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A first look at stochastic PDEs

A semi-linear evolution equation

Ẋ (t) + AX (t) = F (X (t)), t ∈ (0,T ], X (0) = X0.

on H, a separable Hilbert space.

−A the generator generator of a strongly continuous semigroup
(E (t))t≥0 = (e−tA)t≥0

F ∈ Lip(H,H)

X0 ∈ H.

Has a mild solution X ∈ C ([0,T ],H) satisfying the fixed point equation

X (t) = E (t)X0 +

∫ t

0

E (t − s)F (X (s))ds, t ∈ (0,T ].
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A first look at stochastic PDEs
Let (βi )i∈N be a sequence of independent Brownian motions on a
probability space (Ω,F ,P).

A stochastic semi-linear heat equation in a preliminary form

dX (t) + AX (t)dt = F (X (t)) dt+
∑
i∈N

gi (X (t))dβi (t),

where gi ∈ Lip(H,H), i ∈ N, with
∑

i∈N ‖gi (x)‖2 <∞, ∀x ∈ H.

Let (hi )i∈N ⊂ H be an ON-basis. We write∫ t

0

∑
i∈N

gi (X (t))dβi (t) =

∫ t

0

(∑
i∈N

gi (X (t))⊗ hi
)

︸ ︷︷ ︸
:=G(X (t))

d
(∑

j∈N

hj ⊗ βj(t)
)

︸ ︷︷ ︸
:=W (t)

=:

∫ t

0

G (X (t))dW (t).

G ∈ Lip(H,HS). W (t) can be defined properly.

5 / 20



A first look at stochastic PDEs
Let (βi )i∈N be a sequence of independent Brownian motions on a
probability space (Ω,F ,P).

A stochastic semi-linear heat equation in a preliminary form

dX (t) + AX (t)dt = F (X (t)) dt+
∑
i∈N

gi (X (t))dβi (t),

where gi ∈ Lip(H,H), i ∈ N, with
∑

i∈N ‖gi (x)‖2 <∞, ∀x ∈ H.

Let (hi )i∈N ⊂ H be an ON-basis. We write∫ t

0

∑
i∈N

gi (X (t))dβi (t) =

∫ t

0

(∑
i∈N

gi (X (t))⊗ hi
)

︸ ︷︷ ︸
:=G(X (t))

d
(∑

j∈N

hj ⊗ βj(t)
)

︸ ︷︷ ︸
:=W (t)

=:

∫ t

0

G (X (t))dW (t).

G ∈ Lip(H,HS). W (t) can be defined properly.

5 / 20



A first look at stochastic PDEs
Let (βi )i∈N be a sequence of independent Brownian motions on a
probability space (Ω,F ,P).

A stochastic semi-linear heat equation in a preliminary form

dX (t) + AX (t)dt = F (X (t)) dt+
∑
i∈N

gi (X (t))dβi (t),

where gi ∈ Lip(H,H), i ∈ N, with
∑

i∈N ‖gi (x)‖2 <∞, ∀x ∈ H.

Let (hi )i∈N ⊂ H be an ON-basis. We write∫ t

0

∑
i∈N

gi (X (t))dβi (t) =

∫ t

0

(∑
i∈N

gi (X (t))⊗ hi
)

︸ ︷︷ ︸
:=G(X (t))

d
(∑

j∈N

hj ⊗ βj(t)
)

︸ ︷︷ ︸
:=W (t)

=:

∫ t

0

G (X (t))dW (t).

G ∈ Lip(H,HS). W (t) can be defined properly.

5 / 20



A first look at stochastic PDEs
Let (βi )i∈N be a sequence of independent Brownian motions on a
probability space (Ω,F ,P).

A stochastic semi-linear heat equation in a preliminary form

dX (t) + AX (t)dt = F (X (t)) dt+
∑
i∈N

gi (X (t))dβi (t),

where gi ∈ Lip(H,H), i ∈ N, with
∑

i∈N ‖gi (x)‖2 <∞, ∀x ∈ H.

Let (hi )i∈N ⊂ H be an ON-basis. We write∫ t

0

∑
i∈N

gi (X (t))dβi (t) =

∫ t

0

(∑
i∈N

gi (X (t))⊗ hi
)

︸ ︷︷ ︸
:=G(X (t))

d
(∑

j∈N

hj ⊗ βj(t)
)

︸ ︷︷ ︸
:=W (t)

=:

∫ t

0

G (X (t))dW (t).

G ∈ Lip(H,HS). W (t) can be defined properly.
5 / 20



A first look at stochastic PDEs

We can now write

dX (t) + AX (t)dt = F (X (t))dt + G (X (t))dW (t), t ∈ (0,T ],

X (0) = X0.

The equation has a unique mild solution X ∈ C ([0,T ], L2(Ω,H))

X (t) = E (t)X0 +

∫ t

0

E (t − s)F (X (s))ds

+

∫ t

0

E (t − s)G (X (s))dW (s), t ∈ (0,T ].

6 / 20



A first look at stochastic PDEs

We can now write

dX (t) + AX (t)dt = F (X (t))dt + G (X (t))dW (t), t ∈ (0,T ],

X (0) = X0.

