EXPONENTIAL INTEGRATORS FOR NONLINEAR SCHRODINGER
EQUATIONS WITH WHITE NOISE DISPERSION
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Abstract. This article deals with the numerical integration in time of the nonlinear Schrédinger equation with
power law nonlinearity and random dispersion. We introduce a new explicit exponential integrator for this purpose
that integrates the noisy part of the equation exactly. We prove that this scheme is of mean-square order 1 and we
draw consequences of this fact. We compare our exponential integrator with several other numerical methods from
the literature. We finally propose a second exponential integrator, which is implicit and symmetric and, in contrast
to the first one, preserves the L%-norm of the solution.
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1. Introduction. We consider the time discretisation of the following nonlinear Schrédinger
equation with white noise dispersion

idu+ cAuodp + |u|*°udr =0
u(0) = uy, (1.1)

where the unknown u = u(x,t), with# > 0 and x € R4, is a complex valued random process,
d 32
Au = Z TZ denotes the Laplacian in R4, ¢ is a real number, o is a positive real number,
J=177)
and 8 = B(r) is a real valued standard Brownian motion. This stochastic partial differential
equation is understood in the Stratonovich sense, using the o symbol for the Stratonovich
product.

The existence of a unique global square integrable solution to (1) was shown in [T4]
for 6 < 2/d and in [03] for d = 1 and ¢ = 2, see also [3]. The existence and uniqueness
of solutions to the one-dimensional cubic case of the above problem was also studied in
[26]. Furthermore, as for the deterministic Schrodinger equation, the L%-norm, or mass, of
the solution to () is a conserved quantity. This is not the case for the total energy of the
problem.

We now review the literature on the numerical analysis of the nonlinear Schrodinger
equation with white noise dispersion (IIl). The early work [[I¥] studies the stability with re-
spect to random dispersive fluctuations of the cubic Schrodinger equation. Furthermore, nu-
merical experiments using a split step Fourier method are presented. The paper [Z6] presents
a Lie-Trotter splitting integrator for the above problem (). The mean-square order of
convergence of this explicit numerical method is proven to be at least 1/2 for a truncated
Lipschitz nonlinearity [26, Sect. 5 and 6]. Furthermore, [26] conjectures that this splitting
scheme should have order one, and supports this conjecture numerically. An analysis of
asymptotic preserving properties of the Lie-Trotter splitting is carried out in [T6] for a more
general nonlinear dispersive equation. Very recently, the authors of [B] studied an implicit
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Crank-Nicolson scheme for the time integration of (ITl). They show that this scheme pre-
serves the L2-norm and has mean-square order one of convergence in probability. Finally,
the recent preprint [[3] examine the multi-symplectic structure of the problem and derive a
multi-symplectic integrator which converges with order one in probability.

In the present publication, we will consider exponential integrators for an efficient time
discretisation of the nonlinear stochastic Schrédinger equation (IT). Exponential integrators
for the time integration of deterministic semi-linear problems of the form y = Ly + N(y), are
nowadays widely used and studied, as witnessed by the recent review [22]. Applications of
such numerical schemes to the deterministic (nonlinear) Schrodinger equation can be found
in, for example, [Z1, &, @, O, 07, 00, [, 8, 6] and references therein. Furthermore, these
numerical methods were investigated for stochastic parabolic partial differential equations in,
for example, [24, 73, 5], more recently for the stochastic wave equations in [T, D7, T2, 2],
where they are termed stochastic trigonometric methods, and lately to stochastic Schrodinger
equations driven by Ito noise in [1].

The main result of this paper is a mean-square convergence result for an explicit and easy
to implement exponential integrator for the time discretisation of (ITl). Indeed, we will show
in Section B convergence of mean-square order one for this scheme as well as convergence
in probability. Note that the proofs of the results presented here use similar techniques as the
one used in [3].

In order to show the above convergence result, we begin the exposition by introducing
some notations and recalling useful results in Section D After that, we present our explicit
exponential integrator for the numerical approximation of the above stochastic Schrédinger
equation and analyse its convergence in Section B. Various numerical experiments illustrating
the main properties of the proposed numerical scheme will be presented in Section B. In the
last section, we discuss the preservation of the mass, or L>-norm, by symmetric exponential
integrators.

