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Spatial statistics (Ozon data / Desert spread)
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A first look at stochastic PDEs

A semi-linear evolution equation

X(t) + AX(t) = F(X(t)), te(0,T], X(0) = Xo.

on H, a separable Hilbert space.

—A the generator generator of a strongly continuous semigroup
(E(t)ez0 = (€= )ez0

F € Lip(H, H)
Xo € H.

Has a mild solution X € C([0, T], H) satisfying the fixed point equation

X(t) = E(t)Xo + /t E(t—s)F(X(s))ds, te(0,T].
0
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A first look at stochastic PDEs

Let (5;)ien be a sequence of independent Brownian motions on a
probability space (2, F, P).

A stochastic semi-linear heat equation in a preliminary form

dX(t) + AX(t)dt = F(X(t))dt+ > gi(X(t)) dBi(t),

ieN
where g; € Lip(H, H), i € N, with 3, [l&i(x)||* < oo, Vx € H.
Let (hi)ien C H be an ON-basis. We write

/Zg' )) dbi(t */ (Zg' hi)d(zhj®ﬁj(f))

JEN

=G(X(1)) =W(1)

= /Ot G(X(t)) dW(t).

G € Lip(H,HS). W(t) can be defined properly.
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A first look at stochastic PDEs

We can now write

dX(t) + AX(t)dt = F(X(t))dt + G(X(t))dW(t), te (0, T],
X(0) = Xo.

The equation has a unique mild solution X € C([0, T], L2(2, H))
t
X(t) = E(t)Xo +/ E(t—s)F(X(s))ds
0

+/t E(t —s)G(X(s))dW(s), te (0, T].
0



Malliavin calculus
Define the map /: Lp([0, T], H) — L2(Q2) by

)
() = / (@), AW(2)), 6 < La((0. T]. H).

Let C5°(R") denote the space of all C*°-functions over R” with
polynomial growth. Define

S={X=1(l(¢1),.-,1(¢n)): f € C°(R"),
G1y- -y 60 € Lo([0, T, H), n>1}

and

m
S(H):{F:ZXkQ@hk:Xl,...,XmeS, hy,... hmeH, mzl}.
k=1



Malliavin calculus

For F € S(H) with representation

m

F= Z fi(1(1)s -, 1(Pn)) @ hy,

k=1
We define the Malliavin derivative DF € Ly([0, T] x ©, HS) as the process
DiF =" " 0:fi(1(d1), .., 1(¢n)) @ (i ® 6i(t)),
k=1 i=1
and let, for h € H, the directional derivative be given by

DEF = DR =3 S 0e(1(00). .- 1(90) @ (5(8),B) © .

k=1 i=1



Malliavin calculus: integration by parts
For all F € S(H) and ¢ € Ly([0, T],HS),

E(DF, ®),(0.7]18) = E<F,/0 ¢(t)dW(t)>H. (1)
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Malliavin calculus: integration by parts
For all F € S(H) and ¢ € Ly([0, T],HS),

E(DF, ®),(0.7]18) = E<F,/0 ¢(t)dW(t)>H. (1)

Let DY2(H) be the closure of S(H) with respect to the norm

T :
IFloran = (EUIFIZ+E[ [ 10 Flfisat]) "

For & € dom(d) C L([0, t] x Q, H), i.e., for ® such that the left hand
side of (1) defines a bounded linear functional on D¥?(H), we define the
adjoint operator ¢ by

E(DF,®)1,(0,7.ns) = E(F,8(®))ny, VF € DV?(H).
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The It0 integral

Let 7: = o{Bi(s): 0 <s < t,i € N}. One can prove that for an
Fi-adapted process ® € L([0, T] x ©; HS), §(P) coincides with the 1t6
integral of ®, as defined by Da Prato and Zabczyk (1992). We write

5(®) = /0 o(t) dW(t).



The It0 integral

Let 7: = o{Bi(s): 0 <s < t,i € N}. One can prove that for an
Fi-adapted process ® € L([0, T] x ©; HS), §(P) coincides with the 1t6
integral of ®, as defined by Da Prato and Zabczyk (1992). We write

5(®) = /0 o(t) dW(t).

I1td's formula
G(X(1)) = / (DG(X(s)). 6(s)) ds + / (DG(X(s)), (s) AW(s))

+% / Tr(D2G(X(5))b(s)(s)") ds,

0

where

X(t):/o (b(s)ds—i—/o (s) dW(s).

