Lektioner 1 och 2 (3/11/00)

Malen med dagens lektioner ar (i) att ge en 6versikt av hela kursen och &mnet
som kallas for ‘talteori’, (ii) att bevisa aritmetikens fundamental sats.

Vi slosar inte bort nigon tid med att diskutera Peano’s axiom for arit-
metik, men ngjer oss med en intuitiv beskrivning av heltalen Z. Den alge-
braiska strukturen hos Z sammanfattas med

Proposition 1. (Z,+, xX) ar en kommutativ ring med enhet.

De naturliga talen N har en viktig mangd-teoretisk egenskap som ofta ut-
nytas i bevis inom talteori, namligen

Faktum. N ar valordnad.

Kom ihdg att en ordnad mangd kallas for vilordnad om varje icke-tom
delméngd har ett forsta element.

T.ex., induktion och Fermat’s metod av infinite descent beror pa val-ordningen
av N.

Addition i Z &r inte si ‘algebraiskt’ interessant, for Z genereras som en
additiv grupp av ett enda element, namligen 1 (eller -1). Multiplikation,
daremot, ar mycket mer fascinerande. Det mest fundamentala icke-triviala

resultatet i talteori ar

Aritmetikens fundamentalsats (Euclid). Det finns en delméingd P C
N med foljande egenskaper :

(i) Lat S C N. Varje element av N kan skrivas som en produkt av ele-
ment fran S om och endast om P C S.

(ii) Varje element av N har en unik representation som en produkt av ele-
ment fran P.

Talen i mangden P kallas for primtalen.

BEvis : Idéen bakom beviset dr begreppet av dividerbarhet. Kom ihag



att talet a sigs dela talet b om det finns ett tal ¢ s& att b = ca. Man
skriver a | b. Man sager latt att (N, |) ar en partiellt ordnad méangd. Euclid
observerade att den faktiskt ar ett gitter. Mer precist, bevisade han féljande

Proposition 2. Lat a,b € N. Da finns det (ett unikt) d € N med foljande
tva egenskaper :

(i) d|a och d|b.

(i) om ¢ | a och c| b da maste c | d.
Dessutom ar d det minsta positiva tal som kan uttryckas i formen

aa + (b

for nagot o, B € Z.

Talet d kallas for den storsta gemensamma delaren (eng.: = greatest com-
mon divisor) av a och b och betecknas gcd(a, b), eller helt enkelt (a,b) nir
kontexten ar klar. Det dr en glb for a och b i po-méngden (N, |).

Man definierar pa ett liknande sitt den minsta gemensamma multiplen
(eng.: = least common multiple) av a och b som &r en lub for a,b i gittret.

Man bevisar latt att

ab
lem(a,b) = zcd(ad)’ (1)

Det ar naturligt att friga hur manga primtal det finns. I sin enklaste form,
I6stes detta problem redan av Euclid.

Sats (Euclid). Det finns oandligt manga primtal.
BEVIS : Som i boken, s. 4.

I detta lage ar det naturligt att studera funktionen
m(z) = antal primtal < z, (2)

och forsoka ge en precis beskrivning av funktionens beteende. Det tog 2000
ar fran Euclid’s tid for att ge en tillfredstallande 16sning av detta prob-
lem. Den ar den ‘crowning achievement’ av 1800-talets talteori, nar an-
alytiska metoder forst infordes for att attackera aritmetiska problem (se
ocksa Dirichlet’s sats nedan).



Primtalssatsen (Hadamard o. de la Vallée Poussin 1896).

n(x) = li(z) + O(zecV1ET), (3)

liw) = [0~ (4)

9 logt ~ logz”

dar

The proof uses extraordinary complex-analytical properties of the so-called
Riemann zeta function, which is defined in a half-plane by the series

1
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In a groundbreaking and notorious paper from 1860 [1], Riemann showed
how this function can be continued to a meromorphic function in the whole
complex plane (with only a simple pole at s = 1) and that it satisfies a
so-called functional equation, namely

s S _1-s ]_—S

rSD(E)¢(s) = T

)1 = s). (6)

The notoriety of the paper is due to the fact that in it Riemann made a con-
jecture about the zeroes of (s) which remains unproven to this day, namely

Riemann hypothesis. If ((s) = 0, then either s = —2n for a non-negative
integer n or Re(s) =1/2.

The central importance of RH in number theory has only become clear
over time. If we could prove it, or rather in many cases a generalistion of
it called the generalised Riemann hypothesis (GRH), then many other im-
pressive results would follow. The oldest of these is an improvement in the
error term in the Prime Number Theorem, namely RH would imply that

7(z) = li(z) + O(z'/? log z). (7)

We may come back to these things later. We finish this section by mention-
ing two very famous unsolved problems, which also have something to do
with the distribution of the prime numbers.

Twin primes conjecture. There exist infinitely many primes p such that



p + 2 is also prime. More strongly, if m2(z) denotes the number of such

primes < x, then
T

(8)

mo(z) ~ g s

Goldbach conjecture. Every even number is the sum of two primes.

Most of the methods used to tackle these two problems can be brought
under the heading of sieve methods. At their most basic, these are purely
combinatorial methods, but at the more advanced level there is a lot of anal-
ysis. I hope we will have some time later to discuss at least some simple
combinatorial sieves.

The crowning achievement so far of sieve methods is

Chen’s theorem (1974). (i) There are infinitely primes p such that p + 2
is either prime or a product of two primes.

(ii) Every sufficiently large integer can be written as a sum of two numbers,
one of which is prime and the other of which is either prime or a product of
two primes.

CONSTRUCTION OF PRIME NUMBERS

One of the oldest problems in the study of primes has been the attempt to
find some kind of formula for generating prime numbers. More precisely,
we may seek a function f : N — N, which can be described as simply
as possible, and such that f(n) is prime for all n. Two classic candidate
functions were proposed by Fermat and Mersenne respectively. We denote
them by fr and fj; and they are given by the formulas

fr(n) =22 +1, (9)
fa(n) =2P» —1  (where py, is the nth prime). (10)

Motivation for these suggestions is provided by the following easy result

Proposition 3. (i) If 2" + 1 is prime then 2 | x and n is a power of
2.
(ii) If x™ — 1 is prime then x = 2 and n is prime.



Fermat conjectured that fr was always prime and it was one of his biggest
mistakes because one can show by hand that 641 divides fr(5).

Open Problem. Are there infinitely many n for which fr(n) (resp. far(n))
is (not) prime ?.

Perhaps the simplest type of formula one can write down (at least if one
is an algebraist !) is that given by a polynomial in one variable. However,
the following is not hard to prove

Proposition 4. There is no polynomial f(x) with integer coefficients such
that f(n) is prime for all n € N*.

PROOF : A proof similar to the one I gave is on p.5 of the book.

On the other hand, Euclid’s theorem says that the polynomial f(z) = z
generates infinitely many primes. That the same is true for any linear func-
tion (with certain restrictions) was first proven by Dirichlet :

Dirichlet’s theorem on AP’s (1837). Let f(z) = ax + b where a,b € Z
and (a,b) = 1. Then f(n) is prime for infinitely many n.

This is a huge result in number theory, not only because of its’ intrinsic
interest, but because it was the first time that analytic methods were used
in number theory and thereby it gave birth to a whole new field in math-
ematics. The objects studied by Dirichlet, namely the zeta function (later
named after Riemann) and its’ generalisations, the so-called L-functions, are
still of basic importance in the subject today. I hope to prove Dirichlet’s
theorem in this course.

Wide open problem. Does there exist a polynomial f(x) of degree higher
than 1, with integer coefficients whose ged is 1, such that f(n) is prime for
infinitely many n ¢

APPLIED / ALGORITHMIC PROBLEMS CONCERNING PRIMES

Primality testing : The problem is to find an efficient algorithm for decid-
ing whether a randomly chosen positive integer n is prime. Most of the

!The situation is quite different for polynomials of many (at least 12) variables - see
p-5 of book.



suggested algorithms basically rely on Fermat’s little theorem (which we’ll
prove soon) and the concept of a pseudoprime. An algorithm is known which
can be proven to run in polynomial time in log n provided that GRH is
true ! We’ll come back to this.

Factorisation : None other than Bill Gates is on record as having said that
he thought the search for a fast algorithm for factoring large numbers was
one of the most important problems in mathematics. The reason he said
this is presumably because many public-key cryptosystems rely for their se-
curity on the assumption that no such fast algorithm is likely to be found in
the near future. The most famous of these is the so-called RSA (= Rivest,
Shamir and Adleman) system which dates from 1976 and is still in use to-
day. We will talk more about cryptography during the course.

WHAT’S THERE TO STUDY OTHER THAN THE PRIMES 7

Well, there’s a lot, but much of the remaining research in number theory
throughout history has been concerned with the problem of solving alge-
braic equations, specifically polynomial equations, in Z. It should come as
no surprise that it is in tackling this problem that the subject nowadays
known as algebraic number theory was developed.

To be precise, we are interested in solving equations
p($1,--.,iL‘n) =0, (11)

where p is a polynomial with integer coefficients. The case n = 1 is not
very interesting but the case n = 2 already opens up a whole can of worms.
To break the problem down into more manageable pieces, we first consider
polynomials of low degree. For degree 1, things are still not interesting as
equation (1) above can easily be used to prove

Proposition 5. The equation ax + by = ¢ has a solution if and only if
gcd(a,b) divides c.

For degree 2 though, there is an extensive theory usually referred to as
Gauf’ theory of binary quadratic forms. This theory takes up a substantial
portion of Baker’s book?.

2There is also an extensive theory for polynomials of degree 2 in more than 2 variables,



For degree higher than 2, there is the following famous theorem of the Nor-
wegian mathematician Thue :

Thue’s theorem (1909). Let f(z,y) be a homogeneous polynomial with
integer coefficients, of degree at least 3, and n € Z. Then the equation
f(z,y) = n has finitely many solutions.

PROOF : Baker, section 8.2.

Thue’s result was extended by Siegel (1929) to cover all functions f(z,y)
such that the associated projective curve f(z,y) = 0 over C has genus
greater than 0. In particular it covers all functions f(z,y) = 3? — f(z),
where f(z) is a polynomial with integer coefficients, of degree at least 33.
Much later, Baker (1968) gave an ‘effective’ version of Thue’s theorem ; that
is, he gave explicit upper bounds on |z|, |y| such that f(z,y) = n, which de-
pended only on f. In practice, these bounds are generally too large to allow
for the computation of all solutions, for a given f and n, but can be improved
in specific cases.

The methods employed by all these authors use techniques of so-called
Diophantine approzimation which, informally, is the study of how well one
can approximate a given irrational number by rationals ; that is, you want
to get as close as possible to the irrational number while the denominators
of your rationals grow as slowly as possible. Embedded in this subject is
the very old conept of continued fractions. A very extensive introduction to
this area is given in Chapter 6 of Baker’s book.

One such type of equation which has received an enormous amount of
attention is the equation

y2 + a1y + azy = z3 + a2x2 + asx + ag.

The associated projective curve over C is called an elliptic curve, and has
genus 1. In fact, every curve of genus 1 is given by such an equation, called a
WeierstraB equation. There is a voluminous literature about elliptic curves.
Much of this deals, not only with the study of solutions over Z, but over

but the results are not complete. If you’d like to hear more about this you should come
to my graduate course.

3In separate work during the 1940s, Siegel used complicated analytical methods to
study solutions of quadratic equations (genus 0 curves), and his methods actually apply
to any number of variables. We’ll come back to this later.



Q or more general fields. While there are usually no longer finitely many
solutions in these cases, there turns out to be a tremendous amount of
interesting mathematical structure. For example, the points (z,y) on an
elliptic curve, where z,y belong to any given field, can be ‘added’ in such
a way that they form an abelian group. There is the famous theorem of
Mordell and Weil (1920s) which says that, in the case of Q, this group is
finitely-generated. We will not have time in this course to study elliptic
curves - a proper study would require a full course in itself, and would draw
on methods from several fields : number theory, algebraic geometry, complex
analysis and topology.

By the way, the study of polynomial equations over Q instead of just
Z turns out to be fruitful in other instances also. Most notable is the case
of quadratic forms (in any number of variables). There is the classic the-
orem of Hasse and Minkowski (1930s) which, in essence, says that solving
a quadratic equation over Q is equivalent to solving a finite list of congru-
ences. Once again, the interesting thing here is the algebraic structure, since
there’s no issue of actually ‘counting’ solutions. We’ll say more about this
when we come to study binary quadratic forms, though the H-M theorem
applies to forms in arbitrarily many variables.

For more than 2 variables, a certain amount is known in degree 2 (quadratic
forms), as has already been indicated above. For degree higher than 2, very
little is known in general, but there are many famous results (and problems)
of a seemingly isolated nature. We mention only two of the most famous
here :

Waring’s Problem. For each n there exists k, >> 0 such that every

positive integer can be written as the sum of no more than ky, nth powers.

The case n = 2 of this theorem was already solved by Lagrange in 1770
(the same year that the problem was stated), who proved that ko = 4. It
is perhaps his most famous result. The first general solution was given by
Hilbert in 1909 and a later solution by Hardy and Littlewood (1920s) used
the so-called circle method of analytic number theory, which has proved a
very useful tool for the unravelling of many other problems.

