THE CLASSIFICATION OF KIRCHBERG ALGEBRAS

EUSEBIO GARDELLA

ABSTRACT. These are lecture notes of a course given by Chris Phillips at
the Thematic Program on Abstract Harmonic Analysis, Banach and Operator
Algebras at the Fields Institute, Toronto, June 9-13, 2014. The last section
contains notes from a lecture by Eberhard Kirchberg on the same topic.

Warning: little proofreading has been done.
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1. INTRODUCTION

This lecture series outlines a proof of the classification of Kirchberg algebras
satisfying the Universal Coefficient Theorem (UCT) of Schochet. The theorem
was proved independently by Eberhard Kirchberg ([5]) and by Christopher Phillips
([8]) in the late 90’s. The two approaches have only a few lemmas in common,
but are otherwise quite different. This course focuses on Phillips’ proof. The main
references are [6] and [8].

Here is the definition of a Kirchberg algebra.

Definition 1.1. A Kirchberg algebra is a purely infinite, simple, nuclear, separable
C*-algebra (as far as we know, not necessarily satisfying the UCT).

We give a very short outline of the lecture series:

(1) Exactness implies Oz-embeddable.
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(2) Kirchberg’s Os-absorption theorem: A ® Oy = O, for A separable, simple,
nuclear and unital.

(3) Kirchberg’s Oy-absorption theorem: A® O, = A for A separable, simple,
nuclear and purely infinite.

(4) Asymptotic morphisms between unital Kirchberg algebras are asymptoti-
cally unitarily equivalent if and only if they are homotopic.

(5) An asymptotic morphism between unital Kirchberg algebras is essentially
a homomorphism.

(6) Unit respecting K K-equivalence between unital Kirchberg algebras implies
isomorphism.

2. EMBEDDING OF EXACT C*-ALGEBRAS IN Oy

Recall that if A is a unital C*-algebra, a unital, completely positive linear map
V: A — A is said to be nuclear if for every € > 0 and every finite subset F' C A,
there exist n in N and unital completely positive maps T': A — M, and S: M,, — A
such that the diagram

is approximately commutative, up to an error of €, on the finite set F'. In short,
[(SoT)(a) —V(a)|| <€ for all @ in F.

Proposition 2.1. Let A be a unital, purely infinite, simple C*-algebra and let
V: A — A be a unital, completely positive, nuclear map. Given € > 0 and a finite
subset F' C A, there exists a proper isometry s in A such that

|s*as —V(a)|| < e
for all @ in F.

Proof. We can assume that there is an exact factorization

We proceed by proving special cases of increasing degree of generality.

Case 1: n = 1.

There exists a state w: A — C such that V(a) = w(a)l for all a in A. Then w
is a weak-* limit of pure states, by a result in Diximier’s book [3] (it only needs
A to be prime and without type I ideals). Such states can be excised (Akerman-
Anderson-Petersen): given a finite subset F' C A, there is b in A4 with ||b|| = 1
such that

[bab — w(a)b?| < g

for all @ in F'. Use real rank zero for A to find a nonzero projection p in A such that
lpb — p|| is small enough so that replacing ||pbabp — pw(a)b®p|| by |[pap — w(a)p||



induces an error of at most 5. Using pure infiniteness of A, find a nonzero projec-
tion ¢ # 1 with ¢ < p such that ¢ is Murray-von Neumann equivalent to 1. The
(proper) isometry s inducing this equivalence is the desired isometry.

Case 2: n is arbitrary, and S: M, — A is a homomorphism (but not nec-
essarily unital).

One reduces to the case n = 1 using lots of manipulations with matrices. Among
others, one uses the state on M, (A) given by

n

= 1
T Z eikRaji | = o Z (T(a;k)0k,95),

J.k=1 j.k=1

where 41, ...,0d, are the standard basis vectors in C™.

General case.

Use methods of Kasparov’s generalization of Stinespring’s dilation theorem to
Hilbert modules, to dilate S to a homomorphism to M, (A). Since A is purely
infinite, this can be stuck back into A. Il

For the following proposition, the characterization of exactness that is used is
the following: if A is a C*-algebra, then it is exact if and only if there exist a Hilbert
space H and an injective nuclear map A — B(H).

Recall that if A is a unital C*-algebra and FE is a linear subspace of A, then we
say that E is an operator system if E is self-adjoint and contains the unit of A.

Proposition 2.2. Let A be a separable, unital, exact C*-algebra, let E C A be
an operator system and let g > 0. Then for every € > 0 with € < g¢, there exists
n in N such that whenever By and By are separable unital C*-algebras with Bs
nuclear, and V: F — B; and W: E — By are unital completely positive maps
with V injective and [lida,, ® V7| < 1 + ¢, then there exists a unital completely
positive map T': By — By such that ||[T oV — W|| < gp.

Theorem 2.3. Let A be a separable, unital, exact C*-algebra, let B be a unital
Kirchberg algebra, and let ¢,9: A — B be unital homomorphisms (necessarily
injective). Then

1o, ® 0,10, ®Y: A— 02 @ B

are approximately unitarily equivalent.
Before presenting its proof, we give a useful application.

Corollary 2.4. Let A be a separable, unital, exact C*-algebra, and let @, ¢: A —
05 be unital homomorphisms. Then ¢ and 3 are approximately unitarily equiva-
lent.

Proof. The proof is immediate from Elliott’s theorem Oy @ Oz = Os (see [4])
together with the fact that the isomorphism g can be chosen so that a — u(a®1e
is approximately unitarily equivalent to idp,.

~—

2

O

The proof of Theorem 2.3 uses Proposition 2.1 and Proposition 2.2, as well as
the following lemma.
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Lemma 2.5. Let A be a unital C*-algebra, let s and ¢ be proper isometries in A.
Suppose that u and v are unitaries in A such that
Is*us —v|| and |[t*vt — ul|

are small. Then there is a unitary z in O2 ® A such that z(1®u)z* is close to 1®v.
Moreover, the unitary z depends on s,t and things in Os ® 14; and in particular
does not depend on u or v.

The assumptions of the lemma imply that ||[ss*,u]|| and ||[tt*,v]| are small.
Roughly speaking, u looks like a piece of v, and v looks like a piece of u. One
would like to conclude that u looks like v, but in general there may be K-theoretic
obstructions. Tensoring with Oy eliminates them, and this is enough. One takes z
in C*(0O2® 14,10, ® $,10, ®t) to chop up 1 ® u and rearrange to get 1 ® v.

Proof. (of Theorem 2.3.) Need to show approximately unitary equivalence on finite
dimensional operator systems of the form
E =span{l,uy,uj, ..., up,u;} C A.

