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Smash product

Let G be a discrete group. 2 (@), the space of functions f : G — C with

(> gec | f(9) 2)2 < oo, is a Hilbert space and the space of compact operator on £2(G),
K (£3(G)), is a nuclear C*-algebra.

Forevery g,h € G,
egn  2(G) = 2(G), & (€ en)ey

is a rank-one operator with ey, (ex) = dp keg forall k € G, where (e4) geq is the
canonical basis of £2(G). We have

H (P(G)) = [egn: g, h €G],

where [-] stands for the closed linear span.
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Let Z = {Bgy}4cc be a Fell bundle. Consider the set

BLG = By ®eun S C(B) X (G)).
g,heG

> @gGisa*—subalgebra.
= (Byg1, ®egn)(Bp-1,®@ep1) = (By-1,By-1, ® egnoer)
C Onk(By-11,Bp-1, @ eg,1)
C (By-1,®eq,1)

DUALITY FOR FELL BUNDLES — MR EQUIVALENCE



Smash product

Definition

The smash product 3G of the Fell bundle % by G is the closure of .@gG.

» The choice of C* () is arbitrary: The smash product is (up to isomorphism)

independent of a C*-algebra B with grading @g cq By = B!
We have
HBiG = lim By-1, ®egp with F' C G finite
F1G
g,heF
and

Y By ®egn CBO X ((G))
g,heFr

is a closed *-subalgebra for all G-graded C'*-algebras B with grading isomorphic to 2.
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Let J C 2HG be a closed subspace.

QUESTION:
Letw € #4G. Can we characterize w € J?
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Subspaces and ideals in G

Lemma

Let g, h € G be given. For every w € BHG, there exists a unique Wy, € By—1y, such that

(I1®egg)w(l®epn) =wgn® egh -

Let

w = Z bp-1 ®ex,; € 9386'
k,leG

with by,—1; € Bj,—1; forall k,l € G. Then we have
(1®egg)w(l®@enn) = Z (1®eg,q)(bg-1; ®ex)(1® enn)
k,leG

= Z 0g,k0n,1(br—11 ® €x1) = bg-1, ® €g,n
kIEG

Set wy p := bg-1p. Since %’gG is dense in Z1G, the uniqueness of wy j, for an arbitrary
w € PBHG follows. O
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Subspaces and ideals in G

Proposition
Let J € ZHG be a closed subspace and w € BHG.
(i) fwgp ®eqpn € Jtorallg, h € G, thenw € J.
(ii) fwe Jand (1Q 2 )J(1® %) C J,thenwyp @ ey p € Jforallg,h € G.

Proof sketch.
For every finite subset F' C G set Pp = deF 1® eg,q. Then

w = lim PrwPr
F1G
forw € #4G. From the previous proposition, we have

PFU)PF = E Wgq b X €g,h -
g,heF

= (i) follows, since J is closed. (ii) follows directly. O
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The restricted smash product % bG

The restricted smash product Z8dG of the Fell bundle 2 by G is defined as

PG = Y [By-1Bi] @ egn C C*(B) @ K (1*(G)) .
g,heG

REMARKS:
(i) Since [By-1Bp] € By-1p, it holds that G C BG.

(ii) If A issaturated, ic., [ByBp| = By, forall g, h € G, we also have 0G = ZHG.
(iii) ZbG is a closed two-sided ideal of ZHG.

(iv) Foreveryw € %G itholds: wg j € [By-1By|forallg,h € G & w € BOG.

ol gerSpellman)
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IL.

DUAL PARTIAL ACTIONS
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Dual global and partial actions

Let G be a discrete group. The left regular representation
A 2(G) = P(G) en — egn
(forall g € G) has the properties

>\9G O€nk = A?(', er)en = (- €x)egh = €ghk

and
enkorg = (NS (), ex)en = (0, eg-11) = epg-11

forallg € G, ep x € €% and hence,

G G
Ag O €nk 0 A1 = €gh gk -

Therefore,

(]. 24 )\?)(Bh—lk ® eh,k)(l X )\gG_l) = B(gh)—l(gk) & egh,gk € %ﬂG

= 1 is invariant under this conjugation!