Fermat’s Last Theorem. Ifn > 2 and z™ + y™ = 2" then xyz = 0.



Fermat himself actually wrote down a proof for the case n = 4 and it is
a famous example of the use of his method of infinite descent. The case
n = 3 was settled by Euler, and the ideas in his proof initiated the use of
algebraic methods to tackle the problem, namely the development of the
theory of finite field extensions of Q (what is now called algebraic number
theory). The pinnacle of success for these methods was reached by Kummer
in 1850 who used the theory of so-called cyclotomic fields (fields of the form
Q(¢) where ( is a root of unity) to prove FLT for so-called regular primes*.

As everyone knows, the eventual proof of Fermat’s theorem, accom-
plished by Wiles in 1994, employs rather different methods. It exploits some
deep connections between two apparently quite different types of math-
ematical objects, namely modular forms and the aforementioned elliptic
curves. The relevant connections were formally summarised in a conjec-
ture of Shimura, Taniyama and Weil from the late 1960s. In the mid 1980s,
work of Frey, Serre and Ribet established that FLT would follow from the
STW conjecture. It then took Wiles eight years to prove the latter (for
semistable elliptic curves).

WHAT ELSE 7

We mention two things :

Transcendental numbers : A complex number is called transcendental if
it does not lie in any finite field extension of Q. Otherwise it is called al-
gebraic, because in that case it is a root of some polynomial with rational
coefficients. There are many classic problems (both solved and unsolved)
surrounding the issue of whether certain numbers are transcendental or al-
gebraic. Two of the most famous transcendental numbers are e and 7. Two
of the most famous numbers which are not known to be either transcenden-
tal or algebraic are Euler’s constant v and the value ((3) of the Riemann
¢-function. A famous result of Lindemann (1844) gave a general method for
constructing transcendental numbers (though it doesn’t work for e or

7 !). Lindemann’s theorem is about Diophantine approximation of algebraic
numbers, and is also the basic ingredient in the proof of Thue’s theorem men-
tioned above. The improvements on Thue’s theorem by Siegel et al also rely
on corresponding improvements on Lindemann’s theorem.

4This material is discussed well in, for example, the book of Stewart and Tall. I don’t
know yet how much of it we will have time to do.



Combinatorial number theory : There are many interesting problems about
whole numbers of a purely combinatorial flavour (see [2]). At this point, we
mention just one such open problem, due to Paul Erdos, and worth 500 to
the solver :

Open problem. There exists an absolute constant C > 0 such that if
S C{1,...,N} is such that all subset-sums from S are distinct, then |S| <
logo N + C.

The trivial lower bound for C' is C = 1, as is seen by considering N = 2*
and S = {27 : 0 < j < k}. In 1969, Conway and Guy found an example
where C' = 2. Nothing better is known !

REFERENCES

[1] G. Riemann, Uber die Anzahl der Primzahlen unter einer gegebenen
Grosse, Gesammelte werke 145-155.
[2] Handbook of Combinatorics, North-Holland, 1995.
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Lektion 3 (6/11/00)

En mycket effektiv algoritm for att beriakna ged av tva naturliga tal gavs
redan av Euclid och kallas efter honom.

Euclid’s algoritm. Ldt a,b € N. Antag att b > a. Sdatt r_1 = b, ry = a.
Definiera successivt en avtagande foljd (r;) av icke-negativa tal genom

Tj—1 = q;Tj + Tj11, dar 0 < qj, 0 <rjp1 <rj. (12)
Lat k vara det forsta indexet sa att 7, = 0. Da ar ged(a,b) = rp_1.
BEvIS : Ungefir som i boken, s.3.

Man kan visa att algoritmen har komplexitet O(log®b). Komplexiteten av
en algoritm dr max. antalet sa kallade bit operationer som behovs for att
genomfora den. En algoritm som har polynom komplexitet i log av belop-
pet av dess inputs (7 svenska) betraktas ‘bra’ eller ‘effektiv’. For en mer
komplett introduktion till dessa idéer, se t.ex. boken ‘A course in number
theory and cryptography’, av Neal Koblitz.

Kongruenser

Nér man letar efter heltalslosningar till en polynomekvation av formen (11),
ar det ett vanlig trick att forst reducera ekvationen modulo n, for olika n,
och i stallet studera kongruenserna

p(z1, ..., zy) = 0 (mod n). (13)

Intuitivt ar det klart att (13) ar ldttare att 16sa dn (11) for det finns bara
andliga manga mojligheter for en 16sning. Dessutom, om 7 ar prim d& har
Z /nZ mer algebraisk struktur 4n Z, ndmligen att den &r en kropp (se nedan).

Visst finns det odndligt manga ekvationer (13) svarande mot en enda
ekvation av formen (11), men t.ex. om kongruensen inte har nigon l6sning
for nagot n da har den urprungliga ekvationen ingen l6sning heller. I den
andra riktningen finns det ocksa situationer dar existensen av en 16sning till
kongruensen for varje n ricker till existensen av en losning i Q, men inte
noédvandigtvis i Z. Men aven sadana satser brukar vara mycket svarare att
bevisa. Den mest beromda ar kanske Hasse-Minkowski satsen som sager

11



att om p(x1,...,xn) ar en kvadratisk form, da har (11) en 16sning i Q omm
den har en 16sning i R och en 16sning modulo p for varje primtal p. For ett
bevis av denna, sats, se t.ex. Kap. IV av Serre’s bok ‘A course in arithmetic’.

Nu borjar vi fran borjan.

DEFINITION : Fixera n € N. Lat a,b € Z. Sag att a ar kongruent till
b modulo n, och skriva = b (mod n), om n | a — b.

Proposition 6. = (mod n) ar en ekvivalens relation pa Z.

Ekvivalensklassen av ett tal = betecknas z. Mangden av ekvivalensklasser
betecknas Z/nZ och dess element kallas for residue klasser modulo n. Det
ar latt att se att

Z/nZ={z:0<z<n}, #(Z/nZ)=n. (14)

Proposition 7. Fizera n. Avbildningen x — Z ar en surjektiv ring homo-
morfism fran Z till Z/nZ med kirna nZ ={z € Z:n | z}.

Lat R vara en ring med enhet. Kom ihig att z € R kallas for en unit
om det finns y € R sa att zy = yz = 1. Méangden av units betecknas R*.
Den ar en multiplikativ grupp. Lat nu Ry, ..., R, vara ringar med enheter.
Deras direkt produkt dr en ring som, som en mangd, ar den Cartesiska pro-
dukten av R;, och dar addition och multiplikation definieras komponentvis.
Den betecknas []; R;.

Proposition 8. Lat z € Z. Dd dr T en unit i Z/nZ omm (z,n) = 1.
Korollarium 9. Z/nZ dr en kropp omm n dar prim.

Vi definierar
d(n) == #(Z/nZ)* = #{z:0 <z <noch (z,n) =1}. (15)

¢ kallas for Euler’s ¢-funktion. Under kommande lektioner skall vi studera
den vidare. Den stora satsen for idag ar

12



Chinese Remainder Theorem (CRT). Lit n = [[¥_, p}. Dd dr

k
Z/nZ =[] Z/p{'Z, (16)
=1

ddr =2 betyder isomorfism av ringar.
BEVIS : Mer eller mindre som i boken, s.19.

Korollarium 10. i

(Z/nZ)* = H(Z/pf‘iZ)X, (17)

i=1

dar =2 betyder isomorfism av grupper.

BEvIs : Ett element av en direkt produkt av ringar ar en unit omm alla
dess komponenter ar units.

13



Lektion 4 (8/11/00)

I dagens lektion anvéander vi flera resultat fran elementir gruppteori i bevisen
av nagra satser. Eftersom det kan vara lange sedan nagra av er tog kursen
Algebraiska Strukturer, forst gor jag en lista hir av de definitioner och
resultat som vi behover. Ni uppmuntras att kolla upp denna material innan
kommande lektioner.

EN KORT ATERBLICK PA LITE GRUPPTEORI

(i) Lat G vara en andlig grupp. Antalet element i G betecknas |G| och kallas
for ordningen av G. Enhetselementet i G kan betecknas med e, men 1 ar
mer vanligt.

(ii) Lat z € G. Eftersom G ar dndlig, potenserna z™ kan inte alla vara
olika element i G. Det foljer att det finns n > 0 s& att 2™ = 1. Det min-
sta sadana n kallas for ordningen av = och betecknas ord(z). Tydligen ar
ord(z) < |G|

(iii) Lagrange’s sats sdger att om H &r en delgrupp av G, da ar |H| en
delare av |G|.

(iv) En grupp kallas for cyklisk om det finns z € G sa att varje element
av G ar nagon potens av z. En sadan z kallas for en generator av G.
Alltsa ar G cyklisk omm det finns z € G med ord(z) = |G]|.

(v) For varje n > 0 ar den additiva gruppen i ringen Z/nZ en cyklisk
grupp av ordning n som genereras av 1. Varje cyklisk grupp av ordning n
ar isomorfisk med Z/nZ sa att man far prata om DEN cykliska gruppen av
ordning n. Den betecknas oftast med antingen Z/nZ eller C,.

(vi) For godtyckligt G och = € G, potenserna av x utgér en delgrupp av G
som betecknas < x > och kallas for den cykliska delgruppen genererad av x.
Om vi tillimpar Lagrange’s sats till delgruppen < x > da ser vi att ord(x)
ar en delare av |G| for alla z € G.

(vii) Den direkta produkten av grupper definieras som for ringar (se lek-
tion 3). Alltsa lat Gy, ..., G, vara grupper. Deras direkt produkt ar en grupp
som, som en mingd, dr den Cartesiska produkten av G;, och diar multiplika-
tion definieras komponentvis. Den betecknas G X ... X G, eller, mer concis

14



n
=1 Gi-

(viii) Lat G vara en grupp. En delgrupp A C G kallas for en direkt fak-
tor av G om det finns en delgrupp B av G sa att G = A x B.

(ix) I en abelsk grupp betraktas oftast grupp operationen som en ‘addition’
i stillet for en ‘multiplikation’. Dvs, man skriver 0 i stallet for 1 for enhet-
selementet, och nz i stallet for z™.

(x) For andliga abelska grupper har vi f6ljande tva fundamentala fakter.
Den forsta brukar anvindas i beviset av den andra, faktiskt. Notera att
Faktum 2 &r en generalisering av CRT (se lektion 3), eftersom den ger den
senare nir G = Z/nZ. Den kallas for den fundamentala satsen om dndliga
abelska grupper.

FAKTUM 1 : Lat G vara en andlig abelsk grupp och ¢ € G. Da ar den

cykliska gruppen < g > en direkt faktor av G omm, for varje n € N och
z €,

nr=g=1z€<g> och xz=mg med mn =1 (mod ord(g)).

I sa fall sdger man att elementet g ar inte dividerbar i G.

FAKTUM 2 : Varje dndlig abelsk grupp G ar den direkta produkten av
cykliska delgrupper av primpotens ordningar (det kan vara fler 4n en faktor
for ett givet primtal p som delar |G|). Antalet faktorer och deras ordningar
i en sadan faktorisering av G ar unika.

Nu fortsatter vi med lektionen.

En vilkand faktum till frin algebra ar

Proposition 11. Den multiplikativa gruppen av en andlig kropp ar cyk-
lisk.

Sarskilt da ser vi fran Korollarium 9 att (Z/pZ)* ar en cyklisk grupp av
ordning p — 1 for varje primtal p. Gruppteori antyder direkt att

Fermat’s (lilla) sats. Lat p vara ett primtal och a ett heltal sa att

15



(a,p) =1. Daar
a?~! =1 (mod p). (18)

Mer allmint, om vi tilldimpar samma gruppteoretiska idéerna till gruppen
(Z/nZ)* da far vi

Euler’s sats. Lat a,n € Z med (a,n) = 1. Da dr
a®™ =1 (mod n). (19)
ANMARKNING : Talet n kallas for ett pseudoprimtal om
(z,n) =1=z""! =1 (mod n). (20)

Det finns pseudoprimtal som inte dr primtal (se supplementéra Gvningarna).

Fran Euler’s sats, ser vi att n ar ett pseudoprimtal om ¢(n) | n—1, men detta
villkor &r inte nédvindigt. A andra sidan dr sidana tal ganska sillsynta.
Darfor finns det manga primalitets provningar som borjar med att testa om
(20) stammer. Ganska effektiva algoritmer for att bestimma om ett givet
tal ar prim ar kanda, trots att de basta algoritmerna antar GRH for deras
maximal effektivitet. Se Koblitz’ bok for vidare diskussion.

Korollarium 10 reducerar problemet av att ange strukturen av (Z/nZ)*
som en abstrakt abelsk grupp till fallet dir n ar en primpotens. Foéljande
sats loser da sista delen av problemet.

Sats 12. (i) Om p ar ett udde primtal, da ar (Z/p"Z)* cyklisk av ord-
ning $(p") = p"~(p — 1) for alla n.

(ii) (Z/2Z)* = <1>=2Cy.
(Z/2"Z)* = < —1> x <5>2Cy X Cgn—2, forn > 1.