2. Notation and useful results. We denote the classical Lebesgue space of complex
functions by L? := L>(R?,C), endowed with its real vector space structure, and with the
scalar product

(u,v) := Re/ uvdx.
RrRd
For s € N, we further denote by H* := H*(R?,C) the Sobolev space of functions in L? such
that their s first derivatives are in L?. The Fourier transform of a tempered distribution v is
denoted by #(v) or v. With this, H* is the Sobolev space of tempered distributions v such
that (1+|¢*)/%v e L2,

Next, we consider a filtered probability space (Q,.#,P,{.% };>0) generated by a one-
dimensional standard Brownian motion 3 = f(r).

With the above definitions in hand, we can write the mild formulation of the stochastic
nonlinear Schrodinger equation () (with the constant ¢ = 1 for ease of presentation) [,
14, 3]

t

u(t) = S(1,0)uo + i / S, ) (ju(F) 2ou(r)) dr, @.1)

JO
with the random propagator S(z,r) expressed in the Fourier variables as
F(S(t,r)v(r)(§) = exp (=il P (B() = B(r))(r)(C)

fort>r>0,§ e R?andva tempered distribution.
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We finally collect some results that we will use in the error analysis presented in Sec-
tion B:
e The random propagator S(z,r) is an isometry in H* for any s, see for example [3].
e There is a constant C such that, for r > 0, h € (0,1) and r € (r,¢ + h) and for any .%;-
measurable function v € Lz(Q,H”“), one has the bounds (see [B, Lemma 2.10 and equation
(2.46)])

E[||S(rt)v —v||&s]) < CHE[||v]|3,:2] 2.2)
[E[(S(r,t) — DV]||Fs < CRE[||v]|754]- (2.3)

o Without much loss of generality, we will truncate the nonlinearity in () in Section B and
thus recall the following estimates from [B]. Let f be a function from H* to H*, which sends
H**2 to itself and H*** to itself, with £(0) = 0, twice continuously differentiable on those
spaces, with bounded derivatives of order 1 and 2. Consider u a solution on [0, 7] of

r

u(r) —u(t) = S(rt)u(r) —u(t) —&—i./ S(r,0)f(u(o))do.

t
Then, there exists a constant C, which depends on f, such that (see [B, Equations (2.30) and
2.44))

E[lu(r) —u(t) 7] < Ch sup E[[ju(0)|7s:2] (2.4)
c€[0.T]

E[u(r) —u(t) 3] < CH* sup E[[lu(c)]}s:2], (2.5)
c€l0.7]

with i, r,t as in the above point (provided that the right-hand side is finite).

3. Exponential integrator and mean-square error analysis. This section presents an
explicit time integrator for (1), and further states and proves a mean-square convergence
result for this numerical method. As a by-product result, we also obtain convergence in
probability of the exponential integrator.

3.1. Presentation of the exponential integrator. Let 7 > 0 be a fixed time horizon and
an integer N > 1. We define the step size of the numerical method by 2 = T'/N and denote the
discrete times by t,, = nh, forn =0,...,N. Looking at the mild solution (Z) of the problem
(D) on the interval [t,,#,+1], and discretising the integral (by freezing the integrand at the
left-end point of this interval), one can iteratively define the following explicit exponential
integrator

uo = u(0)
Upt+1 = S(tn+17tn)un+ihS(tn+latn)(|un|26un)- 3.1

We thus obtain a finite sequence of numerical approximations u, /= u(t,) of the exact solution
to the problem (1) at the discrete times #,, = nh.

3.2. Truncated Schrodinger equation. As in [B], we introduce a cut-off function in
order to cope with the nonlinear part of the stochastic partial differential equation (IT): Let
0 € ¢ (R,) with 8 > 0, supp(6) C [0,2] and 6 =1 on [0, 1]. For k € N* and x > 0, we set
6k (x) = (). Finally, one defines fi (u) = Bk(HuH%FH) || u.

