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Motivation: Simulation of paper/paperboard

@ Collaboration with Fraunhofer Chalmers Centre (FCC), paper
making industry (Stora Enso)'? and packaging (Tetra Pak)

@ Simulation of mechanical properties (tensile/bending strength)

Kettil, Multiscale methods for simulation of paper making, PhD thesis, 2019
2G6rtz, Numerical homogenization of network models and micro-mechanical
simulation of paperboard, PhD thesis, 2024
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Motivation: Simulation of paper/paperboard

@ Paper fibres are hollow flattened slender cylinders

@ Model: Timoshenko beams with rigid joints

@ The displacement solves a linear system of equations Au = F
@ A is SPD, sparse but large and ill-conditioned

@ Direct methods are used (FCC)

Main goal: derive and analyze an efficient iterative method
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@ The Timoshenko beam model

© Hybridized formulation

@ lteration by subspace decomposition
© Numerical examples

@ Conclusion and future work
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The Timoshenko® beam model

@ 1D model of the elastic deformation of a 3D beam
@ Assumption: the cross sections remains plain after deformation

@ Six degrees of freedom (centreline displacement and
cross-section rotation)

3Timoshenko, On the correction for shear of the differential equation for
transverse vibrations of prismatic bars, London Edinburgh Philos. Mag. and
J. Sci., 1921
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Governing equation? (single beam)

—Cn(dxu, +i. xr,) = n, —CmOxr. = m,
oyn, = f, oxm,+i. xn, =g,

@ Unit vector in direction of ¢, i, : ¢ — R3

@ Centre line displacement, u, : ¢ — R?

@ Cross-section rotation, r, : ¢ — R3

@ Stress from normal and shear forces: n, : ¢ — R3
@ Moment from torsion and bending, m, : ¢ — R?

@ Material parameter, C,, Cp, symmetric R3 x R® depending on
Young’s modulus, Shear modulus, and cross-section.

@ Distributed force f, : ¢ — R® and moment g, : ¢ — R?

4Carrera et. al., Beam Structures, Wiley 2011
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Weak formulation (single beam)

For edge ¢ and for all p, q € V¢, = (H'(¢))® and
v,we V; = (L%(¢))? it holds:

- (Cy'ne. p). + (Ue, 0xP)e — (i X Fe, P)e = (U, PYe)e
- (Cy'm.. q). +(Fe0xq)e - = (ri qvee
(0xNe, V) = (fe, V).
(e X Ne, W) + (Oxme, W), = (ge W)e

where (v,w), := [, v-wand{p,q). = X,.. p(1) - q(n). The unit
normals are denoted v, with v.(1y) = =1 and v,(n) = 1.

Given u, € R® and r,, € R® the weak form has unique solution
m.,n. €V, and u.r. €V,
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Continuity and balance conditions®

The network is represented by a graph G = (N, &).

@ Continuity of solution: u.(n) = u, and r,(n) = r,
@ Dirichlet boundary nodes: u, = uﬁ’ andr, =r?, ne Np

n?
© Balance equations: Let [-], be a summation operator and v,
the normal:

[n.v.], = f. [mov ], = 9.

SLagnese et. at. Modeling, analysis and control of dynamic elastic multi-link
structures, Birkhduser Boston, 1994
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@ The Timoshenko beam model

© Hybridized formulation

@ lteration by subspace decomposition
© Numerical examples

@ Conclusion and future work
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Balance equation on weak form

For each edge ¢ € & we introduce the following maps:
NQ: (un, rm fc’ge) = ne’ Me: (un5 rn’ fe9ge) = mea
Ue: (un, rn, fe,ge) = ue, Re: (una rn’ feage) = re-

The balance equations in the nodes then reads
IINe(un, rlI’ fev ge)veﬂn - fﬂ IIMe(um rna fe’ ge)ve]]n - gna

Multiplication with test functions and summation over nodes yields

Z (IINe(un’ Iy, fo, ge)Ve]]n “Hy IIMe(un’ ryf., ge)]]n : ‘pn)

neN\Np

= Z (fn'”n—i_gn"lln)

ne N\Np
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Hybridized formulation

Let V, be the space of vector valued functions defined on the nodes
N fulfilling homogeneous Dirichlet boundary conditions.