BEevis : For del (i) och n = 1 anvinder man Prop. 11. Annars samma
idéer som i boken $.23-25, men notera att flera av de mer ‘gory’ detaljerna
utelamnas dér.

Foljande klassiska faktum kan ocksa bevisas mycket 14tt med hjilp av grup-
pteori :

2 —

Proposition 13. Lat p vara ett udde primtal. Da har kongruensen x
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—1 (mod p) en losning omm p = 1(mod 4).

BEVIS : En I6sning finns omm —1 ar en kvadrat i den multiplikativa grup-
pen (Z/pZ)*. Men denna grupp ar cyklisk av ordning p — 1 och —T1 &r ett
element av ordning 2, sa det dr en kvadrat i gruppen omm (p — 1)/2 ar ett
jamt tal, dvs omm p =1 (mod 4).

Vi ger tva klassiska tillampningar av denna proposition (vars bevis inte
finns i boken !).

Proposition 14. Det finns oandligt manga primtal av formen 4n + 3.

BEvIS : Idé : Lat N > 1 och m = (N!)? 4+ 1. Varje prim delare p av
m satisfierar p > N och p = 1(mod 4).

Notera att det ar en Ovning pa inlamningsuppgiften att bevisa samma, sak
for tal av formen 4n + 1. Alltsa, kan vissa enkla fall av Dirichlet’s sats
(se lektion 1) bevisas utan analytiska metoder. For fler exempel se boken
‘Theory of Numbers’ av W. Sierpiriski.

Sats 15 (Fermat 1654). Lat p vara ett udde primtal. Fkvationen
2 +y’=p (21)
har en losning (x,y) € Z> omm p = 1(mod 4).

BEVIS : Om p = 3 (mod 4), finns det ingen 16sning, eftersom kvadraten
av varje heltal ar kongruent till 0 eller 1 modulo 4, sa att en summa av
tva kvadrater ar kongruent till 0,1 eller 2 modulo 4.

Antag nu att p = 1 (mod 4). Enligt Prop. 13, finns det ett heltal z sa att
z? = —1 (mod p). Fixera ett sidant x och betrakta funktionen f : Z — Z
som ges av

flu,v) =u+ zv.

Lat K = [\/p] s& att K < \/p < K + 1. Det finns (K + 1) > p par
(u,v) av heltal sa att 0 < u,v < K. Alltsa, maste det finnas tva olika par
(u1,v1), (ug,v2) sd att

flui,v1) = f(ug,v2) (mod p) = (u1 — u2) = —z(v1 — v2) (mod p).
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Lat a := u1 — ug,b := v; — ve. Bftersom 22 = —1 (mod p), har vi da att
a®? +b* = 0 (mod p). Minst ett av a,b # 0 - annars skulle (ug,v1) = (u2,ve)
- s8 att a® +b? # 0. Men eftersom alla u;, v; ligger i intervallen [0, K], méste
da bide a,b ligga i intervallen [— K, K], s& att a® + b* < 2K? < 2p.

Dirfor, har vi bevisat att a? 4 b? &r en multipel av p, och ligger striingt
mellan 0 och 2p. Det foljer att a® + b? = p.
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Lektion 5 (10/11/00)
DEFINITION : En funktion f : N — Z kallas for en aritmetisk funktion.

DEFINITION : En funktion f : N — C kallas for multiplikativ om

(m,n) = 1= f(mn) = f(m)f(n). (22)

Vi dr interesserad av att studera multiplikativa aritmetiska (MA) funktioner.

Korollarium 10 ger foljande formel for Euler’s ¢-funktion :

p(n) =][ (1 — 1) . (23)

pin P
Da ser man direkt att ¢ ar MA.

ASIDE : Det finns ett annat sitt att bevisa (23) som &r ett mycket latt
exempel av en sa -kallad sieve metod. Kom ihag

Inklusion-exklusion principen. Lat Ay, ..., Ay vara andliga mangder.
Da ar
k
|[Ay U U A, =) (=)t > |Aiy NN A (24)
r=1 1<i1< . <ip<k

Om vi skriver n = Hle p;? di fir man (23) genom att tillimpa I-E
principen till mangderna

Ai={z:0<z<n, pi |z},
eftersom
d(n) =n—]A;1U...U Al

Vad man gor har kan beskrivas som att ‘sifting out’ de tal i intervallen [0, n)
som inte ar relativt prima med n.

Nu fortsatter vi med att ge fler exempel av MA funktioner.
EXEMPEL 1 (DUMMA EXEMPEL) : f(n) = 0, f(n) = 1, f(n) = nF for
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nagot fixerad k.

EXEMPEL 2 : Den Mobius funktionen definieras genom

L, omn = 1.
u(n) =4 0, om p? | n for ndgot primtal p. (25)
(=1)k, om n = p;...p; for olika primtal p;.

Notera att (23) kan skrivas i formen
n
#(m) = Y ld) ™. (26
dln

EXEMPEL 3 : Vi definierar

7(n) := Z 1, on)= Zd. (27)

dln dln

Det ar latt att bevisa att dessa funktioner ar multiplikativa. Det ar ocksa latt

att se att
pa—l—l -1

TP*)=14+a, o(%) = (28)

p—1
EXEMPEL 4 : Om f ar multiplikativ, s& ocksa ar funktionen g som definieras
av

g(n) = _ f(d).

dln
T.ex., om f(n) =n da ar g(n) =o(n). Om f(n) = u(n) och

v(n) = g p(n), dd ir v multiplikativ och man bevisar litt (se nista
anmarkning) att

n > 1.

wm={3j”zlmm

ANMARKNING : For att kunna berakna en multiplikativ funktion f, racker
det att kunna berdkna den vid primpotenser, eftersom om n = []; p;"* da ar

7o) = TLF ). (30)
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T.ex., fran (28) far vi da att

a+1_1

)= [[(1+a), om)=T]]%

— (31)
pelin i P71

Niast bevisar vi en sats som motiveras av exempel 4 ovan, men som giller
godtyckliga funktioner.

Sats (Mobius inversion formel). Lat f,g : N — C. Dd dr foljande
ekvivalenta

(ii) f(n) = Xapm 1(d)g(%)-

BEvis : Ungefar som i boken. Notera att funktionen v fran exempel 4
ovan spelar en central roll.

Om vi tillimpar inversion formeln till (26) da far vi att

> d(d) =n. (32)

dn

En mer imponerande tillimpning av formeln ges av problem 4 i de supple-
mentara ovningarna.

Ekvation (30) sdger att en MA funktion f(n) kan skrivas som en produkt av
andligt manga faktorer, en for varje primtal fran nagon méangd som beror
pa n. I (multiplikativ) analytisk talteori traffer man manga ANALYTISKA
funktioner f(s) som kan skrivas som en Oéndlig produkt av faktorer, en for
varje primtal frain nagon mingd (oftast mangden av ALLA primtal). Den
mest beromda formeln av denna typ ar

Sats 16 (Euler). Om Re(s) > 1, da ar

1

@:H(hi):i“gj). (33)

BEvIs : Kommer nasta gang. For att forstd vad den odndliga produkten i
(33) betyder, ga till .23 av detta dokument.
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Sats 16 ar kanske det mest grundliggande resultatet i hela analytiska tal-
teorin. Bland annat &r det borjan av beviset av Dirichlet’s sats, si att vi
kommer tillbaka till den senare. Just nu (dvs under nista lektion) vill vi
anvianda den for att bevisa den imponerande Sats 17 nedan. Forst en defi-
nition :

DEFINITION : Lat P vara en egenskap av oordnade par (p,q) av olika icke-
negativa heltal. Vi definierar sannolikheten att ett sidant par har egen-
skapen P genom

bl

1 h kap P och s3 <
Prob(P) := lim antal par (p,q) som har egenskap P och sa att p,g <n

om gransvardet existerar. Intuitivt &r Prob(P) lika med sannolikheten att
ett slumpligt valt par p,q av olika icke-negativa heltal har egenskapen P.

Sats 17. Lat P vara egenskapen ‘ar relativt prima’. Dd ar Prob(P) = %.
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Infinite products in complex analysis

I will only give the basic ideas without any proofs because we will only en-
counter essentially one simple example of an analytic function defined by an
infinite product in this course. If you want to study the subject properly,
please check out a good complex analysis text, for example Chapter 5 of
the book by Ahlfors. In fact, if you want to study analytic number theory
beyond the level of this course, you really should know everything in the
first three sections of that chapter.

First, recall Weierstra3’ theorem :

Theorem A. Suppose the sequence of functions fy(z) is analytic in a do-
main ), that the sequence converges pointwise, and uniformly in each com-
pact subset of Q. Then f(z) := lim,_,« fn(2) defines an analytic function
in Q and f}(z) — f'(2), uniformly in compact subsets of Q.

Weierstra3’ theorem is usually applied to series whose terms are analytic
functions. Uniform convergence of the series in compact sets is often easy to
prove using, say, Weierstra3’ own M-test. Let us state Weierstra’ theorem
for series for completion® :

Theorem A1l. Suppose each of the functions fn(z) is analytic in a region
Q and that the series

> hn(e) = 1)

converges pointwise in Q and uniformly in compact subsets of Q. Then the
limit function f(z) is analytic in Q and

o
F'(z) = fal2),
n=1
where the right-hand side also converges uniformly on compact subsets of €).

For example, the Riemann (-function
(e o]
1
C(S) = Ea

n=1

5Tt is worth noting that the analogue of Weierstra’ theorem in real analysis does NOT
hold. See page 55 of my notes from flervariabelanalys (del 2) from last year.
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is analytic in the half-plane Re(s) > 1 because each term in the series
is obviously analytic, the series converges pointwise in the half-plane and
uniformly in compact subsets of it, in fact in any smaller half-plane Re(s) >
1+ 6 where § > 0. (You learned all this in flervariabelanalys). Furthermore,
the series can be differentiated termwise so that

o0

C(s)=—3 98" (Re(s) > 1).

s
n=1 n

We now turn to infinite products. The following definition is not the most
general one but is sufficient for our purposes.

DEFINITION : Let (p,) be a sequence of complex numbers, all different
from zero. We define

o
MY iim ] pn (34)
n

provided that the limit exists and is different from zero (the value zero is
excluded for technical reasons).

An obvious necessary condition for the convergence of an infinite product is
that p, — 1. It is therefore natural to write p,, = 1 + a, and the product
as [1(1 + a,). Another very natural thing to do, since we know everything
about infinite series, is to take logarithms and consider the series

i log(1 + ay), (35)

n=1

where, by convention, we choose the principal branch of the logarithm at all
times. The following result should come as no surprise :

Theorem B. The infinite product [[72,(1 + a,) with 1 + a,, # 0 converges
iff the series (35) converges.

DEFINITION : The infinite product [[(1 + a,) is said to converge absolutely
if the series (35) converges absolutely.

From the formula
. log(1+ 2)
lim =>————~
2—0 z

—1, (36)
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one easily derives

Theorem C. The infinite product [[(1 + ay,) with 1 4+ a, # 0 converges
absolutely iff 021 |an| converges.

Now suppose we replace the complex numbers a,, by functions f,(z), all
analytic in some region 2. Pointwise convergence of the infinite product

[T+ fal2) (37)
n=1

is defined in the same way as above, whenever 1 + f,(z) # 0 for all n and
all z € 2. What about uniform convergence 7

DEFINITION : The infinite product (37) is said to converge uniformly in
a subset K of Q if the series )" log(1 + f,(2)) converges uniformly in K.

We have the following counterpart to Theorem C which is most often used
in practice to check uniform convergence of an infinite product :

Theorem D. Suppose the functions fn(z) are all analytic in a region €2
and that 1+ fr(2) # 0 for all n and all z € Q. Let K be a subset of Q and
suppose there exists C > 0, such that

%< 1+ ful2)| <C

for all z € K. Then the infinite product (37) converges uniformly in K if
and only if Y- fn(2) converges uniformly in K.

We also have a counterpart to Weierstra3’ theorem.
Theorem E. Suppose f,(z) is a sequence of functions each analytic a region
Q, that 1+ fn(2) # 0 for all n and all z € Q, and that the infinite product

(87) converges pointwise in Q and uniformly on compact subsets of Q. Then
f(z) :==T1(1 + fn(z)) defines an analytic function in .
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Lektion 6 (13/11/00)
BEVIS AV SATS 16 : Forst bevisade vi att

(oo "f?) (=1,
1

n=

genom att skriva
(i u(n)
n=1 n’

dar v(n) ges av ekv. (29).

Nast bevisade vi att

genom att visa att, for varje N > 0,

6]t

S
<N p pinfor allap < N

Ett alternativt (som foreslagits av Dennis Eriksson under pausen !) &r att
anvanda binomial satsen som ger att

-2 Sk

o pms

D4 kan vi skriva den oandliga produkten som

(S ).

ms
¥4 m=0 p

och om man multiplicerar ut detta ser man att man far, for varje n > 0,
termen 1/n° precis en gang.

