.9) 10 llFn + 10051 + (vV05, VO.0;) < CClg™I* + 10" [[7-+).

Note that the coupling terms cancel. By using Cauchy-Schwarz and Young’s
inequality we can bound

n q gn n n n— 1 n 1 n—
(kYO VO0y) = || 2V0|P = (kYO VO > S|I07]7 — SLZ o 2

Multiplying (3.9) by 7, summing over n, and using (2.10) gives

D o rlBeuy i + D T1005 17 + 10717 < D (g’ |I” + 197 17-1)
j=1 j=1 =1
+ O3l a1,

which is bounded by the right hand side in (3.4).
For the bound (3.5) we note that the following relation must hold for n > 2

(3.10) (0(Oul?) = e(v1)) — (002, V - v1) = (Opf™,v1), Vo1 € V3L,
(3.11) (9707, v2) + (KV OO0}, Vo) + (aV - Ofujt, va) = (9", v2), Vva € V2.
Now choose v1 = 5152“2 and vy = 5,502 and add the resulting equations to get
(0(Deup) : e(FFup)) + (9763, 0:07) + (kV 0,65, V0,67
= (0uf", 0Fupy) + (Deg™, 0:6}).
Multiplying by 7 and using Cauchy-Schwarz and Young’s inequality gives
SIBRI + SUBORI + CrIBsg I < 5180517 + 5182
+7(0e f", O up) + Cllog™ 1 F-1-

Summing over n and using (2.10)) now gives

n
1BeufilF + 108311 + D 7ll0wb] I3 < C(H@uillip + 2.6,

j=2
+ (@t 0ud) + 190 3 ).
j=2

Here we use summation by parts to get

ZT(gtfj»étQUi) = (0f", Opupy) — DS, puy,) — T(gffjagtuifl)
Jj=2 j=2
< 0 10+ ZTnanﬂnH ) s 13,

and max; <j<y, [|8yul || g1 can now be kicked to the left hand side.
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To estimate 5&% and (_9tu}b we choose v1 = 5tu,1l and vy = 5,59,11 in (3.7)-(3.8)
for n = 1. We thus have, since 92 =0,

10y 170 + 1100511 + %H@;ﬂl?p < CUOS N7 + g 1?)-
The observation that 2|6} %, = 7(|0,0}||%, completes the bound (3.5).
Now assume f = 0 and g = 0 and note that the following holds for n > 2,
(0(OFuft) s e(v1)) — (@020, V -v1) =0, Yo, €V},
(0207, v9) + (KV D07, Vvg) + (aV - O2uf,v9) =0, Vug € Vi2.
Choosing vy = d2u}, va = 0207 and adding the resulting equations gives
(0(0fup) : (0 uy)) + (9705, 070%) + (kN O, VOFO}) = 0,
where, again, the coupling terms cancel. The two first terms on the left hand

side are positive and can thus be ignored. Multiplying by 7 and t2 gives after
using Cauchy-Schwarz and Young’s inequality

tall00R 1% < th 11100, M % + (8 — D076, 712

n—1

Note that t2 —t2_; < 37t,_1, where we use that ¢,, < 2t,_1 if n > 2. Summing
over n now gives

n
00517 < 1004112 +3>_ 7t;1110:67 7.
=2

To bound the last sum we choose vy = dfuy, vo = 9,07 in ([B-10)-(3.11), now
with f =0 and g = 0. Adding the resulting equations gives

(OF0%,0:07) + (kN OO}, VOO + (0 (Dpuy) « €(DFup)) = 0,
Multiplying by 7 and t,, gives after using Cauchy-Schwarz inequality

b = T -
illatuﬁl\i + *”Ilat 12+ cuttn |00 |7

t 1 145 gn— To= ._ T o
e L 1 A B e A Y I

Summing over n and using (2.10) thus gives

n
||6t P+ DTt 10603

=2

n

Bk s+ H3t9h||2+02 (19, 10 + 110:63"11%).-

j=2

<Ct1

To bound the last sum in this estimate we choose v, = 5tuﬁ7 Vg = 5,592 in

(13.7)-(3.8) and multiply by 7 to get

= = 1 1, e
coTl| B 5 + TIOORI* + SIORIIE < 510511
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Summing over n and using (2.11)) gives

- and a7 Cx n C&
(3.12) C Ym0 + 10ruf 1) + 107 17 < IR -
j=1
It remains to bound (|00} ||%1, t1]|0:0}]|%, and t;[|dyu} || 1. For this purpose
we recall that ¢t; = 7 and use (3.12)) for n = 1 to get
tol|Ocun i + till0e041* + t1110:0, 17
< C(r(10eunllF + 100411%) + 104117 + 163 117:) < ClIE°1F-

Finally, we have that

tallOrup |3 + tall G012 < CIO°NG, 2100115 < CllO° N,
and thus (3.6) follows. O

3.2. Generalized finite element. In this section we shall derive a gen-
eralized finite element method. First we define V}; and V7 analogously to V;!
and V}?, but with a larger mesh size H > h. In addition, we assume that the
family of triangulations {7x }g>p is quasi-uniform and that 7}, is a refinement
of Ty such that V4 € V! and V7 C V;2. Furthermore, we use the notation
N = N1 x N2 to denote the free nodes in Vi x V2. The aim is now to define
a new (multiscale) space with the same dimension as V} x V3, but with better
approximation properties. For this purpose we define an interpolation operator
Iy = (I}, 1%) : V}} x V2 — VA x V2 with the property that Iy o Iy = Iy and
for all v = (v1,v2) € V}! x V2

(313)  Hi'llv = Inv|| oy + IV Im0] Loy < Crll VOl Ly(wr)s VK € Ta,
where

wg :=int {K € Ty : KNK # 0}.
Since the mesh is assumed to be shape regular, the estimates in are also
global, i.e.,
(3.14) H o — Igol| + [V Lol < €190,
where C' is a constant depending on the shape regularity parameter, v > 0;
diam Bg
diam K

where By is the largest ball contained in K.