Apply Proposition 2.2 with V = ¢|g and W = 9|g to get a unital completely
positive map S: B — B such that S|y ~ (¢|g) o (¢|g)~". Do it again with ¢
and ¢ exchanged to get T': B — B such that T'|,g) =~ (¢|g) o (olp)~ L.

Use Proposition 2.1 to find proper isometries s and ¢ in B such that

Is¥p(u;)s —(ug)ll and |74 (uz)t — o (uy)]|
are small. Then the unitary z from Lemma 2.5 gives
l[z0(u;) 2" — ¥(uy)

small. This is approximate unitary equivalence. (I

Proposition 2.6. Let A be a separable, unital, exact C*-algebra. If there is a
unital injective homomorphism

p: A— (0)
that lifts to a unital completely positive map V: A — £>°(N, O3), then there is a

unital injective homomorphism ¥: A — Os.

Proof. Write V = (Vq,Va,...): A — (?(N, Oy). Choose unitaries u, for n in N with
dense span in A. For n in N; set

* *
E,, =span{l,uy,uj,...,up,u}.

Then F, is a finite dimensional operator system in A. One needs to “speed up” the
multiplicativity of the unital completely positive maps V,,, and one way of doing so
is by choosing an sufficiently rapidly increasing sequence (k(n)),cn, and grouping
the maps
k(1) k(2)—k(1)
Vl(a),...,Vk(l)(a) S @02 — Oy Vk(1)+1(a)7...7Vk(2)(a) S @ Oy — Oy
Jj=1 Jj=1

and so on. This “speeding up” trick is needed to apply Proposition 2.2. For fast
enough convergence, one will get unital completely positive maps Sy, T : O — O4
such that

Sy~ V,, o n:il on Vii1(E,) and T, = Vg0 V,;l on V,(Ep,)



for all m in N.
Fix m in N. Then for £ = 1,...,m, we have

Sm(vm+1 (U()) ~ Vm(uf)

and both V,,1(ug) and V;,, (us) are approximately unitaries since V,,, and V,,, 4, are
almost multiplicative. Use Proposition 2.1 to get a proper isometry s,, such that

St Vint1(ug)sm &~ Vi (ue)
for all £ =1,...,m. Similarly, find a proper isometry t,, such that
b Vin (we)tm & Vi1 (ue)

for all £ =1,...,m. Replace V,,(u¢) and Vp,41(ue) with nearby unitaries and use
Lemma 2.5 to get a unitary z,, in Oy ® Os such that

Zm (1o, ® Vint1(ue)) 23, = 1o, @ Vin(ue)

for all £ = 1,...,m. One can arrange to use an arbitrary sequence (&,)nen Of
positive real numbers to get

llzn (Lo, ® Vatile,) 2 — 1o, @ Valg, || < én

for all n in N. Define a sequence (R, )nen of unital completely positive maps
A — O ® Oy by

Ry =V, Ry = Ad(zl) o (1(92 ®‘/2), Ry = Ad(Z1 .- 'Zn—l) o (1(92 ®Vn)

Since the sequence (V;,)nen is asymptotically a homomorphism, it follows that
(Rn)nen also is asymptotically a homomorphism. Now, using that Y. &, < oo,
neN
one shows that for each a in E,,, the sequence (Ry(a))n>m is Cauchy in Oy ® Os.
We conclude that the maps R,, converge pointwise to a map, which is necessarily
a homomorphism A — Oy ® Oy. This map is easily seen to be unital and injec-
tive, using that so is V: A — (N, O;). By Elliott’s theorem ([4]), there is an
isomorphism Oz ® Oy =2 Oy, and this finishes the proof. O

We recall a useful definition.

Definition 2.7. A separable C*-algebra A is said to be quasidiagonal if there
exist a separable Hilbert space H, a faithful representation 7: A — B(#) and an
increasing sequence (p)nen of finite rank projections on H with p, — 13 in the
strong operator topology and such that nh_)n;o [l[pn, 7(a)]|| = 0 for all a in A.

What we have done so far allows us to show that exact quasidiagonal algebras
embed into Oy, as we show below. Notice that Kirchberg algebras are never quasidi-
agonal. Nevertheless, proving this is needed to show that every exact C*-algebra
embeds into O, since we will reduce the general statement to the quasidiagonal
case. See Theorem 2.9.

Corollary 2.8. Let A be a separable, unital, exact, quasidiagonal C*-algebra.
Then there is a unital embedding of A into Os.

Proof. We will use Proposition 2.6, so we will produce a unital injective homomor-
phism ¢: A — (O2)*° and a unital completely positive lift V: A — ¢°(N, O,).
Fix a separable Hilbert space H, a faithful unital representation w: A — B(H)
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and an increasing sequence (py,)nen of finite rank projections on H as in Definition
2.7. For n in N, denote d(n) = dim(p,H) and let

On: Md(n) = pnB(H)pn — 02

be a unital embedding. Define a unital completely positive map V,,: A — O3 by
Vi(a) = op(pnm(a)py,) for all a in A. Then

V= (Vl,‘/g,...)I A —>EOO(N,OQ)

is clearly a unital completely positive lift of the map ¢ = koo V: A = (N, O3) —
(O2)* it induces. Moreover, ¢ is a homomorphism since lim |/[p,,7(a)]|| = 0 for
n— oo

all @ in A, and it is injective and unital because so is w. The result now follows
from Proposition 2.6. (]

We are now ready to show that exactness implies Os-embeddability in full gen-
erality.

Theorem 2.9. Let A be a separable, unital, exact C*-algebra. Then there is a
unital embedding of A into Os.

Proof. Since the classification of Kirchberg algebras will only use this result for
nuclear C*-algebras, we will at some point assume that A is nuclear, since it leads
to a significant simplification of the argument.
Set
Bo = OQ([—OO, OO)7 A)Jr,

which is a unital, exact, separable, quasidiagonal C*-algebra. Denote by 7: Z —
Aut(By the action of translation, this is, 7,,(f)(¢t) = f(t —n) for n in N, for f € By,
and for ¢t in [—00, 00). Then B = By X, Z contains

Co((—00,00,A) ¥, Z=2 K@ C(S*) @ A
as a subalgebra. If one can embed B into O, then
A KCSY)Y®A— B O,

gives an embedding into Oz, and cutting down by the image p of 14 in 05 gives a
unital embedding into pOsp = Os.

Since By is quasidiagonal, Corollary 2.8 gives a unital injective homomorphism
wo: Byg = Os. Also, g o T is approximately unitarily equivalent to ¢g by Theorem
2.3. If we had pgo7T = Ad(u) oy for some unitary u in Oy, we would then conclude
that g is equivariant with respect to 7 and the inner action Ad(u), and thus

B =By xX;Z — Oq NAd(u)ZgO(S’l)@OQ‘—)(92@02%02

would be the desired embedding.

