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I.

Smash product and restricted smash product
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Smash product

LetG be a discrete group. `2(G), the space of functions f : G→ Cwith
(
∑

g∈G |f(g)|2) 1
2 <∞, is a Hilbert space and the space of compact operator on `2(G),

K (`2(G)), is a nuclearC∗-algebra.

For every g, h ∈ G,

eg,h : `2(G)→ `2(G) , ξ 7→ 〈ξ, eh〉eg

is a rank-one operator with eg,h(ek) = δh,keg for all k ∈ G, where (eg)g∈G is the
canonical basis of `2(G). We have

K (`2(G)) = [eg,h : g, h ∈ G] ,

where [·] stands for the closed linear span.
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Smash product

LetB = {Bg}g∈G be a Fell bundle. Consider the set

B]
0G :=

∑
g,h∈G

Bg−1h ⊗ eg,h ⊆ C∗(B)⊗K (`2(G)) .

I B]
0G is a ∗-subalgebra.
→ (Bg−1h ⊗ eg,h)(Bk−1l ⊗ ek,l) = (Bg−1hBk−1l ⊗ eg,h ◦ ek,l)

⊆ δh,k(Bg−1hBh−1l ⊗ eg,l)
⊆ (Bg−1l ⊗ eg,l)
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Smash product

Definition
The smash product B]G of the Fell bundle B byG is the closure ofB]

0G.

I The choice ofC∗(B) is arbitrary: The smash product is (up to isomorphism)
independent of aC∗-algebraB with grading

⊕
g∈G Bg

∼= B!
We have

B]G = lim
F↑G

∑
g,h∈F

Bg−1h ⊗ eg,h with F ⊆ G finite

and ∑
g,h∈F

Bg−1h ⊗ eg,h ⊆ B ⊗K (`2(G))

is a closed ∗-subalgebra for allG-gradedC∗-algebrasB with grading isomorphic toB.
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Subspaces and ideals inB]G

Let J ⊆ B]G be a closed subspace.

Question:
Letw ∈ B]G. Can we characterizew ∈ J?
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Subspaces and ideals inB]G

Lemma
Let g, h ∈ G be given. For every w ∈ B]G, there exists a unique wg,h ∈ Bg−1h such that

(1⊗ eg,g)w(1⊗ eh,h) = wg,h ⊗ eg,h .

Proof.
Let

w =
∑

k,l∈G

bk−1l ⊗ ek,l ∈ B]
0G

with bk−1l ∈ Bk−1l for all k, l ∈ G. Then we have

(1⊗ eg,g)w(1⊗ eh,h) =
∑

k,l∈G

(1⊗ eg,g)(bk−1l ⊗ ek,l)(1⊗ eh,h)

=
∑

k,l∈G

δg,kδh,l(bk−1l ⊗ ek,l) = bg−1h ⊗ eg,h

Setwg,h := bg−1h. SinceB]
0G is dense inB]G, the uniqueness ofwg,h for an arbitrary

w ∈ B]G follows.
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Subspaces and ideals inB]G

Proposition

Let J ⊆ B]G be a closed subspace andw ∈ B]G.
(i) Ifwg,h ⊗ eg,h ∈ J for all g, h ∈ G, thenw ∈ J .
(ii) Ifw ∈ J and (1⊗K )J(1⊗K ) ⊆ J , thenwg,h ⊗ eg,h ∈ J for all g, h ∈ G.

Proof sketch.
For every finite subset F ⊆ G set PF =

∑
g∈F 1⊗ eg,g . Then

w = lim
F↑G

PFwPF

forw ∈ B]G. From the previous proposition, we have

PFwPF =
∑

g,h∈F

wg,h ⊗ eg,h .

⇒ (i) follows, since J is closed. (ii) follows directly.
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The restricted smash productB[G

Definition
The restricted smash productB[G of the Fell bundleB byG is defined as

B[G :=
∑

g,h∈G

[Bg−1Bh]⊗ eg,h ⊆ C∗(B)⊗K (`2(G)) .

Remarks:
(i) Since [Bg−1Bh] ⊆ Bg−1h, it holds thatB[G ⊆ B]G.
(ii) IfB is saturated, i.e., [BgBh] = Bgh for all g, h ∈ G, we also haveB[G = B]G.
(iii) B[G is a closed two-sided ideal ofB]G.
(iv) For everyw ∈ B[G it holds: wg,h ∈ [Bg−1Bh] for all g, h ∈ G⇔ w ∈ B[G.
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II.