Observe that, for s > d /2 and o € N*, for a fixed k € N*, f} is a bounded Lipschitz func-
tion from H* to H® which sends H**2 to H**? and H*t* to H5t*. It is twice differentiable
on these spaces, with bounded and continuous derivatives of order 1 and 2. Thus one has a
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unique global adapted solution #* to the truncated problem in L*(Q,% ([0, T],H*)) if the ini-
tial value ug € H*, see [B]. Note that, with the assumptions above, u* € L*(Q, %4 ([0,T],H*))
as soon as ug € H2, and uf € L=(Q, € ([0,T],H***)) as soon as uy € H* 4.

The global solution u* € L=(Q, %€ ([0,T],H*)) to the truncated problem solves

t
W (1) = S(,0)uo + i / S(t,7) feluk (r)) dr, (32)
0
and the exponential integrator takes the form

uy = u(0)
u§+1 :S(tn+17tn)”§+ihS(tn+latn)fk(”ﬁ)' (3-3)

Note that this method looks like the composition of two methods : The first is the explicit
Euler equation applied to the differential equation «’ = f;(u), the second is the exact solution
of the linear stochastic Schrédinger equation.

3.3. Main result and convergence analysis. This subsection states and proves the main
result of this paper on the mean-square convergence of the exponential integrator applied to
the nonlinear Schrodinger equation with white noise dispersion ().

THEOREM 3.1. Let us fix s > d /2, the initial value uy € H***(R?) and an integer k >
1. Consider the unique adapted truncated solution of the random nonlinear Schrodinger
equation uk(t) given by (B2) with path a.s. in € ([0,T],H**(R?)). Further, consider the
numerical solutions {u’,‘,} n=0,1,...,N, given by the explicit exponential integrator (33)
with step size h. One then has the following error estimate

Vhe (0,1), sup E[Huﬁ — uk(t,,)||%{;] < Ch?

n|nh<T

for the discrete times t, = nh. Here, the constant C does not depend on n,h with nh < T but
may depend on k., sup,cio-ry ELu ()14, ), supcio 7y Eflk (0)]2, )

Proof. For ease of presentation, we will ignore the index k referring to the cut-off in the
notations of the numerical and exact solutions as well as in the nonlinear function f;. But
we keep in mind that the constants below may depend on this index. We denote by C such a
constant, providing it does not depend on n € N nor on & € (0,1) such that nh < T.

In order to later apply a discrete Gronwall-type argument, we first look at the error be-
tween the exact and numerical solutions

eni1 = u(tnr1) — Unp1 = S(tas1,1n)en +ihS(tni1, ) (f (u(tn)) — f(un))
—i /t " (S(as1t0) f (utn)) = S(tns1,7) f(u(r)) dr
= S(tn:m,,)e,, S (a1, 00) (f (u(t)) = £ (1))
—i / " (St t) = St .) f(ult)) dr i / " St () — Flu(r)) dr
=hL+L+L+1.
The so-called mean-square error thus reads

Ellens1[3] =
J

4 4 4
ElGIF+2Y Y ERe(, L)), (3.4)
=1 j=lk=j+1
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with the H* norm ||-||> = Re(+,-)s = ||]|%s-

We now proceed with the estimations of the above quantities. Before estimating the
mixed terms in (B4), we start with the first four terms. By isometry of the random propagator
S(z,r), one gets

E[I1[13] = E[lIS(tn+1,1a)enll3] = Elllexl[7].

For the second term, we again use the isometry property of the free random propagator and
further the fact that the function f is Lipschitz. This gives us

E(lI2113) = EIAS (tst,0) (f (ta)) = £ (a) ) I3 = RE[£ (1)) = f () 7] < CHElea]].

Using the isometry property of S(¢,r), Cauchy-Schwarz’s inequality, the estimate () from
Section [, and the fact that the exact solution is bounded, we can bound the third term by

B{IIE) =Bl | Sltrs1,80) 0 = S0 02)) 0]
SE[( L8000 =S ) )
< [ I = S0, £ ) ] 0

In

=i [ LIS, (S000) — D)) 2]

In

Iny1
SChz/t E[|f (u(ta))|:2] dr < CH? S[lépT]IE[IIM(I)II?H] <Cw.
n te|0,

In order to estimate the fourth term, we use the isometry property of the free random prop-
agator, Cauchy-Schwarz’s inequality, the fact that f is Lipschitz, the estimate (Z4) on the
time-variations of the exact solution, and the fact that the exact solution is bounded which is
recalled in Section DI. We then obtain

