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Gustav Ferdinand Mehler (1835–1895)

Mathematics teacher at Elbinger
Gymnasium, now in northern Poland.
Wrote both textbooks (e.g. Hauptsätze
der Elementar-Mathematik, ą 19 eds.)
and research papers.

Influenced by Dirichlet, Mehler worked
mainly on potential theory.



Mehler’s Dirichlet problem

The conical function was introduced by
Mehler in 1868 when solving the
Dirichlet problem for a domain bounded
by two intersecting spheres.

Mehler was motivated by the
electrostatic interpretation of the
problem.



Toroidal coordinates

Obtained by rotating a bipolar coordinate system about the axis separating its
foci (x “ ˘1, z “ 0):

x “
sinhα cosϕ

coshα´ cosβ
,

y “
sinhα sinϕ

coshα´ cosβ
,

z “
sinβ

coshα´ cosβ
,

where

0 ď α ă 8, ´π ă β,ϕ ď π.



Laplace’s equation in toroidal coordinates

Suppose ∆U “ 0. Substituting

U “
a

2 coshα´ 2 cosβ V ,

we find that

1
sinhα

d
dα

ˆ

sinhα
dV
dα

˙

`
1
4
V `

B
2V
Bβ2 `

1
sinh2 α

B
2V
Bϕ2 “ 0. (1)

Proposition

A function
V pα, β, ϕq “ KpαqLpβqΦpϕq

satisfies (1) if

d2Φ

dϕ2 `m2Φ “ 0,
d2L
dβ2 ´ k2L “ 0,

1
sinhα

d
dα

ˆ

sinhα
dK
dα

˙

`

ˆ

k2
`

1
4
´

m2

sinh2 α

˙

K “ 0.
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The conical function

The conical function Km
µ , introduced by Mehler in 1868, is given by

Km
k pαq “ P´m

´1{2`ikpcoshαq

“

ˆ

4
π

˙1{2
Γpm ` 1{2qp2 sinhαqm

ś

δ“`,´ Γpiδk `m ` 1{2q

ˆ

ż 8

´8

e ikt

ś

δ“˘

“

2 coshpt ` δαq{2q
‰1{2`m dt,

(where P´m
τ is a Legendre function).

Proposition

Km
k pαq satisfies the ODE
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The (generalized) Mehler-fock transform

Let

wpg; rq “ p2 sinh rq2g, pwpg; kq “ 4Γpgq2
M

ź

δ“`,´

ΓpiδkqΓpiδk ` gq,

and consider

F pg; r , kq “
´π

4

¯1{2
ś

δ“`,´ Γpiδk ` gq
Γpgqp2π sinh rqg´1{2 K g´1{2

k prq.

Theorem (Mehler 1868 and Fock 1943)

For ψ P C80 pp0,8qq, we have

ψprq “
ˆ

1
2π

˙1{2 ż 8

0

pψpkqF pg; r , kqpwpg; kqdk,

with

pψpkq “
ˆ

1
2π

˙1{2 ż 8

0
ψprqF pg; r , kqwpg; rqdr .
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Dual convolution product

Introducing

Kpk, p, qq ”
`

F p¨, kqF p¨, pq
˘

ppqq

“

ˆ

1
2π

˙1{2 ż 8

0
F ps, kqF ps, pqF ps, qqwpsqds,

we have the product formula

F pr , kqF pr , pq “
ˆ

1
2π

˙1{2 ż 8

0
Kpk, p, qqF pr , qqpwpqqdq.



Dual convolution product

For φ,ψ P L1
pp0,8q, dkq, let

pφ ˚ ψqpqq “
ˆ

1
2π

˙1{2 ż 8

0

ż 8

0
φpkqψppqKpk, p, qqpwpkqpwppqdkdp,

and let

qφprq “
ˆ

1
2π

˙1{2 ż 8

0
φpkqF pg; r , kqpwpg; kqdk.