BEVIS AV SATS 17 : Som i boken, s. 13-14.
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En odndlig produkt 6ver primtalen av formen (33) kallas fér en Euler pro-
dukt. En serie av formen » {°a,/n®, dir a, € C, kallas for en Dirichlet
serie. I (multiplikativ) analytisk talteori uppstar det Gverallt Dirichlet se-
rier som kan uttryckas som en Euler produkt (vi skall se det viktigaste
exemplet nedan). Forst bevisar vi ett allmént kriterium som garanterar att
en Dirichlet serie har en Euler produkt utveckling :

Proposition 18. Lat (a,)$° vara en foljd av komplexa tal sa att

a1=1 och au, =ana, for alla m,n > 1. (38)
Da ar
> an ap\ !
> -T(1-2) (39
n=1 n p p

nar som helst bada sidorna konvergerar och definierar analytiska funktioner.
BEVIS : Det ar exakt samma idé som i beviset av Sats 16.

DEFINITION : Lat N > 1. En grupp homomorfism
x:(Z/NZ)* — C*

kallas for en karaktdr modulo N. x kallas for icke-trivial om x(z) # 1 for
nagot z € (Z/NZ)*. Notera att x(z) maste a priori vara en ¢(N):te enhet-
srot.

Varje karaktidr x modulo N kan utvigas till en funktion x : Z — C genom
att satta
n N)=1
> { X(n)7 om (n7 ) ) (40)

0, annars.

Funktionen x satisfierar (jamfor med (38))
x(1) =1, x(mn)=x(m)x(n) for alla m,n > 1. (41)

DEFINITION : En Dirichlet serie av formen

Lis) =Y X0 (42)
n=1



dir y 4r en karaktir (for ndgot N), kallas for en Dirichlet L-serieS. Notera
att om y ar den triviala karaktdren modulo N = 1 (det finns bara den triv-
iala karaktdren modulo 1), da ar L(s, x) = ¢(s).

Sats 19. (i) Om x dr en trivial karaktar, da ar L(s, x) analytisk i Re(s) > 1.
(ii) Om x dr icke-trivial, da ar L(s,x) analytisk i Re(s) > 0.
(iii)
X))\
L0 =TT (1-X2) (43

p pS

ndr bada sidor konvergerar enligt (i) eller (ii) resp.

BEVIS : Beviset av (iii) foljer direkt fran (41) och Prop. 18. Beviset av
(i) foljer fran jamforelse med ((s). For (ii) bevisar man forst att, om y ar
en karaktar modulo N, da ar

0, annars.

i 2(n) = { ¢(N), om x ar trivial, (44)

n=1

D3 tillimpar man Dirichlet’s kriterium f6r likformig konvergens tillsammans
med Weierstra/3’ sats. Kom ihag Dirichlet’s kriterium (fran flervariabel-
analys) :

‘Serien >_1° fn(z)gn(z) konvergerar likformigt i en mdangd M om

(a) foljden (gn(x)) dr avtagande for varje x € M,

(b) gn(z) — 0 likformigt i M,

(c) de partiella summorna Fy(z) := SN f,(z) dr likformigt begrinsade i
M.

Alltsa, kvarstar det att bevisa (44). Eftersom yx ar icke-trivial, finns det
ett heltal y sa att (y,N) = 1 och 0 # x(y) # 1. Néar n gar fran 1 till N
da 16per yn 6ver en komplett méngd av restklasser modulo N, ty (y, N) = 1.

6Jag tror att denna L betyder ‘Legendre’, eftersom i de forsta L-serierna som studerades
av Dirichlet var karaktiren en Legendre symbol (se lektion 7 nedan).
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Da har vi att
N N
> x(n) =) xyn) = %) - Y_ k(n),
n=1 n=1 n=1

ty x ar multiplikativ. Men x(y) # 0,1 antyder da att summan 6ver n maste
vara noll, g.e.d.

Vi skall komma tillbaka till L-serier senare nar vi diskuterar Dirichlet’s sats
om primtal i aritmetiska foljder.

Gauss’ teori av kvadratiska kongruenser

Tidigare bevisade vi foljande tva fakta :

(1) kongruensen z?> = —1 (mod p) har en 16sning omm p = 1 (mod 4).

(2) % + y? = p har en l6sning omm p = 1 (mod 4).

Dessa fakta var redan vilkdnda mot slutet av 1600-talet, nir Fermat var
det stora namnet inom talteori (dvs inom matematik, modulo Newton

osv !). Det drojade 6ver 100 ar innan arbetet av tre stora matematiker
- Euler, Legendre och framfor allt Gaug - ledde till en stor generalisering
av dessa tva resultat, och 6ppnade vigen till vad som kallas nufortiden for
‘algebraisk talteori’.

Ovanstaende (1) och (2) ar speciella fall av féljande tva problem resp.:
PROBLEM 1 : Los den allmana kvadratiska kongruensen
az’ + bz + ¢ = 0 (mod n). (45)
PROBLEM 2 : Los (i heltalen) den allména kvadratiska ekvationen i tva variabler
az?® +bry +cy’ +dr+ey+ f=0. (46)

Problem 2 kallas for representationsproblemet for bindra kvadratiska former.
Bada problem kan, pa ett naturligt siatt, ytterliggare delas upp i tre ‘sub-
problem’, namligen
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DEL A : ange allména kriteria for eristens av en 16sning.
DEL B : ge effektiva algoritmer for att hitta en 16sning.

DEL C : ge allmina (berdknabara) formler f6r antalet 16sningar. Notera
att i Problem 1 racker det att hitta alla 16sningar bland en méangd av repre-
sentanter for Z/nZ. Darfor dr antalet l6sningar alltid &dndligt sa linge som
en ‘l6sning’ betyder en 16sning modulo n. Vi adopterar denna konvention
framover.

Under kommande lektioner skall vi studera dessa tva problem mycket nog-
grant. Vi borjar med det kvadratiska kongruens problemet (Problem 1) och
framfor allt existens fragan (Del A). Men forst, dr det bra att satisfiera oss
att vi forstar linjara kongruenser

Proposition 20. Kongruensen ax = b (mod n) har en losning omm (a,n)

delar b.

I nasta tva propositionerna reducerar vi den allména kvadratiska kongru-
ensen till en mer hanterlig form.
Proposition 21. Kongruensen (45) ar ekvivalent med kongruensen

y? = d (mod 4an), (47)
dir y = 2az + b och d = b*> — 4ac.

Denna prop. siger att det ricker att betrakta kongruenser av formen
z?2 = a (mod n). Nu kommer huvud reduktionssteget. Det #ir ganska

tekniskt, men det ar resultatet som ar viktigt :

Proposition 22. (i) 22 = a (mod n) har en losning omm 22 = a (mod p®)
har en losning for varje p*||n.

(ii) Om a = play for ndgot i < a och (a1,p) = 1, ett nédvindigt villkor
for existens av en losning till 2 = a (mod p*) dr att 2 | i. I sd fall ges
losningarna av © = p*/%zy dir 3 = a; (mod p®~*).

(iii) Om p > 2 och (a,p) = 1 dd har z* = a (mod p®) en lésning omm
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z? = a (mod p) har en losning. Antalet l6sningar dr antingen 0 eller 2.

(iv) 2 = 1 (mod 2) har den enda lGsningen x = {1}.

(v) 22 = 1 (mod 4) har lésningarna z = 1,3 och x> = 3 (mod 4) har inga
losningar.

(vi) Om o > 3 och 2t a, dd har > = a (mod 2%) en lGsning omm a =
1(mod 8), dvs omm a = 5** (mod 2%) for ndgot X\ > 0. I sd fall finns det
ezakt 4 losmingar, nimligen +xq, 5% "y dir o = 5 (mod 2%).
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Lektion 7 (15/11/00)

BEVIs Av PROP. 22 : Man anvinder CRT och Sats 12, och det hela ar
elementar gruppteori.

Nu har vi reducerat Problem 1 (Del A,B och C!) till att 16sa kongruensen

2% = a (mod p), (48)
dar p ar ett udda primtal och (a,p) = 1. Notera att Del C av problemet nu
ar trivialt - det finns antingen 0 eller 2 16sningar.

NOTATION : Lat p vara ett udda primtal och (a,p) = 1. Vi sétter

(g) — { 1,  om (48) har en 16sning, (49)
P -1, annars.

Symbolen (%) kallas for en Legendre symbol.

ANMARKNING : Y : a — (%) ar en karaktar modulo p av ordning 2, en

sa-kallad kvadratisk karaktar.

Del A av Problem 1 frigar efter ett kriterium for existensen av en losning
till (48). Det enda som jag kanner till &r det ndstan triviala

Euler’s kriterium. (%) = a? /2 (mod p).
Bevis : (2) =14 @ éir en kvadrat i (Z/pZ)%.

Fran den teoretiska synpunkten ar detta kriterium ganska ointeressant, men
fran den praktiska vinkeln ger det ett effektiv satt att losa existens-frigan :
det ricker att kunna berikna a?~/2 och det finns snabba algoritmer for att
berdkna potenser av ett heltal (den klassiska anvinder en bas-2 utveckling
av potensen).

Nu kommer vi till Gauf’ reciprocitets lag. Den leder ocksa till ett mycket
effektivt sitt att 16sa existens fragan for (48), men dess storsta interesse ar
teoretiskt. Forst, ar det klart att det ar ett mycket vackrare och djupare
resultat an Euler’s kriterium, men historien slutar inte dar. Idag vet vi att

32



Gauf’ lag ar ett specialt fall av en ‘reciprocitets lag’ av Artin (1927) som
giller for godyckliga abelska talkropps utvidningar L/K7. T fallet K = Q
och [L : Q] = 2 far man Gauf’ lag. Artin’s reciprocitets lag ar ett av de
stora resultaten i den del av algebraisk talteori som kallas for class field
theory, eller mer precist abelian class field theory®.

Under 1900-talet har flera olika formuleringar av ‘class field theory’
utvecklats och vilken formulering du liar dig beror pa vilken bok du laser.
For en formulering i termer av sa-kallade adéles och idéles (kanske den mest
kinda) se t.ex. [3]. For en alternativ formulering i termer av grupp koho-
mologi se t.ex. [4]. Den senare har ocksa en kapitel om historien av ‘class
field theory’.

Okej, tillbaka till jorden. Har ar ‘what all the fuss has been about’ !
Sats (Gauss’ reciprocitets lag). Lat p,q vara udda primtal. Da ar

(g) (%) _ (—1)i-D-1), (50)

BEVIS : Som i boken, 5.28-30. Notera att beviset anvander ett resultat av
Gauf som ar interessant i sig sjalv, namligen

Gauss’ lemma. Lat p vara ett udda primtal. For varje n € Z, lat [n]

beteckna det unika talet som satisfierar [n] = n (mod p) och —ip < [n] < ip.
Ldt nu (a,p) =1 och sdtt a; = [aj] for varje j € Z. Da ar

(©)-c»

= antaletjsdattlgjgp%l och aj < 0.

dar

ANMARKNING : Bokens bevis ar ganska elementart och mycket snyggt, och
ar ganska nira Gauf’ ursprunlgiga idéer eftersom det anvinder hans lemma.
Under sitt liv upptickte GauB minst 8 olika bevis av sitt lag?. Nagra av

"En kropp som &r en #ndlig utvidning av Q kallas for en talkropp. En utvidning av
talkroppar L/K kallas for abelsk om den dr Galois och Galois gruppen av L/K ir abelsk.

8There is also a class field theory for non-abelian number field extensions, but it is
much more difficult and highly incomplete.

9Moderna bécker betraktas innehélla ungefir 40 olika bevis. Men Urban Larsson pastar
att det finns 196 stycken pa nétet. Isn’t technology wonderful !
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dessa har en lite mer analytisk inriktning, och beror pa berdkningen av en
typ av dndlig summa som kallas for en GauB summa. Summor av denna
typ har visat sig uppstd i manga olika sammanhang inom talteori (bade
algebraisk och analytisk), t.ex. i beviset av Dirichlet’s sats som kommer
senare under kursen. Vi skall diskutera dem nista ging.

REFERENCES
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A little Fourier analysis

We will only state the bare minimum of information that we will require.
People who have not taken a course in Fourier analysis may wish to consult
a textbook on that subject for proofs and a fuller treatment, though I don’t
believe it’s really necessary. Also, you have all already seen the basic The-
orem A in flervariabelanalys, though without a proof (it is Sats 3.11 in the
GLO kompendium).

DEFINITION : A function f : R — R is said to be C! if f is differen-
tiable and both f and f’ are continuous.

DEFINITION : A function f : R — R is said to be piecewise C' if in every
bounded open interval f is C! except perhaps at a finite number of points
where both f and f’ have both left- and right-hand limits.

The right- and left- hand limits of a function g at a point z are denoted
g(z+) and g(z—) respectively. Hence ¢ is continuous at z iff both limits
exist and are equal.

DEFINITION : A function f : R — R satisfying f(z + 1) = f(z) shall
be called [0, 1]-periodic.

DEFINITION : Let f be a [0, 1]-periodic Riemann integrable function. The
Fourier series of f is the series

1 ke :
240 + ngl (ap, cos 2nzx + by, sin 2wnz) , (51)
where
1 1
p00= [ 1) ds, (52)
2 0
1 1
gon = / f(z)cos2mnz dz  (n > 0), (53)
0
1 1
Ebn = / f(z)sin27nz dz. (54)
0

The fundamental result in Fourier analysis (first proved rigorously by Dirich-
let in 1829) is the following
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Theorem A. Suppose f is piecewise C* and [0, 1]-periodic. Then the Fourier
series of f converges pointwise to 3[f(z+) + f(z—)).