Findu,=A,+uPandr, = ¢, +r°, (1,,8,) € V) x V,, such that
A((A @) (.9)) = F((. ), (m.9) € Vax V)

where

A((/lna ¢n)’ (I'l’ !p)) = _Z (lINe(/lm ¢n)ve]]n CHy, T |[M9(/ln’ ¢11)Ve]]n : 'pn)

neN\Np

F(wy)) = ) (IN(u.r2.fg)v], — ) - 1,
NN + (HM@(UE’ rr?’ fe’ ge)VG]]n - gn) ' ‘pn'
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Hybridized formulation

Let V, be the space of vector valued functions defined on the nodes
N fulfilling homogeneous Dirichlet boundary conditions.

Findu,=A,+uPandr, = ¢, +r°, (1,,8,) € V) x V,, such that
A((A #0), (1. 9)) = F((1.9)),  (1.9) € Vax V)

A hybrid formulation where the unknowns (4,,¢,) sits on nodes
connecting the subdomains (beams).

@ Primal variables: u.r. € V;forallee &
@ Dual variables: m.,n, € V, forallee &
@ Hybrid variables: u,,r, € R®forallne N
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Hybridized formulation

Let V, be the space of vector valued functions defined on the nodes
N fulfilling homogeneous Dirichlet boundary conditions.

Findu,=A,+uPandr, = ¢, +r°, (1,,8,) € V) x V,, such that
A((A @) (.9)) = F((. ), (m.9) € Vax V)

@ One global problem with 6]N \ Np| dofs plus independent local
problems on all edges ¢ € &.

@ A is symmetric and coercive, consequently the weak form is
well posed

@ Only local solver need to be discretized
@ With constant data local problems can be solved analytically®

8Kufner et. al. Simulation and structural optimization of 3D Timoshenko beam
networks based on fully analytical network solutions, M2AN, (2018)
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HDG’ formulation

The space of polynomials of degree at most p is denoted Py(¢) and
we let Vy := (Pp(e))®. The discrete method seeks

@ u.r.ec V; for alledges e € &

@ n,m,e V; for alledges e € &

@ u, Fr,eR3forallne N\ Np (continuity imposed weakly)
such that the discrete balance equations hold

IIﬁeVe + Te(ae - Un)]]n — fn, IImeVe + Te(Fe - Fn)]]n = gm

with penalty parameter 7. > 0, and the local equations...

"Rupp et. al. PDEs on hypergraphs and networks of surfaces, M2AN, (2022)
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HDG’ formulation

The space of polynomials of degree at most p is denoted Py(¢) and
we let Vy := (Pp(e))®. The discrete method seeks

@ u.r.ec V; for alledges e € &
@ n,m,e V; for alledges e € &

@ u, Fr,eR3forallne N\ Np (continuity imposed weakly)
Forallp,q,v,we V;:

- (C;' e, p)e + (Ue, 0xP)e = (i X Fe, P)e = (U, PVe)es
- (Cq' M., q) + (Fe. 0x)e = (Fu. @vo)e,
(Dxie, V), + 1Ue, V). = (Fo, V)e + 7.0, V).,
(ie X ne, W), + (OxMe, W), + 7P W) = (ge W)e + 7. (F W),

The local solver is well posed for 7, > 0.

"Rupp et. al. PDEs on hypergraphs and networks of surfaces, M2AN, (2022)
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A priori error bound?®

Theorem (Convergence of HDG method)

If . ~ h¢ for some s € {-1,0,1} and u,, r., n., m, € H**'(¢) for all
e € &, then it holds

1/2
= = _gt
[Z [llue = @2 + fir, - ren’:‘]] < b,

ees

1/2
[Z [ = A2 + im, - ﬁwen’:‘]] < hpHie,

ee&

where s = max(s, 0).

8Rupp, Hauck, M., Arbitrary order approximations at constant cost for

Timoshenko beam network models, arXiv:2407.14388
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Numerical example (convergence)

@ Toy problem: 2D unit cross (+) embedded in 3D,
(I=1. 1] x {0} U {0} x [-1.1]) x {0}

@ Four edges before refinement

@ Dirichlet bc at the tips of the cross

0 Ch=Cn=1

@ Manufactured solution, forces chosen so that

0 0
u(x,y,z) = [cos(ny)], r(x,y,z) = {SinEﬂX)]

cos(mx)

28
-]
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Numerical example (convergence)
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Figure: Poly. deg. 1 (blue), 2 (red), 5 (black), and 6 (magenta) . Bottom
right: beam lengths 1 (cyan), 271 (purple), 27* (gray), and 275 (brown).
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Important property of the hybrid formulation

Recall the formulation:

Let V, be the space of vector valued functions defined on the nodes
N fulfilling homogeneous Dirichlet boundary conditions.

