Motivation ...stochastic stability
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X(n+l) = (a + b*randn)xx(n)
What happens as n — oo?

Basel, Feb 2010 — p.2/19



X(n+l) = (a + b*randn)xx(n)

Mean-square : E[z2] - 0 < o + V% < 1
Asymptotic : z,, — 0 with prob. 1 < Ellog |a + bN(0,1)|] < 0
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X(n+l) = (a + b*randn)xx(n)

Mean-square : E[z2] - 0 < o + V% < 1
Asymptotic : z,, — 0 with prob. 1 < Ellog |a + bN(0,1)|] < 0

2
1.8
1.6
1.4
1.2

b 1
0.8
0.6

0.4

0.2

0

Basel, Feb 2010 — p.2/19



X(n+l) = (a + b*randn)xx(n)

Mean-square : E[z2] - 0 < o + V% < 1
Asymptotic : z,, — 0 with prob. 1 < Ellog |a + bN(0,1)|] < 0
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X(n+l) = (a + b*randn)xx(n)

Mean-square : E[z2] - 0 < o + V% < 1
Asymptotic : z,, — 0 with prob. 1 < Ellog |a + bN(0,1)|] < 0

a=11 b=0.3
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X(n+l) = (a + b*randn)xx(n)

Mean-square : E[z2] - 0 < o + V% < 1
Asymptotic : z,, — 0 with prob. 1 < Ellog |a + bN(0,1)|] < 0

a=11 b=0.9
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X(n+l) = (a + b*randn)xx(n)

Mean-square : E[z2] - 0 < o + V% < 1
Asymptotic : z,, — 0 with prob. 1 < Ellog |a + bN(0,1)|] < 0

a=11 b=1.8
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Overview

m |lto SDEs and the theta method
m linear mean-square stability
m generalizing B-stability

= Jump-SDEs and implicit methods
m linear mean-square stability

m compensated Poisson process
m generalizing B-stability
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Stochastic Theta Method
Xn+1 = Xy + (1 o H)Atf(Xn) + QAtf(XwA—l) + g(Xn)AWn

where AW,, = W(ty,+1) — W(tn),
so AW,, = VAtV,, with V,, ~ Normal(0, 1) I.I.d.

X, ~ X(t,) In the SDE (It0)

dX(t) = f(X(t))dt + g(X(t))dW (1), X(0) = X



Stochastic Theta Method
Xn+1 = Xy + (1 o H)Atf(Xn) + QAtf(XwA—l) + g(Xn)AWn

where AW,, = W(ty,+1) — W(tn),
so AW,, = VAtV,, with V,, ~ Normal(0, 1) I.I.d.

X, ~ X(t,) In the SDE (It0)

dX(t) = f(X(t))dt + g(X(t))dW (1), X(0) = X
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Stochastic Test Equation

dX (1) = pX(t)dt + o X (£)dW (1)

(Asset model in math-finance)

Mean-square stability
lim E(X(t)?*) =0« 2u+0* <0
STM gives X,, 11 = (a + bV )X, with

1+ (1 —0)uAt oV At

= b=
¢ 1 — OuAt Y,
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M ean-sguar e stability
Saito & Mitsui , SIAM J Num Anal 1996

0 <6 < 4: SDE stable = method stable iff

24 + 07|

At
= 2(1—26)

= 1: SDE stable < method stable VAt > 0
< 0 < 1: SDE stable = method stable YAf > 0

= D
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Stability Regions

Let z := Aty and y := Ato?
SDE stable & y < —2x
Method stable < y < (20 — 1)2? — 22
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Linear Stability | ssues?

Deterministic analysis popular:

o

K
9
K

describes behavior around a fixed point
models the propagation of errors
scalar problem is relevant to systems

leads the way to nonlinear theories (G-stability,
B-stability,. . .)

How much of this remains true for SDES?
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Non globally Lipschitz example

Scalar SDE dX (t) = (—X(t) — X(¢)%)dt + X(t)dW (t) has
EX(t)* < e 'EX(0)?

Euler—Maruyama (¢ = 0) for any 0 < At < 2: if

6
EX(0)%)% > —
EX(0)%)? >
then EX2 > 2" EX2 and hence lim,, o EX2 = oo

Euler—Maruyama does not preserve stability
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One-sided L ipschitz Condition

dX(t) = f(X(t))dt + g(X(t))dW ()

Conditions:
(u—w, f(u) = f(v))
9(u) — g(v)]?

