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Elliptic model problem

The Poisson equation
-V-(AVu)=f inQ u=0 onof

withdata0 <@ < A <B <o and f e L3(Q).
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Elliptic model problem

FEM: u, € V,, c V such that

a(un,v) :== [,(AVup) - Vvdx = [0 f-vdx forallve V,

withdata0 <@ < A <B <o and f e L3(Q).

Numerical error (piecewise linear continuous FE approximation)
@ For solution u € H*(Q2) we have for e-periodic A = A(x/¢)

h
llu = uplll = 1AV (u = up)ll2 () ~ C(a,ﬁ)z,

Can we do better?

Malqvist Generalized Finite Element Methods 2018-06-08



Decomposition of scales

(coarse) P1-FE space Vyc VsoH > h
34 V — V, some FE interpolation operator

Decomposition
V=VyeV with V' :=kernel3Sy ={veV|3yv=0}
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Decomposition of scales

(coarse) P1-FE space Vyc VsoH > h
34 V — V, some FE interpolation operator

Decomposition
V=VyeV with V' :=kernel3Sy ={veV|3yv=0}

Let Ry, : V — Vy (Ritz projection) and R : V — V' fulfill

a(Ruyu,v) = a(u,v) VYve Vy,
a(R'u,v) =a(u,v) VYveV.

a(Vy, V) £ 0but a(V - RV, Vf) = a(V — R"Vyy, V1) = 0
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Decomposition of scales

(coarse) P1-FE space Vyc VsoH > h
34 V — V, some FE interpolation operator

a-Orthogonal Decomposition
V=VreV wihV' = (Vy-RV)

Let R° : V — V[J® (multiscale projection) and RV — Vulfill

a(Riu,v) =a(u,v) Yve VS,
a(R'u,v) =a(u,v) VYveV.

a(Vye, Viy=0:u= RE°U + R'u and therefore I (u — RISU) = 0.

Malqvist Generalized Finite Element Methods 2018-06-08 4/9



Generalized Finite Elements

@ ¢, € Vi denotes classical nodal basis function
e R'¢, € V' denotes the finescale correction of ¢,

Generalized FE space
VS = span {qu = quix}

Example

dx — Rf¢x € VfTS odx € Vi Rf¢x eV
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Generalized Finite Elements

@ ¢, € Vi denotes classical nodal basis function
e R'¢, € V' denotes the finescale correction of ¢,

Generalized FE space
VS = span {qu = quﬁx}

Example

dx — Ry € V]I bx € Vi Rig, e V!
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Generalized Finite Elements

@ ¢, € Vi denotes classical nodal basis function
e R'¢, € V' denotes the finescale correction of ¢,

Generalized FE space

Virs = span {¢, — Rigs)

Example

4V
VAT
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dx — Ry € V]I bx € Vi Rl gy € V!
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Generalized Finite Elements

@ ¢, € Vi denotes classical nodal basis function
e R'¢, € V' denotes the finescale correction of ¢,

Generalized FE space
V" = span{gx — Rj 4]

Example

dx — Ry € V]I ¢x € Vi Ry nx € VI
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Generalized Finite Elements

@ ¢, € Vi denotes classical nodal basis function
e R'¢, € V' denotes the finescale correction of ¢,

Generalized FE space
Vi = span {g, — Ri ,¢x}

Localized Orthogonal Decomposition

. ms,h ms,h ms.,h _ ms,h
Find vy, € Vi7" such that a(u)j}", v) = (f,v), forallve Vi

A priori bound:

llun = ul3"ll < C(a. B)H

where k = Cy(3/a)log(H™") and C independent of A’.
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The high contrast problem

Three examples, black A = 1 white A = a: H=2"% h =271,

Leta =107",...,107° and plot [[lux — u}}3"lll vs. k, with 3,
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Geometry dependent interpolation

@ The interpolant 3,v = 3, Vi, ¢ defines Vi and V]°.
@ We need to force correctors to be small in the channels!

Q If x € Q, let oy = wy, vertex patch
Q If x € Qq let oy C wy N 4, connected
© We need sufficiently many nodes in Q4 (separation ~ H)
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Numerical example: High contrast

High contrast data Three examples: H = 274, h = 2719,

We let @ = 10",...,107¢ and plot |[|uy — up3"lll vs. k with 37,
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Concluding remarks

@ Orthogonal subspaces treats rapidly varying data?.

@ High contrast channels is challenging, geometry depended
interpolation is a way forward?.

Thank you for your attention!

2M. & Peterseim, Localization of elliptic multiscale prob., Math. Comp. 2014
SHellman & M., Contrast independent localization of multiscale problems,
SIAM MMS 2017. (Related work done by Peterseim Scheichl:2016)
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