One example of an interpolation that satisfies the above assumptions is
I, = F% ollYy, i = 1,2. Here II%; denotes the piecewise Lo-projection onto
P(Tu) (Pi(Ty)? if i = 1), the space of functions that are affine on each triangle
K € Ty. Furthermore, E} is an averaging operator mapping (P;(7z))? into
Vi, by (coordinate wise)

1,5 _ j < i<
(EH (’U))(Z) card{K c TH Cac K} KeTiH:ZGK/U |K(Z)7 1 =)= d7

(3.15) v = max Yk, with yx = , for K € Ty,
H

KeTs
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where 2 € N'. E?% mapping P}; to V32 is defined similarly. For a further
discussion on this interpolation and other available options we refer to [19].
Let us now define the kernels of I}, and I%

Vii={veV! Ihv=0}, V?:={veV?: I{v=0}

The kernels are fine scale spaces in the sense that they contain all features that
are not captured by the (coarse) finite element spaces V5 and V3A. Note that
the interpolation leads to the splits V;! = VA @ V}! and V2 = V2 @ V{2, meaning
that any function vy € Vh1 can be uniquely decomposed as vq = v, g +v1¢, with
v1,H € Vﬁ and vy 5 € Vfl, and similarly for vy € th.

Now, we introduce a Ritz projection onto the fine scale spaces. For this we
use the bilinear forms associated with the diffusion in —. The projection
of interest is thus Re : V;! x V;2 — V! x V2, such that for all (v1,v2) € Vil x V2,
R¢(v1,v2) = (Rfv1, Rivy) fulfills

(3.16) (o(vy — Rfvy) e(wy)) =0, Yw; € Vi,
(3.17) (kV(vy — R?v3), Vwy) =0, VYws € V{2

Note that this is an uncoupled system and R} and R% are classical Ritz projec-
tions.

For any (v1,vs) € V;! x V2 we have, due to the splits of the spaces V}! and
V;? above, that

’Ul—Rl}’Ul :’ULH—RflULH, 'UQ_R%’UQZUQ’H_R%’U27H.
Using this we define the multiscale spaces
(3.18) Vii={v-—Riv:iveVi}, V2 :={v-Riv:veVi}

Clearly V1, x V2, has the same dimension as V}; x V2. Indeed, with A} denoting

the hat function in V}; at node x and A2 the hat function in Vj at node y, such
that

Vi x Vi = span{(A;,0), (0,X3) : (z,y) € N},
a basis for V.1 x V2_ is given by
(3.19) {0 = RiA,0),(0,X) — REX) : (z,y) € N

Finally, we also note that the splits V! = V1. @ V}! and V2 = V2, & V}?
hold, which fulfill the following orthogonality relation

(3.20) (o(vy) s e(wy) =0, Vo, € Vi, wy € Vi,
(3.21) (kVvg, Vwg) =0, Vg € V2, wy € V7
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3.2.1. Stationary problem. For the error analysis in Section [5] it is con-
venient to define the Ritz projection onto the multiscale space using the bi-
linear form given by the stationary version of (2.8)-(2.9). We thus define
Rus : VI x V2 = VI x V2 such that for all (vi,v2) € V! X V2, Rps(v1,v2) =
(RY (vl,vg) R2 v2) fulﬁlls
(3.22)

(o0(vy — RE(v1,v2)) s e(wy)) — (a(vg — REv2),V -wi) =0, Vwy € VL,
(3.23) (KV (v — R2,02), Vws) =0, Vws € V2.
Note that we must have R2 =1 — R? but R., # I — R} in general.

The Ritz projection in (3.22))-(3.23) is upper triangular. Hence, when solv-
ing for R} (vi,vs) the term (aRZ v,V - wy) in (3.23) is known. Since this
term has multiscale features and appears on the right hand side, we impose a
correction on R} (v1,v7) inspired by the ideas in [I1] and [I5]. The correction
is defined as the element R;vo € Vfl, which fulfills

(3.24) (o(Rsva) : e(w1)) = (@R: 09,V - w1), Yy € Vi,
and we define RL (v1,v) = RL (v1,v2) + Ryvs.
Note that the Ritz projections are stable in the sense that
(325)  [|Rins(vi,v2) i < Cllorllms + [lvallan), || Rinsvellan < Cloal|a

REMARK 3.4. The problem to find Ryvy is posed in the entire fine scale
space and is thus computationally expensive to solve. The aim is to localize
these computations to smaller patches of coarse elements, see Section [4]

To derive error bounds for this projection we define two operators A; :
Vi x V2= V!l and Ay : V2 — V2 such that for all (v1,v2) € V;! x V2 we have

(3.26) (A1 (v1,v9),w1) = (o(v1) : e(wy)) — (aws, V -wy), Yw;, € V3,

(3.27) (Agvo, wz) = (KVwg, Vwy), VYwy € V2.
LEMMA 3.5. For all (v1,v2) € V}! x V2 it holds that
(3.28) o1 = Ris (o1, 09) || < C(H | Ar(v1,v2) || + [[va = Riygval)
< CH(||Ax(v1, v2) || + [Jv2][m1),
(3.29) vy = Ry vl < CHJ|Agvsl|.

PrROOF. It follows from [I8] that (3.29) holds, since (3.23]) is an elliptic
equation of Poisson type. Using an Aubin-Nitsche duality argument as in, e.g.,
[16], we can derive the following estimate in the Ls-norm

[va = Rigval| < CH|lva — Riygva|| i < CH v a1,

which proves the second inequality in (3.28]).
It remains to bound ||v; — RL(v1,v2)|| 1. Recall that any v € V;! can be
decomposed as

v=uv— R{v+ Riv= (I - R})v+ Rjv,
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where (I — R})v € V,L,. Using the orthogonality (3.20) and that (o(-) : €(-)) is
a symmetric bilinear form we get

(0(Rhs(v1,02)) : €(v)) = (0(Rh(v1,v2) + Reva) : e((I — Rf v + Riv))
= (0(Ry(v1,02)) s (I = R})v)) + (a(Rrva) : e(Rfv)).
Due to and we thus have
(0(Ris(v1,02)) (I = Rf)v)) + (0(Rpvs) : (Rfv))
= (o(v1) : e((I = Rf)v)) = (a(va = Rgv2), V- (I = Rf)v)
+ (aR?% 3,V - R{v)
= (Ai(v1,v2), (I = R})v) + (aR2 02,V - v).

Define e := v1 — R}ns(vl, va). Using the above relation together with ([3.26]) we
get the bound

colleln < (o(e) 1 e(e) = (o(v1) : () — (Ar(v1,v2), (I — Ri)e)
— (aR% 03,V - ¢)

= (Ai(v1,v2), Rie) + (a(va — Rav2), V - €)

< [Aw(vr, v2)ll| Riell + Cllva — REcva|lllell s
Since Rje € V{* we have due to

|IRtel = |[Rie — I} Rie| < CH|Rie|lm < CHlle

where we have used the stability ||Riv|[g < Cljv||z for v € V;!. The first
inequality in now follows. ]

REMARK 3.6. Without the correction Ry the error bound (3.28) would
depend on the derivatives of «,

[v1 = Rins (1, 02)l| i1 < Cor (H [ A (01, 02) || + [Joz — RE w2,
where o' is large if o has multiscale features.

