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Abstract

This article presents explicit exponential integrators for stochastic Maxwell’s
equations driven by both multiplicative and additive noises. By utilizing the
regularity estimate of the mild solution, we first prove that the strong order of
the numerical approximation is % for general multiplicative noise. Combing a
proper decomposition with the stochastic Fubini’s theorem, the strong order of
the proposed scheme is shown to be 1 for additive noise. Moreover, for linear
stochastic Maxwell’s equation with additive noise, the proposed time integrator
is shown to preserve exactly the symplectic structure, the evolution of the energy
as well as the evolution of the divergence in the sense of expectation. Several

numerical experiments are presented in order to verify our theoretical findings.
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1. Introduction

In the context of electromagnetism, a common way to model precise mi-
croscopic origins of randomness (such as thermal motion of electrically charged
micro-particles) is by means of stochastic Maxwell’s equations [RKT89]. Fur-
ther applications of stochastic Maxwell’s equations are: In [Ord96], a stochastic
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model of Maxwell’s field equations in 1 + 1 dimension is shown to be a simple
modification of a random walk model due to Kac, which provides a basis for the
telegraph equations. The work [KS14] studies the propagation of ultra-short
solitons in a cubic nonlinear medium modeled by nonlinear Maxwell’s equations
with stochastic variations of media. To simulate a coplanar waveguide with un-
certain material parameters, time-harmonic Maxwell’s equations are considered
in [BS15]. For linear stochastic Maxwell’s equations driven by additive noise,
the work [HJZ14] proves that the problem is a stochastic Hamiltonian partial
differential equation whose phase flow preserves the multi-symplectic geometric
structure. In addition, the averaged energy along the flow increases linearly with
respect to time and the flow preserves the divergence in the sense of expectation,
see [CHZ16]. Let us finally mention that linear stochastic Maxwell’s equations
are relevant in various physical applications, see e.g. [RKT89, Chapter 3].

We now review the literature on the numerical discretisation of stochas-
tic Maxwell’s equations. The work [ZhaO8] performs a numerical analysis of
the finite element method and discontinuous Galerkin method for stochastic
Maxwell’s equations driven by colored noise. A stochastic multi-symplectic
method for 3 dimensional problems with additive noise, based on stochastic
variational principle, is studied in [HJZ14]. In particular, it is shown that the
implicit numerical scheme preserves a discrete stochastic multi-symplectic con-
servation law. The work [CHZ16] inspects geometric properties of the stochas-
tic Maxwell’s equation with additive noise, namely the behavior of averaged
energy and divergence, see below for further details. Especially, the authors of
[CHZ16] investigate three novel stochastic multi-symplectic (implicit in time)
methods preserving discrete versions of the averaged divergence. None of the
proposed numerical schemes exactly preserve the behavior of the averaged en-
ergy. The work [HJZC17] proposes a stochastic multi-symplectic wavelet col-
location method for the approximation of stochastic Maxwell’s equations with
multiplicative noise (in the Stratonovich sense). For the same stochastic Maxwell’s
equation as the one considered in this paper (see below for a precise defini-
tion), the recent reference [CHJ18a] shows that the backward Euler-Maruyama
method converges with mean-square convergence rate % Finally, the preprint
[CHJ18Y] studies implicit Runge-Kutta schemes for stochastic Maxwell’s equa-
tion with additive noise. In particular, a mean-square convergence of order 1 is
obtained.

In the present paper, we construct and analyse an exponential integra-
tor for stochastic Maxwell’s equations which is explicit (thus computation-
ally more efficient than the above mentioned time integrators) and which en-
joys excellent long-time behavior. Observe that exponential integrators are
widely used for efficient time integrations of deterministic differential equa-
tions, see for instance [HLS98, CCO0&, HO10, CG12] and more specially [TB02,
NTB07, KSHS08, VB0Y, Paz13] and references therein for Maxwell-type equa-
tions. In recent years, exponential integrators have been analysed in the context
of stochastic (partial) differential equations (S(P)DEs). Without being too ex-
haustive, we mention analysis and applications of such numerical schemes for the
following problems: stochastic differential equations [SXZ12, KB14, KCB17];



stochastic parabolic equations [JK09, LT13, BCH18&, CH18, ACQS18]; stochas-
tic Schrodinger equations [AC18, CD17, CHLZ17]; stochastic wave equations
[CLS13, Wanl5, CQS16, ACLW16, QW17] and references therein.

The main contributions of the present paper are:

e a strong convergence analysis of an explicit exponential integrator for
stochastic Maxwell’s equations in R?. By making use of regularity esti-
mates of the exact and numerical solutions, the strong convergence order
is shown to be % for general multiplicative noise. Furthermore, by using a
proper decomposition and stochastic Fubini’s theorem, we prove that the
strong convergence order of the proposed scheme can achieve 1.

e an analysis of long-time conservation properties of an explicit exponen-
tial integrator for linear stochastic Maxwell’s equations driven by additive
noise. Especially, we show that the proposed explicit time integrator is
symplectic and satisfies a trace formula for the energy for all times, i. e. the
linear drift of the averaged energy is preserved for all times. In addition,
the numerical solution preserves the averaged divergence. This shows that
the exponential integrator inherits the geometric structure and the dynam-
ical behavior of the flow of the linear stochastic Maxwell’s equations. This
is not the case for classical time integrators such as Euler-Maruyama type
schemes.

