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Exercise 14:  Prove the following theorem from the lecture.

Let U and V be open subsets of R*? and ¢ : U — V a diffeomorphism. If ¢ is symplectic, then the Hamiltonian
system

y=]""VyH(y)

transforms to

z =] 1V.K(z)
where K(z) = H(y) with respect to the coordinate transform z = ¢(y).
Exercise 15:

Show, that the symplectic Euler method applied to a Hamiltonian system

Pn+1 = Pn — th(pn-‘rl/ Lln)
Gn+1 = Gn +hHp(pni1,qn)

is symplectic. Make use only of the definition of symplecticity and proceed as follows:

(a) Consider the numerical flow ®;(pn,qn) = (Pnt1,qn+1) and compute the derivative with respect to

(Pn/ qn> Show that
[+hHgy 0\ & (1 —hHy
( —hHy, 1) @' (pn, qn) = (0 ot

9p,Pnt+1  9g,Pn 1)
q)/ , — PnFPn+ qn + .
(pn qn) <apn qn+1 a%1q7’l+1

holds, where

(b) Now check the symplecticity condition

q)/(Pn/qn)T]‘D/(Pnrqn) =]

using the representation of ®'(py,, g,) from the previous part.

Note, that for the second version of the symplectic Euler method

Pni1 = Pn — BHy(pn, Gni1)
Gn+1 = qn + hHp(pn, Gn1)

the proof works analogously.

Exercise 16:

Prove, that the Stormer-Verlet methods applied to a Hamiltonian system
h

Pn+1/2 = Pn— EHq(an/Zr n)

SV1._ h
Oy = 0t = Gn 5 (Hp(Pur1/2,90) + Hp(Payr/2,Gn41))
h

Povr = Pui1/2 = 5 Ho(Pusas2 9nin)
h

Ani172 = 4Gn+ 5Hp(Pns Gns1/2)

h
Q2= pups = pa— ol (Hg(Pn,Gu+1/2) + Hy(Pn, Gnt1/2))

h
1 = Gni1/2 + s Hp(Prs1, Gnia o)

are symplectic. Prove this only for <I>,f V1 and proceed as follows:



(a) The composition of symplectic methods is again symplectic.

(b) The Stormer-Verlet methods are compositions of the symplectic Euler methods with their adjoint meth-

ods;
SV1 _ /4SE1 SE1 _ &SE2 SE1
@ = ( h/2)* o®y, =Dy 0Py
SV2 _ & SE2 SE2 _ 4,SE1 SE2
@, = ( h/2)* 0@y =Dy 0Py
where

PSEL . Pn+1 = Pn— th(PnHr%) d SE2 . JPn+t1 = Pn— th(Pnr%H)
hoi= an Py = .
Gnt1 = qGn +hHp(pui1,qn) Gnt1 = qGn +hHy(pn, Gns1)

Exercise 17:

Let ®;, be the numerical flow for a given numerical scheme applied to the differential equation

This yields the modified equation

7 () = FH®) +1f2(5(D) + P fH0) +..., €

such that the numerical solution of (x!) computed with the numerical scheme described by ®;, coincides with
the exact solution of the modified equation (%?).

(a) Compute the modified equation for the adjoint method ®; = dD:,lf

(b) Using the first part, compute the modified equation for a symmetric method, where ®; = @;,.

Programming Exercise 6:  Consider the differential equation

fort < 1.

(a) Compute the exact solution of the equation.

(b) Consider the explicit Euler method for the numerical approximation of the solution of the above problem.
Compute the modified equation for this problem up to order #? and #>.

Hint: The modified equation reads
7 :gz—hg3+h2§g4—h3§g5+... .
2 3
(c) Compute the numerical solution of the original problem with the explicit Euler method and time step

size h = 0.04.

(d) For h = 0.04 compute the exact solution of the truncated modified equations. For this, use the Matlab
solver ode45 with a high precision.

(e) Plot the exact solution of the original problem, the solution computed with the explicit Euler method and
all exact solutions of the modified equation.

Discussion in the exercise class on 28.6.2012.