Dual partial actions
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Dual global and partial actions

LetG be a discrete group. The left regular representation

λG
g : `2(G)→ `2(G) eh → egh

(for all g ∈ G) has the properties

λG
g ◦ eh,k = λG

g 〈·, ek〉eh = 〈·, ek〉egh = egh,k

and
eh,k ◦ λG

g = 〈λG
g (·), ek〉eh = 〈◦, eg−1k〉 = eh,g−1k

for all g ∈ G, eh,k ∈ `2 and hence,

λG
g ◦ eh,k ◦ λG

g−1 = egh,gk .

Therefore,

(1⊗ λG
g )(Bh−1k ⊗ eh,k)(1⊗ λG

g−1) = B(gh)−1(gk) ⊗ egh,gk ∈ B]G

=⇒B]G is invariant under this conjugation!
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Dual global and partial actions

We also have

(1⊗ λG
g )(Bh−1Bk ⊗ eh,k)(1⊗ λG

g−1) = Bh−1Bk ⊗ egh,gk ∈ B[G

and in general
Bh−1Bk ( [B(gh)−1Bgk]

=⇒B[G is not invariant under this conjugation!
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Dual global and partial action

Set
Γg : B]G→ B]G , b 7→ (1⊗ λG

g )b(1⊗ λG
g−1)

for all g ∈ G.

Definition
LetB be a Fell bundle.
(i) Γ = {Γg} is called the dual global action forB.
(ii) ∆, the restriction of Γ toB[G, is called the dual partial action forB.
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The dual partial action
The spacesEg := Γg(B[G) ∩B[G, which are domains and targets of∆ can be
characterized in the following way:

Proposition

SetDg := [BgBg−1 ] for every g ∈ G. Then

Eg =
∑

h,k∈G

[Bh−1DgBk]⊗ eh,k .

Proof.

"⊆" An elementw ∈ Eg clearly fulfillsw ∈ B[G and this is equivalent to the fact, thatwh,k ∈ [Bh−1Bk]
for all h, k ∈ G. For the inclusion "⊆" it suffices thus to show, thatwh,k ∈ [Bh−1DgBk] for all
h, k ∈ G. By the definition ofEg , we additionally havew ∈ Γg(B[G) and therefore we can set
y := Γg−1 (w) ∈ B[G, which implieswh,k = yg−1h,g−1k ∈ [Bh−1gBg−1k]. Since
[Bh−1gBg−1k] is a left [Bh−1Bh]- and a right [Bk−1Bk]-ideal, we choose two approximate identities
{eλ}λ∈Λ ⊂ [Bh−1Bh] and {eλ′}λ′∈Λ′ ⊂ [Bk−1Bk] and we obtain

wh,k = lim
λ,λ′

eλwh,keλ′ ∈ [Bh−1BhBh−1gBg−1kBk−1Bk] ⊆ [Bh−1BgBg−1Bk] ,

which meanswh,k ∈ [Bh−1DgBk] for all h, k ∈ G.
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The dual partial action

Proof.

"⊇" We have to prove thatBh−1DgBk ⊗ eh,k ⊆ Eg for all h, k ∈ G. Firstly,DgBk ⊆ Bk for all
g, k ∈ G, becauseDg ⊆ B1, which impliesBh−1DgBk ⊗ eh,k ⊆ Bh−1Bk ⊗ eh,k ⊆ B[G.
Since

[Bh−1DgBk] = [Bh−1BgBg−1Bk] ⊆ [Bh−1gBg−1k] ,
we also obtain

Bh−1DgBk ⊗ eg−1h,g−1k ∈ B[G .

Therefore,

Bh−1DgBk ⊗ eh,k = (1⊗ λGg )(Bh−1DgBk ⊗ eg−1h,g−1k)(1⊗ λG
g−1 ) ⊆ Γg(B[G)

and henceBh−1DgBk ⊗ eh,k ⊆ B[G ∩ Γg(B[G) = Eg for all h, k ∈ G.
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Globalization

Proposition

The dual global action for a Fell bundleB = {Bg}g∈G is a globalization of the dual
partial action forB. Hence, the dual partial action of a Fell bundleB is globalizable.

