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1 Background: Ordinary differential equations and first numerical schemes

Differential equations arise everywhere in sciences: Newton’s law in physics; N-body problems in molec-
ular dynamics or astronomy; population models in biology; mechanical systems in engineering; the
Schrédinger equation in quantum mechanics; etc.

One can find an analytical solution to differential equations only in exceptional cases (with separa-
tion of variables for example), one thus must resort to numerical simulations!

1.1 Problem setting and first examples

In the first part of this lecture, we will consider the following problem

Definition 1.1. LetneN, yo e R"” and f: R x R" — R" (sufficiently differentiable). One seek for a function
y:=y(x) = 11(X),..., ya(x) T €R", x < x < %, which solves the following (system) of ordinary differential
equations (ODE) (also called initial value problem (IVP))

/ —
{y (x) = f(x, y(x)) O

¥(xo) = yo.

Observe that the function f and the initial values yy are given.
In what follows, we will always assume that (1) has a unique solution y(x).

Let us look at the following examples.
Example 1.1. Let us first look at a scalar differential equation and then at a system of differential equations.

¢ Scalar case (n = 1). Population dynamics: Let y(t) be the number of individuals of a given popula-
tion at time t.

In biology, one often models the growth of a population (of bacteria for example) with the differential
equation

Y (1) =ay(t),
y(0) = yo,
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Figure 1: Exponential growth (the horizontal axis is the time).

where the growth factor a € R is given. The exact solution to the above problem reads
y(@) =e“y,.
In Figure 1, one can observe an exponential growth of the population (or a decrease in the case a < 0).

¢ System (n = 2). Predator-prey equations:

Let
y1(t) = number of prey (for example rabbits, hares, etc.) at time t

y2(t) = number of predators (for example foxes, lynx, etc.) at time t.

The dynamic of the evolution of these two populations can be described by the following differential
equations (a, b, ¢, d are given positive constants)

{yi = (a-by)n
vy = (cy1 —d)yo.

We also need the initial values y,(0) und y»(0) and the solution to our ODE is now a vector

J/l(l‘))

yai= (J/2(l‘)

Observe that, in general, there are no explicit representation for the above solution.

Figure 2 shows an example taken from http://www.wikipedia.org.

1.2 Euler’s method

In most of the cases, it is impossible to find the exact solution y(x) to our ODE (1). We will thus seek for a
numerical approximation of y(x) on the interval [xp, X]. For simplicity, we will consider the scalar case in
this subsection.


http://www.wikipedia.org
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Figure 2: Progression of the two species (baboons vs cheetahs) in time (courtesy of http://www.
wikipedia.org).

Idea: For an integer N = 1, we define the time step

and consider a partition of the interval [x, X] as follows
Xp<x1<...<XN=1X,

where
Xiv1—x;i=h for i=0,1,2,...,N.

For h small enough, we can approximate the derivative of the exact solution at x

yxo+ 1) —y(xo)  y(xo+h) —yxo) _ y(xo+h)—yo
h h h

y'(xo) = }liif(l)
and obtain (using y'(xg) = f(x0, ¥0))

yx)=yxo+h) = yo +hf(xo0,¥0).
< g - N

unknown known known

This is precisely the first two terms in the Taylor expansion of the exact solution y(x).
A repetition of this procedure gives Euler’s method (1768):

Yir1 =V +hf(xe, yi), k=0,1,....

Here, yj is a numerical approximation of the exact solution y(xy) at x: yi = y(xx) (see Figure 3).
Observe that y; depends on the time step h. We could thus write yi = yp (xg).
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Figure 4: Euler’s method with time steps i = 0.5;0.1;0.01. The straight line is the exact solution.

Example 1.2. We consider the problem

{y’(t) =e’Wsin(r)
y(0) = —In(3).

Figure 4 shows the exact solution, y(t) = —In(cos(x) + 2), and the numerical solutions obtained with Euler’s
method and the time steps h = 0.5, h = 0.1 and h = 0.01. We can observe that, the smaller h is, the better the
numerical approximation is!

1.3 Order conditions and Runge-Kutta methods
Euler’s method is an example of a one-step method

Vi1 = Vi + hp(xp, yi, h),

by taking ¢ (xg, yx, h) = f (xk, yx), see above. Here, the term “one-step method” means that the numerical
solution yi.; only depends on the earlier numerical approximation y; and not on the previous approxi-
mations y_1, Ykx—2, etc.. We now define the order of a one-step method.
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Definition 1.2. We say that a one-step method yi+1 = yx + hdp(xk, Yk, h) has the order of convergence p, if
the local error (for all nice enough problems (1)) verifies

y(xo+h) -y =6HPHY, h—o0.

Here, we recall that g(h) = G(hP*Y), h — 0 ifand only if there exists a positive constant C such that|g(h)| <
ChP*! for all h small enough.

Observe the following:

1. The local error is the error of the method after just one step. In general, and for nice enough prob-
lems, one can show that if a numerical method has order p, then the global error y(xy) — yn is of
the size @ (hP). Thus: the larger p is, the more precise the numerical method is.

2. We now compute the order p for Euler’s method. A Taylor expansion gives

2
yxo+h)—y1 = yxo)+ y'(x) h+ y”(xo)h? +0(h®) - yo — hf(x0, ¥0)
——
=f(x0,Y0)

/!
= Lpiomt=00?, h—o.
Thus, the order of Euler’s method is p = 1.
A general framework for one-step numerical methods for (1) is given by the Runge-Kutta methods.
i-1
Definition 1.3. Let s =1 be an integer, b;,a;; €R for j=1,...,i—landi=1,...,s5,¢c; =0 and c; := Z aij.
j=1

The one-step numerical method given by

ki = f(xo0,y0)
kz = f()C() +C h,y() + ha21k1)
) s—1
ks = f(x0+csh,y0+h2asjkj)
j=1
S
o= yo+h) bik;
j=1

is called an s-stages explicit Runge-Kutta method. Here, y; = y(h) using only the present value yy. This
one-step approximation is obtained using linear combination of the k;. The quantities k; can be seen as
estimated slopes of the solution to our differential equation (1), see Figure 5. The needed coefficients a;
and b; are usually arranged in a Buicher tableau notation:

0
C2 az)
C3 as;  asz
Cs as1 ads2 ... QGgs-1
b] b2 e bs-] bs

Example 1.3. The tableau for Euler’s method y, = yo + h f (xo, yo) reads

s

See the homework for a further example.
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Figure 5: Various Runge-Kutta methods (courtesy of E. Hairer).