However, we cannot expect such a unitary u to exist in general. Instead, there
is a sequence (uy,)nen of unitaries in Oy such that Ad(u,) o o converges to pg o7
pointwise. We do get conjugacy in (O2)* by considering the unitary & ((u,)nen)-
One therefore gets an injective homomorphism

If we could lift B — (O2)* to a unital completely positive map B — (*°(N, A),
then the result would follow from Proposition 2.6. If A is assumed to be nuclear
(instead of exact), then B is also nuclear, and hence the unital completely positive
lift exists by Choi-Effros lifting result (Corollary 3.11 in [2]).



In the general case when A is exact, considerable additional work is needed, and
the proof ultimately relies on a lifting theorem of Effros and Haagerup. ([

3. KIRCHBERG’S ABSORPTION THEOREM A ® Oy = Oy

This section and the next one will make extensive use of central sequence alge-
bras, so we begin by defining these algebras.
Let D be a C*-algebra and let & € SN\ N be a free ultrafilter. We set

co(Ud, D) = {feeOO(N,D); lim f(n) :o}

and denote by DY the quotient DY = ¢*(N, D)/co(U, D). There is an embed-
ding D — DY as constant sequences. We write Dy, for the relative commutant
Dy=DYND.

In the conclusion of the following lemma, it is actually important to know that
the isometry one gets is not a unitary, since it will later imply that a certain pro-
jection (its range projection) is not the unit; see the claim in the proof of Theorem
3.2. It will essentially imply that Az, is not the complex numbers.

Lemma 3.1. Let A be a unital Kirchberg algebra and let & € SN\ N be a free
ultrafilter. If a and b are self-adjoint elements in A4;; with sp(b) C sp(a), then there
exists a nonunitary isometry s in Ay, such that s*as = b and ss* commutes with a.

Proof. We will give enough details to explain where we need U to be a free ultrafil-
ter. Indeed, the conclusion is false for oo in place of U, since AN A’ is not simple.

Scale both a and b to get ||al|, [|b]] < §; this can be done without affecting the
condition that sp(b) C sp(a). Now set u = €' and v = ¢, which are unitaries
in Ay. In order to prove the lemma, we need to find a nonunitrary isometry s in
Ay with sus* = v and such that ss* commutes with u. Set X = sp(u), which is a
closed subset of S'. Note that sp(v) C X. Let z € C(X) be the canonical inclusion
X — C. We get homomorphisms

0, 0: C(X,A) - A— AY

given by o(f ® a) = f(u)a and Y(f ® a) = f(v)a for all f in C(X) and all ¢ in A.
We claim that ¢ is injective. Since A is simple, ker(¢) must be of the form
Co(U) ® A for some open set U in X. However, if U were not the empty set, we
would conclude that the spectrum of u is smaller than X, which is a contradiction.
Hence ¢ is injective.
Let
V=Vnen, W = (Wy)nen: C(X)® A — £°(N, A)

be unital completely positive lifts of ¢ and 1), respectively. Let (un)nen be a
sequence of unitaries in A with dense linear span, and consider the finite dimensional
operator systems

En = span{l, Z®1A, Z*®1A7 U1®1c(x), ui@lc(X), ey un®]-C(X)7 U;@lc(x)} - C(X)@A

Fixn and k in N, and fix € > 0. We claim that there exists m such that ida;, ®V,,,
is injective on E,, and

it @ [Vinlyz1 s, H <l+e.
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We have
limsup [|(idaz, @ Vin)(2)[| = [|2]|
m—U

forall z € M ® E,, C M, ® A. This also works for oo in place of U, but we would
like to have

lim || (idaz, ® Vi) (2)[| = [|]|
m—U

to prove the claim. This is why we need U/ instead of co: the key point is that
hmu [[(idar, ® Vi )(x)|| exists, and therefore it equals its lim sup.
m—
Most of the remaining work is a careful choice of tolerances, and it is omitted. [
The following technical result is crucial in the proof of the absorption theorems.
This kind of outcome is rare.

Theorem 3.2. Let A be a unital Kirchberg algebra and let U € SN\ N be a free
ultrafilter. Then Ay is a unital, purely infinite simple C*-algebra.

Proof. We claim that if B is a nonzero hereditary subalgebra of Ay, then there
exists a projection e in B with e # 1 and such that e is Murray-von Neumann
equivalent to 1.

Once the claim has been proved, we will have concluded that every nonzero
hereditary subalgebra of A;; contains an infinite projection. Moreover, Ay, is simple
because it contains a projection equivalent to its unit. This implies that Ay, is purely
infinite.

We prove the claim. Choose a € By, with 1 € sp(a), and take b = 1. Use Lemma
3.1 to find a nonuitary isometry s in Ay as in the lemma, and set e = ss*. Then e
is a projection and it commutes with a. One can show that e belongs to B, and it
is not the unit because s is not a unitary. O

We recall Elliott’s intertwining argument.

Theorem 3.3. Let A and B be separable, unital C*-algebras, and let p: A - B
and ¥: B — A be unital homomorphisms such that po1) is approximately unitarily
equivalent to idg and 1 o @ is approximately unitarily equivalent to id4. Then A
is isomorphic to B.

Definition 3.4. Let A and B be separable, unital C*-algebras. An approzimately
central embedding of A into B is a sequence (¢, )nen of injective unital homomor-
phisms ¢,,: A — B such that

1im [l ()b — b (a)] = 0
for all ¢ in A and all b in B.

In the definition above, such an approximately central embedding of A into B
gives an injective unital homomorphism A — B, = B N B'.

Lemma 3.5. Let A and B be separable, simple unital C*-algebras. If there is an
approximately central embedding of A into B and A is purely infinite, then B is
also purely infinite.

Proof. We know that B is infinite since it has a unital injective homomorphism
from an infinite C*-algebra. Moreover, B has an approximately central embedding
of My @ M3, so results of Blackadar-Kumjian-Rgrdam in [1] imply that B is purely
infinite. O



Lemma 3.6. Let A be unital, separable, nuclear and simple, and suppose that
A has an approximately central embedding of @y. Then any two unital endomor-
phisms of A are approximately unitarily equivalent.

Proof. Fix an endomorphism v: A — A. We claim that v is approximately unitarily
equivalent to id 4.