Proof.
By the definition of globalization, we have to show that

∑
g∈G Γg(B[G) is dense in

B]G. Let g, h ∈ G. Clearly,Bg−1h ⊗ e1,g−1h ∈ B[G. Since
Γg(Bg−1h ⊗ e1,g−1h) = Bg−1h ⊗ eg,h, every element ofB]

0G is in the orbit of Γg .
Hence, the statement follows, becauseB]G is the closure ofB]

0G.
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III.

Morita-Rieffel equivalence
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Hilbert bimodule

Definition
LetA,B beC∗-algebras. A left HilbertA-module and right HilbertB-moduleM is called
Hilbert A-B-bimodule, if
(i) (aξ)b = a(ξb) and
(ii) 〈ξ, η〉Aζ = ξ〈η, ζ〉B for all ξ, η, ζ ∈M , a ∈ A and b ∈ B.

Remark:
We have ‖〈ξ, ξ〉A‖A = ‖〈ξ, ξ〉B‖B for all ξ ∈M , i.e. the induced norms agree.
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Morita-Rieffel equivalence forC∗-algebras

Definition
LetA,B beC∗-algebras. A HilbertA-B-bimodule is called left (resp. right) full, if
〈M,M〉A (resp. 〈M,M〉B) is dense inA (resp. B). IfM is left and right full, it is a
imprimitivity bimodule.

Definition
LetA,B beC∗-algebras. A andB areMorita-Rie�el equivalent, if there exists a
imprimitivity bimoduleA-B-bimodule.
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Morita-Rieffel equivalence forC∗-algebras

Example

LetB be aC∗-algebra andA aC∗-subalgebra ofB. SetM := [AB] and define

〈ξ, η〉A := ηξ∗ and 〈ξ, η〉B := η∗ξ for all η, ξ ∈M .

This is a well-defined HilbertA-B-bimodule, ifABA ⊆ A, i.e. ifA is a hereditary
subalgebra.
I M is left full, sinceA ⊆M .
I IfA is a full subalgebra, i.e., if [BAB] = B,M is also right full.

Hence,M is an imprimitivity module and therefore,A andB are Morita-Rieffel
equivalent.
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Morita-Rieffel equivalence forC∗-algebras

Theorem
LetA,B to separableC∗-algebras. A andB are Morita-Rieffel equivalent if and only if
they are stably isomorphic, i.e.,

K ⊗A ' K ⊗B

with the algebraK of compact operators on a a separable, infinite-dimensional Hilbert
space.
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MR equivalence forC∗-algebraic partial dynamical systems

Definition
Let

θk = (Ak, G, {Ak
g}g∈G, {θk}g∈G)

beC∗-algebraic partial dynamical systems with k = 1, 2. θ1 and θ2 areMorita-Rie�el
equivalent, if there exists a HilbertA1-A2-bimoduleM and a (set-theoretical) partial action
γ = ({Mg}g∈G, {γg}g∈G) such that
(i) Mg is a norm-closed, sub-A1-A2-bimodule ofM for all g ∈ G
(ii) Ak

g = [〈Mg,Mg〉Ak ] for k = 1, 2 and all g ∈ G
(iii) γg : Mg−1 →Mg is aC-linear map for all g ∈ G
(iv) 〈γg(ξ), γg(η)〉Ak = θk

g (〈ξ, η〉Ak ) for k = 1, 2, all ξ, η ∈Mg−1 and all g ∈ G.
The partial dynamical system

γ = (M,G, {Mg}g∈G, {γg}g∈G)

is then called an imprimitivity system for θ1 and θ2.