DuALITY FOR FELL BUNDLES - MR EQUIVALENCE



We also have
(1 ® )\?)(Bh—lBk ® eh,k)(l ® )\5_1) =B,-1Br ® €gh,gk € BHG

and in general

B,-1By C [B(gh)—l Byk)

= %0 is NOT invariant under this conjugation!
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Dual global and partial action

Set
Ty: B4G — B4G, b~ (1@ A7) @A)

forallg € G.

Let £ be a Fell bundle.

(i) T = {T'y} is called the dual global action for .
(ii) A, the restriction of I' to G, is called the dual partial action for 2.
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The dual partial action

The spaces B :=TI'3(#G) N PG, which are domains and targets of A can be

characterized in the following way:

Proposition

Set Dy := [ByB,-1] forevery g € G. Then

Eg = Z [BhlegBk:} Repk -
h.keq

Proof.

"C" Anelementw € Ejg clearly fulfills w € 2bG and this is equivalent to the fact, that wy, 1 € [Bj,—1 By]
forall h, k € G. For the inclusion "C" it suffices thus to show, that wy, , € [By,—1.DgBj] for all
h, k € G. By the definition of E4, we additionally have w € T'q(#bG) and therefore we can set
y:=T 71( ) € #bG, which implieswh k=Yg—1p,g—1k € [Bh 1 Bgflk} Since
[B),—1 Bg71 i) isaleft [Bj,—1 Bp]-and aright [B; —1 Bk] ideal, we choose two approximate identities
{EA}AGA C [By,—1Bn]and {eys }arenr C [Bj—1 By and we obtain

Wh k= hm exwp, ey € [Bp—1BpBj,— ig B —1kBk 1By] C [By,- 1Bng_1Bk} s

which means wp, , € [Bj,—1 DgByg]forallh, k € G.
ell
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The dual partial action

"D" We have to prove that By, —1 Dy By, ® ey, ), C Eg forallh, k € G. Firstly, Dy By, C By, forall
g,k € G,because Dy C By, which implies By, —1 Dg By, ® ep , € Bp—1 B Q ep 1 € %bG.

Since

[By,—-1Dy¢By] = [Bh_1Bng_1Bk] - [Bh—lng—lk] 5
we also obtain
Bh—l DgBk ® egflh,gflk: (S %bG o
Therefore,
By-1Dg By, ® ene = (L ® XG)(By—1DgBi ® eg-13, g-1) (1 ® AT 1) C T'g(BG)

andhence By, —1 Dy By, ® ep, 1, € #BbG NT(BvG) = Eg forall b, k € G.
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Globalization

Proposition

The dual global action for a Fell bundle # = { By} 4e is a globalization of the dual
partial action for Z. Hence, the dual partial action of a Fell bundle 4 is globalizable.

By the definition of globalization, we have to show that 3 . I'¢(£0G) is dense in
PHG. Let g, h € G. Clearly, By-1), ® €1 4-15, € %bG. Since

Lg(By-1p, ® eq,4-13) = Bg-15 @ €g,p, every element of%gG is in the orbit of T'y.
Hence, the statement follows, because Z1G is the closure of @gG. O
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I1I.

MORITA-RIEFFEL EQUIVALENCE
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Hilbert bimodule

Let A, B be C*-algebras. A left Hilbert A-module and right Hilbert 5-module M is called
Hilbert A-B-bimodule, if

() (a)b = a(€h) and
(11) <£a77>A< = £<777 <>B for all fﬂ?aC S Ma a € Aandb € B.

REMARK:
We have || (€, &) alla = ||(&, &) Bl g forall{ € M, i.e. the induced norms agree.
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Morita-Rieftel equivalence for C*-algebras

Let A, B be C*-algebras. A Hilbert A-B-bimodule is called lef? (resp. right) full, if
(M, M) 4 (resp. (M, M) g) is dense in A (resp. B). If M is left and right full, itis a

imprimitivity bimodule.

Definition

Let A, B be C*-algebras. A and B are Morita-Rieffel equivalent, if there exists a
imprimitivity bimodule A-B-bimodule.

