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Abstract

Modulated Fourier expansion is used to show long-time near-conser-
vation of the total and oscillatory energies of numerical methods for Hamil-
tonian systems with highly-oscillatory solutions. The numerical methods
considered are an extension of the trigonometric methods. A brief dis-
cussion of conservation properties in the continuous problem and in the
multi-frequency case is also given.

1 Introduction

We consider Hamiltonian systems

p = —ViH(p,q)
q VpH (p, q), 1)

with the Hamiltonian function
1 2
H(p,q) = K(p1,q) + jpsp2 + *, 03 g2, (1.2)

where the vectors p = (p1,p2) and ¢ = (q1, ¢2) are partitioned according to the
partition of the square matrix
0 O
Q= <O wl )

with blocks of arbitrary dimension and where w is a large positive parameter.
We assume that the initial values satisfy

SO + 5 1199(0)[2 < E, (1.3)

where F is independent of w.
Our attention will particularly focus on the near-conservation of the oscilla-
tory energy

1
I(p.q) = (p3p2 + w3 g2) (1.4)
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over long time intervals.
By taking the function K in (1.2) to be %plTpl +U(q), we recover the Hamil-

tonian function considered by Hairer and Lubich (2000) (see also (Hairer et al.,
2002, Chap. XIII)). Our aim, in this article, is to extend the results of (Hairer
& Lubich, 2000) to the more general Hamiltonian functions (1.2).

In particular, it is possible to consider coupling between the position ¢ and
the momenta py, such as K(p1,q) = %plTM(q)flpl, where M(q) is a mass
matrix. Simple examples described by such a Hamiltonian are the stiff spring
pendulum (Ascher & Reich, 1999a) or the diatomic molecule (Ascher & Re-
ich, 1999b). More complicated examples can be found in physics, molecular
dynamics or in astronomy (as we will see below).

Example 1.1 As a concrete example, we consider the motion of a planar elastic
dumbbell spacecraft acting under a central gravitational field. Such a satellite
is composed of two equal masses m connected by a stiff spring with stiffness
constant k > 1. As in (Sanyal et al., 2003), we place the origin at the center
of the central body, the radial distance from the origin to the satellite is denoted
by r, and the distance of each mass particle from the center of mass of the
spacecraft is q. We denote by ¢ the angular position of the dumbbell and by 6
the attitude angle. This is shown in Figure 1.

Figure 1: Planar dumbbell spacecraft.

For this problem, the Lagrangian reads

L(#,0,0,4,1,6,0,q) = m(P*+¢* +¢*0* +2¢%09 + (r* + ¢*)$°)

where | is half the unstretched length of the spring, and

Vy(r,6,0) =~ (2 T(1 — 3eos?(6)) )



is the gravitational potential.
After a change of coordinate (for details see Appendiz A and (Sanyal et al.,
n.d.)), we obtain the following Hamiltonian function

_ 179 1 Y 1 2 22
H(py, pp 10, Doy ps §,0,0) = 2(pp+ e (P — o)~ + el TP
+ 2
y e p;) (1 —3cos?()) + w202), (1.6)

where the values for the parameters € and w are take from (Sanyal et al., n.d.)
and are given by e = 7.5-107° and w = v/1800. This Hamiltonian function is of
the type (1.2) with slow components (i.e. q1) (p,,0) and fast component (i.e.
q2) 0.

Let us use a very precise numerical method (namely DOP853, for a defi-
nition, see (Hairer et al., 1993)), and plot, see Figure 2, the different ener-
gies inwvolved in this problem for the initial values taken from (Sanyal et al.,
n.d.): p(0) =1,0(0) = 7/2,0(0) = 0.2¢, ps(0) = 0.999958 + (¢(0) + £)%(0.07 +
0.999958), pe(0) = (o(0) +£)2(0.07+0.999958) and zero for the remaining ones.

15

I 1057 — 0.5
5 i
.0 1

Cl | | |
100 200 300 400 500 600 700 800 900 185 190 195
Figure 2: Scaled total and oscillatory energies for Hamiltonian problem with
(1.6), with a zoom of I.

As mentioned above, the oscillatory energy is nearly preserved over long time
intervals.

To explain this behaviour, we begin with presenting the modulated Fourier
expansion of the exact solution (Section 2). Then, we discuss an extension of the
numerical methods given in (Hairer & Lubich, 2000) (Section 3). In Section 4,
we apply the approach of the modulated Fourier expansion to the numerical
solution and explain its good behaviour. In Section 5, we extend the class of
studied problems by adding a small perturbation to the function H of (1.2). In
the last section we briefly discuss the multi-frequency case of the Hamiltonian
(1.2).

2 Modulated Fourier expansion of the exact so-
lution
To show the near-conservation of the oscillatory energy for Hamiltonian systems

with the Hamiltonian function (1.2), we follow the lines of (Hairer et al., 2002,
Sect. XII1.5). Here, we state the results omitting the proofs (a detailed version



can be found in (Cohen, 2004, Chap.5)). In this article, we focus our attention
on the proofs for the numerical solution (see Section 4), because the ideas to
show the near-conservation of the oscillatory energy for the exact solution are
very similar.

To show this geometric property, we assume that the derivatives of the func-
tion K in (1.2) are bounded independently of w. We then give the modulated
Fourier expansion of the exact solution.

Theorem 2.1 If the solution (p(t),q(t)) of the Hamiltonian system (1.1) with
the Hamiltonian function (1.2) satisfies condition (1.3) and stays in a compact
set for 0 <t < T, then the solution admits an expansion

pt) = 3 ) + Ry(o),

|k|<N

Z eikWtQk(t)—‘rSN(t),

|k|<N

(2.1)

L
—~
~+
~
I

for arbitrary N > 2, where the remainder terms are bounded by
Ryn(t) =0w™), Sy(t)=0w™), for 0<t<T.

The real functions n =n° = (n1,12),¢ = ¢° = (C1, C2) and the complex functions
nk = (nk,nk), % = (CF, %) are bounded, together with all their derivatives, by

G =0(Q), m = 0(1), =0w™?), m=0W™?),
G=0w™?), m=0w?), §G=0w"), Hp=0w"),
¢h =0, g = 0w, ¢ = 0w ), k= O,
(2.2)
for k = 2,...,N — 1. Moreover, we have n~* = ﬁ and (7F = C_k These
functions are unique up to terms of size O(w™N). The constants symbolized by

the O-notation are independent of w and t with 0 <t < T but depend on N, T
and E.

w

The modulation functions n® and ¢* have almost-invariants that are related
to the total energy H and to the oscillatory energy I. To see this, let us define
p= (Nt ... p° ..., pN 1) with p* = e**pF (a similar notation is used for
q). To this end, we insert (2.1) into the system (1.1) with the Hamiltonian func-
tion (1.2), expand the nonlinearity around (p?, ¢°) and compare the coefficients
of e*** The modulation functions are then determined to satisfy the following

system (for k=0,...,N —1)
PP+ Q%" = -V, K(p1,q) + Ow™) (2.3)
O IR T TS R N X
with

1
Kpa) =K@+ Y —=DI'DEK@].¢")(pf.a"). (25
s(@)+s(B)=0
Here, the sum is over all integers m and n greater than or equal to zero and all
multi-indices o = (a1,..., ), B = (B1,...,0,) with integers 0 < |a;, |5;] <
N which have a given sum s(«), resp. s(3).



