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C*-Partial Action: Let A be a C*-algebra. A partial action

a = ({At}tce, {at}tec) on A, such that for every t € G, A; is a closed
two sided ideal and a; : A;-1 — Ay is a x-isomorphism.

In the case, A; = A, for every t € G, « is called a C*-global action.

C*-globalization: Let o be a C*-partial action of G on C*-algebra A. A
4-tuple (B, B, 1,1), where B is C*-algebra, § is a C*-global action of G on
B, | is a C*-ideal of B and i: a — f|; is an isomorphism of C*-partial
actions.

If a has a C*-globalization, then A is x-isomorphic to a C*-subalgebra of
B. A C*-globalization of C*-partial action «, is minimal if and only if

B = ZtEGat(A)

Zahra Hasanpour 3/33



Let &« = ({At}iec, {at}tec) be a partial action of group G on the
C*-algebra A. Suppose that for k = 1,2 minimal C*-globalization g¥
acting on a C*-algebra B¥ is given. Then there is an equivariant

*-isomorphism
¢: Bt — B?

such that is the identity on the respective copies of A within B! and B2.
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claim: For every a and b in A,
Bi(a)b=pi(a)b,  teG.

Given t € G, let {v;};c; be an approximate unit for A,-1. Note that
{a¢(vi)}ies is an approximate identity for A¢. Also, since

Br(a)be BX(ANA=ANA=A, t€G.
Now, since for every t € G, A; is a closed two sided ideal of A, we have
BE(a)b = lim ar(v))BX(a)b = lim BX(via)b = ar(vja)b,  k=1,2.
11— 00 1— 00

Since, the right hand side does not depend on k, the desired result holds.

v
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Proof: Step2

Suppose that we are given C*-algebra B, such that B = ¥;¢;J;, where
{Ji}ies is a family of closed two sided ideals of B. Then,

[[6]] = sup sup || bx|
i€l xedy
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Construction of the desired equivarinat x-isomorphism ¢ : B — B? .
Let aj,ap,...,an € A, t1, 1o, ..., t, € G. Considering step 2, one can see
that the correspondence

27:151},-(30 = zizlﬁ?;(ai)

is well-defined and preserves the norms. Also, by minimality of action 3%,
it extends to an isometric onto mapping ¢ : B! — B2. Moreover, the
restriction of ¢ to the respective copy of A in B! and B? is the identity
map.
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C*-globalization of C*-partial Actions
Acting on a Commutative C*-algebra
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Let 8 be a C*-globalization of C*-partial action «. If o acts on a
commutative C*algebra, then so does f.

Assume that C*-partial action « acts on commutative C*-algebra A. Also,
[ is a minimal C*-globalization «, acting on B.

Stepl: A C Z(B).

Let a € A and b € B. Using Cohen-Hewitt, we may write a = ajap, where
a1, a» € A. Then, since A can be considered a closed two sided ideal of B,

ab = (a1a2)b = ai(azb) = a1(baz) = (baz)a; = b(aiaz) = ba.
Step2: For every s, t € G, For every a,b € A,
Be(a)Bs(b) = Be(aBi-15(b)) = Be(Bi-1s(b)a) = Bs(b)Be(a).

Step3: From the previous step and minimality of the C*-globalization
of «, for every by, by € B, biby = byb;.
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Let v be a partial action of a group G on a LCH space X. Denote be o/
the C*-partial action of G on Cy(X) corresponding to o. A necessary and
sufficient condition for o/ to admit a (top)globalization is that the
globalization of « takes place on a Hausdorff space.

Let (3, Y) be a globalization of « and Y is Hausdorff. Then the
corresponding action 3’ of G on B is a C*-globalization of /.

On the other hand, if (5, B) is a C*-globalization of o/, then B is a
commutative C*-algebra, hence isomorphic to Cy(Y'), for some Hausdorff
space Y. Denoting 3 the global action of G on Y, corresponding to 5. 3
is a globalization of a.
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Every C*-algebraic partial action is Morita-Rieffel equivalent to one
admitting a globalization. More precisely, every C*-algebraic partial action
is Morita-Reiffel equivalent to the dual action A on the restricted smash
product for the corresponding semi-direct product bundle (which admits a
globalization).
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Let o« = ({At}iec, {at}tec) be a C*-partial action of the group G on
C*-algebra A. Consider its semi-direct product bundle B. By the definition
of Morita-Rieffel equivalence, the structure of a Hilbert A — BB, G-bimodule
and a set theorical partial action v = ({Mg}gec, {71g}gec) of G on M is
required such that

(M7 G7 {Mg}geG {’Yg}gEG)

satisfies the properties of an imprimitivity system.
Let M be the subspace of B, G given by

M =% pecBr ® e .
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O Left A-module structure of M: A is identified with By ® ey 1, via
acA—adi®er.
@ Right B, G-module structure of M: M is a right ideal in 3,G.
(Bh® e1,n)(Bik-1, B ® ex,) = 0pk(BrBr-1Bi @ e1)) C By ® e C M.
© A-valued inner product: Given {,n € M, {n* € By ® ey 1.
En* =({,mad1®er.

