Summary: Chapter 2

e We consider the following problem

y = f(t,y),
y(to) = o

S
Let s > 1 be a given integer, b;,a,; € Rfor¢,j =1,...,sand ¢; = Z a;j. The numerical
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Examples: Explicit Euler scheme; Implicit Euler scheme; Midpoint rule; etc.

is called an s-stage Runge-Kutta method. Notation: i’i.

e Let 0 < ¢; < ¢y <...<c¢s <1 bereal numbers. The collocation polynomial u(x) of
degree s is defined by

u(to) = o
u/(to +Czh) = f(to +cih,u(to+cz~h)) 1= 1,...,8.
The collocation method is then defined by

Y = u(to + h)
A collocation method is an s-stage Runge-Kutta method with

c; 1
aij :/0 gl(’?’) dr and bz :/0 62(7’) dT,
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is the Lagrange polynomial of degree s — 1.

A collocation method has the same order as the underlying quadrature formula (b;, ¢;)5_;.

Examples: Gaufs methods: Let ¢;, i = 1,...,s be the zeros of the Legendre polynomial
of degree s. The Gauk (collocation) scheme has thus the order p = 2s. For s = 1, one
gets the midpoint rule.



e We have seen the order conditions for Runge-Kutta schemes with the help of trees and
B-series.

e A one-step numerical scheme y; = ®y(yo) is symmetric, if &, o ®_;, = Id or &), = @:}l.
The numerical scheme &3 := (ID:,l1 is called the adjoint method.

A Runge-Kutta scheme is symmetric, if
Aij + Qsp1—ist1—j = bsp1—; and by = bsp1-;.
Example: The midpoint rule is symmetric.

e Let us consider the following problem

p = f(p,q)
¢ = 9(p,q).

Let (b;,a;;) and (by, d;;) be the coefficients of two Runge-Kutta methods. An s-stage
partitioned Runge-Kutta method reads

p

ki = flpo+hD agkja+hd ayl) i=12..s
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Examples: Symplectic Euler method; Stormer-Verlet scheme; etc.