Neglecting the O(w™) terms, (2.3)—(2.4) is a Hamiltonian system with

1 _T _.T
Hp,a)=5 > (q S +pyt p'S) +K(p1,q). (2.6)
|k|<N

Moreover, this formal invariant is close to the Hamiltonian (1.2): using the

bounds of Theorem 2.1 and the fact that p} = iwgl + O(w™!), we see that the

dominating terms of (1.2) and (2.6) coincide up to terms of size O(w~1).
Besides this formal invariant, system (2.3)—(2.4) has another formal invariant

I(pa)=—iw Y. kgt pF (2.7)
0<|k|<N

which turns out to be close to the oscillatory energy (1.4). In fact, like before,
the bounds obtained in Theorem 2.1 show that

I(p,a) = —iw(g; ") 'ph +iw(gz) " py " + O(w™).

This implies that (2.7) and (1.4) are equal up to terms of size O(w™1).
This permits us to prove the main result of this section, which states that
the oscillatory energy (1.4) is nearly conserved over long time intervals.

Theorem 2.2 If the solution (p(t),q(t)) of the Hamiltonian problem (1.1) with
the Hamiltonian function (1.2), with initial values satisfying (1.3), stays in a
compact set for 0 <t < wN, then

I(p(t), q(t)) = I(p(0), 4(0)) + Ow™") + O(tw™").

The constants symbolized by O are independent of w and t, but depend on E
and N.

Benettin et al. (1987) studied almost similar Hamiltonian functions and showed,
using other techniques, the near-conservation of the oscillatory energy over ex-
ponentially long time intervals.

To conclude this section, we want to mention that a finer analysis, similar
to the one given in (Cohen et al., 2003) for the Hamiltonian function H(p,q) =
%(pr—i—qTQQq) +U(q), should also show the near-conservation of the oscillatory

energy over exponentially long time intervals.
3 Numerical methods
In this section, we adapt the trigonometric methods given in (Hairer & Lubich,

2000) to the case of the Hamiltonian function (1.2). Developing the Hamiltonian
system for this Hamiltonian function, we obtain

1= —VgK(p1,q)

p2 = _WQQQ - quK(pla q)
@ = VpK(pi,q)

g2 = Dpo.



Treating the second components of p and ¢ with a symmetric trigonometric
method and the first components with the Stormer-Verlet method, one gets the
following numerical scheme

PR = 2OV KT 0g")

@t = g+ o (Ve KT 0 + Y, Ko T g )

@t = cos(hw)gy +h sinc(lw)p;”rl/2 (3.1)
'le"H/Q _ p;}+1/2
172"+1/2 = —wsin(hw)gy + COS(hw)p;“rl/Q

Pt = B2 MOV K (T e,

where, here and in the sequel, U = §(hQ), ® = ¢(hQ), Uy = h(hw) and

~

sinc(¢) = sin(¢)/¢. The filter functions v, ¢ are even real-valued functions with
B(0) = 6(0) = 1.

We remark that the method is explicit if the function K(pi,q) takes the
form K (p1,q) = 3pT M(g2)p1 + U(q). This was not the case for the dumbbell
problem of the first section, however, the special structure of the Hamiltonian
(1.6) makes the numerical method explicit for this problem too. We also remark

that if K(p1,q) = %plTpl + U(q), the numerical method (3.1) reduces to the

trigonometric methods analysed in (Hairer et al., 2002, Chap. XIII). In the next
section, we will extend all previous results concerning the trigonometric methods
to our numerical method. N

As in (Hairer et al., 2002, Sect. XII1.2), we can show that if ¥(¢) = ¢(¢)
holds, then method (3.1) is symplectic (for details see (Cohen, 2004, Chap. 5)).

Example 3.1 Let us return to the dumbbell spacecraft. In Figure 3, we plot the
total energy H and the oscillatory energy I obtained by numerical method (3.1).
For the filter functions, we choose 1(¢) = sinc?(¢/2)/sinc(¢) and ¢2(C) =
12)\2(() With this choice, the numerical method is symmetric and symplectic.
We see that this numerical method also approximately conserves H and I. This
will be explained in the next section.
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Figure 3: Energies along the numerical solution of the dumbbell spacecraft
problem (see Example 1.1) with step size h = 0.03.

4 Modulated Fourier expansion of the numeri-
cal solution

In this section, we explain, with the help of the modulated Fourier expansion,
the good behaviour of our numerical methods (3.1) applied to the Hamiltonian
problems (1.1) with the Hamiltonian function (1.2).

We are interested in the long-time conservation of the total energy H and
of the oscillatory energy I along the numerical solution. We make the following
assumptions:

e The initial values satisfy

1 1

Ll + 2| < . (4.1
e The numerical solution stays in a compact set.

e We impose a lower bound on the step size: h/w > ¢o > 0.

e We assume the numerical non-resonance condition:

1
sin<§khw)‘ >evh, for k=1,...,N, with N> 2. (4.2)

For a given h and w, this condition imposes a restriction on N. In the
sequel, N is a fixed integer such that (4.2) holds.

e For the filter functions, we require the following conditions:

|1Z(hw)| < Cisinc? (%hw), (43)
(hw)] < Cylsinc(hw)]. -
e Finally, for ~
H(Q) = 6205 (©), (1.4)

we require u(hw) > ¢ > 0.

Now, we can state the main result of this section.



Theorem 4.1 Under the above assumptions, we have, for the numerical solu-
tion (3.1),

H(p".q") = H@"q")+O(h)

I(p",q") = I(°4q°) + O(h),
for 0 < nh < h~N*+L

As in Section 2, we begin to prove that the numerical solution has on a small
interval, say 0 <t =nh < T, a modulated Fourier expansion.

Theorem 4.2 Under the assumptions of Theorem 4.1, the numerical solution
(p™, q™) of (3.1) admits, for 0 <t =nh <T, the expansion

pn _ Z eikthl}fb(t)‘i’Rh,N(t),

k<N (4.5)
" =Y M) + S (),

|k|<N

where the remainder terms are bounded by
Run(t)=O@hN=2), Sy n(t) = O(thN~2). (4.6)
For the modulation functions, we have the following bounds

G =0(1), M1 = O(1), Cho=0W™),  m2=0w),
4%,1 =0(w™?), 77}1,1 = O(w™?), Cflz,2 =O(w™), 77}1,2 =O0(w™),
gllvf,l = O(w_k_1)7 77}13,1 = O(w_k_l)v C}]f,2 = O(w_k_Q)v nZ,Q = O(w_k_l)a
(4.7)
fork=2,...,N—1. Moreover, we have n™* = ﬁ and (7F = C_k The constants

symbolized by the O-notation are independent of w and h, but depend on E, N, cq
and T.