2 Geometric Numerical Integration: A taste

The numerical methods presented in the previous section are generic numerical schemes, they are de-
signed to work for all generic problems (1). BUT one can develop better and more efficient numerical
methods using certain geometric structure of a given ODE problem! In this lecture, we will focus on
Hamiltonian problems in Section 3 and on highly oscillatory problems in Section 4 and the following
geometric properties: preservation of the energy in Subsubsection 3.2.1; and symplecticity in Subsub-
section 3.2.2; almost preservation of the oscillatory energy in Subsection 4.4.

Let us first define a few numerical methods. For ease of presentation, we will drop the explicit depen-
dence of x in the function f in (1).

Definition 2.1. The explicit Euler method (see above) reads

Yn+1=Yn+hf(yn).
This simple and basic numerical method has order of convergence p = 1.

Definition 2.2. The implicit Euler method reads

Yn+1=Yn+hf(Yns1).

Here, one has to solve a nonlinear system of equations in order to find y,.1 (see the homework). This
method has order p = 1.

Definition 2.3. The implicit midpoint rule reads

J/n+J’n+1)

This implicit numerical method has order of convergence p =2 and is symplectic (see below).

Yn+1 ZJ’n"'hf(

Definition 2.4. For partitioned systems (see the predator-pray model and below)

u=alu,v)

U=>b(u,v),
. , .. du .
where u:= u(t),v:= v(t) are independent variables and 1 := s the partitioned Euler method reads

Ups1 = Up+ha(uy, vpy) oy Wt T Up +ha(upy1, vp)
Un+1 = Un+hb(un, vpe), Un+1 = Un+hb(uper, vp).
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This numerical method has order p = 1 and is symplectic. This scheme is also called symplectic Euler
method in connection with Hamiltonian systems, see below.

Definition 2.5. For problems of the form
p=1ra
q=p
or 4 = f(q), one defines the Stormer-Verlet method by
n+1—2qn+ qn-1= hzf(qn)

In this form, this numerical method is a two-step numerical scheme and has order 2. Furthermore, this
scheme is symplectic.

Let us now use the above methods on the following problems.

2.1 Predator-Prey equations
We consider the Lotka-Volterra (or predator-prey) problem
u=u-(v-2)
v=v-(1-u).
This problem has the invariant
I(w,v)=In(w) —u+2In(v) —v.

This means I(u(t), v(t)) = Const for all time ¢ (see the homework). Figure 6 displays the numerical tra-
jectories in the phase plane (periodic solutions) and monitor the above invariant along the numerical
solutions given by the explicit, implicit and symplectic Euler’s methods using the step size h = 0.05 on the
time interval [0, 24] and different initial values ©(0) and v(0).

2.2 The mathematical pendulum

The equations of motion of a mathematical pendulum is a Hamiltonian system (discussed in more details
below)

p =-sin(q)

qg=p or ¢=-—sin(q)

and thus possess the following invariant (total energy)

1
H(p,q) = 5]92 —cos(q).

Figure 7 displays the numerical trajectories (position VS time) of the pendulum and monitor the total
energy along the numerical solutions given by the explicit, implicit, symplectic Euler’s methods and the
Stormer-Verlet scheme using the step size i = 0.2 on the time interval [0, 200].

2.3 Planetary motion

We finally apply the explicit and symplectic Euler’s methods to the system which describes the motion of
the five outer planets relative to the sun (Figure 8). The datas are from [12, Chap. 1.2.4]. This system is a
(complicated) Hamiltonian problem. Figure 9 displays the numerical orbits of the planets and monitor
the total energy along the numerical solutions given by the explicit and symplectic Euler’s methods using
the step size h = 10 (Earth days) on the time interval [1994, 2268].
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Figure 6: Numerical solutions for the Lotka-Volterra problem: Phase plane (left plot) and invariant (right
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Figure 8: The outer solar system (courtesy of E. Hairer).

Figure 9: Numerical solutions for the outer solar system (orbits and total energy): explicit Euler (left plot)
and symplectic Euler (right plot).

10
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3 Numerical integration of Hamiltonian systems

Many important problems in mechanics are described by Hamiltonian systems. In this section, we will
define the problem, analyse it and present some numerical schemes in order to discretise it efficiently.

3.1 Definition and examples

Definition 3.1. Let H : R? x R — R be given. A Hamiltonian system consists of the following differential
equations

. 0H ) .
pi=——pq), Gi=—p,q), i=1,...d. 2)
qi pi

Or using a more compact notation
p=-VqH(p,q)=—-0H/dq)", ¢=V,H(p,q)=0H/op)". 3)

Or using again another notation

y=I"\VH(y), with y=(2) and ]=(_OI (I)) @)

Here, in the example of mechanical systems, one can think of the Hamiltonian H as the total energy of
the problem, q; are the position coordinates and p; the momenta.

Example 3.1. The ODE for the mathematical pendulum is a Hamiltonian system. Here, the position coor-
dinate q(t) denotes the angle between the rod and the vertical at time t. Further, the Hamiltonian is given
1
byH(p,q) = Epz —cos(q).
The equations describing the motion of the planets from the above section are also Hamiltonian sys-
tems. See the homework for further examples.

3.2 Geometric properties of Hamiltonian systems

In this subsection, we will consider two important properties of Hamiltonian systems: conservation of
the energy and symplecticity.