By Lemma 3.5, A is purely infinite. We can apply Proposition 2.1 to v because it
is unital and completely positive (since it is a homomorphism) and nuclear (because
A is nuclear). We thus get a sequence (vp,)nen of isometries in A such that

i [[o;y(a)v, — af =0

for all a in A. Let v = ky((vn)nen), which is an element in AY. Let e = vv*, which
is a projection in AY. Note that vy(a)v* = a for all @ in A. In particular, if a is
a unitary in A, then so is y(a), and thus v*vy(a)v is a unitary. This implies that
vu* is a unitary (one has to check this, but one cannot cut down a unitary “badly”
and get a unitary again). Thus vv* = e commutes with a. Since a is an arbitrary
unitary in A, it follows that

ec AUnA

and AY N A’ is purely infinite and simple. The unital homomorphism Oy — AY N A’
can be chosen to moreover commute with e (and more generally, with any separable
subalgebra of AY N A’, using a standard approximation argument with central
sequences). One uses this homomorphism to show that 2[e] = [e] in Kq(AY N A7),
so [e] = 0. Since [1] = 0 as well, we conclude that [e] = [1] in Ko(AY N A’). By
pure infiniteness, there exists w in AY N A’ such that w*w = 1 and ww* = e. Now,
u = w*v is a unitary in AY and

w*au = v*waw*v = v*av = y(a)

for all @ in A. With a bit more work, one gets an approximate unitary equivalence
between v and id 4. O

If in the lemma above one replaces nuclearity of A with exactness, one can prob-
ably conclude that any two unital nuclear endomorphisms of A are approximately
unitarily equivalent.

Theorem 3.7. Let A be a simple, nuclear, unital, separable C*-algebra, and sup-
pose that A has an approximately central embedding of Oy. Then A = Os.

Proof. Since A is exact, there is a unital embedding A < Oy by Theorem 2.9. By
semiprojectivity of Oy, there is a unital homomorphism Oy — A. The composition

30202—>A—>02

is a unital injective endomorphism of Os, so it is approximately unitarily equivalent
to idp,. Moreover, the composition

P: A= 0y — A

is approximately unitarily equivalent to id4 by Lemma 3.6. Now use Elliott’s
intertwining argument (Theorem 3.3) to conclude that A = O,. O

Theorem 3.8. Let A be a simple, nuclear, unital, separable C*-algebra. Then
A® Oy = 0,.



10 EUSEBIO GARDELLA

(oo}
Proof. Set B = (¥ O3. Then B has an approximately central embedding of O
=1

(simply as tensor Eactors), so B ® A also has an approximately central embedding
of Oy. Theorem 3.7 gives B= Oy and O, @ A= B® A = O,. O

4. KIRCHBERG’S ABSORPTION THEOREM A ® O, = A

The proofs in this section will be simplified with respect to what appears in the
paper [6]. We recall an earlier result.

Theorem 4.1. (Theorem 3.3 in [7]) Let D be a unital, purely infinite simple C*-
algebra. Then any two unital homomorphisms ¢, : O, — D are approximately
unitarily equivalent (and actually asymptotically unitarily equivalent).

Theorem 4.2. Let A be a Kirchberg algebra. Then A ® O, = A.

Proof. We will only prove the unital case. Recall that if i/ is a free ultrafilter, then
AY N A’ is purely infinite and simple, so there there is a unital homomorphism
ﬂo: Ooo — Au.

Claim 1: There is a unital homomorphism 3: O, ® A — A such that a —
B(1 ® a) is approximately unitarily equivalent to id4.

Using nuclearity of O, and Choi-Effros lifting theorem ([2]), lift By: Qs — Ay
to a unital completely positive map Q = (Q1,Q2,-..): Ox — £°(N, A). Choose
increasing sequences (Fy,)nen and (G, )nen of finite subsets of A and O, respec-
tively, with dense unions. Set §; = 2% (really only need > 0 < 00).

keN

Claim 1.1: Fix k in N. Then there exist a finite subset G} C O and a
positive real number ¢, > 0 such that whenever S,T: O, — A are unital com-
pletely positive maps which are ex-multiplicative on G}, with 5-commuting ranges
on G, and whose ranges ¢ commute with Fj, on G}, then there exists a unitary v
in A such that

2
lvS(e)v” =T <

for al ¢ in Gy, and [Jvav* — a|| < 5 for all a in Fy. As a first step in the

proof, assume that all relations for S and T' are exact and that G}, = O4. Then
N=5S®T: Oy ® Oy — A is a homomorphism whose range commutes with Fj.
We then take v = n(vy), and this unitary would yield |[vS(c)v* — T(c)|| < 5% for
all ¢ in G}, and va = av for all a in Fj.

To prove Claim 1.1, assume the conclusion is false. Let {x,x,...} be an enu-
meration of a dense subset of O,. For each n in N, the choices G}, = {z1,..., 2.}
and g, = % yield unital completely positive maps S,, and T}, that do not satisfy the
conclusion of the claim. One can assemble these to get unital completely positive
maps

S, T: Oy — £°(N, A)
such that Ko, 05 and ke o T are homomorphisms O, — A*°. (Note that the
ranges of these maps commute with Fj.) Use the exact case F, C A — A to
get w = n(vg). Lift w to a sequence in ¢*°(N, A) consisting of unitaries (one uses
semiprojectivity of C(S!) and a standard perturbation argument). For n large
enough, since we mod out by ¢o(N, A), we will have contradicted the assumption
that {z1,...,2,} and % yields a counterexample. This proves Claim 1.1.
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Recall that Q = (Q1,Q2, .. .): Ox — £°(N, A) is a unital completely positive lift
of Bo: Ose — Ay. Find a subsequence (n(k))ren so that Q) commutes withim
e wWith Qpr41) on Gy, as well as with Fy, for all k in N. This gives Qpx41)
approximately unitarily equivalent, within 2% on Gg, to Qpry- Find unitaries wy,
for k£ in N, satisfying

W Qn (k4 1) (T)wf, = Qury ()
for all z in Gj. Consider

Tl = Qn(1)7 T2 = Ad(wl) ] Qn(g), ey Tk = Ad(w1 s wk_l) o Qn(k)7 ce
Using that 2% < oo and that G, € G}, C G;H_l for all £ in N, one shows that
kEN

(Tx)ken converges pointwise to a homomorphism v: Oy — A. One also gets a
homomorphism p: A — A given by

pla) = lim Ad(wwi)(a)

for all @ in A. Then the range of p commutes with the range of v. Then § =
Y®p: Osx ® A — A is the desired unital homomorphism. This finishes the proof
of Claim 1.

Denote by a: A = O ® A the map a — 1o, ® a. By construction, the
composition o« is approximately unitarily equivalent to id 4. We need the reverse
composition to also be equivalent to the identity, and we show how arrange this in
the following claim.

Claim 2: The composition o3 is approximately unitarily equivalent to ido g4

It follows from Theorem 4.1 that the maps Oy — D = Oy ® Oy given by

r—1lp, ®zand x — 2 ® 1o are approximately unitarily equivalent, so there is
a sequence (vg)ken of unitaries in Oy ® Oo such that

1

lvg(z @ 1o )v) — 1o, @ x| < oF

for all z in G. We will use the unitaries v,, to “twist” 8 so as to be able to get an
approximate unitary equivalence between o o 8 and idp_ g4 from S oo ~id4.