IATH H/ S(tns1,7) (f(uta)) = f(u(r))) drl]

<cn [ Bl )~ F) Blar < on [ Bllut) —ut) lar

< sup Eflu(t)|a] < I,
t€[0,T]

Next, we go on with deriving bounds for the mixed terms present in (34). Using Cauchy-
Schwarz’s inequality, the above bounds for the moments of I and I3, and the fact that for all
real numbers a, b, we have ab < %(a2 + bz), we obtain the bound

[E[(52,15)s]| < (BRI (ENIBI2) 2 < Ch(Ellleal 1) 2132 < C(RE]ea]2] +A%).
Similarly, one has
[E[(,13)s)] < C(HE([lea|?] + 1)
and

|E[(Is,1s),]| < Ch>.
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The term containing /; and /» can be estimated using Cauchy-Schwarz’s inequality and the
fact that the function f is Lipschitz:

|E[(11,[2)s]| = ‘E[(S(tn—&-l7tn)en7ihs(tn+17tn)(f(”(tn)) _f(un)))SH
< (E(lleal2)) R(E[|f (u(ta)) — £ (ua)[12]) ' < CHE[|en]2].

The last two terms |E[(},13),]| and |E[(I1,14);]| demand more work. For the first one, we use
the isometry of the random propagator S(¢,r) and Cauchy-Schwarz’s inequality to get:

Int1

|E[(11713)SH = ’E[(S(tn-s-l,ln)en»/ S(tn+17tn)(1_S(tnar))f(”(tn))d”)S’

In

= [Elten, [ (1= S0, fCu0)) 01

n

< pl2 (/:*' |E[(en, (I — S(tn, ) f (u(tn)))s] |2d’)

1/2

We next apply the law of total expectation and again Cauchy-Schwarz’s inequality in order to
get

el <02 ([ Bl - St a7 D)

<n’( / Elllell3]- EIELT = S(tn, 1) £ ()73, ) df)l/z-

Finally, using (Z3) and the fact that the exact solution is bounded, one obtains the bound

Bl 13)3]| < ChY> (Eflleal2) Qh(/tw B () |12,]dr) -

<o (E[||enn§1)‘/2(t€s;g ]E[IIf(u(t))I\?+4])]/2

< C(I + hE[lea)3])-

< CH*(E[|lea|?]) "

In order to estimate the last term |[E[(/},14);]|, we use the mild formulation

u(r) — ultn) = S(tn, PYu(ta) — u(ta) +1 | (e, 0)£(u(6))d0

— (S(tn,F) = Du(ty) —H/trS(t,,, 6) £ (u(6))do,

and then Cauchy-Schwarz’s inequality and a Taylor expansions of f € %bz (H*,H*) to arrive
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at

8101261 = (Sl [ St ) ul) £ 0))) 0]

/[tn+1 | .E[(en,S(ln,r)(f(”(t”)) —f(bt(r))))s] dr

1/2

<n ([ BllenStenr) (Flutn)) — Sl a)

In

<cn2( [ [Elten St (D wlen) ()~ ute) I o)

In

Tt 1
+Ch1/2(/ "IE
1,

n

x (u(r) — u(ta), u(r) —u(ty)) })s] |2dr) 1/2
([ ) v )

n n

CensSlen ) [ D2F0u(r) + 1~ O)un)) a0

It thus remains to bound the above two terms. In order to start to estimate the first term, we
insert the mild solution and obtain

([ R ar) <2 ([ Elen, S0 D) (807~ D)
+i [ S(.0)1(u(8))d6}),)Par) "

< i ([ Ellen (om0 (u(t)) {(S(onr) - Dt ) Par)

2
+h1/2(/fn+1
Jt,

n

dr) 1/2.