To obtain this result, we use very similar ideas as in the proof of Theorem 5.2
of (Hairer et al., 2002, Sect. XI11.5.2). But, in this case, the proof becomes more
complicated and more technical.

Proof. We look for two functions

pa(t) = ma(t)+ D FIE)
0<|k|<N
Ch(t)+ Z eikwtC}lj(t), (48)

0<|k|<N

qn(t)

with smooth (in the sense that all their derivatives are bounded independently
of h and w) coefficients (p, C’,j, 7y, and n,’j, which have a small defect when they
are inserted into the numerical method (3.1):

pr = pa(t)+ 0N
" = qu@)+ORN).

Construction of the coefficient functions. To find the coeflicient functions
n¥ and ¢F, we insert (4.8) in the numerical method (3.1), expand the nonlinearity
functions V,K and V,K around (n1(t), ®(,(t)) and compare the coefficients
of e*“*. To motivate the ansatz (4.11) below, we compare the dominant terms
appearing doing these manipulations.



e Looking at the first expression in (3.1), we implicitly define, for t = nh+ g,

Pu(t) = pa(t — 5) - §\PVQK(ph,1(t)7(I’Qh(t - 5))
As for (4.8), we also define
p /2 = Dr(t) = &n(t) + Z eihwtgl}i(t). (4.9)

0<|k|<N
The coefficient functions of (4.9) satisfy £F(¢) = nk(t) + O(h).
e For the second term of the numerical method (3.1), we have

h h h ~ h
analt+ ) =t =2 = 2 (T K@nalt), an(t - 1)

2
+ VKB, Sanlt + 2))).

Using (4.8), we get
ikw(t+ h ikw(t— h
E elkw(® h/2)<}l§(t+§)7 E el h/Q)Cflf(t**Q)

|k|<N |k|<N
h ~ h ~ h
= (Vi KB (1), @an(t = 2)) + Vi, K (Bna (1), @an(t + 5))).

Expanding the smooth functions 7, and ¢;, around h = 0 and the function
Vp, K into their Taylor series, and comparing the coefficient of et yields
for k = 0 (for sake of clarity, we supress the argument ¢ in the coefficient
functions)

h : h :
Cha + 2Ch,1 —Ch1 + 5(h,1 + O(h?) = hVp, K (nn,1, DCp)
h 1 m n a
+ 2 Z le +1D2K(77h,1,‘I)Ch)(nh,la‘l)éf)
k="
h = alwh/2(s(B)—s(a))
DS Inl©

s(a)+s(8)=0 5
X DPTIDRK (nn,1, @Ch) (0 1, C,) + O(h?),

where we used the same notations as in Section 2. This yields a relation
for ¢p,1(t). Similarly, for k # 0, we obtain

h 1 —ikw
i = (X e

1] h In!
4isin(kwz) o(a)sa(8)=h m!n!
X DY MDRK (., ®Ch) (01, ©C)))
L wn/2(s(8)-s(a)
* Z m!n!e
s(@)+o(8)=k
X

DY DR K (1,1, ®G0) (1, 97) ) + O(2).

e Similar relations are obtained for the coefficient functions (p 2(t), (F 5 (¢)
a’nd ﬁh,l; 77]]?,11'



e For the last formula of (3.1), we use the symmetry of the method, exchang-
ingn < n+land h < —h, weget py , = wsin(hw)q,?'glJrcos(hw)pzzl/%r
gigg(hw)quK(pZtl/Q, ®q)t). Taking n — 1 in place of n in this last ex-

pression and adding this quantity to ngl yields

n n— n+1/2 n—1/2
P2+1 + Py 1:C05(hw)(p2+/ + Py /)

h n— n— n n
+ 51/12(hw) (quK(pl 1/25 (I)q 1) - quK(lerl/Q’ (I)q +1))'

Inserting (4.8) and using the fact that p’f_l/z =p! '+ O(h) and p?ﬂ/z =
Pt + O(h), we obtain

pha(t+ g) + pna(t — %) = 2 cos(hw)ph.a(t — g)
2 cos(hw) o (h) (Vo K (om0 = 22, Ban(t — 1)
~ Ve Kpna(t = g>’ Dyt — 2») (4.10)
+ giﬁz(hw) (VQQK(pM(t - %), O (t — %))

h h
— Ve K(pna(t = 2),@au(t+5)) + 042).
This relation is true for every ¢, so we can exchange t with ¢ + g Using
the operator
L(hD) = e — 2cos(hQ) + e~"P = 4sin(LhQ + ik D) sin(LhQ — LihD)

defined in (Hairer et al., 2002, Chap. XIII), we can rewrite formula (4.10)
as

L(D)pn2(t) = & cos(hw) iz (hew) (VQZK(phyl(t — h), Dqn(t))
~ Vo K (pra(t), @an (1)) + 20 (hw) (Vo K (P (t = h), @an(t = b))
= Vo K (pna (1), @an(t + 1)) + O(h),

Now, by the hypothesis (4.2) on N, the dominant terms in the Taylor
expansions of £(hD) and L(hD + ihkw) give the desired first terms for
the series of the coefficient functions 77’,?2. Indeed, we have

Malt) = grta(hw) cos(h)(...) + gmta(hw)(..) + Oh?)
iho(t) = ﬁ?ﬂg(hw)cos(hw)(...)Jrﬁ%(hw)(...)+0(h)
k() = —ﬁiﬁz(hw)cos(hw)(...)

— ﬁ%(hw)(...wom?),

where we used the abbreviation s;, = sin(ghw), and where the (...) terms
are big expressions involving sums like those encountered in the formulas
for ¢, (see above).

10



This motivates the ansatz

Cha = fro() +hfu() +

Mh = 910(') +hgl1(-) +...
77}11,2 = v (920( )+ hgy () + .. )

}?,1 = (flO + hffi( )JF)

4.11
77}]?,1 = ( J+hgk () +..) (4.11)
dﬁ,z = hf§()+h2f22()+ .-
Nh,2 = hq; (920( )+ hga1(-) + .. )
77}?,2 = &(950(') + hgs (4) + ...,
Sk—1Sk+1

where the dots stands for power series in h with coefficient functions f£  and
gk . depending on the variables Ch,1s Mh,1s 77,1112 and hw. The series present in the

ansatz usually diverge, we thus truncate them after the O(h") terms. Inserting
this ansatz into the numerical method (3.1) and comparing powers of h yields
recurrence relations for the bounded functions f%,, and g%, ..