@ B,G-valued inner product: Given £, € M,

<£7 77>B|,G = 5*77
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The structure of partial action on M Given t € G,

M: = ¥ 1c6[BtBi-1Bs] ® €1 ps.

@ M; is a Hilbert A — B, G- bimodule.
(BeBi-1Bs) ® e1,5(Bs-1B,) ® esr C My.
Observe that B; = A:d¢, hence
[B:B;-1] = [At6:A-10,1] = [Agar(A; 1)d1] = Asdr.

[B:B;1B] = [A:Asds] = (A: N As)ds, 5,7 E €.

Consequently, My = Yscc(Ar N As)ds ® e1s. Ve 1 My—1 — M;, given by

'Yt(ads) Kels = gt(a)éts X e1,ts-
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Let o and 3 be Morita-Rieffel equivalent

a = (Aa G, {At}tEGa {at}tEG)’ B = (B7 G, {Bt}tEGv {ﬂt}tEG)

Then
@ A X,eq G and B X,y G are Rieffel-Morita equivalent.

@ Ax G and B x G are Rieffel-Morita equivalent.
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An imprimitivity system for o and j:

v = (M, G, {Mt}tec,{Vt}tec)

The linking algebra of M:

A M
=l )

The partial action of G on L:

A= ({Lt}tea, {At}tec)

where, for every t € G,

a8 [z -1
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Since A is a closed subspace of L that is A invariant:
AXpeg G C L XredG.

Claim:A X g G is a full hereditary subalgebra of L X,y G.
Consider the formal left or right multiplication of

o _[L o0
1,1—00

by elements of L to define a multiplier of L.
The inclusion of L in L X,.q G is a non-degenerate *-homomorphism that
can be extended to a *x-homomorphism

M(L) = M(L % yeq G)

denote the image of e; 1 under this map by eq 19;.
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Given t € G and

Notice that

(e1,101)(x0¢)(e1,101) = (AeAe(e1,1x)er,1)de = [a O] Ot

00

Hence,
(€1,161)(L Xreqg G)(€1,161) = A Xpeq G

Consequently, A X eq GL X req GA Xreqg GA Xyeg G C A Xyeq G.
In other words, A X,.q G is a hereditary subalgebra of A X,eq G.
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Claim: A X,y G is a hereditary subalgebra of L X,eq G. In other words,
considering

L" =L Xeq G, A" = AXeq G, p = e1,10¢

We first check that:
[L*A* L] = [L*pL™].

Note that [L*pL*]. is an ideal of L*. So:

[L*pL™] = [L*pL* L pL™] = [L*pL™ pL™] = [L* A*L™].
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a m

. _|la m ’_
Given t € G, x = [n* b] €L x = [n’* b

} € L¢, We have:

aa’ am’

(x01)(€1,161)(x0¢) = xe11x' 0 = [n*a’ (n, m')B:| Ot

[AA] [AM]
[(AcM)*] (M, M) g]
@ A;is an ideal of A, so [AA:] = A:.

e M; is a left A-module, so [AM;] = M.
o Given £ € M, € = limp_so (€, E)1/7€ = €, s0 M, C [A:M].
o By =[(M, Mr)g] C [(M, M¢)g]
So, [L*A*L*] contains Ld;, for every t € G, consequently, L X g G.

Hence, A X,eq G is Morita-Rieffel equivalent to L X ,eq G.
Similarly, B X,.q G is Morita-Rieffel equivalent to L X,eq G.

This implies that [ ] dg € [L*A*L*]. Observe that:
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claim: Ax G C L x G. Consider the semi direct product bundles 2, £
associated to actions o and X\. We show that there is a conditional
expextion

P:{Pt}tec:gﬁm.

Hence, the calim holds. Since £ is faithfully represented in C,(£) (via
Ao k), We can work with elements of C* (£) or equivalently L x G. For
every t € G, consider

Pi:xelxGr (617151)X(617161) € AxG.