3.2.1 Conservation of the energy

We first show that the total energy of a Hamiltonian problem (2) is conserved
H(p(1),q(t)) = H(p(0),q(0)) foralltimet

along the exact solution of the problem. Indeed, taking the time derivative of the Hamiltonian function,
one gets

& (. qu) = 2 1 91 4 = 09T O 9T
dr ' ap"  aq op\ aq aq \op
Here, we see that the the total energy along the exact solution of a Hamiltonian system (2) is conserved.
It is thus natural to develop numerical methods that share the same property as the exact solution, i. e.
energy-preserving numerical methods (see the homework).

This is the main philosophy behind geometric numerical integration: derive numerical methods
that share the very same geometric properties as the exact solution of a given differential equation!

11
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3.2.2 Symplecticity

More important than the above property of energy conservation is the property of symplecticity of Hamil-
tonian systems.

p p
Let us first consider the parallelogram 2 c R?*? spanned by the vectors { = (g q) and 17 = (z q) and

further the application (bilinear form) w: R?*¢xR*? — R with J = ( 0 I).
T -1 0
&m — n

(P

Example 3.2. In the case d = 1, one has w((,n) = (Pn9 —{9nP = det (Cq

P
nq). This is the oriented area of
n

the parallelogram 2!
In the case d > 1 we consider the sums of oriented areas of projections of 2 onto the coordinate plane

(pirqi)-'
d
w¢m={"n= Zdet(

P
¢ nf) £
q
i=1 i

¢ = > i =¢In)).
i i=1
One now asks if a map could preserve the (sum of) oriented area(s).

Definition 3.2. A linear map A: R?¢ — R?% is called symplectic if w(A{, An) = w((,n) for all {,n € R*? or
equivalently ATJA=].

Further, a differentiable map g: U c R*¢ — R?? is called symplectic if the map g'(p, q) is a symplectic
linear map for all (p,q) € U: g'(p, )" Jg'(p, q) = J forall (p,q) € U.

Below, we will see that the solution to the Hamiltonian problem (4) is a symplectic map!

’ We are thus interested in developing numerical methods which are also symplectic.

3.3 Afewresults

In this subsection, we will explain why symplectic numerical methods are well adapted to the numerical
discretisation of Hamiltonian problems (4).

3.3.1 Characterisation of Hamiltonian problems

Theorem 3.1 (Poincaré (1899)). For every fixed time t, the flow @; (i.e. the mapping that advances the
solution by time t: @:(po, o) = (p(t, po, 90), (&, po, Go))) of the Hamiltonian problem (4) is a symplectic
transformation.

This result is illustrated in Figure 10, where the level curves of the Hamiltonian function of the pen-
dulum are displayed together with illustrations of the area preservation of the flow ¢;.
Next, we have the following result

Theorem 3.2. The flow ¢, of a differential equation y = f(y) is a symplectic transformation for all time t
ifand only if locally f(y) = J"'VH(y) for some function H(y).

This thus means that symplecticity is characteristic for Hamiltonian problems!

12
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Figure 10: Area preservation of the flow of Hamiltonian systems (courtesy of E. Hairer).

3.3.2 Symplectic numerical methods

A numerical one-step method y,,+1 = ®5(y,) is called symplectic if, when applied to a Hamiltonian sys-
tem, the discrete flow y — @, (y) is a symplectic transformation for all sufficiently small step sizes .
For the numerical methods we have the following results

Theorem 3.3 (de Vogelaere (1956) and others). The symplectic Euler method defines a symplectic trans-
formation
. (pn) . (Pn+1)
' dn dn+1 ’
The same holds for the Stérmer-Verlet method and the implicit midpoint rule.

These results are illustrated in Figure 11, where one observes that the explicit Euler, the implicit Euler,
and the second order Runge-Kutta methods are not symplectic, i. e. these numerical methods are not area
preserving.

/A\Ge and Marsden (1988) proved that, for Hamiltonian system without further conserved quantities,
a symplectic method which exactly preserves H has to be a re-parametrisation of the exact flow.

Furthermore, Chartier, Faou, Murua (2005) showed that the only symplectic method (as B-series) that
conserves the Hamiltonian for arbitrary H(y) is the exact flow of the differential equation. /A

3.3.3 Long-time near-energy conservation of the numerical solutions

Finally, using the idea of backward error analysis, one can explain the excellent long-time behaviour of
symplectic methods when applied to Hamiltonian problems.

Theorem 3.4 (Benettin, Giorgilli and others (1994)). Consider the Hamiltonian system (4) with analytic
H. Apply a symplectic method of order r with stepsize h (small enough). If the numerical solution stays in
a compact set, then the numerical solution given by this symplectic scheme satisfies

H(pn, qn) = H(po, qo) + O(h") for nh<el’®?,

13
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» implicit Buler

Figure 11: Area preservation of numerical methods for the pendulum (courtesy of E. Hairer).

where 7y is a positive constant of moderate size. Recall r = 1 for the symplectic Euler method and r = 2
for the Stormer-Verlet or midpoint schemes. This explains the excellent long-time behaviour of symplectic
methods when applied to Hamiltonian systems (see the plots in Figures 7 and 9 from the previous section).

The proofs of these (nontrivial) results can be found in, for example, [12]. Let us however give the
main steps for the proofs:

1. Modified differential equation. Consider an ODE y = f(y) together with a numerical method
Yn+1 = @ (yn). The idea of backward error analysis (BEA) is to search for a modified differential
equation ¥ = f;,() of the form

V= =fD+hfo(D+RHEGD +...,

such that '
Yn=Y (nh)
and to study the difference between f and f},, see Figure 12.

One finds the coefficients f5, f3,... of the modified differential equation using a Taylor series:

. K.
J) =70 +h) = 7O0) + hy(©0) + —-F(O) +...

=Yo+ hfh(y()) +...=)o+ h(f(y()) + hfg(yo) +h2f3(y0) +) +...

2 y1 = Yo+ hf(yo) + h2do(yo) + h3d3(yp) +... the expansion of the numerical solution.

Observe, that the coefficients d; are given by the numerical scheme. For example, d; = 0 for Euler’s
method.

14
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Figure 12: Modified differential equation (courtesy of E. Hairer).