El(en 0,112 u0) | 500,01 (1(6)) 061

We can now apply Cauchy-Schwarz’s inequality, the fact that S, f,Df are bounded and the
regularity estimate (Z3) from Section O to arrive at

h1/2(/tzn+1 B[P dr)l/z <Ch1/2 / Efllen  2IE[(S(tn, ) — Da(e) }dr>1/z

ron( / Elle 51| 50t 0)7(u(0)) o] ar) "
< ChV2(E[||en|2)) /20 2R sup (E[||u ()IIM])“2

t€[0.T]

+Ch1/2(E[||€n||?])l/z(/t ](r—’")zd’>

n

< CR*(E[|lea|2) "2 (1 +tes[ng](E[Hu(t)H§+4])‘/2)

1/2

< C( +hE[l|ea|3) (1+ sup (E[llu(r)]34)'?).

t€[0,T]

For the second term, we again use Cauchy-Schwarz’s inequality with the fact that S,Df and
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D? f are bounded and the bound (75):

w2 ([ P an) " <o ([ Bl BEu0) - ) 0

< Ch2(E(lleal3)" 2R R sup (E[l|u(0)]{2])"?
1€(0,7]
< CI?(Elfleal5)'? sup (E[|ut)|I}1])"/

t€[0,T]

< C(W* + hE[[lex])3]) sup (E[Ju(t)[I},o])'"".

t€[0,7]

1/2

Altogether, we arrive at

(L a)J]] < €O+ hElenl2]) (1+ sup ([ue)|4,2)+ sup (EBu(0)|Za)"?).
t€[0,T] t€[0,7]

Collecting all the above bounds, the mean-square error (B4) can thus be estimated by
Ellleq1]12] < (1+Kih+ Kah?)E[lea|2] + Kah® + Kol
and an application of a discrete Gronwall lemma gives the final bound
Elllenls] = E[llu, — () [3] < CH?

which concludes the proof of the theorem. 00

Using the above mean-square convergence result and similar arguments as in [26, [Y]
or [B], one can also show that the exponential method (B) has order of convergence one in
probability.

PROPOSITION 3.2. Let T > 0 and assume that uy € H*7*(RY) with s > d/2 is such
that the nonlinear Schréodinger equation with white noise dispersion (ILTl) possesses a unique
adapted solution u with paths a.s. in € ([0,T],H***(R%)). Let us apply the stochastic expo-
nential integrator (B) to compute uy, with step size h =T /N. Then, one has

lim ]P’( max [[u(ty) — )y > Ch) =0
C—+eo  \n=0,...,N
uniformly in h, where we recall that t,, = nh.

4. Numerical experiments. This section presents various numerical experiments for
the nonlinear Schrodinger equation with white noise dispersion (IT). We will use the follow-
ing numerical schemes:

1. The explicit exponential integrator (B1I);
2. The Lie-Trotter splitting
Uy = S(tni1,8n ) Un
Upy1 = Y(l’l)lxt* (41)
from [26]. Here, Y (h)u, denotes the value at time /4 of flow associated to the problem
194 4 |u|*°u = 0 with initial datum u,;
3. The Strang splitting
u = Sty +h/2,ty)uy
u=Y(h)u,
Up+1 = S(tn+l NI ]’l/Z)ﬁ, 4.2)

where again Y (k) is defined as above;
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4. The implicit Crank-Nicolson scheme

LUpypl — Up Xn

I— +—F=
h Vh

1 _ Bltns1)—B(ta)

from [3]. Here, we have set u,, 1/, = S(tn 4+ tns1)s Xn = NG

2
1 (PT 2PN gy
o+l lu]>=v[? 2 )
We will consider the stochastic partial differential equation (1) on the one and two di-

mensional torus with periodic boundary conditions. The spatial discretisation is done by a
pseudospectral method with M Fourier modes in 1d, and M? Fourier modes in 2d.

Atty 41+ 8ty 1) = 0 4.3)

and g(u,v) =

4.1. Numerical experiments in 1d. This subsection presents convergence plots for
the above mentioned numerical methods applied to the nonlinear Schrodinger equation with
white noise dispersion (ICT); space-time evolution plots; experiments illustrating the influence
of the power nonlinearity ¢ supporting a conjecture proposed in [B]; and finally illustrations
of the preservation of the L?>-norm along numerical solutions.