« an efficient numerical implementation of two-dimensional models of stochas-
tic Maxwell’s equations by explicit time integrators.

We would like to remark that the proofs of strong convergence for the exponen-
tial integrator use similar ideas present in various proofs of strong convergence
from the literature. But, to the best of our knowledge, the present paper offers
the first explicit time integrator for linear stochastic Maxwell’s equations that is
of strong order 1, symplectic, exactly preserves the linear drift of the averaged
energy, and preserves the averaged divergence for all times. A weak convergence
analysis of the proposed scheme for stochastic Maxwell’s equations driven by
multiplicative noise will be reported elsewhere.

An outline of the paper is as follows. Section P sets notations and introduces
the stochastic Maxwell’s equation. This section also presents assumptions to
guarantee existence and uniqueness of the exact solution to the problem and
shows its Holder continuity. The exponential integrator for stochastic Maxwell’s
equation is introduced in Section B, where we also prove its strong order of
convergence for additive and multiplicative noise. In Section {, we show that
the proposed scheme has several interesting geometric properties: it preserves
the evolution laws of the averaged energy, the evolution laws of the divergence,
and the symplectic structure of the original linear stochastic Maxwell’s equations
with additive noise. We conclude the paper by presenting numerical experiments
supporting our theoretical results in Section .



2. Well-posedness of stochastic Maxwell’s equations

We consider the stochastic Maxwell’s equation driven by multiplicative 1t6
noise

dU = AU dt + F(U) dt + G(U) dW, ¢ € (0, +o0),

U(0) = (B H])" 0

supplemented with the boundary condition of a perfect conductor n x E = 0
as in [HJZ14]. Here, U = (ET,H")T, is RS-valued function whose domain
O is a bounded and simply connected domain in R?® with smooth boundary
00. The unit outward normal vector to dO is denoted by n. Moreover, dW
stands for the formal time derivative of a Q)-Wiener process W on a stochastic
basis (2, #,{F}i>0,P). The Q-Wiener process can be written as W(x,t) =

> Qzey, (x)Br(t), where {Br}ren, is a sequence of mutually independent and
kEN,
identically distributed R-valued standard Brownian motions; {ex}ren . is an
orthonormal basis of U := £2(0;R) consisting of eigenfunctions of a symmetric,
nonnegative and of finite trace linear operator Q, i.e., Qey = nrex, with n, >0
for k € N,. Assumptions on F and G are provided below.

The Maxwell’s operator A is defined by

(-l Y@ (R

Tt has the domain D(A) := Hy(curl, &) x H(curl, &), where
H(curl, 0) := {U € (£L*(0))*: V x U € (£L*(0))%},
is termed by the curl-space and
Hy(curl, ©) := {U € H(curl, &) : n x Ulgp = 0}

is the subspace of H(curl, &) with zero tangential trace. In addition, ¢ and pu
are bounded and uniformly positive definite functions:

epueELPO), eu>k>0

with k being a positive constant. These conditions on €,y ensure that the
Hilbert space V := (£%(0))3 x (L%(0))? is equipped with the weighted scalar

product
<<flll> ’ (flz)>v=/ﬁ(u<H1,H2>+e<E1,E2>) dx,

where (-,-) stands for the standard Euclidean inner product. This weighted
scalar product is equivalent to the standard inner product on (£2(0))5. More-
over, the corresponding norm, which stands for the electromagnetic energy of
the physical system, induced by this inner product reads

I(x)

2
— [ (ull + ) ax
\% o




with || - || being the Euclidean norm. Based on the norm || - ||y, the associated
graph norm of A is defined by

VI = IVIE + AV

It is well known that Maxwell’s operator A is closed and that D(A) equipped
with the graph norm is a Banach space, see e.g. [Mon03]. Moreover, A is
skew-adjoint, in particular, for all Vq,Vy € D(A),

(AV1,Vo)y = —(V1, AVy)y.

In addition, the operator A generates a unitary Co-group S(t) := exp(tA) via
Stone’s theorem, see for example [HJS15]. According to the definition of unitary
groups, one has

[S@OV]ly =[[V[y forall VeV, 3)

which means that the electromagnetic energy is preserved, for Maxwell’s opera-
tor, see [HP15]. Besides, the unitary group S(t) satisfies the following properties
which will be made use of in the next section.

Lemma 2.1 (Theorem 3 with q =0 in [BT79]). For the semigroup {S(t);t >
0} on V, it holds that

IS(t) — Id| L(pcayv) < Ct, (4)

where the constant C does not depend ont. Here, L(D(A); V') denotes the space
of bounded linear operators from D(A) to V.

Observe that, throughout the paper, C stands for a constant that may vary
from line to line.

For two real-valued separable Hilbert spaces (Hzy, (-, )y, |||z, ) and (Hz, (-, ) i, ||
Iz, ), we denote the set of Hilbert—Schmidt operators from H; to Hy by Lo(Hy, Ha).
It will be equipped with the norm

T IZ, 1 ) = D ITGillZ,,

i=1

where {¢;}ien, is any orthonormal basis of H;. Furthermore, let Q% be the
unique positive square root of the linear operator @ (defining the noise W). We
also introduce the separable Hilbert space Uy := Q%U endowed with the inner
product (uy,us)y, = <Q_%u1,Q_%u2>U for uy,us € Uy, where we recall that
U= L*O;R).