One then compares the coefficients in front of & and express f; thanks to the (given) coefficients of
the numerical scheme d:

R y=w
h': Fo) = f(yo)
1
h?: fz(y)+§f’(y)f(y)=dz(y)

wio i+ %(f”(f» NI+ %(f’fz W+ f2f () = ds()

etc.

Let us give a concrete example

Example 3.3. Consider
y=y
y(0)=1
with exact solution y(t) = ﬁ The modified differential equation for explicit Euler’s method reads

- _ o W R
y=fh(37)=y2—hy3+73y4—§8y5i---

and the exact solution of the modified differential equation y = f,(3) is the numerical solution given
by Euler’s method!

2. Properties of the modified differential equation.
If the numerical methods has order p, then the modified equation reads y = f(3) + h” fpr1()+....

If the original problem is Hamiltonian and the numerical method is symplectic, then the modified
equation is also Hamiltonian!

3. Some estimations. Using the analyticity of the function f and further technical assumptions, one
next estimates the coefficients d;(y) and the coefficients f;(y) of the modified differential equation.
One has to truncate the modified equation at an appropriate index N and obtain an estimate for
the local error

15 (v0) = @nn () < Ce™™ " for h<h*,

15
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where ¢y 1, () is the exact solution of the truncated modified differential equation
V=f@+hfp(D+...+ N i)
and ®y,(yp) is our numerical method.

4. Near conservation of the total energy. Consider a Hamiltonian problem with a symplectic numer-
ical method of order p. We know that the modified equation is Hamiltonian with

H(y) = H(y) + hHz(y) + h*H3(y) +...+ BN "V Hy ().
For small enough step sizes & and an appropriate truncation index N, one can show that
H(y,) = H(yo) +0(e™" /")
and prove near conservation of the energy by a symplectic numerical method of order p:
H(yn) = H(yo) +O(hP)

for exponential long time nh < T = e"" /@M

4 Highly oscillatory problems

This section deals with the numerical treatment of particular second-order differential equations with
highly oscillatory solutions.
4.1 Motivation: A Fermi-Pasta-Ulam type problem

We consider

¥+ Q%x = gx):=-VU(x),
x(0) =%, %(0) = X, (5)

0 O
Q=
(0 wl )
with @ > 1, x := (Xs1ow, Xtast) = (X0, X1) € R™*", the nonlinearity g comes from a smooth potential U, and
we assume finite initial energy

where

Loz L 2
EIIX(O)II +5||Qx(0)|| <E. (6)

We want to use a numerical method with large step size, so that the product % - w is not small and thus
the BEA from the previous section cannot be applied in this situation!
A typical model problem is offered by the (modified) Fermi-Pasta-Ulam problem (FPU).

Example 4.1. The FPU problem consists of a chain of alternating stiff (linear) and soft (nonlinear) springs
as described in Figure 13.
After a change of coordinates, one gets the Hamiltonian
Lor 1 12
H(x,y) = Ey y+ Ex Q°x+U(x)

which gives a differential equation of the form (5).

16
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stiff soft
harmonic nonlinear

Figure 13: FPU problem (courtesy of E. Hairer).
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Figure 14: Energy exchange in the FPU problem (H=total energy, I, I», I3 components of the oscillatory
energy I).

Denoting the energy of the j -the stiff spring by
1
Ij(x1,j,1,5) = E(yfj + wzxij),
we observe, in Figure 14, that the oscillatory energy
Ix,y):=Lh+L+...+ Iy

remains almost constant for very long time along the exact solution of the FPU problem!

We want to understand this phenomena. An explanation will be given in the two sections.

Let us investigate what happen for the numerical solutions given by classical methods. To do so, we
consider the above FPU problem with o = 50 and 3 stiff springs. In Figure 15, one can observe that the
classical numerical schemes (implicit midpoint rule, classical RK4, Stérmer-Verlet) do not perform well or
ar not very efficient (the midpoint rule needs the solution to a nonlinear system at each time step)!

How do we get better numerical integrators for highly oscillatory problems?

The next subsections will provide an answer to this question.

4.2 Trigonometric integrators

We now present efficient numerical methods for highly oscillatory problems of the form (5) having the
following properties:

implicit mid-point Runge—Kutta, order 4 Stormer—Verlet
1 ,“\
r h = 0.001 h = 0.001 h=0.00
of A A
100 200 100 200 100 200

h = 0.008

e h = 0.025

L | |
100 200 100 200

Figure 15: FPU problem: Numerical solutions for various integrators (courtesy of E. Hairer).
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1. theyreduce to the Stérmer-Verlet scheme if Q =0
2. theyareexactifg=0

3. they work well for hw = ¢y >0

4. they are explicit

5. they almost preserve H and I for very long time.

The main building block for the derivation of these scheme is the variation of constants formula for the
exact solution (4 is a positive real number)

h
x(h) = cos(hQ) x(0) + Q! sin(hQ) %(0) +f Q7 Lsin((h - 5)Q) g(x(s)) ds
0

h

x(h) = —Qsin(hQ)x(0) + cos(hQ) x(0) +f cos((h—s)Q)g(x(s))ds.
0

Discretising the above integrals (in various ways) motivates the following definition

Definition 4.1. The family of trigonometric methods reads
1
Xp+1 = cos(hQ)x;, + Q! sin(hQ)x,, + Ehz‘l’gn (7
1
Xne1 =—Qsin(hQ)x, + cos(hQ) X, + Eh(‘l’og,, +W¥18n+1) (8)

where g, 1= g(®x,), ©=0(hQ), ¥ =¥ (hQ), ¥, =¥ 1(hQ), ¥, = ¥Y,(hQ) are filter functions. The purpose
of these filter functions is to filter out numerical resonances and the choice of these filter functions is not an
easy task. Let us give two examples.

Example 4.2. The choices ¥ ({) = sinc({) := %,@(() =1,%() =cos((),¥1() = 1 was proposed by Deu-
flhard in 1979.

The choices ¥ () = sinc3 (), () = sinc(), ¥o() = cos()sinc®((), ¥1(() = sinc®(() was proposed by
Grimm and Hochbruck in 2006.