We are interested in an application of Theorem A. So now consider any
piecewise C'! function f(z). Let fi(x) be the unique [0, 1]-periodic function
which coincides with f(z) for 0 < x < 1. Note that f is also piecewise C'*
because it may only pick up extra discontinuities at the integers. Applying
Theorem A to the function f; and evaluating at £ = 0 we obtain

N =

n=—oo n=—oo
(55)
where, to get the 2nd last equality, we have used the evenness of the cosine
function, and to get the last equality oddness of the sine function.

If, for some integer ¢, we replace f(z) by f(z + t) and repeat the above
argument, then we obtain

%[f()+ft+1 Z /Hf > dy. (56)

n=—oo

Now let A, B be integers with A < B. Adding together both sides of (56)
forn=A,A+1,...,B — 1 we obtain

B
* Z f( Z / f 27rm:v d.’B (57)

t=A n=-—00
where * > means that the end terms of the sum, corresponding to t = A

and t = B, are to be replaced by 3 f(A) and 5 f(B).

We shall use (57) in the evaluation of a Gauf sum next time. It is also
worth remarking that (57) is a special case of the well-known Poisson sum-
mation formula.
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Lektion 8 (17/11/00)

Forst noterar vi en snygg konsekvens av Gauf’ lemma, :

Proposition 23. Ladt p vara ett udde primtal. Da ar

2 12 1 om p = +1 (mod 8)
2 (p2-1) _ 3 D )
(p) (=1) { -1, om p= =3 (mod 8). (58)

BEVIS : Som i boken, s.29.

Malet ar nu att beskriva ett nytt effektivt siatt att berdkna Legendre sym-
boler (dvs ett alternativ till Eulers kriterium), samt inféra en bekvam (con-
venient) notation. Idéen &ar att utviga Legendre symbolen, pa ett ‘formelt’
satt, till udda, icke-prima moduli, sd att en analog av reciprocitetslagen
fortfarande stdmmer.

DEFINITION : Lat n vara ett udda positivt heltal, n = [];p;"*, och a ett
heltal med (a,n) = 1. D& definierar vi den sa kallade Jacobi symbolen (2)

genom N
()16

%

Notera foljande :

(i) Om n ar ett primtal, da far vi tillbaka den vanliga Legendre symbolen.
(ii) x : @ = (£) ar en karaktar modulo n av ordning 2. Speciellt kan vi
utvidga symbolen till en multiplikativ funktion pd Z genom att satta

a

(—) =0, om(an)> 1. (60)

n

(iii) For godtyckliga n,a med (a,n) =1, om (£) = —1 da ar z* = a (n) €]
losbar. Detta generaliserar motsvarande egenskapen hos Legendre symboler.
(iv) MEN, om (£) = 1 det betyder INTE nédvandigtvis att z2 = a (n) ar

lésbar. Exempel : (_Tl) =1 men 2 = —1 (9) har ingen 16sning. Alltsi ir
det bist att tinka pd Jacobi symbolen som en ‘formel’ utvidning av Legen-

dres symbol. Dess anviandbarhet kommer fran foljande fakta :
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Sats. Lat m,n vara udda tal, med n >0 och (m,n) = 1. Da har vi
(i)

(G =cmien=g by TSty @

(i)

2 12 1 om n = +1 (mod 8)
2 = (— (n®=1) _ ) ;
(n) (=1)s { —1, om n=+3 (mod 8). (62)

(g) (g) _ (=1)Fm-D1) (63)

Notera att denna sats generaliserar motsvarande fakta da m,n ar primtal.

(iii)

BEVIS : Som i boken, s.32. Man anviander féljande lemma,

Lemma : Om nq,...,ny ar udda tal, n = [[; n;, da ar

%(n —1) = ; %(nk —1) (mod 2). (64)

Bevis av lemma : Induktion pa k efter ett direkt bevis for £ = 2 med hjilp
av identiteten

ning — 1= (n1 — 1)(n2 — 1) + (n1 — 1) + (’n,g — 1).

Denna sats ger en effektiv algoritm for att berdkna Jacobi symboler (och
speciellt, Legendre symboler). Repeterad tillimpning av (63) och disivion

algoritmen reducerar berdkningen av (%), efter dndligt manga steg, till en

symbol av formen (;—11) eller (n%), som kan berdknas direkt med (61), resp.
(62).

Gauss summor
DEFINITION : Lat ¢ > 0, x en karaktdr modulo g. Summan

qg—1

G(x) = Y x(m)e’™m/e (65)

m=1

38



kallas for en GauB summa (modulo q).

Gauf summor, eller andliga summor av mer allmén ‘exponentiell typ’,
uppstar i manga olika sammanhang inom talteori. Vi skall se nigra exem-
pel sd smaningom. KExakta berdkningar av sidana summor &ar i stortsett
omojliga och man maste ndja sig med ganska bra uppskattningar. Men det
finns en viktig situation dar summan kan beriknas exakt, ndmligen nir q ar
ett primtal och x en kvadratisk karaktar modulo ¢, dvs en Legendre symbol.
Nu koncentrerar vi oss pa denna situation.

NOTATION : e,(m) := €>™™/4. Notera di att e,(m1 +ma) = eg(m1)eq(ma)-

Fixera nu ett udda primtal ¢q. Vi ar interesserade av att berdkna summan
q—1 m
G=Y (-) eq(m). (66)
m=1 q

Det visar sig vara mycket littare att i stillet berikna G2. Vi har
Proposition 24. Ldit G ges av (66). Da ar

o} g omgqg=1(mod4),
G" = { —q, om q =3 (mod 4). (67)

BEVIS : Se kap.2 av den utdelade stencilen fran Davenports bok [5].

Ekv. (67) racker for att skaffa ett alternativt bevis av Gauf’ reciprocitetslag
- se den utdelade stencilen fran Koblitz’ bok. Notera att den ger |G| = /g
och G sjalv upp till ett tecke. Men det finns tillimpningar - t.ex. i Dirichlets
bevis av sin sats om primtal i aritmetiska foljder - dar kunskapen av tecken
ar viktig, och detta visar sig faktiskt vara mycket svarare att reda ut. Det
ar har man kan anvanda lite fourieranalys. Resultatet ar

Sats 25 (Gauss/Dirichlet).

_ ) Vva, omq=1(mod4),
G_{i q, om q =3 (mod 4). (68)

BEVIs : Se kap.2 av samma, stencil fran Davenports bok.
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Lektion 9 (20/11/00)

Dirichlet’s theorem

In today’s class we began the proof of the following fantastic result :

Theorem (Dirichlet 1837). Let a,q > 0 with (a,q) = 1. Then there
are infinitely many primes p such that p = a (mod q). Moreover,

Y pl=+oo. (69)
p=a (Mod q)

Here I'm going to outline the main steps in the proof of this theorem. More
details can be found on the handout I gave from Davenport’s book.

Step 1. Some time around 1800, Euler gave an ‘analytic’ proof of Eu-
clid’s ancient theorem that there are infinitely many primes. More precisely,

he proved

Theorem 26. There are infinitely many primes and the sum of their recip-
rocals diverges.

PROOF : The starting point is the infinite product for the (-function (see
p.21), valid when Re(s) > 1, namely

¢s) =11 (1 _ i>_1 . (70)

P p
Taking log of both sides'® we get, for Re(s) > 1,

log (s Z log (1 — —) (71)

Next recall that the Taylor series for the log function, valid when |z| < 1, is

o0
—log(1—2) = Z

m=1

given by

. (72)

0At all times, unless otherwise stated, we are using the principal branch of the log
function.
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Substituting (72) into (71) we get, also for Re(s) > 1,

log((s) = 03— (73)

Now group the terms on the rhs into two groups, those with m = 1 and those
with m > 1. Note that we are changing the order of summation here, but
that is okay because the series is absolutely convergent when Re(s) > 1'1.

We obtain
log((s Zpis + Z Z

P m=2

mpms (74)
The idea now is to look at what happens when s — 17. The sum over m > 2
does not blow up - in fact, it’s value at s = 1 can easily be shown to be
less than, for example, 2¢(2) = 72/3. On the other hand, we all know from
envariabelanalys (use, say, the integral test) that ((s) — +oo as s — 17T.
This means that the lhs of (74) goes to infinity as s — 1*. It follows that
the same is true of the rhs, and hence that

lim prs = 0. (75)

s—1t

In particular, the sum must contain infinitely many terms (i.e.: there are
infinitely many primes) and 3" p ! diverges. This proves Theorem 26.

Step 2. Now enter Dirichlet. Theorem 26 is the case ¢ = a = 1 of his
theorem. For a fixed ¢ > 1 Dirichlet suggested to consider the L-series (see
p.24)

o0

n=1
where x is a Dirichlet character modulo gq. The series defines an analytic
function in the half-plane Re(s) > 1. It generalises the usual (-function,
since the latter corresponds to ¢ = 1 and x = xo, the trivial character.
These functions also have Euler products (p.28), namely

L(s,x) = H (1 — X(p))_l. (77)

p pS

Recall from envariabelanalys (or see p.42 of my notes on flervariabelanalys from last
year) that the sum of an absolutely convergent series is independent of the ordering of the
terms. This is not true for conditionally convergent series (Riemann’s theorem).
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As above, take log of both sides of (77) and expand the rhs in a Taylor series
to obtain, for Re(s) > 1,

log L(s, x) = Z i :’SZZS) (78)

P m=1

The difference between this and the previous situation is that now we are
only interested in those primes p = a (mod gq), for some a with (a,q) = 1.
So how do we isolate these primes in the sum (78) 7 The trick is to use the
following lemma (Dav. p.31, ekv. (4)) :

Lemma 27. Let a,n,q > 0 with (a,q) = (n,q) = 1. Then

0, otherwise,

3 X(a)x(n) = { o), in=almod 0, (g

where the sum is taken over all characters modulo q.

Proor : We'll talk about this on Wednesday. The thing to note is that
Lemma 27 is the ‘dual’ result to eq. (44) on p.28, i.e.: it’s the same result,
but applied to the dual group of (Z/qZ)* - see ex.6 of the supplementary
exercises.

From (78) and (79) we obtain, by a simple calculation,

1
@ZX:X( log L(s, x) = Z >

m=1 pm=¢4 (mod q)

1
mpms '

(80)

Here we'’re still assuming that Re(s) > 1, and the sum is taken over all
characters modulo ¢q. Next, as in the proof of Theorem 26, we split the
terms of the sum into two groups, those with m = 1 and those with m > 1.
We observe that the latter sum is bounded as s — 1 and conclude that

ZX )log L(s,x) = lim S pt+ 0. (81)

s_>1+ ¢ =a (mod q)

Dirichlet’s theorem is (as in the case of Theorem 26) precisely the statement

that the limit of the right-hand sum is +00. Hence we have reduced the
proof of the theorem to showing that

) log L( . 2
Jim s 2 x(@log (s, ) = +o0 (52)
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Step 3. If x = xo, the trivial character, then it’s easy to see that

L) =TT (1= ) - ¢Ge) (83)

plg

Since the product is finite and different from zero, and ((s) — +oo as
s — 11 it follows that also L(s,xo) — +oo as s — 1. Hence, (82) would
be proven if we could show that log L(s, x) were bounded, as s — 17, for
every x # Xo-

But we know (Sats 19, p.28) that if x # xg, then L(s,x) is analytic in
the range Re(s) > 0. In particular, L(s,x) is bounded as s — 1. Hence the
same is true of log L(s,x) UNLESS L(1,x) = 0. So we have reduced the
proof of Dirichlet’s theorem to showing the following :

Theorem 28. Let g > 1 and x be a non-trivial character modulo q. Then

L(1,x) #0. (84)

Step 4. All known proofs of Theorem 28 (as far as I know, anyway !) start
by dividing it into two cases.

DEFINITION : A character y is called complez if x(m) ¢ R for some m € Z.
Otherwise the character is called real.

Note that if x is real then x(m) = =£1 for all m. If the modulus ¢ is a
prime power, say ¢ = p"", then one easily shows that the only non-trivial
real character is the Legendre symbol x(m) = (%)

As suggested by the definition, we divide the proof of Theorem 28 according

as to whether y is real or complex. The easier part seems to be
Proposition 29. If x is complex then L(1,x) # 0.

PROOF : If x is any character modulo g, then so is ¥ defined by x(m) :=
Xx(m). The point is that, if x is complex, then x # x. Why is this

useful ? Well, suppose that L(1,x) = 0. Then L(1,%) = 0 also, since
L(s,x) = L(s, x) for all real s. Since L(s,x) and L(s, x) are analytic func-
tions in a neighbourhood of s = 1, it follows from elementary complex
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analysis that there exist functions A(s), B(s) analytic in a neighbourhood
U of s =1 so that

L(s,x) =(s—1)A(s) and L(s,x) =(s—1)B(s) forallseU. (85)

The proof of Proposition 29 now follows quickly from the following two re-
sults, the second of which is of sufficient interest in itself that we list it as a
theorem in its’ own right (we will also need it later in the treatment of real
characters) :

Lemma 30. If Re(s) > 1 then

LG, x) >1, (86)

X

where the product is taken over all characters modulo q.