Lemma 2.2. As a consequence of Lemma @, for any ® € Ly (Uy, D(A)) and
any t > 0, we have

1(S(t) = 1d) |, (wo,v) < CLIP| £aws.(a))- (5)



Proof Thanks to Lemma @ and the definition of the Hilbert—Schmidt norm,
we know that, for {e;}ren, an orthonormal basis of U,

1(S() = 1d) @12, 0,1y = D I1(S(t) — 1d) @QZex 3,

keNyL

<CE > 10Q2 ekl Bay < CEIRIZ, wo.na)
k€N+

which proves the claim. O
To guarantee existence and uniqueness of strong solutions to (m), we make
the following assumptions:

Assumption 2.1 (Coefficients). Assume that the coefficients of Mazwell’s

operator (E) satisfy
epueELCO), eu>Kk>0

with some positive constant k.

Assumption 2.2 (Initial value). The initial value U(0) of the stochastic Mazwell’s
equation (m) is a D(A)-valued stochastic process with E {HU( )HD(A } < oo for
any p > 1.

Assumption 2.3 (Nonlinearity). We assume that the operator F: V. — V is
continuous and that there exists constants Cg,Cf > 0 such that

[F(V1) —=F(Va)[ly < Cp[[Vi = Vally, Vi, Vo€V,
[F(V1) = F(Va)lpay < CallVi = Vallpay, Vi,Va € D(A),
[FWV)[lv < Ce(1 +[V[lv), VeV,
IF(V)lIpcay < Cs (L +[[Vlnay) . Ve D(A).
Assumption 2.4 (Noise). We assume that the operator G: V. — Lo(Upy, V)
satisfies
IG(V1) = G(V2)llzywo,v) < CellV1 = Vally, Vi, V2 €V,
IG(V1) = G(Va)l £, w0, n(4)) < C&llVi = Vallpray, Vi, Va € D(A), (©)
GV oo vy < Ce(L+|V]lv), VeV,
IG(V)ll 2o, p(ay) < Ca(L+[[Vpea)), V€ D(A),
where Cg,C& > 0 may depend on the operator Q. We recall that Lo(Ug, V)

and L2(Up, D(A)) denote the spaces of Hilbert-Schmidt operators from Uy to V,
resp. to D(A).

We now present two examples of an_operator G verifying Assumption @
(we only prove one of the inequality in ([). the others follow in a similar way).
For the first example (inspired by [HJZ14]), let O = [0,1]3, ¢ = u = 1
and consider G = (A1, A1, A1, A2, A2, A2)T for two real numbers A\; and \o. The



stochastic Maxwell’s equation @) then becomes an SPDE driven by additive
noise. In this case, one chooses the orthonormal basis of U to be sin(imz; ) sin(jras) sin(kras),
fori,j,k € Ny, and x1, 29, 23 € [0,1]. Assuming for example that [|Q? [PNGATISIRS
o0, where H{ = HY(O) = {u € HY(O): u = 0 on IO}, one can get that
GQ=V € D(A) for all V € D(A) and thus the last inequality in (E) holds.
For the second example (inspired by [CHJ184]), consider G(V) = V for
V € V, the domain O = [0,1] and € = y = 1. Taking the same orthonormal
basis as above, and assuming in addition that Q= € Ly (U, H'7(0)) with y > 8,
one gets for instance

GVl 22wo.Da)) < ClQ2 | o+ (1 + VIDa))- (7)

Using the definition of the graph norm one gets

G2, 0.0y = 2 IVQ2exllt + D 1AVQ2e)[}

keEN, keN,

Denoting V = (EZ, HT)T and using the definition of the operator A4, one obtains

ICMZ, 0,04y

=Y N EQEalF + > Y IHLQ e}

keNy i=1,2,3 keNy i=1,2,3
+ 3 (IV < (Bv@Een) s + IV x (HyQben)[3:)
kEN+
1 1 1
<C Q7 el ie o IVIF + D (||V X (BEvQzex)|fs + |V x (HVQ261€)||2U3)'
keNy keNy

We now illustrate how to estimate the term ||V x (EVQ%ek)H?JB as an example.
Using the definition of the curl operator, one gets

1 0 1 0 1
IV % Qi = I (B QEer) — o (Bl

0 1 0 1
+ ||8761(E§’7Q26k) - %(E%’Qzek)”%

O ®20en) — 2 (BLOYe)|?
+||6731(EVQ ek) O (EyQ2er)lliy
0

1 2 9 o3 212 9 13 3l g2
< C||Q2€kHLoo(0)(HaTC2EV - aTCSEVHU + ||(Q)7£L'1EV_V Eylo
9 2 2112
+ 5, B - VE)
9 19 9 19 0 19 2
+ O (g Qerlli o) + 1 5 QFerllin (o) + g QFerlie o) ) IBv s

1 1
< ClQ2 el L~ (o) IV * Evlls + CIVQ2er|Lx o) I BvlIT-



Combing the above estimates, we obtain

1 1
ICV1Z,won0ay < C D 1Q%erlFeio) (IVIF + [AVIT) +C D IVQZerl|F o) IV -
keNy keNy

Using the Sobolev embedding HY(0) < L*°(0) for any v > 2,
obtains (H) and the linear growth property of G.