4.1.1. Convergence plots. In order to illustrate the mean-square convergence of the
exponential integrator (B33), we consider problem () on the interval [0,27] with parameters
¢ =0 =1. The initial datum is uo(x) = e~ @™’ for x € [0,27]. Furthermore, M = 28
Fourier modes are used for the spatial discretisation. The mean-square errors E[||u(x, Tend) —
uy (x) ||iz] at time T¢pq = 0.5 are displayed in Figure B4 for various values of the time step
h=2"for¢=6,...,17. Here, we simulate the exact solution u(x,t) with the exponential
method, with a small time step hexaee = 27 !7. The expected values are approximated by
computing averages over M; = 5000 samples. We computed the estimate for the largest
standard errors to be 5.78 - 10~* for the Crank-Nicolson scheme and around 1079 for the
other numerical schemes. These estimates are far from optimal but we observed that using
a larger number of samples (M; = 10000) does not improve significantly the behaviour of
the convergence plots. This is also the case for the other convergence plots presented below.
In Figure BT4, we observe convergence of order 1 for the exponential integrator. This is in
agreement with Theorem Bl. The orders of convergence for the splitting schemes and for the
Crank-Nicolson scheme are also seen to be 1.

Note that the explicit exponential method (B3), as well as the Lie and Strang splitting
methods (BE)-(B2) take full advantage of the exact integration of the stochastic linear part of
the Schrodinger equation when one uses periodic boundary conditions and hence the spectral
properties of the Laplace operator are exactly known. In contrast, the Crank-Nicolson scheme
(E3) does not integrate the stochastic part of the equation exactly. One can even argue that
the error in the identity

1 +iX

2ix 3
=X 4 o(x
1—-iX ¢ X,

which is the cornerstone of the error analysis of the linear part of the Crank-Nicolson scheme
applied to a Schrodinger equation, is fully under control in the deterministic case (when
X = —% 2 and & is the Fourier variable), while it can be much higher in the stochastic case
(when X = —0%52) even for small time steps. Once again, such an error corresponding
directly to the stochastic part of the PDE is not present in the three other schemes (31), (E)
and (E2). This explains, in 1d as well as in higher dimension (see next section for numerical
examples in dimension 2), the relatively poor behaviour of the Crank-Nicolson scheme in
this situation (see Fig BTd) even if c is of order 1. On the other, as observed in Figure ETH,
the good convergence behaviour of the Crank-Nicolson is recovered for ¢ = 0.25 (smaller
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Figure 4.1: Mean-square errors as a function of the time step for ¢ = 1 and ¢ = 0.25: Expo-
nential integrator ((J), Lie-Trotter (), Crank-Nicolson (%), Strang (o). M, = 5000 samples
are used to approximate the averages. The dotted lines have slopes 1 and 2.

0.45
0.4
0.35
03[

Time 0.25

(a) Space-time evolution (b) Contour plot

Figure 4.2: Space-time evolution and contour plot for the exponential integrator (B33). The
discretisation parameters are & = 2714 and M = 28.

noise intensity parameter). The other parameters are the same as in the previous numerical
experiments.

4.1.2. Evolution plots. Figure B2 shows the evolution of |u,|* along one sample of the
numerical solution obtained by the exponential integrator (38) for the above problem with
the discretisation parameters h = 214 and M = 28. This illustrates, in the case ¢ = 1, the
interplay and the balance between the random dispersion and the nonlinearity. In contrast,
the qualitative behaviour is different for higher values of .

The article [B] conjectures that the power nonlinearity ¢ = 4 is the critical case for ()
in dimension one. We now present numerical experiments supporting this conjecture. Prob-

lem (D) with the initial value ug(x) = 2.3 - e~14=™7 is integrated over the time interval

107"
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(a) o =39

Figure 4.3: Space-time evolution for the exponential integrator: ¢ = 3.9 and 0 = 4. The
discretisation parameters are & = 2712 and M = 2'4.

[0,0.05] with discretisation parameters 2 = 2712 and M = 2!4. Figure E3 shows the space-
time evolution for the power nonlinearity o = 3.9 and ¢ = 4. Blow-up of the solution can be
observed in the critical case ¢ = 4 thus numerically confirming the conjecture from [B].