4.3 Modulated Fourier expansions

In order to show near-conservation of the oscillatory energy along the exact solution and the near-conservation
of the oscillatory and total energy along the numerical solutions given by the trigonometric integrators,
we make use of an analytical tool called a modulated Fourier expansion. We present this tool now.

To motivate a suitable ansatz for the exact solution of (5), we observe that the general solution of the
scalar problem X + w?x = g(t) is given by

Xgen = Xpart + XH,
where xy = d1€" + dye " and xpare = co(1) + @ ¢1 (1) + w2 c2 (1) +.... Thus
x(8) = Xpare (D) + xp(8) = y(0) + €2 2(8) +e 7" 2(1)

with smooth functions y (real) and z (complex), i.e. these functions and their derivatives are bounded
independently of w > 1.

If g now depends on x, one needs to consider more and more terms of the form e'*? z¥(¢), for integers
k, in order to describe the solution.

This motivates the following result presenting a modulated Fourier expansion (MFE) for the exact
solution to highly oscillatory problems:
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Theorem 4.1 (Hairer, Lubich (2000)). Let x(t) be the solution to (5) with initial data satisfying (6). Assume
that x(t) stays in a compact K for0 <t < T. Then, one has

x=y+ Y k@) +Ru(t) 9)
0<|k|<N

for arbitrary N = 2. Moreover, Ry(t) = G(w™N72), yo=0(1), y1 =0 (072), 2} =0 (@73, 2l =Ow™), zF =
O (w *2) and z7% = ¥ for all k.

This analytical tool permits to show that the oscillatory energy I is almost preserved for very long time
along the exact solution to (5).

Theorem 4.2 (Hairer, Lubich (2000)). Under the assumptions of the above theorem and assuming further
that the solution x(t) to (5) stays in a compact for0 < t < 0", then one has

I(x(), (1) = 1(x(0), X(0) + O (w™ ) + O (tw™™),
where the constant in O () depends on E, N but is independent of w and t withQ < t < w!.

Furthermore, near-conservation of I over exponentially long time intervals is shown in Cohen, Hairer,
Lubich (2000).

4.4 Long-time behaviour of the numerical solutions

As for the analytical solution, one can find a MFE

xan®= ) ez
|k|I<N

for the numerical solution given by the trigonometric method (7) by requiring that
Xn L xp(nh).

Under some technical assumptions, one finally obtains a result on long-time near-conservation proper-
ties for the trigonometric methods

Theorem 4.3 (Hairer, Lubich (2000)). The numerical solution given by the trigonometric methods (7) sat-
isfies, forO0 < nh < h~N-L

H(xp, Xn) = H(xo, Xo) + O (h)
I(xp, Xp) = I(x0, %) + O (h).

The constants symbolised by O (-) are independent of n, h,w but depend on N.

This theorem explains the excellent long-time behaviour of the trigonometric methods when applied
to highly oscillatory problems.

5 GNI for PDEs and S(P)DEs

In this section, we briefly review some results dealing with geometric numerical methods for partial dif-
ferential equations (PDEs) and stochastic (partial) differential equations (S(P)DEs). These are active
ongoing research areas and we therefor try to keep the exposition without too much technical details.
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5.1 Long-time numerical integration of wave equations

The goal of this subsection is to illustrate the use of geometric numerical integration in the simulation of
evolution equations possessing geometric properties over long times. Of particular interest are Hamil-
tonian partial differential equations typically arising in wave propagation phenomena or quantum me-
chanics. We refer to [6] or [5] for a detailed exposition on the subject.

Extending the modulated Fourier expansion from the previous section, one obtains interesting results
on the long-time behaviour of nonlinear wave equations and their numerical discretisation. In particular,
we will show long-time near conservation of the energy, the momentum and the actions along numerical
discretisations of semi-linear wave equations.

The presentation of this subsection is inspired by materials from E. Hairer and Ch. Lubich.

5.1.1 Semi-linear wave equations
We consider the one-dimensional semi-linear wave equation
Ure — Uxx +pu+g(u) =0, (10

where u = u(x, t) for t > 0 and —n < x < 7 with periodic boundary conditions. We assume p >0 and g
smooth with g(0) = g’(0) =0.

[&°]
The above equation reads, in terms of the Fourier series (obs. u—;j =uj) u(x,0)= ) uj()e’”,
j=—oo

iij +wiuj=-Figw) for jez, v

with the frequencies w; = /j2 + p and u; = %, u denotes the Fourier coefficients. This motivates the use
of trigonometric methods for the time discretisation of semi-linear wave equations (see below).

The following quantities are exactly conserved along every solution (u(x, 1), v(x, t)), where v := u;, of
the semi-linear wave equation (10) (here one has U’ (u) = g(u)):

T
Total energy or Hamiltonian H(u,v) = > (z(vz + () + puz)(x) + U(u(x))) dx
T J—
) N
Momentum K(u,v)= —f uyxX)v(x)dx=-— Z iju_j vj.
27 J-n j=—co

Furthermore, it can be shown (see below) that the harmonic actions
1 5 1 9 .
Ij(u,u):é(wjmﬂ +J|uj|) for jez (12)
]

remain constant up to small deviations over long times for almost all values of p > 0, when the initial data
are smooth and small enough (Bambusi (normal forms), Bourgain, or Cohen, Hairer, Lubich (MFE)). This
is illustrated in Figure 16, where one plots the actions for the solution of the semi-linear wave equation
Ups — Uy + u = u? with initial values u(x,0) = (1 — ;—2)2 and v(x,0) =0 for € = 0.5.

We now make this statement more precise. For s = 0, we work with the Sobolev space on the torus T

o) 1/2
H*={ve *(T):|lvl <oo} with weighted norm ||v||s=(.2 w§5|v,-|2) :

We further assume that the initial position and velocity of (10) satisfy
luC, 0113, + v, 0115 < €

for suitably large s and small €. We then get the result
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Figure 16: Near-conservation of actions: the first 32 actions I;() are plotted as functions of time.