3.2.2. Time-dependent problem. A generalized finite element method with
a backward Euler discretization in time is now defined by replacing V;! with

Vi and V2 with V2, in (3.1)-(3-2) and adding a correction similar to ([3.24).
The method thus reads; for n € {1, ..., N} find 4%, = u? +ul, with u?, € V,}

ms?

uf € Vi, and 07, € V.2, such that

(3.30) (o(@™y) s e(v1)) — (ab™, V -v1) = (f",v1), Vo, € VL,
(3.31) (040, v2) + (KVOL,, Vo) + (V- Oyplipng, v2) = (g, v2), Vva € V2,
(3.32) (o(uf) :e(wr)) — (@b} s, V- wy) =0, Yw; € Vi

where 00, = R2 09. Furthermore, we define @9 := u%  +uf, where uf € V{! is

defined by (3.32)) for n = 0 and v € VL., such that

(3.33) (o(@ly) s e(v1)) — (@0, V -v1) = (% v1), Yo, € V..
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LEMMA 3.7. The problem (3.30))-(3.31]) is well-posed.
PROOF. Given u™!, 7-' and u?_l, the equations (3.30)-(3.32) yields

ms ms

a square system. Hence, 1t is sufficient to prove that the solution is unique.

Let v; = u?, —u";! in and vy = 767 in (3.31) and add the resulting

equations to get
(0 (upms) * e(ug — ung 1)) + (0 (uf) = e(upg — ups™)) + (08, 01
+ et |0sllin + @V - (uf —uf ™), O k)
< (" Ui — U ) +7(9" 0.
Using the orthogonality (3.20) and (| - ) this simplifies to
(0 (ums) © €(uppg — uns ') +T(3t ss Oms) + enT 00170 + colluf |7
< (" Ut — Ui ') +7(9" Oing) + (o (uf) s e(uf ™).

Now, using that (o(:) : £(+)) is a symmetric bilinear form we get the following
identity

(3.34) (o(v) re(v—w)) = %(o(v) ce(v)) + %(O’(U —w):e(v—w))
— (o) s cw)),

and using Cauchy-Schwarz and Young’s inequality we derive
- 1 - -
(fn’ ugls - uglsl) < Can”H*l + i(o(ug‘ls - Uﬁlsl) : E(ugls - ugsl))'
This, together with the estimate 7(0,0, 07,) > $[167]|>— 3 [0751[|? and (2.10),
leads to

c 1
§IIUESII%1 + leﬂmsl\2 |03 + 2 ||uf 1%
<Cf™MF- +7llg™1? + ||9” P s I+ lug = F0)-

Hence, a unique solution exists. O

4. Localization

In this section we show how to truncate the basis functions, which is moti-
vated by the exponential decay of (3.9). We consider a localization inspired by
the one proposed in [I1], which is performed by restricting the fine scale space
to patches of coarse elements defined by the following; for K € Ty

wo(K) :=int K,
wk(K)::int(U{KGTH KNwr_1(K w1 (K) #0}), k=1,2,..
Now let Vi (wi(K)) := {v € V{* 1 v(2) = 0 on (Q\I'%)\wk(K)} be the restriction
of Vi to the patch wy(T"). We define V2 (wy(K)) similarly.
The localized fine scale space can now be used to approximate the fine scale

part of the basis functions in (3.9), which significantly reduces the computational
cost for these problems. Let (-, ),, denote the Ls inner product over a subdomain
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w C  and define the local Ritz projection Rf{(k c VEx V2 = Vil (wi(K)) x
Vi (wi(K)) such that for all (vy,vs) € V}! x V2, Rf’(k(vl,vg) = (Rfélvl, Rf,;zvl
fulfills

41) (o (Rf(;;lvl) te(wi)w () = (0(v1) s e(wr))k, Vi € Vi (wi(K)),
(4.2) (kV(RE £ *vy), Vws)w () = (kVv2, Vwa) g,  Vws € Vi (wi(K)).
Note that if we replace wy (Kz with Q in — and denote the resulting

projection RE (v1,v2) = (Rf( vl,Rf(’zvg), then for all (vi,ve) € Vil x V;2 we
have

K1 K2
t(v1,v2) E Rf v1,U2) E (Ry w1, Ry “ug).
KeTy KeTu

Motivated by this we now define the localized fine scale projection as
(43) Rf k ’Ul, ’U2 z Rf L ’Ul, ’UQ Z (joél’()l, Rf,(’fvz),
KeTu KeTny

and the localized multiscale spaces
(44) Vier={vi = R v € Vi), Viigy = {v2 — Rf yva 1 v2 € Viz},
with the corresponding localized basis

(45) {(Azlx - R%,k/\rvo)a (0’ )‘32/ - R%,kAy) : (x,y) € N}

4.1. Stationary problem In this section we define a localized version of
the stationary problem ([3.22)-(3.23). Let Rugyx : Vi x V2 — Visr X Vi

ms,k?
such that for all (vy,v9) € Vh X V2, Runs i (v1,02) = (erns,k(vlav2)vas,kU2)
The method now reads; find

ernsyk('l}l,’l]z) = Rﬂnsyk(vl,vg) + Z Rf[fkvg, where Rf[fkvg € Vfl(wk(K)),
KeTu

and ansykvg such that
(0(v1 — Rl 1 (01,02)) : £(wy))
(4.6) — (a(ve — ans,kvg), V-w)=0, Vw € Vnﬁs’k,
(4.7) (KV(v2 — Rp 2), Vwg) =0, Vs € V2 1.
(4.8) (J(Rf{{kvg) ce(w)) — (aRis7kv2, V-w)g =0, Ywe Vi (wp(K)).
Note that the Ritz projection is stable in the sense that
(4.9) Rl r(wi,v2)llm < Clllorllm + llo2llmn), 1R g2l < Clloalla.

The following two lemmas give a bound on the error introduced by the
localization.
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LEMMA 4.1. For all (v1,vs) € V}! x V2, there exists £ € (0,1), such that

(4.10) IR gv1 — Rivr |30 < CRAE N IR 0|3,
KeTy

(4.11) IR? vz — REva |30 < CRIEE > R 0a|3p,
KeTy

(4.12) |Re kv2 — RevaFn < CRIE > || R a7
KeTy

The bounds (4.10)-(4.11) are direct results from [13], while (4.12)) follows

by a slight modification of the right hand side. We omit the proof here.
The next lemma gives a bound for the localized Ritz projection.