We now perform another numerical test to support the criticality of the exponent o = 4.
We consider the numerical integration of () with ¢ = 1.0 for several values of ¢, namely
3.0, 3.9 and 4.1, starting from the initial datum uo(x) = 10e~19" for x € [—207,207], over
the time interval [0,7. 10’8]. We use the Lie-Trotter method (E) and the explicit exponential
scheme (BZD)) to integrate the problem. We use M = 2!° Fourier modes in space. We run
several samples for each method and we plot the numerical H'!-norm as a function of time.
We observe numerical blow up in finite time for some samples. We count the number of
samples that blow up in finite time, and the evolution of this number when one refines the
time step. Numerical results are presented in Figures B4 and BE3. We observe that, for
each method, for 6 = 3.0 and ¢ = 3.9, reducing the time step leads to a smaller proportion
of solutions that blow up in finite time. In contrast when ¢ = 4.1, for each method, the
percentage of solutions that blow up in finite time does not decrease when one reduces the
time step. This illustrates numerically the criticality of the exponent ¢ = 4.0 in dimension
one.

Of course, this is only a rough result and one can think of more sophisticated techniques
such as adaptive mesh refinement techniques to have a better understanding of the behaviour
of the solution close to the blow-up.

4.1.3. Preservation of the L?-norm. It is known that the L?>-norm of the solution to
the SPDE () remains constant for all times [3]. Figure B8 illustrates the corresponding
preservation properties of the above numerical integrators along one sample path. For this
numerical experiment, we consider the parameters ¢ = 1,6 = 1,h = 27> M = 28 and the
initial value ug(x) = e 106-m for x € [0,27]. Exact preservation of the L?-norm for the
splitting schemes and for the Crank-Nicolson scheme is observed, whereas a small drift is
observed for the exponential integrator (Bl). In Section B, we will propose a symmetric
exponential integrator that preserves exactly the L?-norm.
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Figure 4.4: H'-norm of the solution of (IZ)) as a function of time with & = 3.0 (up), 6 = 3.9
(middle), o = 4.1 (down), using the exponential method (B). Time steps 2 x 10712 (left),
10~!2 (middle), 0.5 x 10~'? (right).

4.2. Numerical experiments in 2d. This subsection presents convergence plots for
(D) in two dimensions as well as experiments illustrating the influence of the power nonlin-
earity o supporting a conjecture proposed in [B].

4.2.1. Convergence plots. We illustrate the mean-square convergence of the exponen-
tial integrator (Bdl) in 2d. To do so, we consider the problem () on [0,27] x [0,27]
with parameters 6 = 1 and ¢ = 1 or ¢ = 0.1. The initial value is set to be ug(x,y) =
ef((xfn/2)2+(y77r/2)2)eile_|_e70.5((x737r/2)2+(y7377:/2)2)efiIOy for (x,y) € [0,27] x [0,27]. Fur-
thermore, M = 2% Fourier modes are used in each directions for the spatial discretisation.
The temporal errors at time Tepg = 0.5 are displayed in Figure B2 for various values of the
time step 4 = 2~ for £ = 15,...,23. Here, we simulate the exact solution u(x,y,7) with a
small time step Aexact = 2~ 2. The expected values are approximated by computing averages
over M; = 25 samples (for these computationally expensive simulations). In this figure, we
observe convergence of order 1 for the exponential integrator. This is in agreement with
Theorem Bl

4.2.2. Evolution plots. Let us now consider the following parameters c = 1,h=2""" M =
27 and the initial value 5 - e~ 14((—7/2°+0—7/21%) il0x for (x y) € [0,27] x [0, 27]. Figure IR
displays snapshots of the numerical solutions for the Schrodinger equation with power non-
linearity 0 = 1.9 and ¢ = 2. Blow-up of the solution can be observed numerically in the
conjectured critical case 6 = 4/d = 2 from [3].
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5. L2-preserving exponential integrators. As seen above, the proposed explicit expo-
nential integrator unfortunately does not preserve the L>-norm. This can be fixed by consid-
ering symmetric exponential integrators using ideas from [9]. We thus propose the follow-
ing symmetric exponential method for the numerical discretisation of nonlinear Schrodinger
equation with white noise dispersion (Il

uo = u(0)
h h
]\I* = j\f(lsv(l)1 + Ei s til) Uy + Ei’]\[* )
h
Upi1 :S(tn+1,t,,)un+hS(tn+h,tn+E)N*, (5.1)

where N(u) = i|u|*°u is the nonlinearity.
This numerical method preserves the L>-norm as seen in the following proposition.