Proposition

pφ ˚ ψqqprq “ qφprq qψprq
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Dual convolution product

Proof:

pφ ˚ ψqqprq

“
1
2π

ż 8

0

ˆ
ż 8

0

ż 8

0
φpkqψppqKpk, p, qqpwpkqpwppqdkdp

˙

F pr , qqpwpqqdq

“
1
2π

ż 8

0

ż 8

0
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ż 8

0
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1
2π

˙1{2 ż 8

0
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1
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ψppqF pr , pqpwppqdp

“ qφprq qψprq.
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Dual convolution product

Theorem (H. and Ruijsenaars 2015)

Kpg; k, p, qq “
pwpg; kqpwpg; pqpwpg; qq

16Γpgq4

ˆ
ź

δ1,δ2,δ3“`,´

Γppg ` iδ1k ` iδ2p ` iδ3qq{2q

Rmk: For g “ 1{2 and g “ 1, first obtained by Mizony 1976. Positivity for
pk, p, qq P p0,8q3 first proved by Flensted-Jensen and Koornwinder 1979.



More product formulas

Theorem

F pr , kqF ps, kq “

ś

δ“`,´ Γpg ` iδkq
22g`1Γpgq2

ˆ

ż r`s

|r´s|
F pt, kq

ś

δ“`,´ pcoshpr ` δsq ´ cosh tqg´1

psinh r sinh s sinh tq2g´1 wptqdt

Rmk: Special case of product formula for Legendre functions (see e.g. Hobson
1931 and Vilenkin 1968), and, more generally, for Jacobi functions
(Koornwinder 1972). Yields a generalized translate and convolution product.

Theorem (H. & Ruijsenaars 2015)

F pr , kqF ps, kq “
1
2

ż 8

0
F pt, kq

wptq
ś

δ1,δ2“`,´
r2 coshppδ1r ` δ2s ` tq{2qsg

dt
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More product formulas

Sketch of a proof of the second formula:

Verify that F pr , kq satisfies

LF ” ´
d2F
dr 2 ` 2g coth r

dF
dr
“ ´pk ` gq2F .

Using the identity
`

Lprq ´ Lptq
˘

ź

δ1,δ2“`,´

r2 coshppδ1r ` δ2s ` tq{2qs´g
“ 0,

and formal self-adjointness of Lptq on L2
pp0,8q,wptqdtq show that the

RHS also satisfies this ODE.

From r Ø s invariance (and regularity), infer that the RHS is of the form

CpkqF pr , kqF ps, kq.

By computing the asymptotics of the RHS, deduce that C ” 1.
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The hyperbolic (AN´1) Calogero-Moser system

Can be defined by the Hamiltonian

HN ” ´

N
ÿ

j“1

B
2

Bx2
j
` 2gpg ´ 1q

ÿ

1ďjăkďN

1
4 sinh2

ppxj ´ xkq{2q
,

where N P N (particle number) and g ą 0 (coupling constant).

Associated integrable system (N commuting PDOs):

H1
N “ ´i

N
ÿ

j“1

B

Bxj
, HN ,

Hk
N “ p´iqk

N
ÿ

j“1

B
k

Bxk
j
` ¨ ¨ ¨ , k “ 3, . . . ,N.

Integrable versions for Lie algebras BN , . . . ,E8 (Olshanetsky &
Perelomov, Oshima) and BCN (Inozemtsev, Oshima) exist.

N ą 2 eigenfunctions: Harish-Chandra, Heckman & Opdam, Chalykh,
Felder & Varchenko, Veselov,...
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N “ 2 eigenfunctions

Consider the function

Ψ2pg; x , yq ” e iy2px1`x2q

ż 8

´8

e ipy1´y2qzK72pg; x , zqdz ,

with kernel

K72pg; x , zq ”

“

4 sinh2
px1 ´ x2q

‰g{2

ś2
j“1 r2 coshpxj ´ zqsg

,

where
g ą 0, x , y P R2.

Proposition

We have

H1
2 pxqΨ2px , yq “ py1 ` y2qΨ2px , yq,

H2pxqΨ2px , yq “ py 2
1 ` y 2

2 qΨ2px , yq.
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N “ 2 eigenfunctions

Sketch of a proof:

By a direct computation, establish
ˆ

H2pxq `
d2

dz2

˙

K72px , zq “ 0,
ˆ

´
B

Bx1
´

B

Bx2
´

d
dz

˙

K72px , zq “ 0.