Find a sequence (wy,)nen of unitaries in A (not to be confused with the unitaries

wy, used before to prove a previous claim — those unitaries will not be used anymore)

implementing the approximate unitary equivalence betwen o « and id 4, this is,

lim_ [, 5(1 © a)u; — af =0

for all ¢ in A.

Claim 2.1 (without proof): There exists a unital homomorphism o: Oy ®
Os — Os ® A such that

cz®lo )=108x®1s) and o(lp_ QRz)=28 1o
for all z in Ox.
Note that o(c) commutes with 1 ® 8(a ® 1p_ ) for all ¢ in Ox ® O and all a

in A. For n in N, set
Up = (1 @ wy)o(vy),
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which is a unitary in O ® A.

Claim 3.1: One has
un(ao B)(c)u), — ¢
for all ¢ in O, ® A.
It is enough to do it for simple tensors of the form x ® 14 and 1p_ ® a. For z
in Oy, we have

un(1® Bz @1))uy,

o(z @ 1)o(v,)(1 @ wy,)

1 ®wp)o(vy,)

® wn)o (vn(z @ 1)v,) (1@ wy)
)
)

(
(1
(1

Q

® wp)o(l®z)(1@w))
— (1w e ) ew))
=z®1.

For a in A, we have

All the claims have been proved now, so we are ready to prove the theorem. The
maps a: A = Oy ® A and [: Oy ® A — A satisfy the hypotheses of Elliott’s
intertwining argument (Theorem 3.3), so we conclude that O @ A = A. O

The following alternative approach (based on more recent ideas related to strongly
self-absorbing C*-algebras) would also yield the result. It follows from Theorem
4.1 that the maps O = Ox ® O given by a — 1o, ® a and a — a ® 1o are
approximately unitarily equivalent. It follows that O%> is strongly self-absorbing.
Since there is a unital embedding O, < Ay, there is also a unital embedding
0%>% — Ay. One uses general arguments to show that 4 ® 02> = A, and in
particular A ® O, = A too.

5. ASYMPTOTIC MORPHISMS

The main technical difference will be replacing £*°(N, A) with C([0, 00), A), and
similarly ¢(N, A) with Cy([0, 00), A).

Definition 5.1. Let A and B be separable C*-algebras. An asymptotic morphism
from A to B, is a family ¢ = (©¢)¢ej0,00) Of maps ¢;: A — B, satisfying the following
conditions:
(1) For every a in A, the map [0,00) — B given by t — ;(a) is continuous.
(2) For every A in C and every a and b in A, we have

Tim [p(Aa +b) = Api(a) — @i(b)| =0,
lim [lpi(ab) = pi(a)eu(®)| =0, and  lim [li(a®) = pi(a)* = 0.

An asymptotic morphism ¢: A — B is equivalent to a homomorphism A —
Cy([0,00), B)/Co([0,00), B). When A is nuclear, there is always a completely pos-
itive contractive lift A — Cy([0,00), B), so the only thing that can fail in general
is asymptotic multiplicativity.

Definition 5.2. Two asymptotic morphisms ¢, pM): A — B are said to be
homotopic if ther are restrictions to endpoints of an asymptotic morphism s —
©): A — C([0,1],B).

We write [[p]] for the homotopy class of an asymptotic morphism ¢: A — B
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and we denote by [[A, B]] the set of all homotopy classes of asymptotic morphisms
A— B.

Remark 5.3. The algebra
is much bigger than
C([0,1]) ® (Cb([0, 00), B) /Co([0,00), B)) .

We will take as a fact that for A nuclear and B unital, there is a natural isomor-

phism
KK°(A,B) = [[SA,K ® SB]].

Taking suspensions really does make a difference. Indeed, if p: A — B is an
asymptotic morphism and p is a projection in A, then ¢:(p) is approximately a
projection for ¢ large enough. Hence p — [p:(p)] € Ko(B) is well-defined (this is,
independent of t) for ¢ large enough. We thus get a well defined group homomor-
phism K,(A) = K.(B). When A = C and B = Cy(R?), there are no projections
in B, so the conclusion is that every asymptotic morphism C — Cy(R?) is asymp-
totically zero and [[C, Co(R?)]] = 0. On the other hand,

KK°(C,Co(R?)) = Z

and the Bott element is a generator. In particular, [[C, Co(R?)]] and [[SC, SCp(R?)]]
do not agree.

We will nevertheless see that for Kirchberg algebras, one can really use unsus-
pended E-theory and still get K K-theory.

Definition 5.4. If ¢ and ¢ are asymptotic morphisms from A to B with B unital,
we say that they are asymptotically unitarily equivalent if there exists a continuous
path (us)¢e[o,00) Of unitaries in B such that
. « _
T [lurgy(a)u — (@) = 0
for all @ in A.

When A and B are unital C*-algebras, the set [[SA, L®SB]| is an abelian group
with direct sum as addition. Moreover, there is a well defined product

[[A, B]] x [[B, C1] = [[A, C]]

which involves using reparametrizations of asymptotic morphisms (simply taking
t — 1 o @y will not work in general).

For a C*-algebra D, denote by D™ its minimal unitization (which equals D if it
already has a unit) and set

DF=K® 0y ®D.

Definition 5.5. Let A and B be C*-algebras with A unital. An asymptotic mor-
phism ¢: A — B is said to be full if the tail projection ¢;(1), for ¢ large enough, is
a full projection in B. (When B is simple, this amounts ¢;(1) being nonzero.)

For a simple, nuclear, separable unital C*-algebra A, and a C*-algebra D, con-

sider the set
[[A. D],
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of full asymptotic morphisms A — D*. The following is the main result of this
section, and uses Kirchberg’s stability theorems repeatedly and in very crucial ways.
Its proof will be presented in the next section.

Theorem 5.6. Let A be a simple, separable, nuclear, unital C*-algebra, and let D
be a unital C*-algebra. If p,9: A = K ® Ox ® D are full asymptotic morphisms,
then they are homotopic if and only if they are asymptotically unitarily equivalent.

We will postpone the proof until the next section, and will give some conse-
quences here.

Corollary 5.7. Let A be a simple, separable, nuclear, unital C*-algebra, and let D
be a unital C*-algebra. Then every full asymptotic morphism ¢: A - K® Oy ® D
is asymptotically unitarily equivalent to a homomorphism.

