Adaptive Variational Multiscale Methods for
Convection-Diffusion Problems

Axel M algvist ,
Michael Holst, and Mats G. Larson

axel @am ucsd. edu

University of California, San Diego and Umea University

|
ICIAM 18 July 2007 — p. 1/24



Outline

* The Model Problem

* The Multiscale Method

* |Implementation

* Error Representation Formula
* Adaptive Algorithm

* Numerical Examples

* Comments

* Future Work

|
ICIAM 18 July 2007 — p. 2/24



The model problem

Model problem:  Convection-Diffusion problem with
multiscale features in b, € > 0,

—eAu+ V- (bu)=f inQ,
u=0 onl.

Weak form: Find v € V = H}(Q2) such that,
a(u,v) = I(v) forallve H)(Q),

where a(v, w) = [ €eVv - Vwdz + [,V - (bv)w dz and
[(v) = fvdz.
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Example of a Solution

Let e = 0.01, B =rand(96), b = [B(¢, ), B(¢, )] for
i/n<zx<(+1)/nandj/n<y<(j+1)/n,and
= I{:c—l—y<0.05}-

0.14,
012
0.1

Mesh size: h = 1/96.
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Our Goal

* We assume that we can form matrices and solve linear
systems of equations on a coarse mesh with mesh
parameter H.

* We introduce h,ef < H as a reference mesh on which we
would like to make our computations.

* By solving several "small" local problems and one coarse
global problem we aim at getting a good approximation of
the reference solution.
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The variational multiscale method

Find u. € Ve and uy € Vy, V. ® Vy = V such that,
a(uc+us,ve+vf) =l(ve +v¢),

forall v. € V. and vy € V5.

a(ue, ve) + a(ur,ve) = l(ve) forall v, €V,
a(ur,v¢) = (R(uc),ve) forall vy e V.

where we introduce the residual distribution R : V — V.
(R(v),w) =l(w) — a(v,w), for all v,w € V.
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The variational multiscale method

0.2 0.4 0.6 0.8 1

We plot u., us, and u. + uy In a typical situation.
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General framework for approximation

We derive the method in two steps.

* We decouple the fine scale equations by introducing a
partition of unity > .\ p; = 1,

a(uri,ve) = (piR(ue),ve) forallvy € V.

° For each i € A we discretize V; and solve the resulting
problem on a patch w;, where ¢, C w;, rather then (2,

a(Uyi,v¢) = (0 R(U;),vp) forall vy € th(wi).

We use homogeneous Dirichlet bc.
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The patch w;
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One and two layer mesh stars. The coarse mesh size is H the
fine mesh size h is independent between the patches and
H > h > Dyet.
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Our method

The resulting method reads: find U. € Vcand Uy = ) .\ Uy
where Uy; € V' (w;) such that

a(Ue,ve) + a(Uy,ve) = U(ve),
a(Uy,i,vf) = (pi R(Uc), vy),

for all v. € V., vy € th(wi), and i € \.

The patch is chosen such that supp(y;) C w; C 2.

|
ICIAM 18 July 2007 — p. 10/24



The local solution U ;

The solution improves as the patch size increases.
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Motivation of the method

Why do we expect the method to work?

* The right hand side of the fine scale equations, ¢; R(U.),
has support on a coarse 1-ring if ¢; Is a finite element basis

function.
* The fine scale solution Uy ; € th(wi) which is a slice space.

In particular if we use the hierarchical split functions in
th(wi) are forced to be zero in coarse nodes.

This makes Uy; decay, which makes it possible to get a good

approximation using small patches. The size of ¢ will also affect
the decay and therefore the optimal size of the patches.
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Implementation

We have: find Uy, € V{*(w) such that

a(Usk,vs) = (f,vr0r) — a(Ue,vrpr)

for all vy € V{'(wy). Instead we solve: find xj,, m, € V}'(wi) Such
that

G(Xzavf) = —a(pi, Vfpr)
a(nka Uf) — (fa foQOk>

forall vy € th(wk) and supp(p;) N supp(pr) # 0 1.e.
> ien Uixs + ny solves:

a(Y Ui + ks vp) = (Frvpor) — a(Ue, vper),
ieN

|
ICIAM 18 July 2007 — p. 13/24



Implementation

We identify Uy = >, 5 Ulx} + nx and
Up =2 > Ui+ =3 Ux'+n,
kEN ieN ieEN

where x* =3, Xt and n = >, .\ mk- We include this in the
coarse scale equations: Find U, = >_._ s Ulyp; such that,