Deduce that

H2pxqΨ2px , yq

“ e iy2px1`x2q

ˆ

H2pxq ´ 2iy2

ˆ

B

Bx1
`

B

Bx2

˙

` 2y 2
2

˙
ż 8

´8

e ipy1´y2qzK72px , zqdz

“ e iy2px1`x2q

ż 8

´8

e ipy1´y2qz
ˆ

´
d2

dz2 ` 2iy2
d
dz
` 2y 2

2

˙

K72px , zqdz

“ e iy2px1`x2q

ż 8

´8

K72px , zq
ˆ

´
d2

dz2 ´ 2iy2
d
dz
` 2y 2

2

˙
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“ py 2
1 ` y 2
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N “ 2 eigenfunctions

Taking z Ñ z ` px1 ` x2q{2, we see that

Ψ2pg; x , yq “ e ipy1`y2qpx1`x2q{2Ψpg; x1 ´ x2, y1 ´ y2q,

with

Ψpg; r , kq ” r2 sinh r sg
ż 8

´8

e iks
ś

δ“`,´r2 coshps ` δr{2qsg
ds.

Proposition

Ψpg; r , kq “
´π

4

¯1{2 p2 sinh rq1{2
ś

δ“`,´ Γpiδk ` gq
Γpgq

K g´1{2
k prq

Rmk: Follows from a direct comparison with integral representation for Km
k .
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Integral operators

Define
J2 : L2

pG2q Ñ L2
pG2q, G2 ” tx P R2 : x2 ă x1u,

by

pJ2pgqΨqpxq “
ż

G2

Ψpzq
r2 sinhpx1 ´ x2qs

g{2
r2 sinhpz1 ´ z2qs

g{2

ś2
j ,k“1r2 coshpxj ´ zkqsg

dz .

Theorem (H. & Ruijsenaars 2015)

We have
pJ2Ψ2p¨, yqqpxq “ 2µpyqΨ2px , yq,

with

µpg; yq ”

ś2
j“1

ś

δ“`,´ Γppiδyj ` gq{2q
4Γpgq2

.

Rmk: Obtained from the latter product formula, and the former yields a
similar result. As a corollary, we get that J2 is bounded and self-adjoint.



N ą 2 eigenfunctions

Exist representations by multidimensional integrals whose integrands are
elementary functions (Borodin & Gorin, Felder & Veselov, H. &
Ruijsenaars and Yi).

We believe that corresponding integral operators and equations can be
generalised to N ą 2...



Relativistic/hyperbolic generalization

The hyperbolic gamma function is given by

Gpa`, a´; zq ” exppigpa`, a´; zqq,

with

gpzq ”
ż 8

0

dy
y

ˆ

sin 2yz
2 sinhpa`yq sinhpa´yq

´
z

a`a´y

˙

,

for |Im pzq| ă pa` ` a´q{2.

Proposition (Ruijsenaars 1997)

Gpz ` iaδ{2q
Gpz ´ iaδ{2q

“ 2 coshpπz{a´δq, δ “ `,´
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Relativistic/hyperbolic generalization

Consider the function

Jpb; x , yq ”
ż

R
exp

`

i2πzy{pa`a´q
˘

ź

δ“`,´

Gpz ` δx{2´ ib{2q
Gpz ` δx{2` ib{2q

dz ,

and (analytic) difference operators

Aδpb; zq ”
sinhpπpz ´ ibq{aδq

sinhpπz{aδq
expp´ia´δBz q

`
sinhpπpz ` ibq{aδq

sinhpπz{aδq
exppia´δBz q, δ “ `,´.

Proposition (Ruijsenaars 2011)

For δ “ `,´, we have

Aδpb; xqJpb; x , yq “ 2 coshpπy{aδqJpb; x , yq,

Aδp2a ´ b; yqJpb; x , yq “ 2 coshpπx{aδqJpb; x , yq.
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Relativistic/hyperbolic generalization

Proposition (H. & Ruijsenaars 2015)

lim
βÑ0

Jpπ, β;βg; r , βkq “ F pg; r , kq

Rmk: The non-relativistic limit when taking β “ 1{mc, with m particle mass
and c speed of light.

Theorem (H. & Ruijsenaars 2015)

We have

Jpx , vqJpy , vq “
1
2

ż 8

0
wpzqJpz , vq

ź

δ1,δ2,δ3“`,´

Gppδ1x ` δ2y ` δ3zq{2q dz ,

with

wpb; zq ”
ź

δ“`,´

Gpδz ` ipa` ` a´q{2q
Gpδz ` ipa` ` a´q{2´ ibq

.

Rmk: Representation-theoretical interpretation?
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