Initial values and bounds (4.7). The conditions ps 1(0) = p1(0),pn.2(0) =
p2(0),4r,1(0) = ¢1(0) and pp 2(h) = pa(h), give the system

p1(0) = 7r1(0) +Ow™?)

p2(0) = 2Re(n;,5(0)) + O(w™")

@1(0) = (1(0) +O(w™?)
wg2(0) = 2Im(n; »(0)) + O(w™),

which can be solved using the implicit function theorem to yield locally the de-
sired initial values 7y1(0), ¢n,1(0), 77,1172(0) for the differential equations appearing
in the ansatz. The assumption (4.1) on the initial values of the problem, the
hypothesis on the filter functions (4.3) and (4.11) implie that 7} ,(t) = O(1) for
0<t<T. ’

Using the hypothesis on the filter functions (4.3) and a closer look at the
functions f¥, and g¥, (which contain at least k times the small factors ¢} or
1i.1) gives the bounds (4.7) on the coefficient functions of the modulated Fourier
expansion.

11



Defect. Let us define the components of the defect, for t = nh,

G) = @ualt+h) = aalt) = 5 (Vo KEnat+ 2), @au(t))
VKBt + ), @au(t+ 1))

da(t) = pralt+h) = pua®) + 5 (Vo K@na(t+ ), Pan(t))
+ VaKGna(t+3), 0au(t + b))

d3(t) = gna2(t+ h) — cos(hw)qn,2(t) — hsinc(hw)pn 2(t)
e sine(h)Ba (h) Vg, K (B (1 + ), 25 (1))

da(t) = pn2(t+h)+wsin(hw)g2(t) — cos(hw)pp2(t)

+ 2 sine(hw)fa(hw) Vo, K (B (E+ ), Bgn(t)).

By definition of the coefficient functions ¢} and nF, we have di(t) = da(t) =
d3(1) = O(hYN). For the fourth component of the defect, we have to use the
two-step formulation for py, 2, this gives dy(t + h) + du(t — h) = O(hY). With
our choice for the initial values, the defect at t = 0 is d4(0) = O(RY), so that
we have dy(t) = O(h™V) + O(thN~1).

We still have to estimate the remainders (4.6). To do this, we define R"™ =
||pn _ph(t)||7 St = ||qn - C]h(t)||7 and the norm H(SlaRlaSQ’RQ)”* =
[|(S1, R1,wS2, R2)||. To estimate the remainders (4.6), we first have to estimate

the difference p’fH/Q —Ppha(t+ g) Using the definition (4.9) and the fact that

the gradient of the function K(p1,q) satisfies a Lipschitz condition, we obtain

1/2 ~ h 1/2  ~ h
172 = Pra(t+ DI < (IR + Cublipy ™ = P (t + 5)I1 + Cahl|S™ I,

for some constants C;. This gives

1

n+1/27 —
. 1—-Cih

~ h n n
P2 =Bt + Dl <o, where  a (1121 + Canls™)).

Similarly, we obtain

||(SlaR1)SQaR2)n+1||* S ||(51,R1,SQ,R2)H||*+h,‘€1a
+ h"<‘:2||(51)R13‘S’2)R2)n+1||*

+ hmg'l(slaRlaSQ;RQ)nH*+l‘<ﬂ4hN_1,

for some constants ;. Using this relation repeatedly and the fact that
|(S1, R1,Sa, R2)°||« = O(hY) (by definition of the initial values), we obtain the
following estimate for the remainders

1+ h n _
[(S1, R1, S2, Ra)" [« < (lirh:;) [(S1, Ry, S2, R2)°l]« + kz(n+ 1)AN !
< CnhN—1,
where x; and C' are some constants. This concludes the proof. O
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Next, we show that the modulation functions of the numerical solution have
almost-invariants that are obtained similarly to the one for the exact solution.
In the proof of Theorem 4.2, we show that the defects of the functions on the
right-hand sides of the equalities in (4.5) inserted into the method (3.1) are
small. This implies that the modulated functions satisfy the following system
(this is to be compared with (2.3)—(2.4)):

n(t) = pult = 1) = = 2OV K (B (t), @an(t — )
ana(t+5) = anat = 2) = 5 (Vo K (Ba (0), Pan(t - 2))
+ Yy K B (1), Dan(t + 1)) + O(h")
Pua(t+ ) = B (t) = = Vo K(Pra(t), ®au(t + 1)) + O(Y)  (4.12)
pra(t+ §> +wsin(hw)gna(t — 5) — cos(hw)pi,2(t)
— 202 (ho) Vo, K (B (), @an(t + 5)) + O(hY)

h h . ~
qn2(t + 5) — cos(hw)qn 2(t — 5) = hsinc(hw)pp2 + O(hN),

where we recall gn(t) = Y qi(t), pu(t) = Y pi(t) and pu(t) = Y PE(t)
) |[k|<N |k|<N ) |k|<N

with gy (t) = e®ICE(t),pri(t) = e*nE(t) and py(t) = e*i¢F(t). Comparing

the coefficient of e'*“*  we get, writing the resulting equations in terms of pj¥, p¥

and q,’i,

PE) = ph(t =) = 2007V, K (Br (1), alt - 5))

2 2
g (t+ g) —aha(t— g) = g(vpl—klch(ﬁl(t)7q(t - g))
+ YV, Kn(P1(t), alt + g))) +O(hN)

09 KB (1), alt + 1) + O(N) (4.13)

h ~
PZJ(t + 5) —P}lf,1(t) i

Pha(t+ §> +wsin(hw)gf ot — ) — cos(hw)pi (1)
Do (hw) 63 (h) VKo (B (1), a(t + 5)) + O(B™)
qlﬁ,z(t + 2) — cos(hw) gy, 5(t — E = hsinc(hw)ﬁ,’fg(t) + O(hY),

)

where, similarly to (2.5), we define

K@) = K@\ o)+ 3 — DI DEK(Y, 04 B, (20)°),
s(a)+s(8)=0
(4.14)

for a vector p; = (ﬁ,;{VH, PR ,ﬁ,ﬁffl) and pf, = ey (t), where
E,’j,l(t) are the modulation functions of pp,_1(t). The same notation is used for
q. From here on, we omit the index h in the modulation functions.

As for the exact solution, the modulation functions n = (p~ V1 ... V1)
and ¢ = (¢C"N*1 ..., ¢V71) have two formal invariants. We now give the result
concerning the first one.
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Lemma 4.3 Under the assumptions of Theorem 4.1, the coefficient functions
1 and ¢ of the modulated Fourier expansion of the numerical solution satisfy

Huln, C1(t) = Huln, ¢](0) + Oth™), (4.15)
for 0 <t <T. Moreover, we have
Haln s ¢)(1) = 2°p(hw) (G )G + K (m, BC) + O(h). (4.16)

Proof. The idea of the proof is to multiply the relations in (4.13) by a derivative
of some coefficient functions, then we take the sum over all k with |k| < N and
show that the resulting formula is in fact a total derivative of a function, say,

Hi[m, C](8).