Theorem 31. The (-function can be continued to a meromorphic func-
tion in the half-plane Re(s) > 0 which has a simple pole at s = 1 and no
other poles.

Before we prove these two results, let us see how they give Proposition
29. If L(1,x) = 0 for a complex x then, as shown above, the characters x
and ¥ together contribute at least a double zero at s =1 to the product on
the lhs of (86). But since the product is > 1 whenever s > 1 it must also be
> 1 in the limit as s — 17. This means that the remaining factors in the
left-hand product must contribute at least a double pole at s = 1. But the
factor L(s, xo) contributes only a simple pole, by (83) and Theorem 31, and
the remaining factors are bounded. This is a contradiction, and completes
the proof of Prop. 29.

PrROOF OF LEMMA 30 : One uses (80). The rhs of this equation is, at
the very least, real and positive for Re(s) > 1. Now put ¢ = 1, multiply
across by ¢(q) and finally exponentiate both sides to get (86).

PrOOF OF THEOREM 31 : The argument is classic and is given at the
bottom of p.32 of the handout. Note the use of Abel’s partial summation

formula at the outset.

Step 5. We have reduced Dirichlet’s theorem to proving
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Proposition 32. If x is real and non-trivial, then L(1,x) # 0.

This will be done next time.

Lektion 10 (22/11/00)

I denna lektion 16ste vi 6vningar fran den 1:a inlamningsuppgiften.
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Lektion 11 (24/11/00)

In this lecture we complete the proof of Dirichlet’s theorem by proving
Proposition 32'2. Dirichlet’s original proof has the benefit of being very
interesting but the disadvantage of being quite complicated. Below we give
his proof for prime moduli ¢ = 3 (mod 4). You should read my handouts for
proofs of the remaining cases - it won’t be examined ! Since Dirichlet’s time,
several ‘easier’, but uniformly less interesting, proofs have been proposed.
We will first of all present one such proof, due to de la Vallée Poussin (1896).
For yet another ‘easy’ proof see, for example, [6], Band I, s.93ff.

DE LA VALLEE POUSSIN’S PROOF : The proof is given on p.33-34 of the
handout. But I'll write it here anyway, with perhaps a few more details.
The proof is by contradiction. We thus assume that L(1,x) = 0, where x is
a fixed real, non-trivial character modulo ¢, for some ¢ > 0. One considers

12Those who have read my spiel on elliptic curves, buried amongst the solutions to
inldmningsuppgft 1, may be interested to know that there is a corresponding OPEN prob-
lem about the L-series attached to elliptic curves E/Q. As I stated there, the Euler
product defining L(E, s) can be shown directly to converge and give an analytic function
when Re(s) > 3/2. It is conjectured that, as in the case of ordinary Dirichlet L-functions,
L(E, s) has an analytic continuation to the whole s-plane, and furthermore that it satisfies
a functional equation relating the values at s and 2 — s. In fact, this conjecture is now
a theorem if one believes the recent complete proof of the Shimura-Taniyama conjecture,
since it has long been known that the conjecture holds for modular elliptic curves. In
any case, assuming the conjecture holds, we may investigate the value L(E,1). One of
the outstanding open problems in the theory of elliptic curves is the so-called Birch and
Swinnerton-Dyer conjecture. Before we state this, we have to explain another theorem :
Recall from my spiel that the set of points on any elliptic curve E has the structure of an
abelian group. Now suppose E is defined over Q and let F(Q) denote the set of points
(z,y) € E s.t. both x and y are rational numbers. One can show that E(Q) is a subgroup
of E - in fact, the same is true of E(K) for any extension field K of Q. A famous theorem
from the 1920s, the so-called Mordell-Weil theorem, asserts that F(Q) is always a finitely
generated group, hence isomorphic to the direct sum of a finite group and a finite number,
r say, of copies of Z. The number r is called the rank of E (by the way, a generalisation
of the Mordell-Weil theorem to abelian varieties of arbitrary dimension was proven by
Faltings in 1984, for which he won the Fields medal !). We are now in a position to state
a weak form of the Birch and Swinnerton-Dyer conjecture : it says that L(E, s) has a zero
at s = 1 of order equal to the rank of E (in particular L(E, 1) # 0 iff the group E(Q) is
finite). Note that this is more or less the complete opposite of the corresponding result for
Dirichlet L-series. Finally, we remark that a special case of the conjecture was established
by Wiles and Coates as part of the former’s doctoral thesis, and it was this result which
first established Wiles as a big name in number theory !
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the function
L(s, x)L(s, x0)
L(237 XO)

We claim that 1(s) is analytic in Re(s) > 1/2 and that 1(s) — 0 as s — %+.

To see this, first note that Sats 19(ii), eq. (83) and Theorem 31 guarantee
that 1(s) is at least meromorphic in the range Re(s) > 1/2. The only possi-
ble poles are at the poles of L(s, xo) and at the zeroes of L(2s, x¢). Theorem
31 implies that the former has only a single simple pole at s = 1, but by
assumption this is cancelled by the zero of L(1, x). From the Euler product
for the (-function, one sees directly that ((s) # 0 whenever Re(s) > 1 -
in fact, this property is equivalent to convergence of the product. Hence,
from (83), the function L(2s, xo) is never zero in the region Re(s) > 1/2.
This proves analyticity of 1(s) in this region!'®. That 1) — 0 as we approach
s = 1/2 follows from the fact that L(2s, xo) has a pole at s = 1/2.

P(s) := (87)

The next step is to restrict attention to the range Re(s) > 1, where we can
write each L-function as an Euler product. Note that all Euler factors cor-
responding to prime divisors p of g are equal to 1, because x(p) = xo(p) =0
for such primes. Thus we have

L(s,x) = [0 = x()p~*) ",

ptq
L(37X0) = H(]- _p—S)—l’
piq
L(2s,x0) = [[(1 —p7)~".
piq

Now we use the fact that the character x is real. This implies that x(p) = +1
for all primes p not dividing q. A direct calculation shows that, for any p
such that x(p) = —1, the Euler factor of ¢ at p is just 1, because the factors
coming from the three L-functions cancel each other out. We are thus left
with the factors for primes for which x(p) = 1, and another direct calculation
shows that

v = I 7o (Re(s) > 1) (58)
x(p)=1

13Note that, if the Riemann hypothesis were true, we would know that ¢(s) had no
zeroes for Re(s) > 1/2, hence that L(2s, x0) had no zeroes for Re(s) > 1/4, so that ¥(s)
would be analytic in this larger region.
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Using the binomial theorem in the form (1 —p~%)~! = 3%°_  »~™% we may
expand (88) in a Dirichlet series

TOEDD Z—j (Re(s) > 1). (89)

The only properties we will require of the coefficients a,, are that they are
all non-negative real numbers and that a; = 1. These are seen to hold by
direct inspection.

The next and final step is to use (89) to derive a contradiction to the fact
that ¢(s) > 0as s — %Jr. I won’t give the details because I don’t think any
are left out in the handout, except perhaps for the remark that Weierstra(3’
theorem allows us to differentiate (89) termwise at s = 24

DIRICHLET’S PROOF FOR PRIME MODULI : I followed exactly the proof
given on the handout, starting near the bottom of p.7. Observe that the

Y1f one examines (80) and (81) closely, then one can convince oneself that we have
actually proven a stronger form of Dirichlet’s theorem.

DEFINITION : Let A be a subset of the set of primes P. The (analytic) Dirichlet density
of A is defined as

1 1

— i L)/ (x —)

dp(A) le1 (Zp5>/<0gs—1 '
PEA

provided this limit exists. Then we’ve actually proved

Theorem 32.A Let a,q > 0 with (a,q) = 1. Let P, be the set of primes p = a (mod q).
Then dp(Pa) = 1/¢(q).

The definition of ‘density’ given above seems rather technical. A much simpler notion
is

DEFINITION : Let A C P. The natural density of A is given by

dn(A) = lim #{peA:p<n}

nsoo #{p € P :p<n}’

provided the limit exists. It can be proven that dy = dp for sets of the form P, above,
which is reassuring. In general, it can be shown that, for a set A of primes, dn (A) = dp(A)
whenever the former exists. However, there are (weird) sets .4 having a Dirichlet density
but not a natural density. An example is the set A of primes whose first decimal digit is
one ! See p.76 of Serre’s ‘A course in arithmetic’ for further comment.
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appearance of the Gauf sum G in the formula for L(1,x) in the middle of
p.8, together with the fact that L(1,x) is a real number (x being a real char-
acter), leads one, because of Sats 25, to distinguish the cases ¢ = 3 (mod 4)
and ¢ = 1 (mod 4). We only had time to finish discussing the former case.
Here, I just wish to note for the record two corollaries of the proof which are
very beautiful in themselves and for which to this day, as Davenport notes,
no proofs are known which avoid the use of L-functions. They are

Korollarium 33. If q is a prime, ¢ = 3 (mod 4), then

qf m (T) <0. (90)

m=1 q

Korollarium 34. If q is a prime, ¢ = 3 (mod 4), then there are more
q—1

quadratic residues than non-residues modulo q amongst the numbers 1,2, ..., 5=
REMARK : These two corollaries are amongst the oldest results concerning

a problem which to this day is the subject of much research, namely that

of the distribution of the quadratic residues modulo p, for a given prime
number p. Since even the precise formulation of some of these problems is
rather difficult, I will shy away from it, and content myself with mention-
ing a conjecture of Vinogradov which says that, for each € > 0 there esists
ne > 0 such that there exists a quadratic non-residue n < p¢ for all primes

p > ne. See supplementary exercise no. 7 for something much weaker.
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Lektion 12 (27/11/00)

Idag borjar vi studiet av kvadratiska ekvationer 6ver Z, dvs ekvationer av
formen

f(x1,.yzy) =0, (91)

dar f ar ett polynom av grad 2 med heltals koefficienter. Vi soker heltalslosningar
till (91).

For n =1 ar allting klart. Ekvationen
az? +br+c=0 (a#0) (92)

har 16sningar i C som ges av

—b+ Vb2 —4ac

r= 2a

(93)

Alltsa, har ekvationen en 16sning i Q omm b% — 4ac = d? ir en perfekt
kvadrat, och en l6sning i Z omm 2a | —b + dy. Antalet l6sningar i Z ar
da 0,1 eller 2.

For n = 2 blir situationen redan mycket mer komplicerad att analysera.
I den hér kursen ska vi koncentrera mest pa detta fall (for en mer allméin
diskussion kom till min doktorandkurs !).

Det var framfor allt Gauf som utvecklade en allmén teori for kvadratiska
ekvationer i tva variabler. Den storre delen av hans klassiskt arbete Dis-
quisitiones Arithmeticae handlar om denna teori. I var presentation ska vi,
till en borjan, folja Gauf, innan vi reformulerar vira resultat i mer modern
algebraisk talteoretiskt sprak.

Vi studerar da den allména kvadratiska ekvationen i tva variabler, dvs en
ekvation av formen

az® +bry +cy’ +dz +ey+ f =0, (94)

dar koefficienterna a,b,c,d,e, f € Z och (a,b,c) # (0,0,0). Polynom som
pa vinster sidan av (94) ska betecknas framover med f(z,y),g(z,y) mm.
Det ar ofta passande att anvinda en matris notation. Om vi later

(112 ne ()
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da kan (94) skrivas i formen
flzy) = f(X) = XTAX +¢"X + [ =0. (96)

For att simplificerar formen av ekvationen lite, betraktar man koordinat
bytningar av typen X — X' dar

<Z: ) =X':=UX+V, 3UeGLyQ),VeQ (97)

Om det(A) # 0 da kontrollerar man latt att transformationen U = I,v =
—3(AT)~1g skaffar en ekvation av formen

(', y") = az'? + ba'y' + cy'? = n. (98)

Har ar kanske n inte ett heltal, men da behover man bara klara ndmnarna.
Fallet det(A) = 0 ar speciellt. Har ser man, efter en kvadrat komplet-
tering (se (104) nedan), att det finns en koordinat bytning som tar (94) till

formen
2+ ey + f =0. (99)

Denna ekvation ar tamligen ointeressant eftersom det ar klart att det finns
tva heltalslosningar for varje 3 sa att —e'y’ — f' ar en perfekt kvadrat.

Alltsa, i fortsattningen ska vi dgna oss at att studera ekvationer av for-
men (98), dir b2 — 4ac # 0.

DEFINITION 1 : En funktion f : Z? — Z som ges av
f(z,y) = az® + bzy + cy®, a,b,c € Z, (100)

kallas for en (integral) binar kvadratisk form. I matris form, ges f av

) : (101)

DEFINITION 2 : Kvantiteten d := b — 4ac kallas for diskriminanten av
formen f. Notera att

O N

f(x) = xTAX, X:<z>, A:(

vl

df = —4det(Af). (102)
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Proposition 35. An integer d is the discriminant of some binary quadratic
form iff d =0 or 1 (mod 4).