Proof. Tt is easy to see that every asymptotic morphism (full or not) is homotopic to
any of its reparametrizations. Therefore ¢ is asymptotically unitarily equivalent to
its reparametrizations, by Theorem 5.6. One uses this to find an increasing sequence
(tn)new of real numbers satisfying lim ¢, = oo, and unitaries u, in M(D*) such
n—oo
that
[uner, o (@)uy, — @, (a)]| < en

for all @ in a finite subset F,, of A, with F; C F, C --- C A and |J F,, dense in
neN
A, and Y &, < oo. Using an argument similar to the one used in the proof of
neN
Theorem 4.2, one gets a homomorphism 1: A — D given by

¥(@) = lim (Ad(ur - un1) 0 21,)(a)

for @ in A. With a bit more work, one can show that v is asymptotically unitarily
equivalent to ¢. O

Fix a simple, separable, nuclear, unital C*-algebra A. For a unital C*-algebra
D, define
Es(D)=[AK®0Ox ® D]]+.
Then E4 is functorial for unital homomorphisms D; — Ds. For general D, define
EA(D) as
E4(D) =ker (Es(D%) — E4(C)),

where the unital map D+ — C is the canonical one. One shows that this definition
agrees with the one given before when D has a unit. One can show that there is a
natural isomorphism

Es(D)= KK°(A, D)
and that F,4 is functorial for arbitrary homomorphisms D — Ds.

For fixed A as above, one shows that F 4 is the zero group of a homotopy theory
on C'*-algebras which is stable, has long exact sequences, and is homotopy invari-
ant. One concludes that F 4 itself is middle exact. The proof is not too different
from similar arguments that show the analogous statement for Kj.

One needs at some point that I ® O has a continuously parametrized approx-
imate identity ¢ +— e; consisting of projections. One can in general not require
that s <t imply e; < e;. However, one can require that s + 1 < ¢t imply es < e;.
(Warning: the published paper has a misprint around this part.)
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If one has such a description of the functor E 4, Higson’s characterization of
K K-theory shows that there exists a C*-algebra B such that

Ey=KK(B,).

With some work, one can show that one can tale A = B.

Use Higsons’s results to get that E4 gives a functor E; on the category whose
objects are separable C*-algebras, and with morphisms between C; and Cy given
by elements in KK°(Cy,C3). We also need natural transformations of Ea, and
that well-behaved functors extend to natural transformations of E‘;.

For unital D (can be gotten for general D, but it involves more technicalities),
we define natural transformations

ap: KK°(A,D) — Ea(D) and Bp: Ea(D) - KK°(A, D)
as follows. The transformation Sp is given by the following composition:

Bp: Ea(D) = [[A,K ® Os ® D]y [[A,K ® Oso ® D]] —— [[SA, S(K ® One @ D)]] ——

IR

KK%A,K® O ® D) ——= + KK(A, D),

where the second arrow sends an asymptotic morphism (¢)sejo,00): A = K@ O ®
D, to the asymptotic morphism

(idCO(]R) (24 got)te[o,oo): SA — S(]C ® O ® D)

Also, the last isomorphism comes from the fact that  ® O, is K K-equivalent to
C.

Intuitively speaking, the first arrow in the definition of the map Sp picks up
some things (precisely, the non-full asymptotic morphisms), while the second arrow
collapses some classes. The overall result turns out to be an isomorphism.

To get ap, consider the inclusion ¢: A — K ® O ® A. This given an element
[[l]] in Ea(A). Given nin KK°(A, D), we get a map

Ea: Eo(A) = E4(D).
Finally, we define ap: KK°(A, D) — EA(D) by

ap(n) = Ba(n)((4]])
for all n in KK°(A, D).

To prove that ap and Sp are natural inverse transformations, one needs to
use more category theory. One looks at where special classes such as [[id4]] go, and
uses manipulations of several forms. It is convenient, but not necessary, to assume
that A is a Kirchberg algebra. This gives us an isomorphism A ® Oy, =2 Oy by
Theorem 4.2, and the fact that classes in E4(D) come from homomorphisms by
Corollary 5.7.

6. PROOF OF HOMOTOPY IMPLIES ASYMPTOTIC UNITARY EQUIVALENCE FOR
ASYMPTOTIC MORPHISMS

Recall the following result of Rgrdam.
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Theorem 6.1. (Need reference) Let D be a unital C*-algebra. Then any two
unital homomorphisms Oy — D ® O, are approximately unitarily equivalent.

Recall that a unital, separable C*-algebra D is said to be strongly self-absorbing
(this is modern terminology, but the notion was around at the time these theorems
were proved) if there exists an isomorphism ¢: D — D ®uin D such that d —
©(1p ® d) is approximately unitarily equivalent to idp.

Corollary 6.2. The Cuntz algebras 02 and O, are strongly self-absorbing.

Proof. We prove it for Os first. Use Elliott’s theorem (see [4]) to choose any iso-
morphism p: Oy ® O — Oy. The composition
lo,®id
Oy M@Q ® Oy L> Oy
is approximately unitarily equivalent to idp, by Theorem 4.1, so the result follows.
For O, one uses any isomorphism Oy ® Oy = O given by Theorem 4.2,

and the corresponding composition is approximately unitarily equivalent to idep__
by Theorem 6.1. (]

Recall the following well-known facts about Df = K @ Oy ® D:

(1) Ko(D?) is the set of Murray-von Neumann equivalence classes of full pro-
jections in D¥, with addition given by direct sum (or addition of orthogonal
representatives).

(2) Any corner of D¥ is O-stable.

(3) The canonical map

U(D?) /U (D) — K1 (D¥)
is an isomorphism.

Proposition 6.3. Any two full asymptotic morphisms ¢, 1: Oy — Oy ® D are
asymptotically unitarily equivalent. Similarly, any two full asymptotic morphisms
0,0 Os = O ® D are asymptotically unitarily equivalent.

Proof. We just give a rough idea of the proof. We do it for Os; the argument for O,
is analogous. One can use semiprojectivity of Oy to reduce the statement to contin-
uous paths of unital homomorphisms, similarly for O,. Use Lin-Phillips Theorem
4.1, or Rgrdam’s Theorem 6.1 in the case of O, on the pair of homomorphisms

(0t)temom+1) (Vt)temmt1): O2 — C([0,1], O ® D)

with tolerances going to zero as n — oo. One has to be careful with the gluing
of these homomorphisms, so as to make thing match at the integers. We omit the
details. 0

For the purpose of the following definition, () will be a separable, unital, nuclear
C*-algebra; usually either Os or O .

Definition 6.4. An asymptotic morphism A — B is said to have a standard
factorization through Q ® A if it is asymptotically unitarily equivalent to one of the
form

A 1o®ida Q @ A (Pt)tel0,00) B.

When @ = Oy, we will call this a trivializing factorization.
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Lemma 6.5. Any two full asymptotic morphisms ¢,v: A — D¥ with trivializing
factorizations are asymptotically unitarily equivalent.