The equation has a unique mild solution X ∈ C ([0,T ], L2(Ω,H))

X (t) = E (t)X0 +

∫ t

0

E (t − s)F (X (s))ds

+

∫ t

0

E (t − s)G (X (s))dW (s), t ∈ (0,T ].

6 / 20



Malliavin calculus

Define the map I : L2([0,T ],H)→ L2(Ω) by

I (φ) =

∫ T

0

〈φ(t), dW (t)〉, φ ∈ L2([0,T ],H).

Let C∞p (Rn) denote the space of all C∞-functions over Rn with
polynomial growth. Define

S = {X = f (I (φ1), . . . , I (φn)) : f ∈ C∞p (Rn),

φ1, . . . , φn ∈ L2([0,T ],H), n ≥ 1}

and

S(H) =
{
F =

m∑
k=1

Xk ⊗ hk : X1, . . . ,Xm ∈ S, h1, . . . , hm ∈ H, m ≥ 1
}
.
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Malliavin calculus

For F ∈ S(H) with representation

F =
m∑

k=1

fk(I (φ1), . . . , I (φn))⊗ hk ,

We define the Malliavin derivative DF ∈ L2([0,T ]×Ω,HS) as the process

DtF =
m∑

k=1

n∑
i=1

∂i fk(I (φ1), . . . , I (φn))⊗ (hk ⊗ φi (t)),

and let, for h ∈ H, the directional derivative be given by

Dh
t F = DtFh =

m∑
k=1

n∑
i=1

∂i fk(I (φ1), . . . , I (φn))⊗ 〈φi (t), h〉 ⊗ hk .
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Malliavin calculus: integration by parts
For all F ∈ S(H) and Φ ∈ L2([0,T ],HS),

E〈DF ,Φ〉L2([0,T ],HS) = E
〈
F ,

∫ T

0

Φ(t)dW (t)
〉
H
. (1)

Let D1,2(H) be the closure of S(H) with respect to the norm

‖F‖D1,2(H) =
(
E[‖F‖2H ] + E

[ ∫ T

0

‖DtF‖2HS dt
]) 1

2

.

For Φ ∈ dom(δ) ⊂ L2([0, t]× Ω,H), i.e., for Φ such that the left hand
side of (1) defines a bounded linear functional on D1,2(H), we define the
adjoint operator δ by

E〈DF ,Φ〉L2([0,T ],HS) = E〈F , δ(Φ)〉H , ∀F ∈ D1,2(H).
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The Itô integral

Let Ft = σ{βi (s) : 0 ≤ s ≤ t, i ∈ N}. One can prove that for an
Ft-adapted process Φ ∈ L2([0,T ]× Ω;HS), δ(Φ) coincides with the Itô
integral of Φ, as defined by Da Prato and Zabczyk (1992). We write

δ(Φ) =

∫ T

0

Φ(t)dW (t).

Itô’s formula

G (X (t)) =

∫ t

0

〈DG (X (s)), φ(s)〉ds +

∫ t

0

〈DG (X (s)),Φ(s)dW (s)〉

+
1

2

∫ t

0

Tr(D2G (X (s))Φ(s)Φ(s)∗)ds,

where

X (t) =

∫ t

0

φ(s)ds +

∫ t

0

Φ(s)dW (s).
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A non-linear stochastic heat equation

We consider the following stochastic fixed point equation

X (t) = E (t)X0 +

∫ t

0

E (t − s)F (X (s))ds

+

∫ t

0

E (t − s)G (X (s))dW (s), t ∈ (0,T ],

where

I H = L2([0, 1]). A = − d2

dx2 , D(A) = H1
0 ([0, 1]) ∩ H2([0, 1]), in this

case (E (t))t≥0 is an analytic semigroup,

I X0 ∈ H,

I F ∈ C 2
b (H,H),

I G (x) = B + Cx + G̃ (x), where B ∈ L(H,H), C ∈ L(H,L(H,H))

and G̃ ∈ C 2
b (D(A−

1
4 ),L(H,H)).
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Approximation by the finite element method

A discretized equation:{
dXh(t) + [AhXh(t)− PhF (Xh(t))]dt = PhG (Xh(t))dW (t), t ∈ (0,T ]

Xh(0) = PhX0.

Finite element spaces {Sh}h∈(0,1] of continuous piecewise linear functions
corresponding to a quasi-uniform family of partitions of the form
0 = ξ1 < ξ2 < · · · < ξNh

= 1 with h = max1≤n≤N(ξn − ξn−1).

Ah is the discrete Laplacian defined by

〈Ahψ, χ〉H = 〈∇ψ,∇χ〉H , ∀ψ, χ ∈ Sh.

Ph : H → Sh orthogonal projection w.r.t. 〈·, ·〉H .

12 / 20



Mild solution of spatially discretized equation

Let {Eh(t)}t≥0 be the analytic semigroup generated by −Ah.