Find u, = A, + u® and r, = ¢, + r2, (1., ¢,) € Vo x V), such that
A((A, ¢,), (1.9)) = F((11.9)),  (m.9) € Vax Vy

A key observation in the convergence analysis is that:

A is spectrally equivalent to a weighted graph Laplacian
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Graph Laplacian and norms

@ Let G = (N, &) be a graph of nodes and edges, x € Q c R®
@ Let V : N - R be scalar functions on N. For v,w € V

(v,w) = Z v(x)w(x) Example:
X 1 4
(L9v,v) = (X%;a(v(x) —v(y))? 2A/3
(v(x) - v(y))? 2 -1 -1.0
(= (x;)es X =yl Lo = :1 —21 _31 —01
IV|L = (Lv, v)1/2 0 0 -1 1

2024-08-22
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Graph Laplacian and norms

@ Let G = (N, &) be a graph of nodes and edges, x € Q c R®
@ Let V : N - R be scalar functions on N. For v,w € V

(v,w) = Z v(x)w(x) Example:
X 1 4
(L9v,v) = (X%]GS(V(X) - v(y))? , M
(v(x) - v(y))? 2 -1 -1.0
(LV’V):(X;)ESW L= :1 —21 _31 -01
IVIL:(Lv,v)”2 0 0 -1 1 |

@ Let M be diagonal with My, = 1 3, X = yl, [Viy = (Mv, v)'/?
@ For a P1-FEM function v, € V,, on a mesh of [a,b] c R we
have |Vhlhi(q) = IValL. M is the lumped mass matrix.
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Spectral equivalence

Theorem (Spectral equivalence to graph Laplacian)

Assume that the maximal edge length is sufficiently small and that
the material coefficients C, and C,, are edgewise constant. Then,
there holds for all (4, ¢) € V, x V, that

L(4,2) + L(¢. ) < A((4,4),(4,9)) < L(4,2) + L(¢.9),

where the hidden constants depend material data and on the

. . L,
reCIprocal of Amin = MINLev,\ (0} %
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@ The Timoshenko beam model

© Hybridized formulation

© Iteration by subspace decomposition
© Numerical examples

@ Conclusion and future work
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Geometric coarsening®

uly) H @ 74 is a mesh of boxes

: e V4 is Q1-FEM with basis {¢,},

@ Vy c U, satisfy the boundary conditions
@ Clément type interpolation operator

IHV = Z VU(y)(Py (S VH

free DoFs y

Lemma (Stablllty and approximability of 1 )
Forallv e V and forH > R, > 0,

H'\v = Tyviy + [Tpvl < CIVIL,

where C = Cyu o

9Gértz, Hellman, M., lterative solution of spatial network models by subspace
decomposition, Math. Comp. (2024)
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Network homogeneity

The network must resemble a homogeneous material on coarse
scales H > R,.

@ Homogeneity: Let By(x) be a box at x of side length 2H, with
H > R,. We assume limited mass variation

maxy |1 ﬁ/’,BH(X)

~ miny |1|§A’BH(X)

Limited density variation on scales larger than R,.
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Network connectivity

© Connectivity: For all H > Ry and x € Q2 there is a connected
subgraph G’ that contains

e all edges with one endpoint in By(x)

@ only edges with endpoints contained in
BH+R0 (X)

Malqvist (Chalmers and GU)
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Network connectivity

© Connectivity: For all H > Ry and x € Q there is a connected
subgraph G’ that contains

e all edges with one endpoint in By(x)

@ only edges with endpoints contained in
BH+R0 (X)

Consider L'¢p = AM'¢, A1 = 0, A, > 0 (Algebraic connectivity'°):
V= Vlusy < V=Vl < 25 2V = VI < 25 PIVIL By,
If G’ fulfills an iso-perimetric inequality A, ~ H=2 and therefore

/1;/2: 1(Ro)H

19Chung, Spectral graph theory, AMS, 1997

Malqvist (Chalmers and GU) Iterative methods for network models 2024-08-22 22/33



Example: Connectivity 4,'/* ~ uH
Finite length fibers r = 0.05 and |13, = 1000, Q = [0, 1]?