Proof. Find trivializing factorizations

oo A2 L0, 4 L

v A lo,®ida Oy A (0¢)te0,00) Dt
One can assume that ¢ and ¢ are both unital by cutting down by their tail pro-
jections and cutting down to the respective corners, since these are again O-stable.
We use Theorem 3.8 to find an isomorphism A ® Oy = O, and use Proposition 6.3
to conclude that p = (p¢)ic(o,00) and 0 = (0¢)1e[0,00) are asymptotically unitarily
equivalent. Since the first maps in the factorizations of ¢ and v are the same, we
conclude that ¢ and 1 are themselves asymptotically unitarily equivalent. O

We will assume from now on that the tail projection of every (not necessarily
full) asymptotic morphism from A is an honest projection (and constant in ¢). One
can always arrange this up to asymptotic unitary equivalence. With this in mind,
one can define addition of asymptotic morphisms to D = K ® O, ® D by moving
tail projections in K to be orthogonal (and using that My ® K = ).

Lemma 6.6. Let ,1: A — D¥ be full asymptotic morphisms. Then ¢ @1 is full.
If moreover they both have trivializing factorizations, then so does ¢ @ .

Proof. The assumption that both asymptotic morphisms be full is crucial in defining
a trivializing factorization for their sum. One gets two tail projections p and ¢ that
are Murray-von Neumann equivalent, so that pD¥p is isomorphic to ¢D%q. The
trivializing factorization for ¢ @ 1 is the following extension:

(Pt)te(0,00)B(Tt)te(0,00)

A—— (0,0 0)® A (p+a)D*(p + q)

A— My(05) ® A M, (D¥) = Dt

O

Proposition 6.7. If A is a Kirchberg algebra, then any full asymptotic morphism
@: A — D* has a standard factorization through O, ® A.

Proof. Use Theorem 4.2 to choose an isomorphism p: Oy ® A — A. Consider the
composition

lo,, ®ida n (et)eefo,00)

A Dt
We need to show that

no(lo, ®ida): A >0 @A — A

O ® A

is asymptotically unitarily equivalent to id 4. This follows from the fact that the
composition

lo, ®ido,,

Ooo O ® O

is not just approximately unitarily equivalent to idp_ , but also asymptotically
unitarily equivalent to idp__, by Theorem 4.1. [
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A bit more work in the proof of the above proposition shows that up to asymp-
totic unitary equivalence, one always has a factorization of the form

log, ®ida (idooe ®Pt)te(0,00)

O ® A 0. Dt = Dt

p: A

Lemma 6.8. If v: A — D! is a full asymptotic morphism with a trivializing
factorization, then ¢ @ v is asymptotically unitarily equivalent to ¢ for any full
asymptotic morphism ¢: A — D¥,

Proof. Denote by e the tail projection of ¢, and by f the tail projection of v. Then
[e] =1 and [f] =0 in K¢(OI) and e + f = 1. One has the factorization

A= O ®A— Dt

and eOye @ fOxf — Oy unitally. Note that Oy embeds unitally into fO f.
Hence ¢ is the direct sum of a full asymptotic morphism v with another full as-
ymptotic morphism A that has a trivializing factorization. By Lemma 6.6, A ® v
has a trivializing factorization, and by Lemma 6.5, A & v and \ are asymptotically
unitarily equivalent. With ~ denoting asymptotic unitary equivalence below, we
have

POV=YPDADV~YPDA=0p,

as desired. O
We are now ready to prove Theorem 5.6.

Proof. (of Theorem 5.6) We first describe how homotopy implies approximate uni-
tary equivalence for homomorphisms. Consider a homotopy s — () for s € [0, 1].
Up to asymptotic unitary equivalence, we can find a standard factorization

ido,, ® (s) ~
P A— O 0 A—2="F L0 2Dt —= Dt

Let F be a finite subset of A and let € > 0. Choose N in N and
O=s0<s51< - <sy=1

such that [|¢)(a) — ¢(*-)(a)|| < & forall @ in F and all j =1,...,N.
N N
Choose nonzero projections ey, ...,en, f1,..., fv in Ox with > e; + > fi =
§=0 k=1
lo,, and such that [e;] =1 and [fx] = —1 in K¢(Ox) for all j =0,..., N and all
k=1,...,N.
For j=0,...,N and for £k =1,..., N, denote by

Lj: ejOooej — Ooo and Yk - kaoofk — Ooo
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the canonical inclusions. Consider the direct sum of the asymptotic morphisms

L0®SO(SO)

A— (6000060)®A O ®l)ji —— Dt

(s1)
A (10nf) 0 A—222" L0, ® Dt —— Dt

L1®<P(Sl)

A%(elOmel)Q@A (’)C>O(§§l)ﬁ*>D’i

(sN)
A (fnOufy) @ A2 L0 @Dt — Dt

(s
LN BN O ® Dt — 3 DE.

A—— (enOxen) ® A
Take the direct sum of the second and third line above, fourth and fifth, and
so on. For each of them, we find a unital embedding Oz < (f; + €;)Ox(f; + €;),
which exists since [f; +¢e;] = 0 in K¢(Ox). We thus get a trivializing factorization
for each of these sums, so they all get absorbed by the first line which is the first
homomorphism in the homotopy 1(?) = 4(®) . The conclusion is that the whole
direct sum is asymptotically unitarily equivalent to (%),
We now consider the direct sum of the asymptotic morphisms

L0®(p(50)

A—— (6000060) RA O ® Df —— Dt

(s0)
A (LOf)®A—"%2 " L0 ®Dt — Dt

L1®¢(5N—1)
A (e0ne) A2 " L0 @Dt — Dt

(sNn—1)
A (fNOufy) @ AP 0 @ D — D

LN®¢(SN)

A—— (enOuen) ® A Ose ® D —— Dt
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These changes product an error of at most € on F'. With a similar argument as we
used for the other direct sum, we conclude that this one is asymptotically unitarily
equivalent to ).

The conclusion is that the two homomorphisms are asymptotically unitarily
equivalent to homomorphisms that are arbitrarily close on a given finite set. This
implies approximate unitary equivalence.

Unfortunately, this argument is discrete, so we briefly explain how to modify
it to get asymptotic unitary equivalence.

Let ¢ — 0 and let F' increase to A. Also use t — @is) and lengths of paths
s — cpis) (a) possibly going to oco. These choices force N to increase.

One splits the projections ey and fy and uses homotopies between these in O .
It is crucial that any two projections in a Kirchberg algebra with same class on Ky

have the same “size”. We omit the details. O

7. CLASSIFICATION OF KIRCHBERG ALGEBRAS USING K K-THEORY
This section contains the main results of this lecture series.

Theorem 7.1. Let A and B be unital Kirchberg algebras and let 77 be an invertible
element in KK°(A, B) such that

n x [1a] = [15].
Then there is an isomorphism §: A — B such that KK (0) = 7.