Theorem 5.1 (Cohen, Hairer, Lubich (2008)). Under suitable non-resonance condition on the frequencies
w j, the above assumption on the initial values, the estimate

N

& Io(8)—1,(0
w2”1MSC8 for 0<r<e™V,

& ¢ £2
with 1,(t) := Ip(u(-, 1), v(-, 1)) holds with a constant C which depends on s and N, but is independent of €
and t.

This implies long-time regularity of the exact solution to (10)

lut, D5+ 1vC, OIS <2(1uC, 015, +1ve015) for t<e™.
This, more or less, says that if one starts small, one remains small for very long time.

The main tool used for the proofs of the above results is a modulated Fourier expansion of the exact
solution to the semi-linear wave equation (10).

5.1.2 Numerical discretisation of semi-linear wave equations

For the numerical discretisation of (10), we first discretise in space (pseudo-spectral discretisation) and
then in time (trigonometric method).

The real-valued trigonometric polynomial (where the prime indicates that the first and last terms in
the sum are taken with factor 1/2)

M _ r. ijx
u'(x, )= gje
ljl=sM

is chosen such that the wave equation (10) is fulfilled at the 2 M equidistant collocation points x := krn/M
for k = —-M,...,M — 1. This gives the system of ODE for g = (g j)jlvi __1M (obs. the analogy with the highly

oscillatory problem studied in Section 4):
d%q

T +Q%q=f(q) with f(q)=-Fomg(Fsnq)-

Here, the matrix Q = diag(w j)ﬁi __IM is diagonal and &, denotes the discrete Fourier transform

M-1

(Fomw)j = — wye Uk,
2M
k=M
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Figure 17: Actions, total energy (upper bold line), and momentum (lower bold line) along the numerical
solution of DOPRI5 for the CFL number hwjs = 1.075.

For the above system, one can define a discrete Hamiltonian Hy;(p, g), a discrete momentum Ky;(p, )
and discrete actions E;(p, q) for |j|< M and p = g.
Using a modulated Fourier expansions for the numerical solution, one can then prove

Theorem 5.2 (Cohen, Hairer, Lubich (2008)). Assume a non-resonance conditions for the frequencies w
and initial values that are smooth and small in a Sobolev norm of sufficiently high order s. The numerical

solution given by a pseudo-spectral discretisation of (10) in space and a time discretisation by symplectic
trigonometric method satisfies

Hy(pn> qn) — Hyu(po, qo)

<Ce¢
£2

Kyi(pn, qn) — Km(po, qo)

> <Cle+M *+etM ™)
2

A wZSEi(pn»CIn) — E¢(po, q0) <

4

Z 2 Ce

for long times t = nh < e with a constant C that is independent of the small parameter €, the dimension
2M of the spatial discretisation, the time stepsize h and the timet = nh <™V,

The above result is illustrated in Figures 17 and 18. The same equation as above is discretised in

time first by an explicit adaptive Runge-Kutta scheme (Figure 17) and then by a trigonometric method
(Figure 18).

The main steps for the proof of the above theorem are:

1. Write a MFE for the numerical solution
Gn(t) =Y el®tKen),
k

The sum is over all k = (ky) ¢>0.

2. Prove existence of smooth functions z¥(r) with derivatives bounded independently of € (on inter-
vals of length £71).
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Figure 18: Actions, total energy (upper bold line), and momentum (lower bold line) along the numerical
solution of the trigonometric integrator for the CFL number hw s = 6.4.

Establish a Hamiltonian structure and the existence of formal invariants in the differential and
algebraic equations for the functions z*().

Prove closeness (on intervals of length £ 1) of the formal invariants to actions Ey, to the total energy
H);, and to the momentum Kj,.

Stretch from short to long intervals of length e V! by patching together previous results along an
invariant.

5.1.3 Further results in the subject

Using the techniques of modulated Fourier expansions, one can prove the following results

1.

5.2

Long-time near-conservation of energy, actions, momentum for the Stérmer-Verlet/leapfrog dis-
cretisation of the semi-linear wave equation (using stepsizes in the linear stability interval).

. Long-time stability of plane wave solutions of the cubic Schrédinger equation (cubic NLS) (Faou,

Gauckler, Lubich (2013)).

Long-time stability of plane waves of the cubic NLS for the numerical discretisation by Fourier
collocation and Strang splitting (Faou, Gauckler, Lubich (2013)).

Long-time near-conservation of actions, energy, and momentum along numerical solutions of the
cubic NLS (pseudo-spectral and Lie-Trotter splitting) (Gauckler, Lubich (2010)).

. Long-time near-conservation of actions, energy, mass, and momentum along numerical solutions

of the cubic NLS (pseudo-spectral and exponential integrators) (Cohen, Gauckler (2012)).

Stochastic geometric numerical integration

The last decade has seen a growing interest in the development and numerical analysis of geometric nu-
merical integrators for stochastic (partial) differential equations (S(P)DEs). We now review some results
on the subject. These result are connected to the above material.

But first, some background materials.
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Figure 19: 2 realisations of a Brownian motion on [0, 1].

5.2.1 Stochastic differential equations and Euler-Maruyama scheme

Let us consider two (scalar, for simplicity) functions f and g and a real (for simplicity) initial value Xp. A
scalar stochastic differential equation (SDE) on the time interval [0, T'] reads:

dX(0) = fX()dt+ g(X () dW (1)
X(0) = Xo (13)

or in the equivalent integral form

t t
X(1)=Xp +f f(X(s))ds+/ g(X(s)dW(s), 0=t=<T. (14)
0 0

Here the second integral on the right-hand side is to be taken with respect to a scalar standard Brownian
motion, also called, standard Wiener process W (t), see Figure 19.

This object is a random variable that depends continuously on ¢ € [0, T] and satisfies the following
conditions:

(W1) W(0) = 0 with probability one.

(W2) For0<s<t<T,theincrement W(t)—W (s)is normally distributed with mean zero and variance t—
s. We thus have W(t)—W(s) ~ vt—sN(0,1). Here N(0, 1) denotes the standard normal distribution
(or Gaussian) with mean zero and variance one.