LEMMA 4.2. For all (vi,vs) € V;} x V;2 there exist ¢ € (0,1) such that
(4.13)  [lor = Riyg (01, v2) [l < C(H + kY2E) (| A (v1, v2) | + [[va| 1),
(4.14) [vz — Rog wvall e < C(H + kY26%) | Agvs .

ProOOF. It follows from [II] that (4.14]) holds. To prove (4.13) we let vy €
Vi and vy i € Vi be elements such that

1 1 1 1
Rys(vi,v2) = vg — Revp, Ry p(v1,v2) = v e — B pvm k-

Define e := v; — ansyk(m,vz)- From (4.6)-(4.7) we get have the following
identity for any z € V}

ms,k

(o(e) :ee)) = (a(v2 — Ry v2), V - €)
=(o(e):e(vy —z— Rf,k’l)l)) — (a(vg — ans’kvg), V(v —z— Rﬁkﬂg)).
Using this with z = vy — Rf yum € V, , we get
CollellFn < (o(e) s e(e)) = (a(e) : e(v1 — v — Ri jom — Revr))
— (a(va — RE jv2), V « (01 —vg — R ypoi — Re )
+ (a(vg — ans,kvg), V-e).
Now, using Cauchy-Schwarz and Young’s inequality we get
el < C(llor — v = R jvm — Regvalfn + lva — Rig pv2]1?),
where the last term is bounded in . For the first term we get
vy —vm — Rfl,kUH - Rf,kv2||H1
< |lv1 — (vg — Rfvg + Reva) || + | Rive — R jvu || m
+ ||Rf’l)2 — J:Zf,kvzH%n
< Jo1 = Rips(vr,v2) s + | Rive = Ri gon|l s + || Reva — Rigval|an,
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where the first term on the right hand side is bounded in Lemma [3.5] For the
second term we use Lemma (.| to get

|Rfvey — R o3 < CRAF " IR ou 3 < CKE* > vall3n
KeTw KeTy

= Ck'¢* vy |3 = CKY¥ |1y (vi — Rivm) |3

= Ok || I Ry (v1, 02) I3 < CRUE™ || Ry (01, v2) [ 1
We can bound this further by using and , such that
[Ras(vrs v2) [ < C([Jor]l s + [zl 1) < C([| A1 (o1, 02)]] + [[oa]l0)-
Similar arguments, using Lemma and , prove
1Rev2 — Re poallie < CRV2E8 vz o,

and (4.13) follows. O

REMARK 4.3. To preserve linear convergence, the localization parameter
k should be chosen such that k = clog(H 1) for some constant ¢. With this
choice of k we get k%2¢F ~ H and we get linear convergence in Lemma

We note that the orthogonality relation (3.20)) does not hold when V.5  is
replaced by an]&k. However, we have that anl&k and Vf1 are almost orthogonal
in the sense that

(4.15) (0(v) s e(w)) < CKY2¥ || |wl| e, Vv € Vg w € V.
To prove this, note that v = vy — R;kak for some vy € VI_II, and

(0(v) : e(w)) = (o(vak — Rivag) : e(w)) + (o(Rfvek — R yvm i) : £(w))
= (o(Rfvmk — R yom k) : e(w))
< Co || Rtvr ke — Ri por il ||wl ar,

where we have used that vy, — Rfvgy € Vi, and the orthogonality (3.20).
Due to Lemma 1] we now have

IRfvr ke — R pom il < CRIEF > (IR om i
KeTu

< Ok Z [or 17 ()
KeTu

= Ck ' vy k|7 = Ck*€¥|| I (vi e — Ri yome) |7

= Ck*&F o3 < CEEF o3,

|2
Hl

and (4.15]) follows.
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4.2. Time-dependent problem A localized version of - - is
now defined by replacing V.1, with V.1 sk and V2, with V2, sk The method thus
reads; for n € {1,...,N} ﬁnd

K
ms kE — umsk + Z uf k' ) Wlth umsk € anls,k’ u;k € ‘/fl(wk(K))?

KeTu
and 0, € VmS > such that
(416) (O—(ﬂ‘&s k) 6(’[)1)) (aems k> = vl) = (fn, vl)v Yoy € Vrrlls,ka

(4.17)
(875 ms, ks U ) (Hvema k> VUQ)

(O‘V atums ks U ) (gnaUQ)’ Vg € Vans,k’

(4.18) (o(ufy) s e(wr)) = (abjp V- w1) i = 0, Yw, € Vit (wr(K)).
where 69 ans +0%. Furthermore, we define ﬂgls’ k= Uk + kT u(f),f( ,

where “?:k € Vi (wr(K)) is defined by (£.18) for n = 0 and uf),_, € V;i  such
that

(419) (O—(ﬂrons k) 6(1)1)) (agms k> = vl) = (fov Ul)v Yoy € Vrrlls,k
We also define uf') := > ey, uf . Note that for uf we have due to (3.32)
(o(uf') s e(wn)) — (a0, V- wy) =0, Yy € Vi

For the localized version uj'; this relation is not true. Instead, we prove the
following lemma.

LEMMA 4.4. For wy € V{, it holds that
(o (ufy) = e(wr)) = (@05 1 V - wi)| < CRY2ER|03 gl lwn |-
ProoF. Note that from we have
(4.20)  (o(ufy) s e(wn)) = (@b 1, V- wi)g =0, Vo € Vi (wi(K)).

This equation can be viewed as the localization of the following problem. Find
2P € Vi1, such that

(4.21) (o(2f') s e(wr1)) = (abhsp, V- w1) =0, Yw € Vi
Now, [13, Lemma 4.4] gives the bound

l2f = upgll3n < CRIEF > |l [13n
KeTu

where 2" = > gt 2™ such that
(o(z"™) s e(wy)) — (abpg 1,V -wi)x =0, Vuwy € Vi
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Using this we derive the bound

n n n,K n
(4.22) = —ufyllzn < CRUEF Y7 Nl 15 < ORUER Y 1100 il
KeTnu KeTu

= Cke¥ |05 1
Now, to prove the lemma we use (4.21) and Cauchy-Schwarz inequality to get

(o(ufy) s e(w1)) = (@bl i, V- i) = [(o(ufly — 2)  e(w))]

< Collugy = 2 flwn | -

Applying (4.22)) finishes the proof.