By Equation 1, the map P; is well-defined. One can easily check that
P = {P:}:cc is a conditional expectation. Hence, the claim holds.
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Let
a= (A, G {At}ec, {at}tec)

be a C*-algebraic partial action admitting a globalization 7, acting on a
C*-algebra B. Then:

@ A X,eq G is a full hereditary subalgebra of B X,.q G in a natural way,
hence, A X,eg G and B X,y G are Morita-Rieffel equivalent.

@ A X G is a full hereditary subalgebra of B x G in a natural way,
hence, A x G and B x G are Morita-Rieffel equivalent.
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Since A is a closed subspace of B that is 3 invariant:
AXed G C B xredG.

A X,eq G is a full sublagebra of B x G:
Let
A" = A Xy G, B = AXeq G.

Consider
J=[B*A*B™].
Given s, t € G, we have
[BOsAd1Bos-1;] = [Bs,(AB)dt] = Bs(A)de.
So
Bog C J.

Consequently,
J=B A red G.
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Characterizing Partial Actions
Admitting C*-globalization }
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+-Partial Action: Let A be a x-algebra. A partial action

a = ({At}tec, {at}tec) on A, such that for every t € G, A; is a x-ideal
and a; : A;-1 — A; is a x-homeomorphism.

In the case, Ay = A, for every t € G, « is called a *-global action.

x-globalization: Let a be a *-partial action. A 4-tuple (B, 3,1,1), where
B is a x-algebra, 3 is a x-global action of G on B, | is a x-ideal of B and
i:a — f is an isomorphism of partial actions.

A x-globalization (B, 3, /,1) of *-partial action o of G on x-algebra A is
said minimal if

[I] = span{B:(l) :t € G} = B.
Also, it is said to be non degenerate if B is a non degenerate x-algebra
(bB=0— b=0).
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Let o be a C*-partial action of G on C*-algebra A. TFAE:

@ « has a x-globalization.

o For every (t,a,b) € G x A x A, there is a unique u € A;, such that
for every c € A;1, as(c)u = a(ca)b.
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Let o = ({At}iec, {@t}tec) be a C*-partial action. Then, the following
are equivalent:

@ « has a C*-globalization.
@ « has a x-globalization.

© For every (t,a,b) € G x A x A, there is a u € A, such that for every
c € A1, ai(c)u = ai(ca)b.
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Let (B, 3,1,i) be a x-globalization of a.. Consider A®, the x-algebra of all
functions from G to A. Consider 7 : B — M(A®) defined by

n(b)f, = i~ (Br(b)i(F],))-

Also, consider the canonical action of G on M(A®),
O : G — Auto(M(A®)), defined by

O+L,R)=(0roLob;-1,0t0 Rob1).

Where, 6, is the automorphism of A®, defined by: 6:(f)|, = /.
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The set of bounded functions from G to A, A,f is a C*-algebra with the
x-algebra structure inherited from A® and the sup norm. Define:

C:={T € M(A®): T(AS)N T*AS C AZ}.

We have:
@ C is © invariant.

Q@ n(B)CC.
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Note that 7 is injective. Assume b € ker(m). Given a € A, g € G, consider
ad, € A® taking the value a at r and 0, otherwise. Then

0 = i(r(b)ad,|,) = B, (b)i(a).

This implies that bB = spanbf3,(i(A)) = 0. Hence, b = 0. Since
(B, f,1,1) is a non-degenerate x-globalization.
Consider M(A£) as a C*-algebra and let

p:m(B) = M(AS),  p(T)f = Tf.

p is injective: In order to show it, it suffices to show that p o 7 is injective.
Let b € B, given that [/] = B, we have there are t1, to, ..., t, € | and
a1, a2, ...,an € I, such that b = %7, B, (b;). Given r € Gand c € A

bB,(c) = Br(By-1(b)c) = Br(p o m(b)61],-1) =0 — bB =0 — b =0.

v
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Given t € G, set
Ve AS — AS, Ve(F)|r = flre.
Also, let

V. M(AS) = M(AS)  W(T) =110 T o.

o W is a C*-global action of G on M(AS).

@ por: B — WVisa morphism of C*-partial actions.
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o Let D =pomn(B).
D is a W invariant C*-subalgebra of M(A¢).
o Lety=V|p.

o Let J = p(w(A)).
J is a C*-ideal of D because p o 7| has a closed range
and J is an ideal of p o 7(B).

We have ’ylj = \U‘D|rhoo7r(A) = w|po¢r(A) = \U|po7r(B)|po7r(A)- Besides,
P : Olz(8) = Vljon(B)is an isomorphism.
Then,

pom|a:a— W|,is an isomorphism of partial actions.

Then, (D,~,J,pom|a) is a C*-globalization of .
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Thank you for your attention!
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