
Summary: Chapter 2

• We 
onsider the following problem

ẏ = f(t, y),
y(t0) = y0.

Let s ≥ 1 be a given integer, bi, aij ∈ R for i, j = 1, . . . , s and ci =
s

∑

j=1

aij . The numeri
al

method
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ki = f(t0 + cih, y0 + h

s
∑

j=1

aijkj) i = 1, 2, . . . , s

y1 = y0 + h

s
∑

j=1

bjkj

is 
alled an s-stage Runge-Kutta method. Notation:

c a

b
.

Examples: Expli
it Euler s
heme; Impli
it Euler s
heme; Midpoint rule; et
.

• Let 0 ≤ c1 < c2 < . . . < cs ≤ 1 be real numbers. The 
ollo
ation polynomial u(x) of
degree s is de�ned by

{

u(t0) = y0
u′(t0 + cih) = f(t0 + cih, u(t0 + cih)) i = 1, . . . , s.

The 
ollo
ation method is then de�ned by

y1 = u(t0 + h).

A 
ollo
ation method is an s-stage Runge-Kutta method with

aij =

∫ ci

0

ℓi(τ) dτ and bi =

∫

1

0

ℓi(τ) dτ,

where

ℓi(τ) =
∏

k 6=i

τ − ci

ck − ci

is the Lagrange polynomial of degree s− 1.

A 
ollo
ation method has the same order as the underlying quadrature formula (bi, ci)
s
i=1.

Examples: Gauÿ methods: Let ci, i = 1, . . . , s be the zeros of the Legendre polynomial

of degree s. The Gauÿ (
ollo
ation) s
heme has thus the order p = 2s. For s = 1, one
gets the midpoint rule.



• We have seen the order 
onditions for Runge-Kutta s
hemes with the help of trees and

B-series.

• A one-step numeri
al s
heme y1 = Φh(y0) is symmetri
, if Φh ◦ Φ−h = Id or Φh = Φ−1

−h.

The numeri
al s
heme Φ∗
h := Φ−1

−h is 
alled the adjoint method.

A Runge-Kutta s
heme is symmetri
, if

ai,j + as+1−i,s+1−j = bs+1−j and bi = bs+1−i.

Example: The midpoint rule is symmetri
.

• Let us 
onsider the following problem

ṗ = f(p, q),
q̇ = g(p, q).

Let (bi, aij) and (b̂i, âij) be the 
oe�
ients of two Runge-Kutta methods. An s-stage

partitioned Runge-Kutta method reads
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ki = f(p0 + h

s
∑

j=1

aijkj, q0 + h

s
∑

j=1

âijℓj) i = 1, 2, . . . , s

ℓi = g(p0 + h

s
∑

j=1

aijkj , q0 + h

s
∑

j=1

âijℓj) i = 1, 2, . . . , s

p1 = p0 + h

s
∑

j=1

bjkj

q1 = q0 + h

s
∑

j=1

b̂jℓj.

Examples: Symple
ti
 Euler method; Störmer-Verlet s
heme; et
.