The proof can be modified slightly to show the following bound
(423) [(0(Bpufy)  e(wn)) = (Dbiig 1y V - wr)| < CRY2E 0030 g | || -

Also note that it follows, by choosing w1 = uf', and wy = (‘iugk respectively,
that

(4.24) [|us'y

< Ol kll, 0w il < CllOWR -

To prove that (4.16)-(4.18]) is well posed, we need the following condition
on the size of H.

AssuMPTIONS. We make the following assumption on the size of H.

(A4) H < min <45, Caieo | where Ce, is the constant in Lemma z4a

and Cy,¢ is the constant in the almost orthogonal property (4.15)).
LEMMA 4.5. Assuming the problem (|4.16)-(4.18]) is well-posed.

PROOF. This proof is similar the proof of Lemma but we need to
account for the lack of orthogonality and the fact that (3.32) is not satisfied.

Given uﬁ;}c, Gr’;;}w and u?gl =>k u?,;l’K, the equations (4.16])-(4.18)

yields a square system, so it is sufficient to prove that the solution is unique.

Choosing vi = up, , — ufn;i in (4.16) and vz = 767 ; in (4.17) and adding the
resulting equations we get

(0 (tums k) * €(Ums ke — u;ﬁ;k)) + (o (ufy) » e(ums p — u:i;i)) + T(gtegls,k7 s k)
+ enT)|07s 3 + (@ - (ufy, — uf e h), Ot 1)
< (fnv U’&s,k - u&;}c) + T(gn7 r?lch)'

Now, using (3.34) and

_ 1 _ _
(fna u?ns,k - u:Lns}g) < C(an”H*1 + i(g(uﬁls,k - uzls}c) : E(u?ns,k - u&s}c))
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together with the estimate (8,07 .., 0m ) = 5100 111 — 51100 11|, gives

ms,k

1
H upns llFr + ZH%S,kHQ + a0 il Fn + (o (ufy) + e(ulr)
(aV : u?kﬁ 91’?’13 k)

< ClIf 13- 1+*||g H2+7H okl + 5 ||0” L)12

ms,k
+ (o(ag'y) : E(U&}c)) + (V- “f,glv &s,k)'
Using Lemma we have
(V- ufy, O0n 1) = (@b i, V- ug'y) — (o(uf'y) = e(ury)) + (o(ufy) : e(uf'y))
= _‘(aems o Vo U?,k) (o (Uf k) (Uf W)+ colluf! k”Hl

_Ccokd/2€k”ugk”Hl ||0ms,k|| + CU”uf,kHHl .

V

Y

and the almost orthogonal property (4.15]) gives

(o (ufr) = euimg )| = —Corek™2E* [ |11 s el 2.

Now, using that k& should be chosen such that linear convergence is obtained,
see Remark that is k%2¢F ~ H, we conclude after using Young’s inequality
that

Cor . H 1 C H n
(?_ Ot )” ma k:”%]l +(8 = )Hems /c||2+c"fH9mS7kHzl
(Cco +Cort)H n
+ (- fnmn%p

< O™ F -+ 7lg" I + g il + 105 k17 + g 7).

where assumption [(A4)| guarantees that the coefficients are positive. Hence, a
unique solution exists. O

5. Error analysis

In this section we analyze the error of the generalized finite element method.
The results are based on assumption|(A4)| In the analysis we utilize the follow-
ing property, which is similar to Lemma [4.4]

LEMMA 5.1. Let 7, = Re 0} —uf,, and nf := R2_, 07 — 0" . Then, for
wy € Vfl, it holds that

(o) = e(wn)) — (g, V - wi)| < CRY2E g | | o

PROOF. The proof is similar to the proof of Lemma We omit the
details. ]

This can be modified slightly to show the following bound
(5.1) (0 (et : e(wr)) = (adeng, ¥ - wi)| < CKY2EX |05 | lfwn || a2
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Also note that it follows, by choosing w; = ey, and wy = été?’  Tespectively,
that

(5.2) &8kl < Cllugll, 110:eg sl < Cllowmg |-

THEOREM 5 2. Assume that |(A4)| holds. Let {uh}N L and {0730, be the

solutions to (3.1)-(3.2) and {an, 1o, and {00, 1AL, the solutions to (4.16))-
(4.18). For n € {1 » N} we have

lufy = g goll e+ 1167 = Ot ill i < CCH + K2 (gl nw 22) + 191l 1)
o) + 1 o) + 1)
+ 2000 ).
The proof of Theorem [5.2]is based on two lemmas.

LEMMA 5.3. Assume that 9 = 0 and|(A4)/holds. Let {u?})_; and {7},
be the solutions to (3.1)-(3.2)) and {ﬁle,k}Zl and {9315,1@}2[:1 the solutions to

(4.16])-(4.18). For n € {1,..., N} we have
[ ufy = s ol e+ 105 = Ot el < CCH + k2 (91| (2) + 19 Lo 1)
Lz + 1l (zay + 1 o))
PRrOOF. We divide the error into the terms
UZ - ﬂ?ns k= UZ - R}ns,k(u?}:?HZ) + erns,k(u;zveZ) - ms k= pu + nu’
eh ms,k — - ans,keg + R?ns,ke;; - egls,k = p0 + 770 .
We also adopt the following notation
é?,k = Rf,k‘);f - u?,ka Moy = Ty — é?,k = erns,k(UZve}Tf) - Ugls,k-
From (3.2)) it follows that
(kVO, Vvg) = (g™ — 0,05 — V - Opul,v2), Vug € V2,
so by Lemma [4.2] we have the bound
gl < C(H + k7€M || Pilg™ — 816} — V - By,
where P,f denotes the Lo-projection onto VhZ. Theorem now completes this
bound. Similarly, (3.1) gives
(J(’LLZ) : 5(’01)) - (OZGZ,V : vl) = (fn7vl)7 v’Ul S Vhl7
so, again, by Lemma [£.2] we get
175N e < CCH + K2 (L™ |+ 1165 a0,

which can be further bounded by using Theorem [3.3] To bound 7;; and 7 we
note that for v; € Vmb &

(5.3)  (o(iy) :e(v1)) — (amg, V- v1)
= (U(erns,k(uhveh)) e(v1)) — (aans,kGZ,V ~v1) = (f" 1)
= (o(uy) 1 e(v1)) = (b, V -v1) = (f",v1) =0,
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where we have used the Ritz projection (4 , and the equations (3.1)) and -
Similarly, for vy € V2 sk We have