The above assumptions suffice to establish well-posedness and regularity re-
sults of solutions to ([lf). This uses similar arguments as, for instance, [LSY10,
Theorem 9] (for a more general drift coefficient in (m)) and [CHJ18a, Corol-
lary 3.1].

one finally

Lemma 2.3. LetT > 0. Under the Assumptions @—, the stochastic Mazwell’s
equation (m) is strongly well posed and its solution U satisfies

P P
| sup [U0)1] < (1+E[I00)1))
for any p > 2. Here, the constant C depends on p, T, Q, bounds for F and G,
and U(0).

Subsequently we present a lemma on the Holder regularity in time of solutions
to ([l). This result is important in _analysing the approximation error of the
proposed time integrator in Section J.

Lemma 2.4. Let T > 0. Under the Assumptions @-, the solution U of the
stochastic Mazwell’s equation (|ll) satisfies

E (U@ - ()] < Clt - 5P

for any 0 < s,t < T, and p > 1. Here, the constant C' depends on p, T, Q,
bounds for F and G, and U(0).

The proof is very similar to the proof of [CHJ18a, Proposition 3.2], we omit
it for ease of presentation.

Based on the above regularity results for solutions to the stochastic Maxwell’s
equation @), the work [CHJ18a] shows mean-square convergence order 3 of the
backward Euler-Maruyama scheme (in temporal direction). In the next section,
we design and analyse an explicit and effective numerical scheme, the exponen-
tial integrator, which has the rate of convergence 1 and preserves many inherent
properties of the original problem (in the case of the stochastic Maxwell’s equa-
tions with additive noise).

3. Exponential integrators for stochastic Maxwell’s equations and er-
ror analysis

This section is concerned with a convergence analysis in strong sense of an
exponential integrator for the stochastic Maxwell’s equation ([lf). We first show



an a priori estimate of the numerical solution. Then the strong convergence rate
is studied in two cases, first when equation ([|) is driven by additive noise and
then for multiplicative noise.

Fix a time horizon T" > 0 and an integer N > 0. Define a stepsize At such
that T'= NAt. We then construct a uniform partition of the interval [0, T

O=to<ti <...<tn1<ty=T

with ¢, = nAt for n = 0,..., N. Next, we consider the mild solution of the
stochastic Maxwell’s equation @) on the small time interval [tx,tgr+1] (with
U(tx) = Uy):

tht1 tht1

U(tk+1) = S(At)Uk-i-/ S(thrl—S)F(U(S)) d8+/ S(tk+1—8)G(U(S)) dw.
tr tr

By approximating both integrals in the above mild solution at the left end point,

one obtains the exponential integrator

Ug41 = S(At)Uk + S(At)F(Uk)At + S(At)G(Uk)AWk, (8)

where AW, = AW (t)4+1) — AW (t1) stands for Wiener increments. One readily
sees that (g) is an explicit numerical approximation of the exact solution U(tx41)
of the stochastic Maxwell’s equation (ﬁ)

In order to present a result on the strong error of the exponential integrator
(E)7 we first show an a priori estimate of the numerical solution.

Theorem 3.1. Under the Assumptions @—, the numerical solution to the
stochastic Mazwell’s equation given by the exponential integrator (§) satisfies

E |:HU]€||25)(A)i| S C(UO,Q,T,]),F,G)
forallp>1and k=0,1,...,N.

Proof. The numerical approximation given by the exponential integrator can
be rewritten as

k—1 k—1
Uk = S(tx)U(0) + At Y S(t, — t;)F(U;) + > _ St — t;)G(U,;) AW;.
=0 =0

Taking norm and expectation leads to, for p > 1,

k-1 2
E[IUklE )| < CE[ISEIUO)1F )| + CE || At St — t)FW;)
7= D(A)
k— 2
+CE Z (tr — t;)G(U;) AW,
= D(4)



For the first term, using the definition of the graph norm and property (B), we
obtain

ISEIUOIEE, ., = (ISEIVO)ly + [SE)AVO)V)> = [UO)]2,,

which leads to E [||S(tk) (0 )||D A)] =E [||U( )||D A)] Based on the linear

growth property of F and Hélder’s inequality, the second term is estimated as
follows

k-1 R4 k-1 %
ALY S(ty — t;)F(U;) <C+CAPP [ Y |[Ujlpay
=0 D(4) =0
k—1
<C+ CAPPEP™ Y US54
7=0

One then obtains

2p
k—1 k—1
E | ||At> Sty — t;)F(U;) <CHCAE | DU 4
j3=0 D(A) j=0

The third term is equivalent to

2p

k—
E Z (tr — t;)G(U;)AW; = U

=0 D(A)

/Otk S (tk o [At]At) G( t]At) dW (s)

2p
D(A)]

with [17] being the integer part of ;. The Burkholder-Davis-Gundy inequality
for stochastic integrals and our assumptlon on G give

i 2p
IEU/O S (1 — [ 1) G(U a0 W (5) D(A)] <

tr 2 p
< CE / G(Uj= ds
= ( o 1G9l o b )
" ) » k-1 P
2
<C+CE (/o Upeat boa) dS) =C+CE Atz U5
=0