(fa SOJ) :a(U07 SOJ) T G(Uf, SOJ)

=a() _Ulpi, ;) +a(d_ U +n,¢;),

1EN 1EN

forall j € N or

> Ulalpi + X'y 05) = (f,95) — aln, ©3).
ieN |
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Implementation

This can now be written on matrix form as,
(A+T)YU.=b—d

where,

N\

L di = a(n, ¢)).
Implementing the method comes down to calculating 7" and d
locally, T =",y T and d = Y, p d”.

These can be computed on the patches without knowing U...
|
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Duality Based Error Analysis

Find ¢ € V such that
a(w, ) = (w,yp) forallwe V.

We end up with the following error representation formula,

(e,¥) = ale, ¢) = () — a(U, ¢)

=) Upig) — a(Ue, pi9) — a(Uyz, §).
1eEN

The oscillating coefficient b will most likely not be computed
using exact quadrature. We introduce,

ap(v,w) = (eVou, Vw) + (V - (bpv), w),

where b;, IS a piecewise polynomial on the space th(wi).
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Error Representation Formula

We continue the calculation using coarse and fine scale
Galerkin Orthogonality,

(e,9) = U — me) — an(U, & — 1) + an(U, ¢) — a(U, ¢)
= Upildr = 73:67)) = an(Ue, @i(ds — 750))

—a(Uyi, ¢p — 75 ,05) + (V- (b= bp)U), 9),

Where w?i IS the interpolant onto th(wi) l.e. zero on Jw;.
Remember, any function in th(wi) can be subtracted.

We can also introduce 7 ¢, as the nodal interpolant on the mesh
associated with th (w;) and express the error representation

formula in terms of 7;; and 75 ; — 7y ;.
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Error Representation Formula

We end up with three terms,
— Z l(goz(qbf — 7Tf,7;§15f)) — ah(Uca SOi(Qbf B 7Tf,7;¢f))
—a(Uys;, ¢p — Tri05)
¢ Z ((b=br)Uc), i) + (V- ((b—br)Us ), d)

T Zl pi(Tripf — 7Tf,z¢f)) — ap(Ue, pi(myidp — W?f,ﬁf))

— ah(Uf,ia TfiPf — 77?",@'¢f)'

The first term decreases with h, the second term decreases with
the resolution of b;,, and the third term decreases as the patch
Size Increases.
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Solving the Dual Problem

Remember the dual problem: find ¢ € V such that,

(eVop,Vw) — (b-Vo,w) = (1,w), forallwe V.

* Computing approximation ¢ on the reference mesh or use
AVMS with more refinement — good approx. of the error.

* Computing ¢ using the same method as the primal or
h = H/2 for all local problems — good indicator for
adaptivity.
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Adaptive Algorithm

(e,9) = Z Di(U, @5 — ms;Ps) + Qi(U, @) + Bi(U, Dy).
ieEN

Start with given r; and L; where h; = H/2".

Calculate U and ®.

Calculate D;, ;, and P;.

Stop if they are small enough, else order the indicators by
size and let r; := 2r; for large values in D; + (); and let
L; = L; + 1 for large values in F;, return to 2.

= WD e
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Numerical Examples

We let e = 0.01, f = I;4y<0.05), @nd B = rand(96),
b=[B(,4),B(,j)] fori/n <z < (i+1)/nand
j/mn<y<(j+1)/n

008,
0.06,
0.04

0.02
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Numerical Examples

We plot the relative error compared to a reference solution in the
guantity of interest. We solve the dual and the primal using the
same method.

Relitive error in output quantity

0 0.5 1 15 2 2.5 3 35 4
Iterations
|
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Improvements, comments, and future work

* Patches shaped adaptively to suite Uy ;.

* A split between V. and V; that in a better way captures
mean values of the coarse solution and perhaps depends
on b.

* A poorly computed dual solution often gives a bad
approximation of the error but serves as a good indicator for
adaptivity.

* Prove a priori error estimates for the multiscale method.

e Use more then two scales and consider more extreme scale
separation.

* Make an evaluation of how the method performs compared

to other methods.
|
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