Holger Spellmann DUALITY FOR FELL BUNDLES — MR EQUIVALENCE



Morita-Rieftel equivalence for C*-algebras

Let B be a C*-algebra and A a C*-subalgebra of B. Set M := [AB] and define

(Ema=n" and ({,n)p:=n"¢ foralln, € M.

This is a well-defined Hilbert A-B-bimodule, if ABA C A, i.e. if Aisa bereditary
subalgebra.

» M is left full, since A C M.
> If Aisa full subalgebra, i.c., if [ BAB] = B, M is also right full.

Hence, M is an imprimitivity module and therefore, A and B are Morita-Rieffel
equivalent.
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Morita-Rieftel equivalence for C*-algebras

Let A, B to separable C*-algebras. A and B are Morita-Rieffel equivalent if and only if
they are stably isomorphic, i.c.,

H QAKX QB

with the algebra JZ” of compact operators on a a separable, infinite-dimensional Hilbert
space.
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MR equivalence for C*-algebraic partial dynamical systems

Let

oF = (Akv G, {AI; }gGGa {ek}QEG)

be C*-algebraic partial dynamical systems with k& = 1, 2. 0! and 62 are Morita-Rieffel
equivalent, if there exists a Hilbert A'-A2-bimodule M and a (set-theoretical) partial action
v = {My}sea, {74} gec) such that

(i) My isanorm-closed, sub-A*-A2-bimodule of M forallg € G

(ii) A’; = [(My, Mgy) sr]fork =1,2andallg € G
(iii) g : Mg—1 — Mg isa C-linear map forallg € G
(iv) (79(€),79(m)) ax = 0f ((€,m) ax) fork =1,2,allé,m € My andallg € G.
The partial dynamical system

v=(M,G,{My}gec,{g}sec)

is then called an imprimitivity system for 0! and 62.
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MR equivalence for C*-algebraic partial dynamical systems

REMARKS:
> (iv) is well-defined, since (£, ) 4x € Alg_l.

» By (ii), My is left and right full as a Hilbert A}J-Az-bimodule, and hence A; and Ag
are Morita-Rieffel equivalent forall g € G.

» In particular (g = 1), A' and A? are Morita-Rieffel equivalent.

» In general, 74 are no Hilbert-(bi)module homomorphisms! We have
v9(a€) = Og(a)yg(§)  and  4(Eb) = 4()05 (D)

foralla € A;,, be AE,I,f € My-1andg € G.
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Morita-Rieftel equivalence

Theorem

If two C*-algebraic partial dynamical systems 6% = (A*, G, {A%} jeq, {07} ge) with
k = 1,2 are Morita-Rieffel equivalent, then Al x G and A2 X G are Morita-Rieffel
equlvalent as C*-algebras.

Theorem

Every C*-algebraic partial action § = ({Dy}geq, {8, }gec) is Morita-Rieffel equivalent
to the dual partial action A on #bG, where 4 is the semi-direct product bundle.

> Every C*-algebraic partial action is Morita-Rieftel equivalent to a partial action which
admits a globalization.

— The proofs of these theorems can be found in notes of the subsequent talk!
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Adjoint Hilbert bimodule

Let A, B be two C*-algebras and M a Hilbert A-B-bimodule. The adjoint Hilbert
bimodule to M is a set M, such that there is a bijection { € M — £* € M*, witha
vector space, B-left module and A-right module structure, defined by

€+ = (E+M)"  bETi=(8) £a=(aE)”

foralla € A,b € B, & n € M and A € C and with an A-valued and B-valued inner
product

<§*777*>A = <§77]>A <§*77I*>B = <€a77>B
forall¢,m € M. Then M* is a Hilbert B-A-bimodule.
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Construction of the linking algebra

Let A, B be two C*-algebras, M a Hilbert A-B-bimodule and M ™ its adjoint.
The complex vector space A x M x M™ x B written as