Using Hélder’s inequality, the last term in the above inequality becomes

P

1 E—1
ALY Uy | < APEPT U, 4
j=0 j=0

10



Taking expectation, we then obtain

tr 2p k—1
S ] 217
E U /O S (tk - [E}At) G(U(s)) dW (s) <C+CALYE [||Uj||D(A)} .
D(A) 7=0
Altogether, we get that
k—1
E [IUkI% 0] < C+CAtE | S0 134
§=0
A discrete Gronwall inequality concludes the proof. O

Using the above theorem, we arrive at

Corollary 3.1. Under the same assumptions as in Theorem @, forallp > 1,
there exists a constant C := C(U(0),Q,T,p,F,G) such that

B| s [0%,] <C )
0<k<N

Proof. The main idea to derive the estimate (E) is to properly estimate the
stochastic integral

2p
k—1
E| sup |3 S(t — t;)G(U;) AW, _
0<k<N (1555
D(A)
ti s 2
=E| su S (tx — [—]At) G(Uj_sqas) dW (s )
OSkEN‘/o (k [At] ) (Urgr1a0) AW (s) )

Based on the unitarity of S(-), Burkholder-Davis—Gundy’s inequality, Holder’s
inequality, and our assumptions on G, the right hand side (RHS) of the above

equality becomes
T 2 ’
G(Urs ‘ ds
</0 H ( [At]At) L2(Ug,D(A)) > ]

N-1
<c+oatY E[IUlE,) <c

RHS < CE

Jj=0

where we use the result of Theorem @ in the last step. The estimations of
the other terms in the numerical solution are done in a similar way as in the
previous result. O
We are now in position to show the error estimates of the exponential inte-
grator for the stochastic Maxwell’s equation ([lf) driven by additive noise.

11



Theorem 3.2. Let Assumptions @- hold. Assume in addition that F €
C2(V) and G does not dependent on U. The strong error of the exponential

integrator (B) when applied to the stochastic Mazwell’s equation @) verifies, for
allp > 1,

_ 2p Tp<
(E L_%ﬁ%fNHU(tw U’“”VD < CAt,

where the positive constant C' depends on bounds for F (and its derivatives) and
G, as well as on T, p and Q.

Proof. Let us denote ¢, = U(tg) — Uy, for K =0,...,N. We then have

k

1= [ Sltss — IFWUE) - S(tr — 1)F(D,) ds
j=0"t

k tit1
30 [ (Sl = 9) = Sl —1,))6) W)
=: Errk 4+ Errk. (10)

We now rewrite the term Errf as

k tj+1
B =3 L St O - FOG) as

tJ+1

+

M;r

S(trs1 — 8) = S(trr1 — ;) F(U(L,))) ds

tj

.
Il
=)

/ " (St — t)(F(U(L,) — F(U,)) ds

k
2

HW‘
o

We first estimate the term I¥. Using a Taylor expansion, we obtain

F(U(s)) = F(U()) = %IS(U(%))(U(S) - U(#))

+ 522 (0)(Uls) ~ U(t;), U(s) ~ U(1y)),
where O := 0U(s) + (1 —0)U(¢;), for some 8 € [0,1], depends on U(s) and U(¢;).

Combing this with the mild formulation of the exact solution on the interval
[tj7 5]7

U(s) = S(s — ;)U /Ss—r dr+/Ss—r)GdW()

12



we rewrite the term I¥ as

I} = A} + A5,

where we define

Ab — Z/tm tm—s)gF(U(t N(S(s — 1) — Id)U(t,) ds

+ Z/ " St — 9) gi (U(t;)) /t S(s — r)F(U(r)) dr ds
tj+1 8F S
+ S(tr1 —s)7—(U(;)) [ S(s—r)GdW(r)ds
Jzo/tj k+ ou /t'

J

=: IT§ + IT§ + IT%,

and
k tit+1 2
A= /  S(te - 5)%%(@)@}(5) —U(t;), U(s) — U(t;)) ds.

The assumption that F € CZ(V) and the Hélder continuity of the exact solution
U in Lemma @ provide us with the bound E [||A2 ||3}7] < CA#??. For the term

1I;, we use property (E), the boundedness of the derivatives of F and Lemma
combined with Hélder’s inequality, to deduce that

j+1
< Z [
J

<OZ/ s — 4;11U(t,) | b ds < C(AD) ZHU Moe

7=0

ds
1%

t5))(S(s — t;) — 1d)U(t;)

1
2 2p—1

te+1\
Z [U(¢; D(A) (At )

SCAt( sup ||U(¢ )||D(A> .

0<<k

This leads to

B, e IS < Ca07s | s 10, | < can
k=0 0<j<N

I 7

using Lemma @ Next, we estimate the term II¥. Using Lemma @ and

13



Holder’s inequality, we obtain

||Hk||v<02/ / IRl drds
j+1
gcz/t /t (1+ [U@)||y) drds
7=0 J J

J+1 %
<CAt+CZ/ (s —tj) (/ [0(r |2vpdr> ds

< CAt+ CAt ( sup |[U(t )||V>
0<t<T
From Lemma @, It then follows that

E L max || Tk || ”} < C(At)2p+C(At)2p]E{ sup Ut )||$}’] < C(AL)?P
=0,..., 0<t<

We now proceed to the estimation of the term II§. First notice that stochastic
Fubini’s theorem leads to

k tj1
szz / S(tin — )2 (U(1,)) [ S(s —r)E AW (r)ds

tj

J+1 Jj+1 a]F
—Z / / S(te1 = 5) 5 (U(t;))S(s — ) ds AW (r)

trt1 [Af]+1)Af
/ / (11— ) 90 (U( 2 1A)S(s ) ds AW (1)

and the integrand in the above equation is F,.-adaptive. Then by the Burkholder—
Davis—Gundy’s inequality, we get