(W3) ForOss<t<u<v=<T,theincrements W(t) - W(s) and W(v) — W(u) are independent.
The classical Euler method for ODEs can be adapted to the case of the SDE (13) and reads
Xn+1 :Xn"'f(Xn)h"'g(Xn)AWny (15)

where h denotes the step size and AW}, := Wy — Wy, := W(t41) — W(t,) ~ VhN(0,1) are Wiener incre-
ments. The Euler-Maruyama scheme thus provides numerical approximations X,, = X(t,) at the discrete
times t;,, = nh.

Classical references on the numerical integration of SDEs are [14, 18, 22, 21].
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5.2.2 Long-time integration of stochastic oscillators

Stochastic versions of the Hamiltonian problems considered in the previous sections have been investi-
gated recently together with their numerical discretisations by stochastic symplectic schemes. We refer
to [22] and references therein.
Instead, we shall focus of the long-time numerical discretisation of (scalar) stochastic oscillators of
the form [24]
() +w*x(t) = aW (1),

or written as a second-order SDE

dX()=Y(dt
dY () = —0*X(0)dt + adW (1), (16)
where W (t) is the scalar Wiener process defined above, the parameters w > 1 and «a € R, and we denote

by Xy and Y} the initial values.
The unique solution to (16) reads (variation-of-constants formula)

t
X() = Xgcos(wt) + Yo 'sin(wt) + af o sin(w(f— ) dW(s),

0
¢
Y (1) = —Xowsin(wt) + Yycos(wt) + (xf cos(w(t—s))dW(s) (17)
0
and verifies
1 2, 2 2 Lo, 2.0 a? .
[E[E(Y(t) +0?X(0?)] = (5 +0* X))+ St foralltime 1. (18)

This corresponds to the fact that the expectation of the total energy of (16) drifts linearly with time.
Since we are interested in the long-time behaviour of the numerical solutions, the model problem

(16) with the above property will serve as a test in order to derive efficient numerical methods!
Numerical discretisation of this problem was recently investigated by: Stremmen Melbg, Higham,

Cohen, Sigg, Tocino, Senosiain, Hong, Scherer, Wang, de la Cruz, etc. Some of the obtained results are

1. Euler-Maruyama: exponential growth of the expected energy;

2. Backward Euler-Maruyama: slower growth rate;

3. Midpoint rule: asymptotically correct growth rate;

4. Stochastic 8-method: wrong growth rate;

5. Stochastic trigonometric method: exact growth rate;

6. Predictor-corrector methods: asymptotically correct growth rate.

The long-time behaviour of some of the above numerical methods is illustrated in Figure 20. To pro-
duce this figure, we use w = 5, Xp = 0, ¥y = 1, @ = 1 and consider the Euler-Maruyama (EM), the partitioned
EM (pEM), the backward EM (BEM) and the stochastic trigonometric method (STM) with (large) stepsize
h =0.2. The STM is the only numerical method offering a proper behaviour with respect to the drift of
the expected energy. Observe that the numerical solution given by EM cannot be seen in this figure since
it blows up very rapidely.
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Figure 20: Stochastic oscillator: Linear growth in the energy for various numerical solutions.

5.2.3 Long-time integration of linear stochastic wave and stochastic Schrodinger equations

As also seen in the deterministic setting, the test equation (16) can serve as a model problem for more
complicated ones such as linear stochastic wave equations and stochastic Schrédinger equations. In-
deed, a (pseudo-spectral) spatial discretisation of such SPDEs leads to a system of SDEs of the form (16).

Without going into too much technical details, one can extend the stochastic trigonometric method
(STM) to the time discretisation of the linear stochastic wave equation

dit— Audt=dw in 2 x (0,00),
u=0 in 02 x (0,00),

u(-,0) =ug, u(-,0)=1rvy in9,

where the stochastic process {W (f)}>¢ is an Ly (2)-valued Q-Wiener process. One can show that the
exact solution to this problem as well as the numerical solution given by the STM have the very same
drift in the expected energy, see [4] for details and Figure 21 for an illustration. To produce this figure,
we discretise the above SPDE in space by FEM with mesh & = 0.1 and the following numerical methods
are used for the time discretisation: the stochastic trigonometric method (STM), the backward Euler-
Maruyama (BEM), the stochastic Stormer-Verlet (SV), the Crank-Nicolson-Maruyama (CNM) with time
step k = 0.1. In this figure, one clearly observes that the only scheme preserving the linear drift of the
expected energy E[IAY 2y (8) II%2 + lua () II%Z] is the stochastic trigonometric method. Here we denote
up:=uand up := 1.

Finally, long-time behaviour of the exact and numerical solution were also investigated in the context
of the linear stochastic Schrodinger equation

idu—Audt=dw  in R? x (0,00),

u(0) = ug in R?.
Once again, it can be shown that the stochastic exponential method outperforms classical numerical
schemes in term of the long-time behaviour of the expected mass, energy and momentum, see [1] for
details and Figure 22 for illustrations. This figure displays the expected values of the energy E[||Vu(?) II%ZJ

and of the mass E[||u(?) II%Z] along the numerical solutions computed with the stochastic implicit mid-
point rule (MP), the backward Euler-Maruyama (BEM), and the stochastic exponential method (SEXP)
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Figure 21: Linear growth in the expected energy of the linear stochastic wave equation for various nu-
merical solutions.
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Figure 22: Linear growth in the energy (left) and mass (right) of the linear stochastic Schrédinger equation
for various numerical solutions and two different space-time Q-Wiener process W.

with the time step k = 0.1 and M = 128 Fourier modes are used for the spatial discretisation. We consider
noise of the form

1 .
W(x,0)=—=Y AV2B,(0e"™ for 0<x<2m,

V2T nez

with i.i.d Brownian motion ,(¢). The eigenvalues of the covariance operator Q are given by A, = 1/(1 +
n®) (smooth noise, first plot) and A, = 1/(1 + n?) (less smooth noise, second plot).
6 Further examples of GNI and take home message

This is it for this mini-course offering an introduction to GNI. To conclude let us mention further exam-
ples of geometric properties of differential equations:

¢ A non-constant function I(y) is called a first integral of y = f(y) if I'(y) f(y) = 0 for all y. This im-
plies that every solutions to this differential equation satisfies I(y(¢)) = I(yp) = Const and [ is thus
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¢

Figure 23: Triple pendulum (courtesy of E. Hairer).

an invariant. See the predator-prey problem for example. In this context, one is thus interested in
developing numerical methods preserving this invariant.