(O, va) + (Vg , Vg) + (aV - 0, va)
= (O R2, kO, v2) + (KVRE 101, Vva) + (aV - O R 1 (uf, 07), v2)
— (9", v2)
= (=0pg,v2) + (—aV - Byfiy, v2)
For simplicity, we denote p" := pg + a'V - pi such that
(5.4) (Oimg,v2) + (KVng, Vug) + (aV - Oyifiy, v2) = (=0p™,v2), Vv € Viio i

Now, choose v1 = 5t773 and vy = ny and add the resulting equations. Note that
the coupling terms on the left hand side results in the term (aV - 9;éf;, ny).
We conclude that

(o () = €(@n)) + Deng g ) + (5, Vg ) = (=0up" 1) — (V- 0T i, ),
and by splitting the first term
(5.5) (o(ny) : €(@eny)) + (O mg) + (KVng, Vi)
= (=0u0" ) — (o(&f) : €(Oimy;)) — (aV - Dpeg g, my)-
Using Lemma [5.1] we can bound
(5.6)  —(aV -0ty ng) < |(aV - ety mg) — (0(Ey) : €(0réf )]
— (o(éfy) : e(Oeét's))
< CK2E |08 k| e g | — (o) : €(Dréts),
and the almost orthogonal property (4.15]) together with (5.2)) gives
(5.7)

—(o(@F) = e(@m) < CRY2EM| & s 1O |l < CRY2ER g 1106y | a2
Thus, multiplying (5.5) by 7 and using Cauchy-Schwarz and Young’s inequality
we get
Crllng 7 + 5 (||77u||2 FlIeflls = 15 = lleg i 15) + (H??Qll2 = [lng~1%)

< CT”atP 31+ CTRY2E* g 1119y | v + Hété?,k”Hl)v

where ||n7 || < Clnyllg: can be kicked to the left hand side. Summing over n
gives

CZTH%IIHHr (e +lleRsllz) + *||779||2

Co ~ - 5 5 5
< S lallzn +C D710 I + k(103 + 190 1)),

Jj=1
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where we have used that 778 = 0. Furthermore, we note that if #? = 0, then
Rt 109 = 0 and u?)k = 0. Hence, e?’k = 0. From (4.19) and (3.3) we have, if
92 = HPHS’,C =0, for v; € V!

ms, k>’

(0 (Ums ) s €(v1)) = (F%,01) = (o(up) : e(v1)) = (0(Rpns 1 (i, 0)) = £(v1)),

so also ) = 0.
~ To bound dpy and aV - 9;p) we note that due to (3.1) and (3.3)), dyu} and
0.0y satisfy the equation

(o (Opu}) < e(v1)) — (OO}, V - v1) = (Opf™,v1), Vo1 € Vi
Hence, by Lemma and the Aubin-Nitsche duality argument we have
(5.8) ||5tp§||H—1 < ||5tp§!|| <C(H+ kd/2£k)”gtp§”H1

< C(H + k72¢9)(10,07 || 1,

and for 0;p) we get
(5.9) oV - Byl

< ||V -0l < ClopLI e < CH + k) (0071 + 10065 | ear)-
Thus, using (2.10)), we arrive at the following bound

n

(5.10) > Tllmglizn + 7 + Iet ullz + g |
j=1

< C(H + k€5 Y "7 (10007 7 + 10:711%)
j=1

+ ORI ZT(IIémillfql + 1108 [17)
j=1
where we apply Theorem to the ﬁr_st sum on the right hand side. If we
can find an upper bound on 7, 7([|0im |13 + |9:¢¢ ;. |I7), then (5.10) gives
a bound for |7 [[m1 < ||l + [[€F g [lg:. This is done next, and we bound

lng |l at the same time. For this purpose, we choose vy = 5,:773 in (5.4) and
note that it follows from (5.3)) that

(5.11) (0(515773) : 5(515773)) - (0@773, V- 51?773) =0.

This also holds for n = 1 since 773 = 0 and 70 = 0. Thus, by adding the resulting
equations, we have

oD Fn + 10mg I” + (Vg , V Iy
= (=0up™, 0y ) — (o (Osety,) = €(Omyy)) — (aV - Dt s, Oemy)
< 0ep™ 110 || + Coxck™ X |0vep || 112 106y | 110
—(aV - 5,562,6, o)
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where we have used (4.15)). For the last term we use Lemma to achieve
—(aV - Oréf, Omg') < Cook2EM|0wef i | 10mmg | — (0(Bet ) - €(Drefr)).
Thus, we have
co(10em 1 + 10:EF k1 70) + 105 |1 + (xV, VOu)
< 110up™ 11e115 | + Corek™ " 10eF |l 111 |0ty 111
+ Cook 2 €¥(|0vet || 111 1 9emg |,
and using Young’s inequality we deduce

Cortkd/2£k (Cort + Cco)kd/zgk
2 2

Nomi | + (co — et 1)

1 Ccokd/ng

ST

where assumption |(A4)|guarantees that the coefficients are positive. Multiplying
by 7, using that 7(kVng, Vomg) > 1/2(|n5lls — m6~ " lx), and summing over
n we derive

(Ccr -

Mg |1 + (5, Vg ) < Clloep™ 1%,

> Bl 7+ 19ee 7 + 10 1%) + 15 17
j=1

n

< CZT||8tp]||2 < C(H + K72 (017 + 10607 11310),
.7 1 ]:1

where we have used that nJ = 0, the bound (2.11)), and (5.8)-(5.9). We can now
apply Theorem Thus, the lemma follows for [|0 — 0} ;[/z1. Moreover,

this bounds the last terms in (5.10]), which completes the proof. O

LEMMA 5.4. Assume that f = 0 and g = 0, and that [(A4)| holds. Let
{u 3N, and {67 }2_, be the solutions to the system (3.1)-(3-2) and {ﬁfﬁsk}g:l
and {07, . }7=; be the solutions to [A.16)-([@.18). For n € {1,..., N} we have

(5:12) i = e gl + 62107 = O illmr < CCH + K265 03 .
PROOF. As in the proof of Lemma we split the error into two parts
Uy = U e = Py + s O — O e = Pp + 705
where Lemma [4.2] and Theorem [3.3] gives
0§ e < CUH + kY2€0)|| = 0,03 = V- Opuiy]| < C(H + k268, 2)16] 11,
17l < CUH + k200311 < C(H + k25|03 -