E[_max )

=0,...,

2

dr

(IZ]+1)At OF s
/ S(tht1 — s)%(U([Kt]At))S(s —r)ds
" L2(Uo,V)
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Then, using the assumption that F € CZ(V), we obtain

2p
E Ik
Lzol}}?g};v_l I 3|v}

[ (N1 tj+1 tj+1 2
<CE || Y / / S(the1 — s)@(U(tj))S(s —7) ds | dr
=0/t r ou L2(Uo,V)

[ (N1 tj+1 tj+1 2 ?
<CE / / 3 ds | dr| | < C(An)?.
;0 t; ( r “ £2(UV) ) (A1)

Thus, the above allows us to get the following estimate
E <o
L A < oo
which implies the estimate

E K17 | < o).
e Y] < can

Uy

For the term I§, we use the unitary property of the semigroup (E) to get

k tj+1
51y < Z/ [(S(tk+1 — s) = S(trtr — t;))F(UE)))ll ds
j=0"t

k tjt1
-y / 1(S(t; — ) — IOF(U(E,)]l, ds.
j=0"1%

According to Lemma @ and the linear growth property of F, the above term
can be bounded by

j+1

k t
15, <y / 1t — sl IFUE) |y ds
j=0""t

k
< C(At)? Z IFUE I pa)
j=0
k
< CAt+C(A)? D UM pay -

=0

Taking the 2p-th power on both sides of the above inequality and then expec-
tation, we obtain

E( max Y <C<At>2p+C<At>2pE[ sup_ [0 | < a2
=V N — 0<t<T
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by Lemma @ in Section E For the term I¥, similarly as above, using properties
of the semigroup and of F, and Hélder’s inequality, we obtain

L
2p 2p—1

2 k
2 tpa1) 2
IT5]1 < ALY lesllvy < At lle; IV ~
At
=0 =0

L L
2p k 2p

k
2 1-2p 2
<CAL Y el | (A= = > el
j=0 j=0

This gives us

N-1
k 2p
B, oy 7| <At SB[ max fali?].

7=0

The last term Err5 can be bounded as follows

E[ max, |E7“7"2|}
k=o0,.

k tJ+1 p
=K Z/ S(thi1 — 8) — S(trrr — t))G AW (s)
=0 v
tht1 s 2p
=B | _mox /0 (S(tkH — ) = S(ters — {KJ At)) G AW (s) V]

<E| sup
0<t<T

/tS(t (] a0 (s 2] at - s) - 1d) @aw(s)

2p
v

Thanks to Burkholder-Davis—-Gundy’s inequality and properties of the semi-

group, we obtain
P
ds
L2(Uo,V)

p

el ] e[ [ e -]

k=0,...,N

N-l et 9
=CE || Y /t 1(S(t; — 5) = Id)Gl[7, (1, vy ds
L ‘7:0 I

p

[ (N1 2
<ce|[Y / It — 5|2 HGQ%
tj

=0 Lo(U,D(A))
< C(Aan)?,

where we have used the linear growth property of G in £L2(Uy, D(A)) in the last
step.
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Collecting all the above estimates gives us the bound

N-1

2p < 2p 2p

E [k_orﬁ?’fm IIekHIIV] < C(AL + CAt 2) E LPS?.’.‘J q||v] :
=

An application of Gronwall’s inequality yields
1

E 27 < oat

pmaxlexlly < CAt,

which means that the strong order of the exponential scheme is 1 if the noise is
additive in the stochastic Maxwell’s equation (]l]). O

Now we turn to the case where the stochastic Maxwell’s equation (m) is
driven by a more general multiplicative noise.

Theorem 3.3._Let Assumptions @— hold. The strong error of the exponen-
tial integrator (§) when applied to the stochastic Mazwell’s equation ([I) verifies,
forallp>1,

=0,...,

where the positive constant C' depends on the Lipschitz coefficients of F and G,
p, U(0), Q and T.

Proof. When the noise is multiplicative, the term Err} in (@) becomes

k tjt1
Bk =3 [ (St — E(U() ~ S(tus ~ 6)E(U;) AW (o),
j=0"t
which can be rewritten as

k ti+1
Errk=Y" / S(tisr — 8)(G(U(s)) — G(U(E;))) AW (s)
j=0%

k tit1
+ Z_:O / (S(tk+1 — 8) — S(tkt1 — t5)) G(U(t;)) AW (s)

t

k tjt1

+ 30 [ Sl — ) EU) - (U)W ()
j=0"t

=: 1Ty + III + III3.

By Burkholder-Davis—Gundy’s inequality and the assumptions on G, one ob-
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tains

=u,...,

= o= /ots(t”“@(U(S))—G(U([A | ) (s) Vl
<CE (/OT HG(U(s)) —G(U([Ait} At))Hiz(onv) ds)pl
<CE

( [ oo -v 2 ol dﬂ

Based on Holder’s inequality and the continuity of U in Lemma @, we have

=U,...,

((/ Hw<s>—w<[m o) e
[ o] anf o

<C Z / |s — t;]P ds < C(At)P.
j=0 7t

<CE

<CE

Similarly, for the term IIls, we obtain

2
E L Jnax [|ITTT, Vp}

<, (| seor-s0- 5] o) et sonawio]
con ([ s -5t f} ezl o]
corm [/ [is6 [z] a0 e[ [ ]
5> /“ sl s [Jew (gl 207,
C’(At)
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For the last term III3, using Assumption @, we get

.....