After multiplications and summations, we get from (4.13) that

S {ite- D er  Grw - e - )

2
|k|<N
Fh 7@+ ) b 50—+ T EEE+ )~ pEH)
— gy " (t+ g)Tqﬁz(hw)lZ{l(hw)(pg(t + g) (4.17)

+wsin(hw)gs (t — g) - cos(hw)@k(t))}
= g% {Ich(ﬁl(t)aq(t + g)) + Kn(P1(t),q(t — g))} + oM.

Expanding the functions ¢*(¢ £ £) and *(t £+ £) around ¢ and replacing p5 (t)

by the last formula of (4.13) shows that the left-hand side of this equation is a
total derivative. Moving the terms from the left to the right-hand side of the
equation, we get

Sl ¢l = O(")

and an integration yields statement (4.15) of the theorem.

This construction of ﬁh[n , ¢](¢), the bounds of the modulation functions,
hypothesis (4.3) on the filter functions and the fact that we have n3 = iw(3 +
O(h?) yield (4.16) and concludes the proof. O

Concerning the second formal invariant, similarly to formula (6.16) in (Hairer
et al., 2002, Sect. XIII.6), we have the following relation

w Y ik((ﬁk)Tvpk/ch(ﬁl,q)+(q’€)TqulCh(f>1,q))=0, (4.18)
0<|k|<N

for Kp(p1(t),q(t)) of (4.14). The same tricks as those used in the proof of the
last lemma permit to prove the following lemma.

Lemma 4.4 Under the assumptions of Theorem 4.1, the coefficient functions
n and ¢ of the modulated Fourier expansion of the numerical solution satisfy

Tuln, €1 =Tn[n . ¢1(0) + O(th™), (4.19)
for 0 <t <T. Moreover, we have
Tnlm, ¢10) = 20°u(hw) (G 1) G5 + O(R). (4.20)

14



Proof. This time, we multiply and sum the equations in (4.13) in order to apply
identity (4.18). We get

w Y k{-gRE - HTRT TR - ph - 2))
0<|k|<N

PO @+ 5) —ab (= 2) — g (t+ DT EEE+ 2 - BEW)

— M+ 5)T oo (heo) s () (i (2 + ) + wsin(hw)ab(t — )

~ cos(hw)pk (1)) }
—2 3w {0k (0 att - 1))
0<|k|<N
+qt(t - g)TquICh(ﬁl(t),q(t - g)) + )TV K (B (), a(t + g))

0" (t+ )TV Kn(Br(t), alt + 5)) | + O(Y).

The left-hand side of this equation is again a total derivative. For the right-hand
side, we have, using (4.18), 0 + O(h"). Thus, we get

STiln. cln = oY)

and an integration from 0 to ¢ yields the result (4.19). As before, statement
(4.20) follows from the bounds on the modulation functions. O

We now return to the proof of Theorem 4.1. We see that for symplectic numer-
ical methods, we have u(hw) = 1 and hence Zx[n , ¢ |(nh) = I(p™, ¢") + O(h)
and Hu[n , ¢](nh) = H(p",¢") + O(h). This proves the theorem in the case
of symplectic methods. The additional hypothesis on the function p (see (4.4))
and the arguments given in the proof of Theorem 7.1. in (Hairer et al., 2002,
Sect. XII1.7) show that the numerical method (3.1) nearly preserves the total
energy H and the oscillatory energy I over long time intervals as stated in
Theorem 4.1.

5 Further generalization in the kinetic energy

In this section we apply similar techniques to those given above to Hamiltonian
problems (1.1) with a small perturbation in the Hamiltonian function (1.2). In
fact, we consider the Hamiltonian

H 1 7 w? T
(p,q) = K(p1,q) + 5p2p2 + 42 42 + S(p, 9), (5.1)

where S(p, q) is a quadratic function in the variable p and satisfies
S(p1,p2,4q1,0) = 0 (that is, it is small). Basically, the only thing that changes
is that we have to add (for the notations, see Section 2)

1 m n «
S(p.a)=50"¢)+ Y, —=DIDESGR¢") (" "),
s(@+s®=0""""
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to the function K in (2.5).

Similarly to Theorem 2.2, we can show that the oscillatory energy (1.4) is
nearly preserved along the exact solution of Hamiltonian problems with Hamil-
tonian function (5.1) over long time intervals.

Numerical methods. Concerning numerical methods to solve Hamiltonian
problems with (5.1), we propose to make a splitting and obtain the following
numerical method

P = (¢§/2)* o ¢p © ¢£/2, (5.2)
where the * denotes the adjoint method. For the numerical scheme ¢, we
take the numerical method described in Section 3 and for (;55 5 we take either
the explicit Euler method, the Stormer-Verlet scheme or the symplectic Euler
method (all methods work equally well).
Remark: Since the function S(p,q) in (5.1) is small, we do not apply a filter
function to the method ¢§/2. It is however possible to adapt the following proofs
to this case.

Example 5.1 The motion of a triatomic molecule can be modeled by a Hamil-
tonian system with the Hamiltonian function (5.1). To describe the motion of
such a molecule, we use polar coordinates, as shown in Figure 4.

61

1 T2

02

Figure 4: Triatomic molecule.

The third mass (ms) is kept fized, the angle between the other masses is stiff
with stiffness constant w/\/§ and the two other springs have a stiffness constant
w. The Hamiltonian reads

1 _
H(prlaprzapenpezar17T2791;92) = 5(]7%1 +p%2+(7’2+1) 2(}702*?01)2

w?

w22 08y 1po
+ (T1+T2+2)+292-

+(r1 +1)7%pj ;

N——

1
(5.3)

The last term is just an external potential to keep the molecule moving. After

suitable coordinate changes (see Appendiz A), this Hamiltonian becomes

1
H(p1,p2,1,02,2,02,3: 41, 42,1, 42,2, 42,3) = 5(17% + P51+ D30+ D5 3)

2 2
w 2 2 2 1 2 1 2(12,2 + q3 o 9
B+ Bt Rs) o — ) — a2 T B2,
S (@20 T a0+ a23) + (0 —23)” — 5 L+ a20)? (P1 —p2.3)
12q2,1 + Q%J

2
Zm(?l +p2.3)°,
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which is of the form (5.1) with

1222443, 9 12921443, 2
S(p,q) = Zm(l’l P2,3) Zm(pl +p2,3)°

Let us apply our numerical method to this problem with w = 50 and initial
conditions p(0) = 1,q1(0) = 0.4,¢2.1(0) = ¢2.2(0) = 1/w, g2.3(0) = 1/(+/2w). In
Figure 5, we plot the Hamiltonian H and the oscillatory energy I obtained by
numerical method (5.2) (where we choose for ¢£/2, the Stormer-Verlet method).