Now, note that (5.4)) and (5.11)) holds also when f = 0 and g = 0. In particular,
(5.11)) holds also for n = 1 due to the definition of u?ns, . and u? in (4.19) and
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(3.3) respectively. By choosing ve = 5,5173 and adding the resulting equations
we derive

collOemi 3 + 10mi |1* + (kg Vomg ) + (0(0:éfy,) = €(Demyy))
+ (aV - 0iet'y,, Oimy ) < 0™ ||| Oemg |-

Recall p" = pj +aV-ppi. As in the proof of Lemma 5.3 we get from Lemma[5.2]
(V- 016y, Ompy) > —Ceok™ X (|07 |l mrr 10wy || + (0(Deéfy) = €(Deet ).
and from (4.15)

(0(& k) = €@emit)) > —Corck™ 2" 100t |l 1100 N a1

Hence, we have

Cort kd/ng
2

(Oort + Oco)kd/sz
2

(co = Mo 17+ (co — )|0cet |7
1 C«COkd/ng

+(5 -

S — S0 P + (5, Vi) < 19up” |,

and assumption guarantees that the coefficients are positive. Multiplying
by 72, using that ~(<Vg, Vamg) > 1/2(ngll2 — [ 2) and £ — 2_, <

n’ n—1
37ty—1, for n > 2, now give

2

_ _ - 12 to 1y e
Crtn(10emall7r + 102t 17 + 10 1) + ﬁl\n?lli - =5 Iy I

< Ot )|0ep" |1* + Ot Iy~ |3

Note that this inequality also holds for n = 1, since 773 = 0 (recall les,k =
R x07). Summing over n gives and using (2.11)

(5.13)
n . .
C ST 2(18m 130 + 10 N2 + 18 12) + et |11
j=1
n o n—1 ]
<CY 0|1 +C Y Ttslmglin
j=1 Jj=1

and since f™ = 0 and g" = 0, Lemma [£.2] and the Aubin-Nitsche trick as in
(5.8) together with Theorem give

(5.14) 1007 < HgtPé” + 0‘2||5tp{;HH1
< C(H + kY25 (0,0 | i1 + ||V - D |)
< C(H + k*2¢5) 5 10p |-
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To bound the last sum on the right hand side in (5.13) we choose v; = "
and v =7y in (5.4)) and (5.3) and add the resulting equations. This gives

(o(ny) = €(Dmyy)) + (Oemg,mg ) + (Vg , Vi)
= (—0p",mg) — (U(é?,k> 1e(0my,)) — (V- 8té}fk,ng),

where the use of (5.6) and (5.7) gives

(o(nw) : 2(0em) + (0(&) = €(0rery)) + (Omg,mg) + (Vg , V)
< 0™ g 1| + CE2E g 110’y e + N10ee sl ).

Multiplying by 7t,, and using that ¢, —t,_1 = 7 we get

t - tn—1 _ e
Crtn|lng |7 + 5”(”%7”5 + e lls) - o5 HIZ e tIz)
3 2 13 —1 —12
g =

< Ot (100" Wimgt | + k2" g 1 10y | a1 + 1ol 1)
+O(la = M5 + ler 15 + g~ 1)

< Ctrl|0ep"™ | + Cytp kI (10 17 + 110eeF kI
+ Ol 17 + et 15 + g =17 + g 1),

where we have used Young’s (weighted) inequality on the form, 7t,ab < 7t2a?+
7b2 /4, in the last step. For the second term we have used the inequality with an
additional Cy, i.e. Tt,ab < Cyrt2a® 4+ (4Cy)~'7b%. Note that C, can be made
arbitrarily small. Summing over n and using now gives

" i Coln n ~n ln n
(5.15) O3t bl + S (I + Nel) + 21
j=1

< C Y Tt11007 P + Oy Y (10 3 + 1068 i1 7))

j=1 j=1
n . .
+C Y T(lmlE + l1ef iz + lngll®)-
§=0

We can now use ([5.13)) to deduce

n n n—1
S 2100813 + 108 L 30) < O 210 12+ C Yt 3

Jj=1 Jj=1 Jj=1
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Using this in (5.15]) gives

- j Catn n ~ tn n
(516) O rtilnl + S + el + 5 g P
j=1

<N 82000712 + CkE S Tt g3

j=1 j=1
n . .
+C Y (i + 18l + ).
§=0

Since C, now can be made arbitrarily small the term C,k?¢2* dim1 th||77§||?{1

can be moved to the left hand side. To estimate the last sum on the right hand
side in ((5.16|) we multiply (5.4) by 7 and sum over n to get

(5.17)
(0 — 1, va) + (KV S, Vvg) + (aV - i — i, va) = (—p" + p°, v2),
j=1

where we note that 7 = 0 and 770 = 0. By choosing v; = 7" in (5.3) and
ve =ny in (5.17) and adding the resulting equations we get

n
collmilz + g1 + (5 D 7V, Vi)
j=1

< =p"+ o lllng | — (o (& p) - e(ny)) — (@V - &, 15).
<l ="+ P°lllm6 1| + Corck™ X 18 kll st [1m |l + Ceok™ €8 &8 1 16 |
~n |2
— Collef kll 7,

where we have used the almost orthogonal property (4.15) and Lemma We
conclude that

Corgkd/2¢x Cort + Coo)kY2Ex
(5.18) (co— : 9 > llz + (co — (Cor 2 : )”ef,k”%[l
1 C kd/ka n - j n n
(3= G B g+ (Y Vg ) < O - "+

j=1

and assumption guarantees positive coefficients. Now, note that we have
the bound

(+ S i, ( S )

j=1 =1

(n Z TVng, Vn}})
j=1

n

n—1
1 j i
A (DO
j=1 j=1
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with the convention that 22:1 Tng = 0. Multiplying (5.18)) by 7, summing over
n, and using (2.11)) thus gives

n

n
. s . C .
(5:19) 3 (i + Nl + i) + 1S r i
j=1 j=1

<Y Tll=p 40"
j=1
< C(H + k262 7|07 < OCH + k265410315
j=1
Here we have used the Aubin-Nitsche duality argument, Lemma[.2]and Lemma
to deduce

17| < logll + Cllpillan < CH + k€Y (lph )l + 107 1)
< O(H + KM < CH + K200, 52 0.
Combining (5.13)), (5.14), (5.16)), and (5.19) we get
tollg 7+ tallng [ + tallef il in < C(H + K262 t,)100 130,
which completes the proof. O

Proor oF THEOREM [5.2l Since the problem is linear we can split the so-
lution

uf = af i, O =0 + 6.
where @} and 07 solves (3-1)-(3-2) with f =0 and g = 0 and 4} and é solves

(3.1)-(3.2) with 8° = 0. The theorem now follows by applying Lemma and
Lemma [5.41 O

6. Numerical examples

In this section we perform two numerical examples. For a discussion on
how to implement the type of generalized finite element efficiently described in
this paper we refer to [9].