0.1 . 0.1_ ] 0.1

10° . 10° . 10"
10! . 10! é 10! P
-

Ta102 o Ta1072 Tn102 N
1510 . 1510 . 10 .

103 = 10°% » 1073 -

(] L (]
1074 ——— — 1074 L ) 1074 L
102 10! 10° 1072 107! 10° 1072 10! 10°

H varies from 272 to 276. Here Ry ~ 275.
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Subspace decomposition preconditioner!

Let V), = V/l,O + V/U +--- V/Lm with
V/l,O = VH X VH X VH

Vyii={veV,: supp(v) c U}
Define P;: V) x V, — Vy; x V) such that

(APi(A,¢), (1.¥)) = (A(4, 8), (1. ¥))
forall (u, ) and form P := Py+ Py +- - -+ Pp,.

@ BAz = BF, with preconditioner P = BA and z = (4, ¢)
@ Preconditioned conjugate gradient method.
@ Semi-iterative: direct method on decoupled problems

" Kornhuber & Yserentant, Numerical homogenization of elliptic multiscale
problmes by subspace decomposition, MMS, 2016
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Convergence analysis

Lemma (Properties of the decomposition)

If the interpolation bound holds and A is spectrally equivalent to the
weighted Graph Laplacian with constants « and 3, then for H > 2R,

g o m . . . m ) 2 2
At least one decomposition v = ¥ ", v satisfies: Y. jmoVila < Cilvly

Every decomposition satisfies: V5 < C; X[", Vi3

The constants are C; = CyBa" and C, = C,.

v

Theorem (Convergence of PCG)
With k = C1 Cg, H> 2Ry, and z = (/l, ¢) it holds

‘
1z- 209, < 2( ﬁ;:) 1z — 2),.
K
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@ The Timoshenko beam model

© Hybridized formulation

@ lteration by subspace decomposition
© Numerical examples

@ Conclusion and future work
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Example: Convergence graph Laplacian

Ku = M1, (KV, V) = S, 7 W25 g = 0,112, = 1000,

- 10°% 10
0 2 4 6 8 10 12 14 02 46 81012141618 02 46 81012141618
Iteration Iteration Iteration

H=1/4 - H=1/8 H=1/16 — H:1/32]
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Example: Elastic deformation of paper

@ 4 mm x 4 mm paper
@ 615K edges and 424K nodes

@ We study stretching of the paper caused by Dirichlet boundary
conditions (upper right)

@ HDG discretization withp =5and 7 = 1
@ Preconditioner with 8 x 8 x 1 element in coarse space

Malqvist (Chalmers and GU) Iterative methods for network models 2024-08-22 28/33



Example: Elastic deformation of paper

1071 R
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relative residual
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iterate

Figure: Convergence of PCG: constant material parameters (black) and
realistic (orange).
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Engineering application (FCC/Stora Enso)

@ Three-ply paperboard

@ Grammage: 400g/m?

@ Measure: (tensile) 4mm x 4mm (bending) 50mm x 4mm
@ Dofs: (tensile) 16M (bending) 200M
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@ Solver converges in 60 iterations (practical purposes)
@ Validated on various commercial paperboards
@ Results consistent with experimental data'?

12Gértz et. al., lterative method for large-scale Timoshenko beam models
assessed on commercial-grade paperboard, Computational Mechanics-(2024)
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@ The Timoshenko beam model

© Hybridized formulation

@ lteration by subspace decomposition
© Numerical examples

© Conclusion and future work
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Conclusions and future works

Robust iterative approach to solve spatial network models with
applications in the paper industry

@ Gortz, Hellman, M., Iterative solution of spatial network models
by subspace decomposition, Math. Comp. (2024)

@ Rupp, Hauck, M., Arbitrary order approximations at constant
cost for Timoshenko beam network models, arXiv:2407.14388

© Gortz et. al., Iterative method for large-scale Timoshenko beam
models assessed on commercial-grade paperboard,
Computational Mechanics (2024)
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Conclusions and future works

Robust iterative approach to solve spatial network models with
applications in the paper industry

Future work:
@ ¢-overlap in DD
@ Algebraic coarsening
@ Multilevel preconditioner
@ Elastic wave propagation
@ Large deformation, non-linear models
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