35

30
1

NH-00-00-00-00-00-00-00- 000000 000000 000000 00 00 10 00

\ \ \
25 50 100 150
Figure 5: Numerical solution of Hamiltonian problem with (5.4). For ¢§/2, we
use the Stormer-Verlet method. Step size h = 0.01.

We note that, in this example, our numerical methods are symplectic, sym-
metric and explicit.

The proofs given in the preceding section can be adapted to the numerical
method (5.2). However, they become more technical and therefore we only
mention some important points of the proofs.

Numerical energy conservation for the method (5.2). Here, we prove the
analogue of Theorem 4.1 for the numerical method (5.2) where for the choice of
the method (/)g /2> We take the symplectic Euler method.

Theorem 5.2 Under the assumptions of Theorem 4.1, we have, for the numer-
ical solution (5.2),

q") = H(@p"q")+O(h)
") = 1I(p°.¢°)+O(h),

for 0 < nh < BNt

The proof of this conservation result follows the lines of the proof of the
aforementioned theorem: we first recall the numerical method and then give
the analogues of the Lemmas 4.3 and 4.4. They help us to explain the near-
conservation of the total and oscillatory energies for the numerical method (5.2)
over long time intervals. Since the proof of the existance of a modulated Fourier
expansion for the numerical scheme (5.2) is very similar to the one of Theor-
erm 4.2, we do not give it here.

17



For our particular choice of gbf /25 the numerical scheme (5.2) now reads

~n

571-1—1/2

~n+1
a4

~n+1
dz

~n+1
P

~n+1
y2)

n+1
p

n+1
q

T h “~n n
= P =35VeS(h" ")
n h ~MN n
= ¢"+5VpS(h",q")
~n h= ~n+1/2 ~n
= P LUVEpT? 07
n  h n n n "
= ¢ +§(VP1K(P1 +1/25(I)q )+V;U1K(p1 +1/2a(1)q +1))

= cos(hw)g@y + h sinc(hw)py T/ (5.5)

~n h ~n “n
= N B EVmK(pl +1/2, gt
= —wsin(hw)gs + cos(hw)py T2 = L (h) Vo K (512, 0

— ﬁnJrl _ quS(ﬁnJrl,anrl)

= T VS,

As in (4.12), the coefficients of the modulated Fourier expansion of the numerical
scheme (5.2) satisfy

VaS(Dr(t), an(t))

) ( VpS(Pn(t), an(t))
Pilt) — Pt — ) = ~ LUV, K G (1), @t — 1)

) =t =3) = g(vle(ﬁh,l(t), it — 1))
+ Vi, K(Pr,1(t), ®Gn (t + g)))
Pt +0) = Pra(t) = =2 Vg, K (Bu1 (6), Bn(t + 2))
Pt +2) + wsin(h) ot — 2) = cos(hw)fn (1)
= =2 () Vg, K (B (£), Dan(t + 1)

G2t + 1) — cos(hw)i o(t — ) = hsine(hw)p,
Pu(t) = pu(t) = 29,8 (1), (1) + O(hY)

an () = @ (t) + 5 Vo S(n(t), an (1) + O(hY),

where we define ¢x(t) = Z qi(t) and pu(t) = Z pr(t) with ¢f(t) =

|k|<N |k|<N

ekt ch(t), pk(t) = e*ink(t) (similar notations are used for Py (t), g (t), Pn(t),
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dn(t) and pp(t)). Comparing the coefficient of e!#?

; : ~k k k ok ok sk <k
equations in terms of p}, p%, gy, Dy, @, Dy, and gy,

, we get, writing the resulting

]

Bk

—~
[

=
I

Ph(t) - ’;v e Sn(B(t), alb))
GE () = g (t) + SV, Su(B(t), a(t))

Br(t) = Pt - g):fgxf@*lvqfk/ch(ﬁl(t),a(tfg))
G (t+ Z) — Gy (t — g) = g(vpl—klch(ﬁl(t),a(t - g))
Y, KB (1), alt + 1))
Phalt+5) = Pra(t) = =2V, Kn(Ba(t), alt + 1) (5.6)

Bha(t+ 5) +wsin(hw)h ot — &) — cos(hw)pha(t)
2o (hw) s () VKo (B (1), Gt + 2)
)

~ h . ~
) — cos(hw)q,ﬁQ(t — 5) = hsmc(hw)p,’fg(t

where, similarly to (2.5), we define

~ = 1 m n ~~ fagye?
S =50+ D> —=DI'DIK(E¢)EaY),  (57)
s(a)+s(B)=0

for avector p = (p, .. B0, ..., ) and pF = eFwtek(t), where £ (1) are
the modulation functions of py (t). The same notation is used for q and Sy, (P, q).
From here on, we do not write the index A in the modulation functions.

As before, the modulation functions 1 = (= "+, ... »™V=1) and
¢= (¢"NHL ... ¢N71) have two formal invariants. We now give the result
concerning the first one.

Lemma 5.1 Under the assumptions of Theorem 4.1, the coefficient functions
1 and ¢ of the modulated Fourier expansion of the numerical solution satisfy

Huln, C1(8) = Ha[n , ¢](0) + Oth™), (5.8)
for 0 <t <T. Moreover, we have
Haln, ¢1(1) = 20°u(hw) (6 )G + K (1, BC) + O(h). (5.9)

Proof. To simplify the following proof, we consider the case u(hw) = 1 (that is,
the numerical method ¢y, in (5.2) is symplectic).

Multiplying the relations in (5.6) (except those that contain the function
Sh(p, ), which will be used later) by the same coefficient functions as in (4.17)
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and summing up, we get
=k h ~ ~ h
> e HTEr -t e - D)
|k|<N
=k .
+p (OT (@t +
- h L h . ~ h ~
—(@ (4 T (Pt + )+ wsin(h)g (t — 1) — cos(hw)pf (1) }
h d ~ ~ h ~ - h
= @i, al— 1) + KB at+ 1))
Expanding the functions ¢*(¢ + 2) and n*(t + £) around ¢ shows that the left-

hand side of this equation is a total derivative. In contrast to the proof of
Lemma 4.3, we have the following term:

S {d e D —dte+ DT+ )
|k|<N

which depends on the numerical method gbf /2 In order to show that this ex-
pression is also a total derivative, we insert the two first and two last formulas
of (5.6) into it, and get

3 {q'*k(t A (R e (S §>Tp'“(t * g)

Pt 2 2
<
h(._ h ~ h h
o (a7 = 5TV S B - ) alt — 1)
h d ~ h h
_pk(t - E)Tgvpksh(p(t - 5)7q(t - 5))
. h 8 h h
+R(E+ §)Tvqfk5h(P(t+§)aQ(t+§))
e+ T LTS+ D) a+ 1))
h? ~ h h d ~ h h
_I(vq*ksh(p(t - 5)7q(t - 5))Tavpk8h(p(t - 5)7q(t - 5))

V- SaBl+ 1) at+ )T Vs + 1) at+ )+ o).

