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Abstract.

Nonreflecting boundary conditions for problems of wave propagation are nonlocal
-Ie9U 91} SB [[oM SB ‘Soull} SUO[ I9A0 A3I0Ud [B)0) 93 JO UOIJRAIISUOD d)ewxordde in space and time. While the nonlocality in space can be efficiently handled by Fourier or spherical

The derivation of such transparent boundary conditions is well understood;
see, e.g., [3, 6] and also sections 3 and 4 below. However, these boundary conditions

, the equations need to be restricted to a bounded domain in a neighborhood of
turn out to be nonlocal both in space and time. For special geometries, e.g., discs

the region of physical interest. This requires imposing transparent boundary condi-

1. Introduction. Wave propagation is usually formulated in terms of partial
"1exisqy tions (or, synonymously, nonreflecting boundary conditions) which are ideally such

Key words. transparent boundary conditions, radiation boundary conditions, fast convolution
differential equations on unbounded domains. For a computational treatment, how-

algorithm, wave equation, Schrédinger equation
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discretize the Neumann-to-Dirichlet operators arising from the formulation of nonreflecting boundary

conditions in rectangular geometries for Schrédinger and wave equations.
that the solution of the equations incorporating these boundary conditions coincides

with the restriction to the bounded domain of the solution to the whole-space equa-

expansions in special geometries, the arising temporal convolutions still form a computational bot-
O(N¢log N¢) operations and O(log N¢) memory. In the numerical examples, this algorithm is used to

tleneck. In the present article, a new algorithm for the evaluation of these convolution integrals is

‘uoronpoauy | proposed. To compute a temporal convolution over N successive time steps, the algorithm requires

tions.
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We describe various integration schemes and analyze their error behaviour, with-
tum-classical coupling, error bounds, stability.

out assuming smoothness of the solution. As preparation and as a problem of inde-
pendent interest, we study also integration methods for Schrédinger equations with

We study time integration methods for equations of mixed quantum-classical molec-
time-dependent Hamiltonian.

ular dynamics in which Newtonian equations of motion and Schrodinger equation

quantum evolution, and the solutions are typically highly oscillatory. The numericalP™i3-8U0[ 913 Ojul JSISUL MU PUE ‘058 AOUSNDILY-1H[NUL OY3 03 POPULYXD 1€ Aousnbaiy
AMS subject classification: 65105, 651,70, 65M12, 65M20.

nonlinearly coupled. Such systems exhibit different time scales in the classical and theote symser o1, ‘sorouenbaiy juetoser 10] poures sI SUOIN[OS [ROLIDWNT JO INOIARTD(

vector is approximated using Lanczos’ method. This allows time steps that are muc

methods use the exponential of the quantum Hamiltonian whose product with a sta
larger than the inverse of the highest frequencies.
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There still remain

or balls or periodically extended slabs and cylinders, Fourier or spherical expansions

decouple the boundary equations for the expansion coefficients.
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temporal convolutions of the type
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ON KRYLOV SUBSPACE APPROXIMATIONS TO THE MATRIX
EXPONENTIAL OPERATOR*

cos MARLIS HOCHBRUCK' AND CHRISTIAN LUBICHT

191908 [PONTIIHIEIN WEIHIMV 70020 Abstract. Krylov subspace methods for approximating the action of matrix exponentials are
spunoq 1o1e AeIydo ‘SpOYIEUI J0O]-20IIRE] PUT 95IYIEH Eowzow%%.@mmﬁ. d in this paper. We derive error bounds via a functional calculus of Arnoldi and Lanczos
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PO GE Arepuoseg fcob) IR ‘SIINGY AlewLl ] ‘uouypoissny 103lqng soupwayinyodohaear systems of equations. As a side result, we obtain error bounds for Galerkin-type Krylov

2007 ‘g oquegdag 1031ps oy Aq peametipods for linear equations, namely, the biconjugate gradient method and the full orthogonalization

method. For Krylov approximations to matrix exponentials, we show superlinear error decay from
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M is the mass matrix and H(y) is the Hamilton operator or—as

will be assumed here—its spatial discretization. The typical situation is that
H(y) is a sum of a (discretized) negative Laplacian and a position-dependent
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The inclusion of quantum behaviour in molecular dynamics simulations is a
*Received July 1998. Revised March 1999. Communicated by Syvert Ngrsett.

topic of considerable current interest; see the contributions in the recent vol-
ples Newtonian equations of motion and Schrodinger equations in the following

way:
(
Here, y denotes the positions of the classical particles and 1 represents the wave

ume [4]. Since a full quantum simulation of molecules is out of question, mixed
quantum-classical models offer feasible alternatives. A widely used model cou-

functions.

(1.1)
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