A M
#=(ir 5)

is a C"*-algebra with the multiplication
a; & az & _ [®ma2+ (€1,m2) A a1&2 + &1b2
mobi)\ms b))’ niaz +bims (1, &2)B +bib2)

and the involution .
a &\ _ f(a* 7
,rl * b L 5 * b*

foralla,al,ag c A, b,bl,bg S Bandf,fl,fg,n,m,ng e M.
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Construction of the linking algebra

Taking the columns of the multiplication in L, there are representations

: ar € 3 a1€2 + &1b
s e () () (i)

& az aras + (§1,12)
> >
by 73 niaz + bins
of L, where M @ B is a right Hilbert B-module, A @& M™ aleft Hilbert A-module and
Z(M & B) and Z(A & M*) are the spaces of adjointable operators. Then

— %

and

—

ma:L— L(AdMY), (a

=
—%

|-l:L—=Rsg, c¢— max{ma(c),mp(c)}

defines a norm on L, whereby it becomes a C*-algebra, the so called linking algebra.
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Morita-Rieffel equivalence and the linking algebra

Leta = (Aa Ga {Ag}gEGa {O‘g}geG) and/B = (Ba G7 {BQ}QGG7 {69}966’) be two

C*-algebraic partial dynamical systems that are Morita-Rieffel equivalence with the

imprimitivity system v = (M, G, {My}gea, {74 }gec) and the linking algebra L of M.

(i) Ly := (ﬁ} ]\345 ) is a closed two-sided ideal for every g € G

(i) Ag :é/g—1 — Ly, <:* IE) — (5:9(5?)1 gi(é;) is a *-isomorphism for every
g €

(iil) A = ({Lg}tgea; {Ag}gec) isa C*-algebraic partial action of G on L.

Proof Sketch.

(i) LLyL C Ly forallg € G:
By the definition of the multiplication, if suffices to show that
(a) aia € Agforalla; € Aganda € A
(b) (€1,m)a € Agforall&s € Mgandn € M
(c) a1& € My foralla; € Agand & € M.

ol gerSpellman)
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Morita-Rieffel equivalence and the linking algebra

Proof Sketch.

Since by the same reasoning (as in the following proofs) and by taking adjoints, it follows from

(a) thataai € Ag,b1b € Bgandbby € By foralla; € Ag,a € A,by1 € Byandb € B;

(b) that (§,m1)a € Ag,(€1,m)B € Bgand (§,m1)B € By foralléy,m € Mgand§,n € M

(c) thata&y,&1b,8b1 € Mg, mia,n*a1,bin™,bny € M; foralla; € Ag,a € A,b1 € By,
b€ B, € Mg,§ € M,n7 € Mg,m* € M*.

Taking summads of these elements, we get LLg C Lg aswellas LLy C L, which imply that Ly isa
two-sided ideal.

Proof of (a): This is immediately clear, since Ay C A isa two-sided ideal forall g € G.

Proof of (b): My is a left Hilbert Ag-module. Let &, € M. There exists an approximate unit
{ex}rea C Agsuchthatg = limyep ex&. Then we obtain

(&;ma = (limyep exé,ma = limyepa ex(§,ma € Ag.

Proof of (c): Since Ag = [(Mgy, Mg) a], there are x, (¢ € Mg such thata1 = (x, ¢) 4. Therefore, we
obtain a1 = (x, () a& = x((, &) B € My, since M is a Hilbert A-B-bimodule.

Since the norm topology of L and the product topology for L = A X M x M™ X B set up the same

topology on L and because Ay C A, Bg C B, Mg C M and Mg C M areallclosed, Ly C Lisalsoa
closed ideal forall g € G.
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Morita-Rieftel equivalence and the linking algebra

Proof Sketch.

(ii) Using the definition of the involution for L and the properties, that a.g, By are *-isomorphisms and that
g is bijective, we have

(e ) =% (& 2)-(C8 20) -9 20

= (2ol 1 =% (2 9))

fora € Aj—1,b€ By—1and§,n € M 1. Hence, itis a *-isomorphism.

(iii) A direct sum of C*-partial actions is again a C*-algebraic partial action and A is the direct sum of four
partial actions.

O
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THANK YOU FOR YOUR ATTENTION!
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