The two first terms of this expression are in fact a total derivative. To show
that the remaining terms are also a total derivative, we add and subtract

o~k h ~ h h

- TSl - gt b)
and . N N N

PR+ E)Tvpfksh(f)(t + 5)5 q(t + 5))
to make the total derivatives of Sy (p(t — g), q(t— g)),pk(t - g)TVkah(f)(t -
h h h

S)alt—2)) and VxSt - 2),alt— 5) VyeSa(B(t — ), alt - 5)) appear

(as well as the corresponding ones with argument ¢ + E)
Moving the terms from the left to the right-hand side of the equation, we
get

SHuln. ¢1() = O(")
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and an integration yields statement (5.8) of the theorem.

This construction of Hu[n , ¢ ](¢), the bounds of the modulation functions,
hypothesis (4.3) on the filter functions and the fact that we have n3 = iw(} +
O(h?) yield (5.9) and conclude the proof. O

Concerning the second formal invariant, similarly to formula (4.18), we have
the following equality

w Y ik:((pk)TVkah(p,q)—‘r(qk)TvqkSh(p,q)):O, (5.10)
0<|k|<N

for Sp(p(t),q(t)) of (5.7). Similar tricks as those used in the proof of the last
lemma help to prove the following lemma.

Lemma 5.3 Under the assumptions of Theorem 4.1, the coefficient functions
of the modulated Fourier expansion of the numerical solution satisfy

Tuln, ¢1() =Tn[n , ¢1(0) + O(th™), (5.11)
for 0 <t <T. Moreover, we have
Tnlm, ¢1) = 20°u(hw) (G )TG3 + O(R). (5.12)

Proof. Again, for the sake of simplicity, we only give the proof for u(hw) = 1.
This time, we multiply and sum the equations in (5.6) in order to apply the
identities (4.18) and (5.10). We get

w Y kg T -5 e )

2
0<|k|<N

B = dt e+ DT+ 5~ BE)

~—k Kk h ~k
+ 01 )T (@t + 5) —q (t— 2

—a "+ DT+ D)+ wsin(h)g (t — o) — cos(hw)ik (1) |

=S ROV B al - )
0<|k|<N

+qh(t - g)TquICh(ﬁl(t), q(t — g)) + )TV K (B (), alt + g))

5+ TV B0, at+ D) )

Inserting the definition of the modulation functions corresponding to the sym-
plectic Euler scheme and its adjoint, adding and subtracting the following terms

PRt = 1), ShB(t — 2)alt— 1))

and

L h _ h h

PR+ E)Tvpfksh(P(tJr E)aq(t + 5))a
we see that the left-hand side of this equation is again a total derivative. Using
(4.18), the right-hand side is zero. Thus, we get

420, ¢l = o),

dt
and an integration from 0 to ¢ yields the result (5.11). As before, statement
(5.12) follows from the bounds on the modulation functions. O
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These two lemmas explain the long-time conservation of the total and of the
oscillatory energies along the numerical solution of the scheme (5.2), as stated
in Theorem 5.2.

Finally, we would like to mention that the proofs given above can also be
repeated for the composition

@y, = ng/z o ¢n o ¢§/25

where qﬁf /o 18 still the symplectic Euler method. This leads to conservation
properties for a symplectic, non-symmetric numerical scheme.

6 The multi-frequency case

In this final section, we briefly discuss the multi-frequency case. We consider the
Hamiltonian function (in accordance with the notations used in (Cohen et al.,
2004) and (5.1))

1
H(p,q) = K(p1,q) + 5

l
(0} pj +wiq; ;) + S(p, q), (6.1)
j=2
where ¢ = (q1, ..., q) with ¢; € R% (the same notation is used for p), w; = )\jl
with A; > 1 real distinct numbers and € a small positive parameter. :
Concerning the exact solution of Hamiltonian systems with the Hamiltonian
(6.1), in complete analogy to (Cohen et al., 2004, Theorem 7.1), we have the
following result.

Theorem 6.1 Let N be such that (weak non-resonance condition)
k- A >Cve forkeZ'=Y\ M with |k| <N

where k- X = koo + ...+ kede , |k| = k2| + ...+ |ke| and M = {k € 2~ :
kado + ...+ kehe = 0}, If the initial values satisfy (1.3), then, as long as the
exact solution of the system stays in a compact set, we have

I (p(t), q(t)) =1 (p(O)7 q(O)) +0()  for 0<t<e -min(e” M =N)

where )
Ii(p(t),q(t) = 5(PjTPj +wigq5) (6.2)

forj=2,....£, and with M = min{|k|: 0 # k € M}.

The idea of the proof is still to write the solution as a modulated Fourier expan-
sion and to construct a system that determines the modulation functions of this
expansion. One gets a system similar to (2.3)—(2.4) and finds almost-invariants
related to (6.2).

For the multi-frequency case too, similar results have also been showed by
Benettin et al. (1989).

Concerning the numerical solution, we extend method (5.2) to the multi-
frequency case and obtain similar results concerning the near-conservation prop-
erties of the numerical solution as those given in (Cohen et al., 2004). We make
the following assumptions (see Section 4):
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e The initial values satisfy

1 1
SO + 10”1 < B

The numerical solution stays in a compact set.
e We impose a lower bound on the step size: h/w > ¢o > 0.

e We assume the numerical non-resonance condition:

sin(Qik-A)‘ > cvh, forall ke Z=1\ M with |k| < N, with N > 2.
e

The function ¢ satisfies, with &; = hw; = hA; /¢,

[0(&)] < C|sine(}&)] for j=2,...,¢

We finally assume that

()] < C sine?(5&,),
(&) < Clo(&)] for j=2,...,L

A

Theorem 6.2 Under the above conditions, the numerical solution obtained by
the method (5.2) satisfies

H(p",q") = H([p° q¢°) + O(h) for 0 <nh <oih-min(e" M+ =)
L(p",q") = Lip%¢°) +O(h)  for 0<nh<ojh-mine”*! A~N)

for j=2,...,0. Here, 0; = |0(&;)|, and o1 = min{1,09,...,0¢}, where o(§) =
sinc(§)p(€) /¥ (€). The constants symbolized by O are independent of n, h, e,
A; satisfying the above conditions, but depend on N and the constants in the
conditions.

