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Abstract. Nonreflecting boundary conditions for problems of wave propagation are nonlocal
in space and time. While the nonlocality in space can be efficiently handled by Fourier or spherical
expansions in special geometries, the arising temporal convolutions still form a computational bot-
tleneck. In the present article, a new algorithm for the evaluation of these convolution integrals is
proposed. To compute a temporal convolution over Nt successive time steps, the algorithm requires
O(Nt logNt) operations and O(logNt) memory. In the numerical examples, this algorithm is used to
discretize the Neumann-to-Dirichlet operators arising from the formulation of nonreflecting boundary
conditions in rectangular geometries for Schrödinger and wave equations.
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1. Introduction. Wave propagation is usually formulated in terms of partial
differential equations on unbounded domains. For a computational treatment, how-
ever, the equations need to be restricted to a bounded domain in a neighborhood of
the region of physical interest. This requires imposing transparent boundary condi-

tions (or, synonymously, nonreflecting boundary conditions) which are ideally such
that the solution of the equations incorporating these boundary conditions coincides
with the restriction to the bounded domain of the solution to the whole-space equa-
tions. The derivation of such transparent boundary conditions is well understood;
see, e.g., [3, 6] and also sections 3 and 4 below. However, these boundary conditions
turn out to be nonlocal both in space and time. For special geometries, e.g., discs
or balls or periodically extended slabs and cylinders, Fourier or spherical expansions
decouple the boundary equations for the expansion coefficients. There still remain
temporal convolutions of the type

� t

0

f(t− τ) g(τ) dτ , 0 ≤ t ≤ T.(1.1)

For concreteness, consider the example of the wave equation utt = uxx + uyy + uzz

on R
3. Suppose the solution is 2π-periodic in y and z, a situation that occurs in mod-

eling wave propagation near extended layers. Transparent boundary conditions are
required at the planes x = ±a. We consider the Fourier coefficients of the solution,
ûk(x, t) with k = (ky, kz) ∈ Z × Z. Their Laplace transforms Uk(x, s) then satisfy
the linear ordinary differential equation s2Uk = ∂xxUk − |k|2Uk with |k|2 = k2

y + k2
z

for Re(s) > 0. This equation can be solved analytically. Retaining only the solution
decaying to zero as |x| → ∞ gives Uk(x, s) = exp(−

�

s2 + |k|2 |x∓a|)Uk(±a, s). Dif-
ferentiation of this equation at x = ±a yields a relation between the transforms of the

∗Received by the editors May 2, 2001; accepted for publication (in revised form) November 19,
2001; published electronically May 20, 2002.
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Summary. Back
ward

erro
r analy

sis
is a usefu

l tool for the study of numeric
al

approximatio
ns to ordinary

diffe
ren

tial
equatio

ns. The numeric
al solution is for-

mally
interp

rete
d as the exact

solution of a pertu
rbed

diffe
ren

tial
equatio

n, given

as a formal and usually
diverg

ent seri
es in powers

of the step
size

. For a rigorous

analy
sis,

this seri
es has to be truncate

d.

In
this

arti
cle

we
stud

y th
e in

flue
nce

of
this

trun
cati

on
to t

he
diff

ere
nce

be-

tween
the numeric

al solution and the exact
solution of the pertu

rbed
diffe

ren
tial

equatio
n. Resu

lts
on the long-tim

e behaviour of numeric
al solutions are

obtain
ed

in
this way. We prese
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DYNAMICAL LOW
RANK APPROXIMATION

OTHMAR KOCH∗

AND CHRISTIAN LUBICH∗

Abstract. For the low rank approximation of time-dependent data matrices and of solutions to

matrix differential equations, an increment-based computational approach is proposed and analyzed.

In this method, the derivative is projected onto the tangent space of the manifold of rank-r matrices at

the current approximation. With an appropriate decomposition of rank-r matrices and their tangent

matrices, this yields nonlinear differential equations that are well-suited for numerical integration.

The error analysis compares the result with the pointwise best approximation in the Frobenius

norm. It is shown that the approach gives locally quasi-optimal low rank approximations. Numerical

experiments illustrate the theoretical results.

Key words. Low rank approximation, time-varying matrices, continuous updating, smooth

decomposition, matrix differential equations.

AMS subject classifications. 65F30, 15A23

1. Introduction. Low rank approximation of unbearably large system matrices

is a basic model reduction technique in many application areas, such as image com-

pression, linear dynamical systems, regularization methods for ill-posed problems, and

latent semantic indexing in information retrieval. In the present paper, we consider

the task of computing low rank approximations to matrices A(t) ∈ Rm×n
depending

smoothly on a real parameter, henceforth referred to as time t. At any time t, a best

approximation to A(t) of rank r is a matrix X(t) in the manifold M
r = Mm×nr of

rank-r matrices that satisfies
X(t) ∈ M

r such that �X(t)− A(t)� = min!

(1.1)

This is formulated for a matrix norm, which we choose as the Frobenius norm in the

following. The problem is solved by a singular value decomposition (SVD) of A(t),

truncating all singular values after the r largest ones. When the matrix is so large

that a complete SVD is not feasible, a standard approach to obtain an approximate

solution is based on the Lanczos bidiagonalization process with A(t) [14].

Here, we consider instead the low rank approximation Y (t) ∈ M
r determined

from the condition that for every t the derivative Ẏ (t), which is in the tangent space

T
Y (t)M

r , be chosen as

Ẏ (t) ∈ T
Y (t)M

r such that �Ẏ (t)− Ȧ(t)� = min!

(1.2)

This is complemented with an initial condition, ideally Y (t0) = X(t0). For given

Y (t), the derivative Ẏ (t) is obtained by a linear projection, though onto a solution-

dependent vector space. Problem (1.2) yields an initial value problem of nonlinear

ordinary differential equations on M
r , which becomes numerically efficiently accessi-

ble after choosing a suitable factorization of rank-r matrices. We will formulate the

differential equations determining the solution of (1.2) and study the approximation

properties of this approach. It is clear that Y (t) cannot always be expected to remain

close to X(t). This is already seen from the example of finding a rank-1 approxima-

tion to diag(e−t, e t), where starting from t0 < 0 yields X(t) = Y (t) = diag(e−t, 0)

∗
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