For every h ∈ (0, 1] ∃! solution Xh ∈ C ([0,T ], L2(Ω,Sh)) to the mild
equation

Xh(t) = Eh(t)PhX0 +

∫ t

0

Eh(t − s)PhF (Xh(s))ds

+

∫ t

0

Eh(t − s)PhG (Xh(s))dW (s), t ∈ (0,T ].

13 / 20



Main result

Theorem
For every test function Φ ∈ C 2

b (H,R) and ε > 0 there exists a C > 0
such that

E[Φ(X (T ))− Φ(Xh(T ))] =

∫
H

Φ(x) dµ(x)−
∫
H

Φ(x) dµh(x)

≤ Ch1−ε,

where µ = L(X (T )) = P ◦ X (T )−1 and µh = L(Xh(T )) = P ◦ Xh(T )−1.

Sketch of proof:

Method by A. Debussche (2011).

For the presentation, let F = 0 and X0 = 0.
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Let u(t, x) = EΦ(X x(t)), t ∈ [0,T ] and x ∈ H where X x(0) = x .
Satisfies the Kolmogorov equation

ut(t, x) + Lu(t, x) = 0, t ∈ [0,T ), x ∈ D(A),

u(0, x) = Φ(x), x ∈ H.

Here

Lu(t, x) = 〈Ax , ux(t, x)〉 − 1

2
Tr{g(x)g∗(x)uxx(t, x)}.

15 / 20



By Itô’s formula and the Kolmogorov equation

E[Φ(X (T ))− Φ(Xh(T ))]

= E[u(T ,X0)− u(0,Xh(T ))]

= E
[ ∫ T

0

ut(T − s,Xh(s)) + Lhu(T − s,Xh(s))ds
]

= E
[ ∫ T

0

(Lh − L)u(T − s,Xh(s))ds
]

= E
[ ∫ T

0

〈(Ah − A)Xh(s), ux(T − s,Xh(s))〉ds

−1

2

∫ T

0

Tr{(Phg(Xh(s))g∗(Xh(s))Ph

−g(Xh(s))g∗(Xh(s)))uxx(t,Xh(s))} ds
]

= I+J
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I ≤
∣∣∣E∫ T

0

〈
AhPh(I−Rh)ux(T−s,Xh(s)),Xh(s)

〉
ds
∣∣∣ (Rh = A−1h PhA)

Recall that

Xh(s) =

∫ s

0

Eh(s − r)Phg(Xh(r))dW (r).

Then by substitution and integration by parts

I ≤
∣∣∣E∫ T

0

〈
ux(T − s,Xh(s)),∫ s

0

(AhPh(I − Rh))∗Eh(s − r)Phg(Xh(r))dW (r)
〉
ds
∣∣∣

=
∣∣∣E∫ T

0

∫ s

0

Tr
{
g∗(Xh(r))PhEh(s − r)AhPh(I − Rh)

uxx(T − s,Xh(s))DrXh(s)
}
dr ds

∣∣∣.
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0

〈
AhPh(I−Rh)ux(T−s,Xh(s)),Xh(s)

〉
ds
∣∣∣ (Rh = A−1h PhA)

Recall that

Xh(s) =

∫ s

0

Eh(s − r)Phg(Xh(r))dW (r).

Then by substitution and integration by parts
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〈
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Distributing powers of A and Ah yields

I ≤
∣∣∣E∫ T

0

∫ s

0

Tr
{
g∗(Xh(r))PhEh(s − r)AhPh(I − Rh)

uxx(T − s,Xh(s))DrXh(s)
}
dr ds

∣∣∣
≤ E

∫ T

0

∫ s

0

‖g∗(Xh(s))‖L(H)‖A1−3ε
h Eh(s − r)Ph‖L(H)

× ‖A3ε
h Ph(I − Rh)A−

1
2+ε‖L(H)‖A

1
2−εuxx(T − s,Xh(s))A

1
2−ε‖L(H)

× ‖A− 1
2+εA−2ε‖L1(H)‖A2εDrXh(s)‖L(H) dr ds

≤ Ch1−8ε
∫ T

0

∫ s

0

(T − s)−1+2ε(s − r)−1+ε dr ds.
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Estimates
Let 0 ≤ s ≤ r ≤ 1. Then

‖A
s
2

hPh(I − Rh)A−
r
2 ‖L(H) ≤ Chr−s , h ∈ (0, 1].

Let γ ≥ 0. Then

‖AγE (t)‖L(H) + ‖AγhEh(t)Ph‖L(H) ≤ Ct−γ , ∀t > 0.

Let λ ∈ [0, 12 ). Then

‖Aλux(t, x)‖L(H) ≤ Ct−λ|Φ|C 1
b
, ∀t ∈ (0,T ], ∀x ∈ H.

Let λ, ρ ∈ [0, 12 ). Then

‖Aρuxx(t, x)Aλ‖L(H) ≤ Ct−(ρ+λ)|Φ|C 2
b
, ∀t ∈ (0,T ], ∀x ∈ H.

Let γ ∈ [0, 12 ). Then

E[‖AγhDsXh(t)‖2L(H)] ≤ C (t − s)−2γ , ∀t ∈ [0,T ], ∀s ∈ [0, t).
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Thank you for your attention!
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