Example 6.3 Tuoking different spring constants in Example 5.1, one can get a
simple model of the water molecule. Following Izaguirre et al. (1999) (see also
http://amber.scripps.edu/), we take for the bond length constant wy = /553
and for the harmonic bond angle constant ws = v/100. For such a molecule, the
Hamiltonian (5.4) now reads

1
H(p1,p2,1,P2,2,P3,q1,G2,1,G2,2,43) = E(p% + P51 + D39+ D3)

1 1 1 1
+5(W§qg,1 +wiqs 5 + 2wig3) + Z(Ql —q3)* + Z(m —-1)  (6.3)
1 1
X (p1 —p3)? + Z(m - 1)(171 + p3)?,

where 1o = 0.9572 is the unstretched length of the springs. For initial values

p(0) = 0.5,¢1(0) = v2,¢2,1(0) = 1/w2,q22(0) = 1/wa,q3(0) = 1/ws, we plot,

in Figure 6, the total and oscillatory energies and the the first component of I

along the numerical solution of the Hamiltonian system with Hamiltonian (6.1).
As predicted, I is nearly preserved. This is not the case for Is, due to the fact

that the frequencies wo and ws are not sufficiently large. Indeed, in Figure 7, we

plot the same quantities as in Figure 6 but with a ten times larger vector w.
This time all these quantities are nearly preserved.
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Figure 6: Energies along the numerical solution of the Hamiltonian problem
(6.3) with h = 0.01 and using for (;52/2 the Stormer-Verlet method.
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Figure 7: Same plot as in Figure 6 but with w ten times larger (and h = 0.01).
Appendix A

Coordinate changes in Example 1.1. To obtain the Hamiltonian function
(1.6), we first consider, as in (Sanyal et al., 2003), the Lagrangian

L(#,,0,4,7,6,0,q) = m(P? +¢* + ¢*0% +2¢%0¢ + (r* + ¢*)$?)
- ‘/_q(r797Q) 72k(qil)2

and scale the variables: for R > 0, we define & = ,/% and 7 = wt. We also

define the new positions p = % and o = %. In the new variables, the Lagrangian

function reads
L(pa d)) éa d—a Py ¢7 97 J) = m@QRQ {P2 + 52(5—2 + 5202é2 + 2520'29.(2.5

+(p? + %2049 + ;1)(2 — 522—2(1 - 30052(9))) —2xe%(o — 1)2} ,
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with e = é and xy = LAQ A last coordinate change, namely o = (o — 1), leads
mw
to
L(p.6.0.6,0.0.0.0) = (i 470 +6%+ (e +0)(6+0) + 2
+ 2
_ L p;) (1 — 3C0$2(9)) — 2X02)7

where we have chosen the constants so that we obtain a factor % in front of
the Lagrangian. Finally, calculating the corresponding momenta, one gets the
Hamiltonian function (1.6).

Coordinate changes in Example 5.1. To obtain the Hamiltonian (5.4), we
rewrite (5.3) as

1 1
H(p,q) = 5p" Mp+ 54" Ag + ...,

where the dots stand for small terms (i.e. terms containing r1 or 72), ¢ =
(Tl, T, 91, 92) and

10 0 0 w2 0 0 0
01 0 0 0 w2 0 0
M=1g o0 2 | ™A=y o w22 0
00 -1 1 0 0 0 1

We make the symplectic change of coordinates p = Cp, ¢ = Dq with the follow-
ing matrices

1 0 0 0 1 0 0 0
01 0 0 0 1 0 0
C=1o 0 vz —vae| ™ P=1o 0 a2 o
00 0 +2/2 0 0 Vv2/2 V2
The Hamiltonian function now reads H(p, q) = %ﬁTﬁ—&— %Q\TA\qA—l— ... with
w2 0 0 0
a0 w0 0
o 0 wr+1/2 —1/2f°
0 0 -1/2 1/2

and it is of the desired form (5.1).

Acknowledgements

I am grateful to Christian Lubich and Ernst Hairer for interesting discussions on
the subject. I wish to thank the anonymous referees for their helpful criticisms.
This work was supported by the Fonds National Suisse.

References
AScHER, U., & REICH, S. (1999a). The midpoint scheme and variants for

Hamiltonian systems: advantages and pitfalls. SIAM J. Sci. Comput.,
21(3), 1045-1065 (electronic).

25



ASCHER, U., & REICH, S. (1999b). On some difficulties in integrating highly
oscillatory Hamiltonian systems. Computational Molecular Dynamics, 4,

281-296.

BENETTIN, G., GALGANI, L., & GIORGILLI, A. (1987). Realization of holo-
nomic constraints and freezing of high frequency degrees of freedom in the
light of classical perturbation theory. Part I. Comm. Math. Phys., 113,
87-103.

BENETTIN, GIANCARLO, GALGANI, LuiGl, & GIORGILLI, ANTONIO. (1989).
Realization of holonomic constraints and freezing of high frequency degrees
of freedom in the light of classical perturbation theory. II. Comm. Math.
Phys., 121(4), 557-601.

CoHEN, D. (2004). Analysis and Numerical Treatment of Highly Os-
cillatory Differential FEquations. Ph.D. thesis, University of Geneva.
www.unige.ch/cyberdocuments/theses2004/CohenD /meta.html.

CoHEN, D., HAIRER, E., & LuBicH, C. (2003). Modulated Fourier expansions
of highly oscillatory differential equations. Foundations of Comput. Math.,
3, 327-345.

COHEN, D., HAIRER, E., & LuBICH, C. (2004). Numerical energy conservation
for multi-frequency oscillatory differential equations. Submitted.

HAIRER, E., & LuBicH, C. (2000). Long-time energy conservation of numerical
methods for oscillatory differential equations. SIAM J. Numer. Anal., 38,
414-441.

HAIRER, E., N@RSETT, S. P., & WANNER, G. (1993). Solving Ordinary
Differential Equations I. Nonstiff Problems. 2 edn. Springer Series in Com-
putational Mathematics 8. Berlin: Springer.

HAIRER, E., LuBicH, C., & WANNER, G. (2002). Geometric Numerical In-
tegration. Structure-Preserving Algorithms for Ordinary Differential Equa-
tions. Springer Series in Computational Mathematics 31. Berlin: Springer.

IZAGUIRRE, J. A., REICH, S., & SKEEL, R. D. (1999). Longer time steps for
molecular dynamics. J. Chem. Phys., 110, 9853-9864.

SANvAL, A. K., SHEN, J., & McCLAMROCH, N. H. Variational Inte-
grators for Mechanical Systems with Configuration Dependent Inertia.
Submitted to Computer Methods in Applied Mechanics and Engineering.
http://math.la.asu.edu/ sanyal /research/research.html.

SanvyarL, A. K., SHEN, J., & McCLAMROCH, N. H. (2003). Dynamics and
Control of an Elastic Dumbbell Spacecraft in a Central Gravitational Field.
Proceedings of the 42nd IEEE Conference on Decision and Control.

26