E 1,]2P
e )

<E | sp / 's([ 2] a0 L] an) - 6up ) aw ) V]
<CE < [ lew(z]am-swgl.,,., ds) 1

<ou( [ Julz) a0 - vl o) |

gcmjzj:za e [U@) - 0]

Altogether, we obtain

N-1
k| 2P 2
< P
E L_oma}lif—l ||Er7"2||v] < C(AHP + CAt Z E L_ngaxj ||elv} ,

yrany eens

§=0
where we recall the notation ¢, = U(¢;) — U;. Another difference with the proof
for the additive noise case is estimating the term I¥. Using (J) and Assump-
tion R.3, we obtain

2p

E .

9 Jt+1

I < |2 [ 18 — ) (F(0(s) B v ds
j=0"t
k tit+1 o
<c( X [ e - vy as
j=0"t
k tit1 9
<cy [ ) - ) ds.

5=0 "t

Using Lemma @, one gets

k(2P £t
E < —t;|Pds < C(AL)P.
g Y] <032 [ o as s i
Putting all these estimates together yields
N—-1
2p 2p
|, gy el < clar+oar % sl
=

19



An application of Gronwall’s inequality completes the proof, that is, on gets

N

(B | o, el ] ) < cant.

s

4. Linear stochastic Maxwell’s equations with additive noise

In this section, we study phenomena where the densities of the electric and
magnetic currents are assumed to be linear. This is an important example
of application of stochastic Maxwell’s equations in physics, see e.g. [RKT89,
Chapter 3, pages 112-114]. We thus now inspect the long-time behavior of the
exponential integrator applied to the linear stochastic Maxwell’s equation with
additive noise. We also briefly comment on the symplectic structure of the
exact and numerical solutions. For simplicity of presentation, in this section
we consider a similar setting as in [CHZ16]: we assume that e = p = 1, take
F=0and G = (A1, A1, A1, A2, A0, A T for two real numbers \; and M. Then
the stochastic Maxwell’s equation (ﬁ) becomes the linear stochastic Maxwell’s
equation with additive noise:

dE — V x Hdt = A\jedW,
dH 4+ V x Edt = AsedW, (11)

where e = (1,1,1) . In [CHZ16], it is shown that the averaged energy increases
linearly with respect to the evolution of time and that the flow of the linear
stochastic Maxwell’s equation with additive noise preserves the divergence in
the sense of expectation. We now recall these results and analyse the behavior
of the exponential integrator with respect to the preservation of these geometric
properties of the problem.

Lemma 4.1 (Theorems 2.1 and 2.2 in [CHZ16], Theorem 3.1 in [CHJ18k]).
Consider the linear stochastic Mazwell’s equation (ﬁ) with a trace class noise.

There exists a constant K = 3 ()\% + A%) Tr(Q) such that the averaged energy of

the exact solution satisfies the trace formula

E [@°7*!(t)] = E [®°**!(0)] + Kt for all times t,

where & (t) = / (IE@®)|* + |H(®)||?) dx denotes the energy of the prob-
o

lem.
Assume that Q2 € L(L2(O),H(0)), then the solution to equation (@)

preserves the averaged divergence
E[div(E(t))] = E[div(E(0))], E[div(H(#))] = E[div(H(0))]

for all times t.

20



The solutions to Maxwell’s equation (El) preserves the symplectic structure

w(t) =w(0) P-a.s.,
where wW(t) := /o dE(t,x) A dH(t,x) dx.

We now show that the proposed exponential integrator possesses the same
long-time behavior as the exact solution to the linear stochastic Maxwell’s equa-
tion. This is certainly not the case for traditional time integrators such as
Euler-Maruyama’s scheme, see the numerical experiments below. Recall, that
under this setting, the exponential integrator applied to ([L1]) reads

Ui11 = S(At) U, + S(A)GAW,. (12)
We look at the trace formula for the energy first.

Proposition 4.1. The numerical scheme (@) satisfies the same trace formula
for the energy as the exact solution to the linear stochastic Mazwell’s equation

E[®(tx)] = E[®(0)] + Kty for all discrete times ty,

where we denote ®(ty) = / (|IEx||* + ||Hy||?) dx the numerical energy, recall
o
that t, = kAt for k=1,2,... and K =3 (A} + \3) Tr(Q) as in the above result.

Proof. We first observe that ®(#;) stands for the norm ||Ug||?, which we now
compute

U3 = [IS(AH) U1} + 2(S(AH) Uk 1, S(AH)GAW, 1) v
+ IS(A)GAW, 1|13
= [|Uk=1ll§ + 2(S(A)Uk—1, S(A)GAWy_1)v + [GAW,_1 |7,
which leads to
E [|Ull5] = E [|Uk-1[5] + E [ICAWE-1]17] -

Moreover, using the definition of the || - ||y norm and Ito’s isometry, one obtains

Tk 2
/ dW (s)
th—1

=3 (A1 +3) At/ Z Nnen(z)? | dx

o neNy
=3 (A} + A3) Tr(Q)At = KAt.

