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Lame operators Examples w/ rhombic period lattices and m = 1

Let £ = C/L be a general elliptic curve, where L is a period Using the software R, we have plotted spectra of the complex Lamé
lattice, and let p(z) be the corresponding Weierstrass’ elliptic operator with rhombic period lattices, m =1 and w = wy € (0, ).
function,

o(z+Q)=p(2), QL g2 =0, &= 1 g = 1, g3 = —0.47484...

satisfying
(¢')° = 4(p — e1)(p — e)(p — e3).

We study complex Lamé operators in L?(R) of the form
d2

. 2
L = e + m(m+ 1)wp(wx + 2p),

with
meN, 2wel/L,
and z; € C chosen such that

Z=wX+20¢ L, xeR

Note that the potential m(m+ 1)w?p(wx + Zp) is regular and periodic
with period 2, but generically complex-valued.

Viewed as an equation in C, the solutions of the Lamé equation

2
O mim - p(2) = M

were described explicitly by Hermite and Halphen.

Solutions and spectrum for m = 1

For the m = 1 Lamé equation

(Z)¢ — )‘wv A= —@(k),

the solutions are given by
o(z + k) Main results (cont.)

¢-function.) Due to the Floquet property
U(z +2,k) = exp (2nk — 2((K)w)¥(z, k),

with n = ((w), they remain bounded on the line z = wx + 2z, x € R,
If and only if

Reference

Further details, including proofs of the above results and references
to earlier literature on the subject, can be found in the following

u(k) := Re[nk — ((k)w] = 0. preprint:

It follows (from a result by Rofe-Beketov) that the corresponding W. H.-H., M. H. and A. V, On the spectra of real and complex Lamé
values of A = —w?p(k) constitute the spectrum of the m = 1 Lamé operators, arXiv:1609.06247.

operator
a? 5
L = ~ 2 + 2w p(wX + 29).
The problem is thus to study the zero level set of the real analytic

function u(k), k e £ =&\ 0.
Main results

Assuming the non-degeneracy conditions
77+we,-7é 0, j= 1,2,3

u(k) is a Morse function on £*. Assuming, in addition, that the level
set u(k) = 0 is non-singular, i.e.

u(k*) #0, K™ a critical point of u(k),
we use Morse theory arguments to prove the following result.

Theorem: Under our non-degeneracy and non-singularity
assumptions, the spectrum of the m = 1 complex Lameé operator
consists of two regular analytic arcs. Precisely one arc extends to
infinity and the remaining endpoints are —w?ej, j = 1,2, 3.

Elliptic Hypergeometric Functions in Combinatorics, Integrable Systems and Physics March 20-24, 2017 ESI