Proof. Recall that there are isomorphisms A ® O, = A and B ® Oy = B by
Theorem 4.2. Find full asymptotic morphisms ¢: A — B and ¥: B — A such that
[[¢]] = n and [[¢]] = n~!. By Theorem 5.6 and Corollary ??, one can assume that
and 1) are homomorphisms by Corollary 5.7. Then po: B — A is asymptotically
unitarily equivalent to idp, and 1 o ¢ is asymptotically unitarily equivalent to id 4.
In particular, we have approximate unitary equivalence, and Elliott’s intertwining
argument (Theorem 3.3) gives us the desired isomorphism 6: A — B. O

There is also a non-unital version of the classification theorem.

Theorem 7.2. Let A and B be stable Kirchberg algebras and let 1 be an invert-
ible element in KKY(A, B). Then there is an isomorphism §: A — B such that
KK(9)=n.

In the presence of the UCT, one can use K-theory instead of K K-theory.
Corollary 7.3. Let A and B be Kirchberg algebras satisfying the UCT. Suppose
there is a Zy-graded group isomorphism

st Ki(A) = K.(B)
(with ¢o([14]) = [1p] if A and B are unital). Then there is an isomorphism
6: A — B such that K.(6) = ¢.

Proof. The isomorphism ¢, is an invertible element in Hom(K,(A), K. (B)). Using
the UCT for the pair (A, B), one can lift it to an element 1 in K K°(A, B), which
represents @, on K-theory. By results of Skandalis, 7 is invertible. In the unital
case, one checks that 7 respects the classes of the identities. The result then follows
from Theorem 7.1 in the unital case, and from Theorem 7.2 in the non-unital
case. (]
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The following question remains open, for more than 25 years now:
Question 7.4. Does every separable, nuclear C*-algebra satisfy the UCT?

There are known examples of non-nuclear C*-algebras not satisfying the UCT.

8. OUTLOOK: AN ATTEMPT OF UNIFYING THE CLASSIFICATION OF FINITE AND
INFINITE C*-ALGEBRAS

Definition 8.1. Let A be a simple, unital, separable C*-algebra. We say that A
is tracially approximately Oo, TAOs for short, if for every € > 0, for every finite
subset F' of A, and for every positive element x in A with ||z| = 1, there exist a
projection p in A and a unital homomorphism

@: Oy — pAp
such that

(a) ||lpa — ap|| <€ for all a in F;

(b) dist(pap, p(O2)) < ¢ for all a in F;

(¢) 1 —p 3 « (this is vacuous in the purely infinite case);
(d) [lpzpl > 1 —e.

Nothing has been done with this definition. One should check the following (and
if most come out to be false, the definition should be changed):
(1) Is every TAQO; algebra purely infinite?
2) Is every Kirchberg algebra TAQO,?
3) Do TAQO; algebras absorb O,?
4) Do TAQO; algebras absorb Z?
5) Can one use the general machinery of TA classification of Lin (TAF, TAI)
to classify TAO, algebras?
(6) For a finite group action on a TAOs algebra, is the tracial Rokhlin property
equivalent to pointwise outerness? (This seems to be the case for Kirchberg
algebras.)

9. A DIFFERENT POINT OF VIEW USING R@RDAM GROUPS

This section contains notes from the lecture given by Eberhard Kirchberg.

Theorem 2.9 leads to some sort of unsuspended and “liftable” E-theory. For
a separable, exact, stable C*-algebra A and a o-unital, stable, strongly purely
infinite C*-algebra B, define the Rgrdam semigroup SR(A, B) using asymptotic
morphisms V' = (V;)e[0,00): A — B with V; nuclear, completely positive and con-
tractive. Equivalence is given by asymptotic unitary equivalence with unitaries
taken in the multiplier algebra M (B) of B.

We describe the zero element of SR(A, B). Starting with such A, one finds a
nuclear embedding ¢p: A ® O2 — B. Then the zero element hy of SR(A, B) is
defined to be the class of the map A — B given by a — po(a ® 1o,).

The Grothendieck group R(A, B) of SR(A, B) is called the Rordam group asso-
ciated to the pair (A, B).

Since this is a special case of E-theory, there is an embedding

R(A, B) — Ext(A,SB) =~ KK°(A, B).
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Denote by Homp,.(A, B) the group of nuclear homomorphisms A — B, and
by [Hompuu.(A, B)] the set of (stabilized) asymptotic unitary equivalence classes of
nuclear homomorphisms A — B. The point is to prove that the natural map

[Homy,.(A, B)] — R(A, B)

is onto, and that the map R(A, B) — Ext(A, SB) is injective. The first statement
roughly says that every asymptotic morphism of the kind considered when defining
R(A, B) is asymptotically unitarily equivalent to a nuclear homomorphism (com-
pare with Corollary 5.7), and the second statement roughlt says that homotopy
implies asymptotic unitary equivalence for such asymptotic morphisms (compare
with Theorem 5.6).

We describe an application to classification. For Kirchberg algebras A and B,
we have natural isomorphisms

[Homyy(A, B)] = [Hom(A, B)] = R(A,B) @ KK(A, B) = Ext(A4, SB).
If A and B satisfy the UCT, there is a short exact sequence
0 — Ext(K.(A),K.(B)) - KK(A,B) - Hom(K.(A),K.(B)) =0

and by results of Skandalis, every invertible element in Hom (K, (A), K.(B)) lifts
to an invertible K K-class in KK (A, B). This class comes from an invertible el-
ement in [Hom(A4, B)], so there are homomorphisms ¢: A — B and ¢: B — A
such that p o: B — A is asymptotically unitarily equivalent to idg, and ¥ o ¢
is asymptotically unitarily equivalent to id4. In particular, we have approximate
unitary equivalence, and Elliott’s intertwining argument (Theorem 3.3) gives us an
isomorphism A = B.

Here is another application.

Theorem 9.1. Let A be a separable, exact C*-algebra. Then there exists a subal-
gebra B of the CAR algebra My~ that contains a hereditary subalgebra D of Ms
as an ideal, such that A = B/D.

Now, there is a canonical unital embedding My < O3, so we may consider
E = DOy D, which is given by projections. If E contains the unit of My, then we
are done since

E+BQMQOQQOQ and E+B/E%'A

Otherwise, we have an increasing sequence (p;, )nen of projections and using this
one can show that £ = O, ® K. One gets a nuclear injection into the corona

The extension defined by this Busby invariant is £ + B. We really only need that
Ext(Oa, ) is trivial.
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