Holger Spellmann Duality for Fell bundles –MR equivalence 09.06.2021 23 / 32



MR equivalence forC∗-algebraic partial dynamical systems

Remarks:
I (iv) is well-defined, since 〈ξ, η〉Ak ∈ Ak

g−1 .
I By (ii),Mg is left and right full as a HilbertA1

g-A2
g-bimodule, and henceA1

g andA2
g

are Morita-Rieffel equivalent for all g ∈ G.
I In particular (g = 1),A1 andA2 are Morita-Rieffel equivalent.
I In general, γg are no Hilbert-(bi)module homomorphisms! We have

γg(aξ) = θ1
g(a)γg(ξ) and γg(ξb) = γg(ξ)θ2

g(b)

for all a ∈ A1
g− , b ∈ A

2
g−1 , ξ ∈Mg−1 and g ∈ G.
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Morita-Rieffel equivalence

Theorem
If twoC∗-algebraic partial dynamical systems θk = (Ak, G, {Ak

g}g∈G, {θk}g∈G)with
k = 1, 2 are Morita-Rieffel equivalent, thenA1 oG andA2 oG are Morita-Rieffel
equivalent asC∗-algebras.

Theorem
EveryC∗-algebraic partial action θ = ({Dg}g∈G, {θg}g∈G) is Morita-Rieffel equivalent
to the dual partial action∆ onB[G, whereB is the semi-direct product bundle.

I EveryC∗-algebraic partial action is Morita-Rieffel equivalent to a partial action which
admits a globalization.

−→The proofs of these theorems can be found in notes of the subsequent talk!

Holger Spellmann Duality for Fell bundles –MR equivalence 09.06.2021 25 / 32



Adjoint Hilbert bimodule

Definition
LetA,B be twoC∗-algebras andM a HilbertA-B-bimodule. The adjoint Hilbert
bimodule toM is a setM∗, such that there is a bijection ξ ∈M 7→ ξ∗ ∈M∗, with a
vector space,B-left module andA-right module structure, defined by

ξ∗ + λη∗ := (ξ + λη)∗ bξ∗ := (ξb∗)∗ ξ∗a := (a∗ξ)∗

for all a ∈ A, b ∈ B, ξ, η ∈M and λ ∈ C and with anA-valued andB-valued inner
product

〈ξ∗, η∗〉A := 〈ξ, η〉A 〈ξ∗, η∗〉B := 〈ξ, η〉B
for all ξ, η ∈M . ThenM∗ is a HilbertB-A-bimodule.
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Construction of the linking algebra

LetA,B be twoC∗-algebras,M a HilbertA-B-bimodule andM∗ its adjoint.
The complex vector spaceA×M ×M∗ ×B written as

L =
(
A M
M∗ B

)
is aC∗-algebra with the multiplication(

a1 ξ1
η∗1 b1

)(
a2 ξ2
η∗2 b2

)
:=
(
a1a2 + 〈ξ1, η2〉A a1ξ2 + ξ1b2
η∗1a2 + b1η

∗
2 〈η1, ξ2〉B + b1b2

)
,

and the involution (
a ξ
η∗ b

)∗
:=
(
a∗ η
ξ∗ b∗

)
for all a, a1, a2 ∈ A, b, b1, b2 ∈ B and ξ, ξ1, ξ2, η, η1, η2 ∈M .
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Construction of the linking algebra

Taking the columns of the multiplication inL, there are representations

πB : L→ L (M ⊕B) ,
(
a1 ξ1
η∗1 b1

)
7→
((

ξ2
b2

)
7→
(

a1ξ2 + ξ1b2
〈η1, ξ2〉B + b1b2

))
and

πA : L→ L (A⊕M∗) ,
(
a1 ξ1
η∗1 b1

)
7→
((

a2
η∗2

)
7→
(
a1a2 + 〈ξ1, η2〉A
η∗1a2 + b1η

∗
2

))
ofL, whereM ⊕B is a right HilbertB-module,A⊕M∗ a left HilbertA-module and
L (M ⊕B) andL (A⊕M∗) are the spaces of adjointable operators. Then

‖ · ‖ : L→ R≥0 , c 7→ max{πA(c), πB(c)}

defines a norm onL, whereby it becomes aC∗-algebra, the so called linking algebra.
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Morita-Rieffel equivalence and the linking algebra

Proposition

Let α = (A,G, {Ag}g∈G, {αg}g∈G) and β = (B,G, {Bg}g∈G, {βg}g∈G) be two
C∗-algebraic partial dynamical systems that are Morita-Rieffel equivalence with the
imprimitivity system γ = (M,G, {Mg}g∈G, {γg}g∈G) and the linking algebraL ofM .