PROPOSITION 5.1. The exponential integrator (511) preserves the L>-norm, as does the
exact solution of the nonlinear Schrodinger equation with white noise dispersion (ILT).

Proof. This proof is an adaptation of the proof stating conditions for a Runge-Kutta
methods to preserve quadratic invariants, see [20, Section IV.2.1] and further [Y].
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Let us compute the L?-norm of u;:
h
lar|[* = 11821, 10)u0 + RS (t0 + to + 2 N [* = [[uo > + [ N[
h h
+h(S(11,l‘o)l/l(),S(to+h,to+ E)N*) —|—h(S(l‘0+/’l,t0—|— E)N*,S(tl,t())uo>

using the isometry of the random propagator S(z,r). We next define Y := S(¢p+ %,to)uo + %N*
so that uy = S(19,10 + %)(Y — %N*) Inserting this quantity in the above equation and using
the definition of S(z,r) yields

h? h?
a2 =l 2+ 2N | = S [N 2 = S N2+ A (¥, N) + (V.. )
= Jluol|?

since the last term in brackets is zero (this follows from the fact that N, = N(Y) and the fact
that the L?-norm is a first integral). 0
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5.1. Numerical experiments for the symmetric exponential integrator. Figure B
illustrates the preservation of the L>-norm by the exponential methods (1) and (5I) as well
as strong convergence plots. The parameter values are the same as in the above numerical
experiments. Exact preservation of the L?-norm, as stated in Proposition 1], is observed for
the symmetric version. The convergence plot indicates the same order of convergence for the
symmetric version of the scheme as for the original exponential integrator (B-I).

6. Computational cost. The goal of this section is to compare the computational cost
of the explicit exponential method (Bl) and its symmetric version (Bl) introduced in this
paper to that of classical numerical methods from the literature, for the integration of the
Cauchy problem (ITl). We choose to implement the Crank-Nicolson method (E3), and the
Lie and Strang splitting methods (E), resp (B=2). We run the 5 methods over the time interval
[0,0.01] for the Cauchy problem (W) with ¢ = 1, 0 = 3 and initial datum uo(x) = e 10,
We discretise the spatial domain [—207,207] with 2!3 points and use FFT as if the solution
were exactly periodic in space. We run 100 samples for each numerical method. For each
method and each sample, we run several time steps and compare the L? error at final time
with the solution provided for the same sample with the same method for the very small time
step h = 2729, We plot on Figure B the total computational time for all the samples, for each
method and each time step, as a function of the averaged final error we obtain.

We see that all numerical methods but the Crank-Nicolson method actually behave rather
similarly for small time steps, since the points we obtain are almost aligned. The fact that the
Crank-Nicolson method behaves a rather differently to the other 4 methods can be explained
mainly by the fact that it is the only numerical method in this test that does not integrate the
linear stochastic part of the equation exactly (as noticed in the analysis of the convergence
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plots in Section BET1 above). Note that if one takes more complicated space geometries or
space discretisations (and not equispaced points on a finite interval that allow using FFT) so
that the linear part of the equation can no longer be integrated exactly, then the numerical cost
of the other four numerical methods may be of the same order as that of the Crank-Nicolson
method.

7. Conclusion. We introduced a new, explicit, exponential integrator (B8) for the time
integration of the nonlinear Schrodinger equation with power-law nonlinearity and random
dispersion (IT). We showed that this integrator has mean-square order one (Theorem BI).
We compared it with other methods from the literature. In contrast to methods such as the
Lie-Trotter splitting or the Crank-Nicolson method, it does not preserve the L?-norm exactly
(Figure E-6). However, it shares the same order and our numerical experiments show that
it outperforms methods that do not integrate exactly the linear part of the equation, such as
the Crank-Nicolson method, in terms of size of constant errors, for reasonably large noise
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Figure 6.1: Computational time as a function of the averaged final error for the five numerical
methods.

intensity (Figure E). Furthermore, we used this new scheme in Section B2 to support a
conjecture on the critical power to get blow-up in finite time in the nonlinear Schrédinger
equation (Tl). Finally, we proposed another exponential integrator (&11) which is symmetric
and has the same numerical order as the one proposed initially. It however is implicit and
hence has higher numerical cost.
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