PROOF : The definition of d immediately implies the necessity. For suf-
ficiency, it suffices to write down explicit forms, and we choose

z? — idyQ, if d =0 (mod 4),

22+ zy — 1(d—1)y?, ifd=1 (mod 4). (103)

The forms in (103) are called the principal forms.

DEFINITION 3 : En form kallas for degenererad om d = 0 ; annars kallas den
for icke-degenererad. En form med d < 0 kallas for definit : positiv definit i
fallet a > 0 och negativ definit i fallet a < 0. En form med d > 0 kallas for in-
definit. Slutligen, kallas formen for faktoriserbar om d ar en perfekt kvadrat.

Notera att f ar positiv definit omm — f ar negativ definit. D3 far vi strunta
i negativa former framover.

DEFINITION 4 : Lat n € Z. En form f sigs representeran om f(z,y) = n for
nagot (z,y) € Z2. En sadan representation av n kallas for egentlig (proper)
om ged(z,y) = 1.

Problemet av att 16sa (98) i heltalen kallas for representationsproblemet for
bindra kvadratiska former. Det dr det grundliggande problemet som mo-
tiverar alla idéerna som vi skall nu presentera.

Forst forklarar vi terminologin i Definition 3. Kvadratkomplettering i
(100) leder till uttrycket

4af(z,y) = (2az + by)? — dy?. (104)

D4 ser vi direkt att representationsproblemet dr tamligen ointeressant for
faktoriserbara former, eftersom det reducerar till att faktorisera 4an och
d4 att 16sa par av simultana LINJARA ekvationer. I fortsdttningen, alltsa,
antar vi alltid foljande

‘f ar en kvadratisk form wvars diskriminant d inte dr em perfekt kvadrat,
och om d < 0 dd ar f positiv definit’.
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Nu leder (104) direkt till f6ljande resultat som forklarar var
terminologi :

Proposition 36. (i) f positiv definit < f representerar bara positiva tal.
(ii) [ indefinit < f representerar bade positiva och negativa tal.

Gaupf’ approach to the representation problem can be divided up into the
following main steps :

STEP 1 : Divide up all the forms according to their discriminant.

STEP 2 : Define an equivalence relation on the set of forms of a given
discriminant so that equivalent forms need not be distinguished as regards
the representation problem, i.e.: equivalent forms represent (properly) the
same integers and there is a canonical 1-1 correspondence between their
(proper) representations of a given integer.

STEP 3 : Show that the number of equivalence classes for a given dis-
criminant is finite and that each class contains at least one ‘nice’ form.

STEP 4 : Find a formula for the total number of representations of an
integer by a representative collection of forms of a given discriminant.

We shall carry out this program. But first, some remarks are in order :

1. The process described in Steps 2-3 is called reduction theory. It turns out
that a satisfactory reduction theory is far easier to obtain for definite forms
than for indefinite forms. We will only present detailed proofs of the results
in the former case. In both cases, the theory gives an algorithm for deciding
whether two forms of a given discriminant are equivalent. The procedure is
simpler in the definite case.

2. With regard to Step 4, the formula in question will be seen to be quite
simple and elegant. In the case of indefinite froms, where any given integer
may have infinitely many representations as we’ll see below, the formula
counts representations of a certain type, called primary. It is important to
note that there seems to be no such simple formula for the number of (pri-
mary) representations of an integer by a single form of a given discriminant.
However, we will see that there exist, in principle, algorithms for deciding
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whether (98) has a solution, and for counting the number of (primary) so-
lutions. For definite forms, this is in fact a trivial result, since f(z,y) = n
implies that = and y are bounded explicitly. But for indefinite forms, this is
not the case and something more clever must be done. Also, the algorithms
for definite forms got by explicitly bounding z,y are obviously very slow.
Finally, we observe that our algorithms here will in turn depend on those
for deciding equivalence of forms, as just mentioned above.

DEFINITION : The binary quadratic forms f and f’ are said to be equiv-
alent, denoted f ~ f', if there exists a matrix M € SLy(Z) such that

MTAM = Ay (105)

It is readily checked that (105) does indeed define an equivalence relation
on the set of all binary forms, and that equivalent forms have the same dis-
criminant. The importance of the relation relies in the following fact :

Proposition 37. If f ~ f', then for each integer n, there is a 1-1 cor-
respondence between the (proper) representations of n by f and f'.

It is convenient to write down, once and for all, the explicit relationship
between the coefficients of equivalent forms. If f = {a,b,c}, f' = {d', ¥, '}

and M = ( 1; Z > is a matrix taking f to f’, then (105) gives

a' = f(p,r) = ap® + bpr + cr?,
/

d = f(q,5) = ag® + bgs + cs?,
b = 2apq + b(ps + qr) + 2crs. (106)
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Lektion 13 (29/11/00)

Reduction theory

DEFINITION : The form {a,b,c} is said to be reduced if either
—lal <b<la| <] or 0<b<|a| =]¢|. (107)
The main result of reduction theory is

Theorem 37 (Lagrange/Gauss). (i) Every binary form is equivalent
to a reduced form.

(ii) There are only finitely many reduced forms of a given discriminant.
(iii) Every positive definite form is equivalent to precisely one reduced form.

PROOF : A condensed version of the proof we gave in class is found on
ps. 36-7 of Baker’s book.

IMPORTANT REMARK 1 : The proof of (i) gives an algorithm for produc-
ing a reduced form equivalent to a given form (in class I considered the
example of the form f(z,y) = 2222 — 108zy + 133y2, which I reduced to
the form f'(z,y) = 2x2 + 5y?). Because of (iii) this gives, in the case of
positive definite forms, an algorithm for deciding whether two given forms
are equivalent.

However, for indefinite forms, things get much more complicated. It can
happen that a single equivalence class of indefinite forms contains more than
one reduced member. In particular, the above algorithm for deciding equiv-
alence of forms does not work in general. In fact, one needs a whole new
(and rather different !) reduction theory in order to be able to find such an
algorithm!5.

15We will not have time to describe this theory, but here are the main results. For
detailed proofs, see my handout from Zagier’s book, ‘Zetafunktionen und quadratische
Korper’.

In this new theory, a form {a,b, c} is called reduced if a > 0,¢ > 0 and a + ¢ < b. We
consider a special type of transformation (105). If f is the form {a,b,c}, set n = [%ﬁ
and define T'(f) to be the form obtained by transforming, as in (105), with the matrix

M, = ( _nl (1) ) Then the main result of the theory is

Theorem. (i) The number of reduced forms of a given discriminant is finite.
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IMPORTANT REMARK 2 : Motivated by Theorem 38, we define H(d) to
be the number of equivalence classes of binary forms of discriminant d. The
theorem says that H(d) is finite, and because of the principal forms, we con-
clude that H(d) is a non-zero positive integer. For positive definite forms,
part (iii) of the theorem implies that, in order to compute H(d), it suffices
to compute the number of reduced forms of discriminant d. This can be
done because, from (107) and the equation d = b? — 4ac, we can easily de-
rive explicit bounds for the coefficients of a reduced form of discriminant d,
namely

0 < |a] <4/—d/3, for a reduced definite form,
0 < |a| <4/d/4, for a reduced indefinite form. (108)

For indefinite forms, this procedure only gives, in general, an upper bound
for H(d). One of the classical results of algebraic number theory is

Theorem 39 (Baker/Stark 1966.)'6 There are only finitely many d < 0
for which H(d) =1, and these are given explicitly by
d=—3,—4,—7 —8 —11,—19, —43, —67, —163.

Likewise, one of the outstanding open problems in algebraic number the-
ory is

Open problem. Do there exist infinitely many d > 0 for which
H(d)=17?

(ii) For any given form f, there exists a positive integer k, depending on f, such that
T*(f) is reduced.

(iii) The operator T maps reduced forms to reduced forms.

(iv) Every equivalence class of reduced forms is acted upon transitively by T.

Note that the theorem does not say that each class of forms contains a unique reduced
form (this is false !), hence does not provide an algorithm for computing class numbers
(see important remark no. 2 above). On the other hand, it is easy to see that (ii),(iii) and
(iv) give an algorithm for deciding equivalence of any 2 given forms.

'6This result is usually phrased in terms of which imaginary quadratic number fields
have unique factorisation. We will explain what this means later. Likewise, the open
problem following Theorem 39 is usually phrased in terms of unique factorisation for real
quadratic fields.
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Lektion 14 (01/12/00)

DEFINITION : En matris M € SLy(Z) sags vara en automorfism av formen
f om

MTA;M = Ay (109)
Notera att automorfismerna av f utgér en delGRUPP av SLy(Z). Denna
grupp betecknas Aut(f). Ordningen av gruppen betecknas med w(f).

Proposition 40. (i) Om X € Z% och M € Aut(f), dd dr
f(MX) = f(X). (110)

(ii) Om f ~ g, och P Gr en matris si att PTAsP = A,, dd har vi en 1-1
korrespondens
Aut(f) <  Aut(g)

M + P'MP (111)

Notera att del (i) av propositionen siger att nir vi rdknar antalet repre-
sentationer av ett heltal n med f, s mdiste vi inte glomma automorfiska
representationer.

Del (ii) av propositonen siger att ekvivalenta former har samma antalet
automorfismer.
Det viktiga begreppet for att studera automorfism fragan ar

DEFINITION : En form f = {a,b, ¢} kallas for primitiv om ged(a, b, c) = 1.

Proposition 41. Lat f = {a,b,c} vara en form med gcd(a,b,c) =r. Da ar
formen f' ={a/r,b/r,c/r} primitiv och Aut(f) = Aut(f").

BEvis : Klart.
Denna proposition reducerar berdkningen av automorfismgrupper till den
for primitiva former. Det visar sig nu att automorfismgrupperna av primi-

tiva former kan beskrivas helt explicit. Vi har

Sats 42. Lat f = {a,b, c} vara en primitiv form av diskriminant d. Da bestdr
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Aut(f) precist av alla matriser

Lt —bu —cu
M= ( 2(taub ) S(t+ bu) )’ (112)

dir (t,u) € Z% ar en losning av ekvationen
t? — du® = 4. (113)
BEVIS : Satz 202 i Landaus bok (se utdelad stencil).

Ekvation (113) kallas for Pells ekvation. I fallet d < 0 kan l6sningarna
ses direkt, och de ar

(£2,0), (0,£1), om d = —4,
(£2,0),£(1,1), £(1,~1), omd = —3, (114)
(£2,0), annars.

Da foljer det fran Sats 42 att

Korollarium 43. Ldt f = {a,b,c} vara en primitiv positiv definit form
av diskriminant d < 0. Da har vi att

AUt(f) = {:I:Ml’ :*:MQ}7 ’U)(f) = 4; om d = _41
Aut(f) = {£My,+ M3, £M3Z}, w(f) =6, omd= -3, (115)
Aut(f) = {xM1}, w(f)=2, annars,

=g 1) wm=( % g) (97 )

For indefinita former, ar liget mycket mer interessant. Man far foljande
resultat

dar

Sats 44. (i) (LAGRANGE 1768) Lat d vara ett positivt heltal som inte ar en
perfekt kvadrat. Da har Pells ekvation (113) odndligt mdanga losningar. Om
(to,up) dr den losning med to,ug > 0 och ug minimal, dd ges alla losningar
av

%(t +uVd) =+ [%(to + uo\/g)]ma (117)
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dar m € 7.

(i) (GAUSS) Om f dr en primitiv form av diskriminant d, da dr w(f) = oo
och Aut(f) 2 Z, en odndlig cyklisk grupp.

BEevis : Kommer senare. Nufortiden, genomfors beviset bist i sattningen
av algebraiska talkropper. Naturligtvis kan man undvika denna teori, som
Lagrange tvingades gora - for en sadan synvinkel, se t.ex. Landaus Vor-
lesungen, Satz 111.

Vi vill sdga lite mer om primitiva former innan vi gar vidare.
Proposition 45. Om f dr primitiv och f ~ g, da dr g ocksa primitiv.

DEFINITION : Vi betecknar med h(d) antalet ekvivalens klasser av primitiva
former av diskriminant d. Notera att detta dr vil-definierad enligt Prop. 45.

DEFINITION : Ett heltal d = 0 eller 1 (mod 4) kallas for en fundamental
diskriminant om varje form av diskriminant d ar primitiv.

Proposition 46. Lat d =0 eller 1 (mod 4).
(i) H(d) = h(d) < d dr en fundamental diskriminant.

(ii)
d
Hd) = h{—=]. (118)
> (%)

(iii) d ar en fundamental diskriminant omm

d ar kvadratfri, om d =1 (mod 4),

d/4 dr kvadratfri och = 2 eller 3 (mod 4), om d =0 (mod 4). (119)

BEevis : (i) foljer direkt fran definitionen av en fundamental diskriminant.
For (ii) och (iii) se supplementér 6vning nr. 12.

Representationsproblemet

We now finally come to what we’ve really been building up to all this time,
namely the analysis of the equation

f(z,y) = az® + bay + cy® = n, (120)
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where everything in sight is an integer. Any such problem has both a the-
oretical and a practical aspect. From the theoretical viewpoint, one seeks
some ‘nice formulas’ for the numbers R(n, f) of solutions to (120). From
the practical viewpoint, one is interested in having fast algorithms for com-
puting all solutions explicitly'”. Obviously, these two issues are inextricably
linked.