(i) Lg :=
(
Ag Mg

M∗g Bg

)
is a closed two-sided ideal for every g ∈ G

(ii) λg : Lg−1 → Lg ,

(
a ξ
η∗ b

)
7→
(
αg(a) γg(ξ)
γg(η)∗ βg(b)

)
is a ∗-isomorphism for every

g ∈ G
(iii) λ = ({Lg}g∈G, {λg}g∈G) is aC∗-algebraic partial action ofG onL.

Proof Sketch.

(i) LLgL ⊆ Lg for all g ∈ G:
By the definition of the multiplication, if suffices to show that
(a) a1a ∈ Ag for all a1 ∈ Ag and a ∈ A
(b) 〈ξ1, η〉A ∈ Ag for all ξ1 ∈Mg and η ∈M
(c) a1ξ ∈Mg for all a1 ∈ Ag and ξ ∈M .

that a1a ∈ Ag , a1ξ ∈Mg , ξ1b ∈Mg , 〈ξ1, η〉A ∈ Ag and 〈η1, ξ〉B for a1 ∈ Ag ,
ξ1, η1 ∈Mg , a ∈ A, b ∈ B and ξ, η ∈M . The required properties for all other
summands follows by an analogous reasoning and by taking adjoints.
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Morita-Rieffel equivalence and the linking algebra

Proof Sketch.

Since by the same reasoning (as in the following proofs) and by taking adjoints, it follows from

(a) that aa1 ∈ Ag , b1b ∈ Bg and bb1 ∈ Bg for all a1 ∈ Ag , a ∈ A, b1 ∈ Bg and b ∈ B;
(b) that 〈ξ, η1〉A ∈ Ag , 〈ξ1, η〉B ∈ Bg and 〈ξ, η1〉B ∈ Bg for all ξ1, η1 ∈Mg and ξ, η ∈M
(c) that aξ1, ξ1b, ξb1 ∈Mg , η∗1a, η

∗a1, b1η∗, bη∗1 ∈M
∗
g for all a1 ∈ Ag , a ∈ A, b1 ∈ Bg ,

b ∈ B, ξ1 ∈Mg , ξ ∈M , η∗1 ∈M
∗
g , η∗ ∈M∗.

Taking summads of these elements, we getLLg ⊆ Lg as well asLLg ⊆ Lg , which imply thatLg is a
two-sided ideal.
Proof of (a): This is immediately clear, sinceAg ⊂ A is a two-sided ideal for all g ∈ G.
Proof of (b):Mg is a left HilbertAg -module. Let ξ, η ∈Mg . There exists an approximate unit
{eλ}λ∈Λ ⊂ Ag such that ξ = limλ∈Λ eλξ. Then we obtain
〈ξ, η〉A = 〈limλ∈Λ eλξ, η〉A = limλ∈Λ eλ〈ξ, η〉A ∈ Ag .
Proof of (c): SinceAg = [〈Mg ,Mg〉A], there are χ, ζ ∈Mg such that a1 = 〈χ, ζ〉A. Therefore, we
obtain a1ξ = 〈χ, ζ〉Aξ = χ〈ζ, ξ〉B ∈Mg , sinceM is a HilbertA-B-bimodule.
Since the norm topology ofL and the product topology forL = A×M ×M∗ ×B set up the same
topology onL and becauseAg ⊂ A,Bg ⊂ B,Mg ⊂M andM∗g ⊂M are all closed,Lg ⊂ L is also a
closed ideal for all g ∈ G.
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Morita-Rieffel equivalence and the linking algebra

Proof Sketch.

(ii) Using the definition of the involution forL and the properties, thatαg , βg are ∗-isomorphisms and that
γg is bijective, we have

λg

((
a ξ
η∗ b

)∗)
= λg

((
a∗ η
ξ∗ b∗

))
=
(
αg(a∗) γg(η)
γg(ξ)∗ βg(b∗)

)
=
(
αg(a)∗ γg(η)
γg(ξ)∗ βg(b)∗

)
=
(
αg(a) γg(ξ)
γg(η)∗ βg(b)

)∗
= λg

((
a ξ
η∗ b

))∗
for a ∈ Ag−1 , b ∈ Bg−1 and ξ, η ∈Mg−1 . Hence, it is a ∗-isomorphism.

(iii) A direct sum ofC∗-partial actions is again aC∗-algebraic partial action and λg is the direct sum of four
partial actions.
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Thank you for your attention!
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