E [|GAW—1[}] =3 (A} +)\§)/ dx

E
o

A recursion concludes the proof. O

The above proposition thus shows that the exact trace formula for the en-
ergy also holds for the numerical solution given by the exponential integrator
(@;, The following proposition shows that the exponential integrator (@ also
preserves the discrete version of the averaged divergence exactly.
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Proposition 4.2. The numerical approzimation to the linear stochastic Maxwell’s
equation ([L1)) given by the exponential integrator (@) ezactly preserves the fol-
lowing discrete averaged divergence

E[div(Eg)] = E[div(Eg-1)], E[div(Hg)] = E[div(Hg_1)]
for all k € Ny.

Proof. Let us denote (div,div)(E”,HT)T := (divET,divHT)?. Taking now
the divergence and expectation of both components of the numerical solution
leads to

E[(div, div)Uy] = E [(div, div)(S(At)Up_1)] - (13)

We next notice that S(At)Ui_1 is the solution of the deterministic Maxwell’s
equation at time t = At,

dE -V x Hdt =0,
dH+V xEdt=0, (ET,H")"(0)=U_;.

Using the property div(V x-) = 0 and a similar argument as in [CHZ16, Theorem
2.2], we obtain

(div, div)(S(A)Us_1) = (div, div)(Uy_1). (14)

Finally, combing (@) and (@) yields the desired result. O
Regarding the symplectic structure of the numerical solutions, we obtain the
following result.

Proposition 4.3. The exponential integrator (@) has the discrete stochastic
symplectic conservation law

wlz/dEl/\dHldx:/dEo/\dHodX:wo P-a.s.
o o

Proof. Taking the differential of the numerical solution (@) gives dUgy1 =
d(S(At)Uy). Thus, showing symplecticity of the exponential integrator is equiv-
alent to showing the symplecticity of the flow of the deterministic linear Maxwell’s
equation with initial value Uy. This is a well know fact. (]

5. Numerical experiments

This section presents various numerical experiments in_order to illustrate the
main properties of the stochastic exponential integrator (), denoted by SEXP
below. We will compare this numerical scheme with the following classical ones:

o The Euler-Maruyama scheme (denoted by EM below)

Ugt1 = Ug + AULAL + F(Ug) At + G(Ug) AW (EM)
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¢ The semi-implicit Euler—Maruyama scheme (denoted by SEM below)

Ugt1 = U + AUk 1 At + F(Uk)At + G(Uk)AWk (SEM)

Below, we consider the stochastic Maxwell’s equation (E) with TM polarization
on the domain [0,1] x [0,1]. In this setting, the electric and magnetic fields are
E = (0,0, E3), resp. H = (Hy. H>,0). The spatial discretisation is done by the
stagged uniform grid from [Verll] with mesh sizes Az = Ay = 274 Unless
stated otherwise, the initial condition reads

Bs(x,y,0) = 0.1exp(—50((x — 0.5)? + (y — 0.5)%))
H,(z,y,0) = rand,
HQ(xaya 0) = randma

where rand,, resp. rand,, are random initial values in one direction whereas the
other direction is kept constant. This is done in order to have zero divergence.
The eigenvalues of the linear operator @ are given by 3/(j% + k%) for j, k =
1,2,....

5.1. Strong convergence

We first illustrate the strong rates of convergence of the exponential inte-
grator (§) stated in Theorems @ and B.3. To do this, we compute the errors
E [|[UY — Uset(T) 3] at the final time T = 0.5 for time steps ranging from
At = 278 to At = 2713 and report these errors in Figure [I. The reference
solution is computed using the exponential integrator and the expected values
are approximated by computing averages over M, = 500 samples. We observed
that using a larger number of samples (M, = 750) does not significantly improve
the behavior of the convergence plots. The theoretical rates of convergence of
the exponential integrator stated in the above theorems are indeed observed in
these plots.

M, = 500

MS-Error
102 [0

= = Slope 1/2 = = Slope 1
—B-Exp _ —a-Exp
—O—em - —O—em
—#— SEM —#— SEM
10° : 10 :
104 10 102 104 10 102
At At

Figure 1: Strong rates of convergence for the stochastic Maxwell’s equation with F(U) =
U + cos(U) and G(U) = sin(U) (left) and F(U) = U and G(U) = 17 (right).
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5.2. Averaged energy and divergence

We now illustrate the geometric properties of the exponential integrator
stated in Section H We consider the problem ([L1]) with Ay = A2 = 0.5, the time
interval [0, 5], a step size At = 0.01 and M, = 25000 samples to approximate the
expectations. The numerical averaged energies and divergences are displayed
in Figure P The trace formula for the energy of the stochastic exponential
integrator, as stated in Proposition {1}, is observed in this figure (left and middle
plots). This is in contrast with the wrong behavior of the SEM scheme and the
EM scheme, where explosion in the energy is observed for the EM scheme (left
plot). In this figure (right plot), one can also observe the preservation of the
averaged divergence of the magnetic field along the numerical solution given by
the exponential integrator. This confirms the result of Proposition §.2.

—8—SEXP —B—5EXP
—+—SEM

- - -Exact

—E—sexP
[——=sEm

31
Energy N IR

Figure 2: Averaged energy on a short time (left) and on a longer time (middle), averaged
divergence (right).
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