One can analyse a kind of generalisation of Hamiltonian systems (4), where one allows the matrix
J to be non-constant. This is the case for Poisson systems. A Poisson system is defined as

y=B(yVH(y),

where the skew-symmetric matrix B(y) satisfies some properties. The predator-prey problem is an
example of a Poisson system. Here, one is interested in developing numerical methods that are
Poisson maps. This is more or less the equivalent of symplecticity in this setting. We refer to [12,
Chapter VII.2]

Differential equations on a manifold or differential equation with constraints. Example: Triple
pendulum (see Figure 23). Here, we consider 3 mass points in the plane g; € R? for i = 1,2,3. The
constraints are given by ||q1]|° = 1=0,{ g2 - q1||° =1 =0,] g5 - g2||° = 1 = 0. Here, one is interested
in developing numerical methods which stay on the manifold. We refer to [10].

Composition and splitting methods are powerful techniques to develop high-order geometric nu-
merical integrators. We refer to [3].

Long-time near-conservation of energy and angular momentum for symmetric multistep meth-
ods.

Symmetry, reversibility, volume preservation, preservation of fixed point, etc.

Finally, I hope that I convince you to

use geometric properties of a (stochastic) differential equation in order to develop efficient
numerical methods to solve it!

The following references give an introduction to numerical methods for differential equations (ODE);
or offer a good introduction to the subject of this lecture Geometric Numerical Integration (GNI) (GNI); or
are research articles on (stochastic) GNI (SDE, splitting, exponential integrators). A short comment after
some references is also provided.
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7 Photos and short biographies
For further reading, we refer to http://www-history.mcs.st-and.ac.uk/history/

Leonhard Euler 1707 — 1783 (Basel, Switzerland).
Entered the University at the age of 14. Had Johann Bernoulli as mentor. Worked in almost all
areas of mathematics. If all his work would have been printed, this would represent ca. 50

books.
Best mathematician in the world.
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Carl David Tolmé Runge 1856 — 1927 (Bremen).

After 6 weeks literature studies, change for math.+physics. Spent some years in Havana, Cuba.
Professors: Max Planck, Weierstrass, Kronecker. Works on differential geometry and numerical
analysis. With 70 years old, could still do a handstand.
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Martin Wilhelm Kutta 1867 — 1944 (Pitschen, Poland).
Studied math., language, music and art (Miinchen). The Runge-Kutta scheme comes from his
dissertation. Works on streamlines, glacier and history of math.
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John Butcher 1933— (Auckland, New Zealand).
Trees. General linear methods (gen. of RK, multi-step methods).
pr ]
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Fredrik Carl Mulertz Stormer 1874 — 1957 (Skien, Norway).
PhD. at the University of Christiana (=Oslo) in 1898. First publication before his PhD. Postdoc
in Paris (with Picard, Poincaré, Darboux, Jordan). Prof. at the University of Oslo (1903-1946).
Pictures of Polar light -> numerical scheme.
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Loup Verlet 1931— (Paris).
Psychoanalyst and physicist. His numerical scheme was designed in 1967. Afterwards
philosopher and writer.
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Sir Isaac Newton 1643 — 1727 (Woolsthorpe, Great-Britain).
Trinity College in Cambridge. Studies philosophy and mechanics. Professor in Cambridge with
27 years old. Main work: ODE, integral eq., optics, mechanics, gravitation law, etc. Goes into

politics ($$$$ :-)).
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Sir William Rowan Hamilton 1805 — 1865 (Dublin, Ireland).
Speaks Latin, Greek, Hebrew with 5 years old. Reads works from Newton, Laplace (1 error) with
15. Was professor with 22. Main work: mechanics, quaternions, astronomy, etc.
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Jules Henri Poincaré 1854 — 1912 (Nancy, France).
Student from Hermite (PhD. on ODE). “Last universalist in mathematics” (math., physics,
philosophy). Algebra, algebraic geometry, functional analysis, fluid dynamics, relativity,
Poincaré co
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Christian Lubich 1959— (Tirol, Austria).
Geometric numerical integration. General relativity. Quantum and classical molecular
dynamics. SIAM Dahlquist Prize.
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Ernst Hairer 1949 (Tirol, Austria).
B-series. ODE. Geometric numerical integration. Present in the World record Guinness book
(RK of order 10 with s =17).
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Gerhard Wanner 1942— (Tirol, Austria).
B-series. ODE. Geometric numerical integration. Book about the life of Euler.
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Enrico Fermi 1901 — 1954 (Rome, Italy).
1918 Scuola Normale Superiore in Pisa. 1923 Go6ttingen. 1926 Chair of theoretical physics at the
University of Rome. 1938 Nobel Prize. Because his wife was Jewish, they had to go to the US
(Columbia University). Then worked in Los Alamos (build bomb, works with Pasta, Ulam).
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John Pasta 1918 — 1984 (NYC).
Was a New York City police officer from 1941 to 1942. PhD in theoretical physics in 1951 and
just after started to work at Los Alamos.
Main projects: Design of a computer specialised in calculations around weapons with
Metropolis. FPU problem. Computers.
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Stanislaw Marcin Ulam 1909 — 1984 (Lemberg, Poland, Austrian Empire).
1933 PhD under Banach supervision. 1940 Ass. Prof. at the University of Wisconsin. Then
worked at Los Alamos (hydrogen bomb).
Main works: Explain how to initiate fusion in the hydrogen bomb. Monte-Carlo method
(finance, probability, sampling). Set theory. Measure theory. Ergodic theory. Group theory.
Topology. Mathematical physics.
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