10
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A non-linear stochastic heat equation

We consider the following stochastic fixed point equation

X(t) = E(t)Xo + /Ot E(t — s)F(X(s))ds
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A non-linear stochastic heat equation

We consider the following stochastic fixed point equation

X(t) = E(t)Xo + /Ot E(t — s)F(X(s))ds

t
+/ E(t —s)G(X(s))dW(s), te(0,T],
where °
» H=L([0,1]). A= —d%fz, D(A) = H§([0,1]) N H?([0,1]), in this
case (E(t))e>0 is an analytic semigroup,
» Xo € H,
» F € Ci(H,H),
> G(x) = B+ Cx+ G(x), where B € L(H,H), C € L(H,L(H, H))
and G € CA(D(A~ 1), L(H, H)).
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Approximation by the finite element method
A discretized equation:

dXn(t) + [AnXn(t) — PaF(Xn(t))] dt = PnG(Xu(t)) dW(t), te (0, T]
Xp(0) = PpXp.

Finite element spaces {Sp}he(0,1) Of continuous piecewise linear functions
corresponding to a quasi-uniform family of partitions of the form
0=56 <& <o <&y, = 1 with h=maxi<p<n(&n — 1)

Ap is the discrete Laplacian defined by
<Ah¢>X>H = <V1/)7VX>Ha V,(/J7X S 5h-

Py: H — Sp, orthogonal projection w.r.t. {-,-)y.



Mild solution of spatially discretized equation

Let {En(t)}e>0 be the analytic semigroup generated by —A,.

For every h € (0,1] 3! solution X, € C([0, T], L2(€2, Sp)) to the mild
equation

Xn(t) = En(t)PrXo + /t En(t — $)PyF(Xn(s)) ds
0

+ /t En(t — 5)PyG(Xn(s)dW(s), € (0, T].
0
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Main result

Theorem

For every test function ® € C2(H,R) and € > 0 there exists a C > 0
such that

E[6(X(T)) — ®(X(T))] = / (x) du(x) — /H (x) dun(x)
< Ch'™,

where p = L(X(T)) =P o X(T)™" and pup, = L(Xn(T)) = P o Xu(T) 1.
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such that

E[6(X(T)) — ®(X(T))] = / (x) du(x) — /H (x) dun(x)
< Ch'™,

where 1 = L(X(T)) =P o X(T)™ Y and pp = L(Xn(T)) =P o Xp(T)" L.
Sketch of proof:

Method by A. Debussche (2011).

For the presentation, let F = 0 and Xy = 0.
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Let u(t,x) = E®(X*(t)), t € [0, T] and x € H where X*(0) = x.

Satisfies the Kolmogorov equation

ur(t,x) + Lu(t,x) =0, te€[0,T), xeD(A),
u(0,x) = d(x), xeH.

Here
Lu(t,x) = (Ax, uc(t, x)) — %Tr{g(x)g*(x)uxx(t7 x)}.

15/20



By It6's formula and the Kolmogorov equation

E[®(X(T)) — ®(Xa(T))]
= E[u(T, Xo) — u(0, X,(T))]

—E[/OTut(T—sxh ) + Lyu(T — 5, Xn(s)) ds
:E{/OT (Ly — L)u(T — 5, Xs(s ))ds]
ze{/oT (Ap— A T — s, Xp(s))) ds

1

Tr{ Prg(Xn(s))g™ (Xn(s))Pn

(Xh( )) ( ( )))uxx(t’ Xh(S))}d5:|
— )

2 o

\



I < ‘E/OT <AhPh(I—Rh)Ux(T—S,Xh(S)),Xh(S)>ds‘ (Ry = A,?lPhA)
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I < ‘E/OT <AhPh(I—Rh)Ux(T—S,Xh(S)),Xh(S)>ds‘ (Ry = A,?lPhA)

Recall that .
Xu(s) = / En(s — r)Prg(Xn(r))dW(r).

0

Then by substitution and integration by parts
T
I < ‘E/ (T = 5, Xi(5)),
0
S
/ (AnPa(1 — Ra))"Ex(s — r)Pag(Xs(r)) AW(r) ) ds|

_ ‘ / / Tr (r)PrEx(s — r)AnPu(l — Rp)

U (T — 5, Xn(5)) Dy Xn(s )} dr ds’.



Distributing powers of A and Ay, yields

I < ‘E/OT /O Tr {g*(Xh(r))PhEh(s — ) ALPA(I — Ry)

U (T — s, Xh(s))D,Xh(s)} dr ds‘

T s
<E / / 18" (Xn() Ly |45 Enls — )Pl

X APl = Ri)A™ 4 £ AT (T — 5, X (5)) A2~ £y

1.,
x |A72F 2oyl A7 De Xu(S)| £y dr ds

< Ch'~ 86/ / —5)7 125 — )M drds.
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Let \,p € [0,3). Then

|A? o (8, X)AM| oy < CE PV |D| 2, VE€ (0, T], Vx € H.

Let v € [0,3). Then

E[HAZDSXh(t)H%(H)] < C(t - s)—2'y, vt e [07 T]a Vs € [07 t)'
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Thank you for your attention!