= E[X(t) = Y(8)] < TR EX(0) — Y(0)]
Result: For any At > 0, Backward Euler method

viu—ol*, and

Lglu—v|*, Vu,v € R"

I/\ I/\

Xn+1 = Xy + Atf(Xn+1) + g(Xn)AWn
gives E|X,, — Y, |? < YA EIX, — Y(|?, where

N 1
V(AL) = oy log [

| + L,At
1 —2vAL

Note 7(At) < O when2v + L, <0
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Jump-Stochastic Theta M ethod

Xn+1 = Xy + (1 o H)Atf(Xn) + QAtf(XwA—l) + g(Xn)AWn
+ h(X,) AN,

where AN, = N(tp+1) — N(tn)
N(t) Is a Poisson process with intensity A:

P (AN, = k) = ¢4t =i

T k=012,
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Jump-Stochastic Theta M ethod

Xn+1 = Xy + (1 o H)Atf(Xn) + QAtf(XwA—l) + g(Xn)AWn
+ h(X,) AN,

where AN, = N(tp+1) — N(tn)
N(t) Is a Poisson process with intensity A:

aar (AAL)E
ko

P(AN, = k) = e k=0,1,2,...
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Jump-Stochastic Theta M ethod

Xn+1 = Xy + (1 o H)Atf(Xn) + QAtf(XwA—l) + g(Xn)AWn
+ h(X,) AN,

X, &~ X(t,) In the jump-SDE

dX(t) = f(X(t))dt + g(X(t))dW (t) + h(X(t))dN(t)
Hanson & Westman , SIAM book, forthcoming
Appl'ns : economics, biology, physics, engineering, ...

Existence and strong finite-time convergence  goes
through

Stability ......
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Linear jump-SDE Test Equation

dX(t) = puX(t)dt + o X (t)dW (t) + v X (t)dN(t)
(Asset model in math-finance)

Mean-square stability

lim E(X(t)*) =0 & 2u+0° + Xy(2+7) <0

{—00

® symmetric about~ = —1
® for —2 <~ <0, jump term is stabilizing
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Jump-Stochastic Theta M ethod

Euler 6 = 0:
1. problem stable = method stable for

_ 124 + o’ + A (2 4+ )]
(1 +A)?

2. problem unstable = method unstable VAt >0

At

General 0 <0 < 1:

1. there exist {u, o, A\, v} for which problem stable and
method stable VAt > 0

2. given any e > 0, there exist {u, o, A, v} for which problem
unstable , yet method stable VAt > ¢
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A-stability

Use the term A-stability to mean
problem stable = method stable VAt > 0

For v > O:
method A-stable whenever 6 >

1
2

For general v € R:
method not A-stable for any 6
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Compensated Poisson Process
N(t):=N()— X  (martingale )
Write jump-SDE as
dX(t) = fA(X())dt + g(X(£)dW (£) + h(X(£))dN(t)

where f,(-) == f(-) + Ah(-)
CSSBE method:

X; = Xp + fA(X;)At
Xn—I—l — X;(L + g(X;(L)AWn T h(X;(L)ANn

~

where AN, = N(t,41) — N(,)

Existence and strong finite-time convergence  follow
under OSL on f
Contractivity ......

Basel, Feb 2010 — p.16/19



M ean-Square Contractivity: Jump-SDE

(u—v, f(u) = f(v)) <v|u—0v]?
9(v) — g(v)]? < Lglu — v]?
h(u) — h(v)]* < Lplu —v]?
gives
E|X(t) — Y(¢)|* < e E|Xg — Yol
where

=20+ Ly+ A/ Ly (\/Lh+2)

eeeeeeeeeeeeeeeeeeeee



M ean-Sguare Contractivity: CSSBE

If o < 0 then for all At > 0 CSSBE gives

E‘Xn . Yn‘Q S 6&(At>nAtE‘XO . YO|2

where
1 1+ At(L AL
a(At) .= — log - AtlLy + ALn) <0
At 1 — QAt(V + )\\/Lh)
Further,

a(At) = a+ O(At)
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Remarks

# “Uncompensated " version requires At < —a/(Ly)\?)
#® CSSBE also gives A-stability for all v € R
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