The first numerical example models a composite material which is preheated
to a fix temperature and at time ty = 0 the piece is subject to a cool-down.

The domain is set to be the unit square = [0,1] x [0, 1] and we assume
that the temperature has a homogeneous Dirichlet boundary condition, that is
I‘OD = 90 and T'%, = (). For the displacement we assume the bottom boundary to
be fix and for the remaining part of the boundary we prescribe a homogeneous
Neumann condition, that is I'Y, = [0,1] x 0 and 'Y, = 92\ T'Y,.

The composite is assumed to be built up according to Figure[7] The white
part in the figure denotes a background material and the black parts an insulated
material. The black squares are of size 27° x 272, We assume that the Lamé
coefficients p and A take the values 1 and A1 on the insulated material, and puo
and Ay on the background material. In this experiment we have set p /g = 10
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and A;/Ay = 50. Similarly, using subscript 1 for the insulated material and
subscript 2 for the background material, we set a;/as = 10 and kK = k; - I,
for i = 1,2, where I is the 2-dimensional identity matrix and k;/k2 = 10.
Furthermore, we have chosen to set f = [0,0]T (no external body forces) and
g =—10.

F1GURE 7. Composite material on the unit square. One black
square is of size 27° x 272,

The initial data must be zero on the boundary F%, so we have chosen to
put 6% = 500z(1 — z)y(1 — y) and 69 to the Lo-projection of 6° to V2. For the
generalized finite element solution we have chosen 6))_ , = RZ 6 and ), is
given by .

The domain is discretized using a uniform triangulation. The reference
solution is computed on a mesh of h = v/2-276 which resolves the fine parts (the
black squares) in the material. The generalized finite element method (GFEM)
in — is computed for five decreasing values of the mesh size, namely,
H=+2-2"1y2.272...,V/2-27% with the patch sizes k = 1,1,2,2,3. For
comparison, we also compute the corresponding classical finite element (FEM)
solution on the coarse meshes using continuous piecewise affine polynomials for
both spaces (P1-P1). The solutions satisfies — with h replaced by H
and are denoted u%; and 0%, respectively for n = 1,..., N. When computing these
solutions we have evaluated the integrals exactly to avoid quadrature errors.

We have chosen to set T' =1 and 7 = 0.05 for all values of H and for the
reference solution. The solutions are compared at the time point N.

Note that the implementation of the corrections u?kK in given by

(o(ufy) re(wr) = (a4, V-w)g =0, Yy € Vi (wi(K)),

ms, k>

should not be computed explicitly at each time step. It is more efficient to
compute fzsz , given by

(0(2k)  ew)) — (a(A2 ~ REA2). V- wi)i =0, Ve € Vi wi(K)),
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where {(-,y) € N : AJ — Rik)\fj} is the basis for Vfls’k. Now, since O, ;. =
Zy 550\2 - R?’k)\f,), we have the identity

n n,K __ n K
Ug p = Ug }; —E:E: y Ty -
K y

K

With this approach, we only need to compute xff once before solving for the
system — forn=1,...,N.

The relative errors in the H'-seminorm || V|| are shown in Figur The left
graph shows the relative errors for the displacement, ||V (@l , —up )|/ Vuy ||
and |[V(upy — ul)||/|[Vul||. The right graph shows the error for the temper-

ature ||[V(ON . — 0M)||/IIVON || and ||V (05 — 0M)|/IVOY . As expected the

ms,k
generalized finite element shows convergence of optimal order and outperforms

the classical finite element.

10° - 10°

. .
10° 10" 10"  10° 10" 10
H H

(A) Displacement u (B) Temperature 6

FIGURE 8. Relative errors using GFEM (blue o) and P1-P1
FEM (red #) for the linear thermoelasticity problem plotted
against the mesh size H. The dashed line is H.

The second example shows the importance of the additional correction
, which is designed to handle multiscale behavior in the coefficient a.
The computational domain, the spatial and the time discretization, and the
patch sizes remain the same as in the first example. However, we let I'p = 09
and I'y = 0 in this case.

To test the influence of o we let the other coefficients be constants, u = A =
1 and k = I, where the I is the 2-dimensional identity matrix. The coefficient
«a takes values between 0.1 and 10 according to Figure [0] The boxes are of size
275 x 27 and, hence, the reference mesh of size h = /2 - 276 is sufficiently
small to resolve the variations in «.

The initial data is set to 0° = z(1—z)y(1—y) and 09 is the La-projection of
6° onto V}2. For the generalized finite element solution we have chosen 67 , =
R?ns,kﬁg and ﬂ?ns) & is given by , as in our first example. Furthermore, we
have chosen to set f =[1 1]T and g = 10.
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FIGURE 9. A plot of the coefficient «.

The generalized finite element method (GFEM) in (4.16])-(4.18) is computed
for the five decreasing values of the mesh size used in the first example. For
comparison, we compute the generalized finite element without the additional

correction on uy ;. In this case the system (4.16))-(4.18) simplifies to
(U(ugls,k) : 5(1]1)) - (aerTrbls,IW V- Ul) = (fnav1)7 Y1 € Vrrlls,kv
(Ot e v2) + (KV O o, V02) + (V- pugy i v2) = (g7, 02). Vv € Vi i

The relative errors in the H'-seminorm are shown in Figure The graph shows

the errors for the displacement with correction for a, ||V(1lfr\{svk —uM)||/Vud||
and the error without correction for o HV(uﬁSk —uM)|I/IVul||. As expected

the GFEM with correction for a shows convergence of optimal order and out-
performs the GFEM without correction for c. This is due to the fact that the
constant in (4.13]) (and hence also the constant in Theorem [5.2)) depends on the

variations in a.
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10°

107

107

1073 2 X 1 0
10 10 10

FiGURE 10. Relative errors for the displacement u using
GFEM with correction for « (blue o) and GFEM without cor-
rection for « (black OJ) for the linear thermoelasticity problem
plotted against the mesh size H. The dashed line is H.
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