Keeping in mind what people have actually succeeded in doing with the
problem, we will follow the following program :

STEP 1 : As we’ve described earlier, the problem is uninteresting when
the discriminant d is a perfect square. So we’ll alawys assume this is not
the case. Also, we lose nothing, in the case d < 0, by assuming that f is
positive definite, i.e.: that a,c > 0.

STEP 2 : Right at the outest, a clear distinction presents itself between
the definite and indefinite cases. In the former case, the number R(n, f)
is always finite, and the coefficients (z,y) of a representation are explicitly

bounded by
ja < \Jane/ldl, Iyl < \/Ana/ld. (121)

These bounds follow easily from completion of squares, as in (104). Note that
we hereby immediately obtain a (slow) algorithm for finding all solutions of
(120) in the definite case - just check all pairs z, y up to the bounds in (121).

In the indefinite case, it follows immediately from Sats 44 that R(n, f) is
always either 0 or co. That is, each solution gives rise to an infinity of others
by the application of the automorphisms of the form (see Prop. 40). It turns
out that there is a fairly natural way of selecting, from each such infinite set
of automorphic representations, one which is called primary. The number
of primary representations then turns out to be finite, and we adopt the no-
tation R(n, f) for this number instead. The remarkable and wonderful fact
is that, with this new convention, the indefinite and definite cases become
‘unified’ : more precisely we get explicit formulas valid in both cases (see
Step 3).

With regard to the algorithmic question of finding explicit (primary)
representations, it should not surprise you that this reduces to finding gen-

'"The results we present in this course will only be to the extent of showing that algo-
rithms exist. I have no idea what the state of the art is in regard to ‘fast’ algorithms, and
hence will make no attempt to go into this matter.
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erating solutions of Pell’s equation. This is an instance of a problem in
Diophantine approximation theory, and so we’ll be lead to roam into this
area. However, this will be postponed until the very end of the course, after
we have done some algebraic number theory.

STEP 3 : It is convenient to first of all count proper representations. The
number of proper representations of n by f is denoted r(n, f), with the
extra condition that the representations be primary in the indefinite case.
Observe that

R(n,f) =S (5.5). (122

t2|n

We now come to the crucial point :

As indicated in Step 2, there are algorithms for computing the numbers
r(n, f), for any given n and f. However, there seems to be NO SIMPLE
FORMULAS for them. But if we sum over the forms of a fixed discrimi-
nant, then we get REALLY NICE formulas. More precisely, define, for each
discriminant d,

Rd(n) = Z R(na f)a 'rd(n) = Zr(na .f)? (123)
f f

where the sum runs over a representative set of forms of discriminant d, one
from each equivalence class. By Prop. 37, the sums are then well-defined.
The number r4(n) can be expressed in terms of the number of solutions to
a certain quadratic congruence (Theorems 47,50 and 51 below). But solving
quadratic congruences is a relatively simple matter, as discussed earlier in
this course (see, in particular, Prop. 22). In particular, this already takes
care of the algorithmic issues. The resulting ‘formulas’ are simplest in the
case when d is a fundamental discriminant (basically, this is because all
forms of discriminant d then have the same number of automorphisms - see
Korollarium 43) and (n,d) = 1. The central result, Theorem 53, is due
to Dirichlet. Dirichlet was led to this result by a rather circuitous route,
during his investigations concerning his theorem on arithmetic progressions.
Theorem 53 was his starting point for the proof of his so-called class number
formula, which relates the class number h(d) of a fundamental sicriminant
d, to the value L(1,x) of the L-function of some real character xy modulo
d. The formula implies, in particular, that L(1,x) # 0, which you will
remember was an essential ingredient in the proof of Dirichlet’s theorem.
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From a deeper, historical perspective, the class number formula is the
starting point of two important theories :

(a) the analytic theory of number fields. Dirichlet’s formula can be for-
mulated in terms of quadratic number fields, and is then a special case of a
class number formula valid for all number fields, which was first discovered
by Hecke in the early 20th century. The basic analytical ingredient here is
the notion of the (-function of a number field. Since Hecke, there has been
an explosion of research into exploring the connections between analytic and
algebraic aspects of number theory which, on the analytical side, usually re-
lies on being able to extend the notion of a (-function to the particular realm
of interest - the case of elliptic curves (see solutions to inlmningsuppgift
nr. 1) being an excellent example.

(b) the analytic theory of quadratic forms. The state of the art in this
area are the works of Siegel, from the 1930s and 40s, culminating in a for-
mula which expresses the number of representations (in the indefinite case,
something generalising primary representations) of an integer n by a rep-
resentative set of forms () in a given genus as an infinite product of terms
over the primes (including infinity), each of which can be computed. This
formula applies to quadratic forms in any number of variables. Come to my
doktorandkurs if you want to learn more about this !

Representationsproblemet : the results !!

First, let’s give the basic connection between proper representations and
quadratic congruences :

Theorem 47. The number n is properly represented by some binary quadratic
form of discriminant d iff the congruence

h% = d (mod 4n) (124)
s solvable.

PROOF : As in Baker, p.37-8.
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APPENDIX 1

Positive definite binary quadratic forms over R and linear
fractional transformations

LINEAR FRACTIONAL TRANSFORMATIONS

DEFINITION 1 : Let M € SLy(R), say M = f Z ) Let H={z€C:
Im(z) > 0}. The map ~ypr : H — H defined by

_pz+tq

125
rz+ 8 ( )

Y (2)
is called a linear fractional transformation (of H).

It is well-known (and proven in every complex analysis course) that every
holomorphic automorphism of H is given by a linear fractional transforma-
tion.

DEFINITION 2 : Let G be a group which is also a topological space. If
the maps

u:GXG—)Gad i G - @G
g (z,y) — oy . i oz o ozl

are continuous (where G x G has the product topology), then G is called a
topological group.

DEFINITION 3 : A topological group G is said to act (continuously) on
a topological space S if there is a continuous map

GxS —» S
(g,8) + gs

(where G x S has the product topology) with the following properties :

(I)Vg,h€eG,VseS, gh(s)=glh(s)]
(II)VseS, es=s.
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Proposition 1. Definition 1 defines a continuous action of SL2(R)
on H.

DEFINITION 4 : Let G act on S. For a point s € S, the set
Gs:={gs:g € G} (126)

is called the G-orbit of s. Clearly, S is the disjoint union of its’ G-orbits.
Points in the same orbit are said to be G-equivalent. If there is just one
G-orbit, we say that G acts transitively on S.

Proposition 2. SLy(R) acts transitively on H.

DEFINITION 5 : A subgroup I' of a topological group G is called a dis-
crete subgroup if the induced topology of I is discrete.

Proposition 3. I'(1) := SLy(Z) is a discrete subgroup of SLy(R).

DEFINITION 6 : Let G act on S as before. A subset F C S is called a
fundamental domain for the action of G if

(i) F is a connected Borel subset of S.
(ii) No two points of F are G-equivalent.
(iii) Every point of S is equivalent to some point in the closure of F.

Theorem 4. (i) Every discrete subgroup of SLa(R) has a fundamental
domain in H.
(ii) A fundamental domain for T'(1) is given explicitly by
1 1
f:{zEH:|z|>1and —§§Re(z)<§} U
1

{zEH:|z|=1and—§§Re(z)§0}. (127)

DEFINITION 7 : Let G act on S as before. Let s € S. The subgroup G of

G given by
Gs:={g€G:gs=s} (128)

is called the isotropy group of s.
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Theorem 5. Let z € H and I' =T'(1). Then

r,= {:I:Ml,:l:MQ}, |Fz‘ =4, ifzeli,
T, ={+M;,£M3, £ M2}, |T,|=6, ifz¢€Tlp, (129)
I, ={xM}, |I',|=2, otherwise,
where
; 10 0 1 0 —1
et 271-1/3 = et et

POSITIVE DEFINITE BINARY QUADRATIC FORMS

We consider quadratic forms with REAL coefficients !!!!

Let f = {a,b,c} be a positive definite binary quadratic form of discrimi-
nant d < 0. We associate to f the point zy € H given by

b+ Vd

2 o (131)

Then the basic results of the reduction theory of positive definite forms can
be phrased as follows

Theorem 6. Fiz an integer d < 0.

(i) Eq. (131) describes a 1-1 correspondence between positive-definite bi-
nary forms over R of discriminant d and points of H.

(i) If M € T(1), then zp(py = Mzg, where M(f) is the form with ma-
triz Apr(p) = M7TA;M, and Mz is the point of H given by (125). In
particular, the group Aut(f) is isomorphic to the isotropy subgroup of zj.

(iii) Forms f and g are equivalent iff z; and zg4 lie in the same I'(1)-orbit
in H.

(iv) A form f is reduced in the sense of (107) iff the point zy lies in the
fundamental domain (127).
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(v) The point i € F corresponds to the reduced form f_4 with b= 0,a = c =
tV/—d. Hence, Aut(f-4) = {+M1,£+M>} and w(f-4) = 4.

(vi) The point p € F corresponds to the reduced form f_3 with a = b =
c=+/—d/3. Hence, Aut(f_3) = {+My,+M3,+M2} and w(f—3) = 6.

(vii) If the reduced form f corresponds to any other point of F, then Aut(f) =
{£M;} and w(f) =2.

REFERENCES

For proofs of most of the results listed here, see for example my handout
from the book ‘Topics in number theory, Vol. 1I’, by W.J. LeVeque. For a
(much !) more advanced discussion of the action of SLy(R) and its’ discrete
subgroups on H, and its’ importance in number theory, see for example the
book ‘Intorduction to the arithmetic theory of automorphic functions’, by
G. Shimura.

67



Lektion 15 (04/12/00)

Vi borjar med en tillimpning av Sats 47.

Proposition 48. (i) Lat p vara ett udda primtal. Da finns det en form
av diskriminant d som representerar p omm antingen 4p|d eller (g) = 1.

(ii) Ldt p vara ett udda primtal. Dd har ekvationen x> —2y®> = p en losning
(z,y) € Z% omm p = +1 (mod 8).

BEevIs : (i) Enligt Sats 47, finns det en form av diskriminant d som rep-
resenterar p omm kongruensen h? = d (mod 4p) ir 16sbar. Om 4p | d da &r
h =0 en 16sning. Annars finns det en l6sning omm d ar en kvadrat modulo
4p < d ar en kvadrat modulo p (Prop. 22) & (g) =1.

(ii) Formen z? — 2y? har diskriminant 8 och m.h.a. (107), (108) visar
man latt att den ar den unika reducerade formen av diskriminant 8. Enligt
Sats 37 finns det da precis en klass av former av diskriminant 8, sa att i
detta fall Sats 47 och del (i) antyder att 22 — 2y? representerar udda prim-
talet p omm antingen 4p | 8, som ar omdjligt, eller (%) =1l (12—)) =1l
p = £1 (mod 8), enligt Sats (ii), s.38.

Under resten av lektionen, koncentrerar vi pa representationsproblemet for
positiv definita former. Vi skall indikera hur resultaten kan utvidgas till
det indefinita fallet (dar man betraktar bara priméra representationer) och
referera till Landaus Vorlesungen for bevis, och till och med for definitionen
av en primar representation, som ar lite kranglig.

Det forsta malet ar att ge en mer precis version av Sats 47.

NOTATION : Lit d < 0,n > 0. Lit h € Z satisfiera h2 = d (mod 4n),
sig h? = d + 4nk. Den kvadratiska formen nz? + hzy + ky? ska betcknas
med fy, 5. Notera att d(fy ) = d.

Lemma 49. Lat f,g vara ekvivalenta bindra former. Da finns det pre-
cist w(f) matriser M € SLy(Z) sd att MTA;M = A,.

Bevis : Eftersom f ~ g, finns det minst en matris IV sa att NTAfN = Ay.
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Om Ny, Ny ér tva sidana matriser, sitt M = N;N, ! och kontrollera att
MTA;M = Ay, dvs att M € Aut(f). Dirfor, {MN : M € Aut(f)} ar
méngden av alla matriser som tar f till g. Denna mingd har w(f) element.

Sats 50. Lat f = {a,b,c} wara en positiv definit form av diskriminant
d<0. Latn > 0. Satt

Hf(n)dzef#{h :0< h<2n, h2=d (mod 4n), fon~ f}. (132)
Da ar

r(n, f) = w(f)Hy(n). (133)
BEevis : Lat X vara méngden av alla former f, ; sa att h satisfierar vil-
lkoren i definitionen av Hy(n). Denna méngd innehaller d& Hy(n) former.
Enligt Lemma 49 finns det, for varje form f,; € X, precis w(f) matriser
M € SLy(Z) som tar f till f, 5. Da finns det totalt w(f)H (n) matriser som
tar f till ndgon form i X. Lit mangden av dessa matriser betecknas med
Y. For att bevisa (133), riacker det nu att etablera an 1-1 korrespondens

mellan matriserna i Y och egentliga representationer av n med f.

= Forst, vilj M € Y, sig M = ( g g ) Lat M(f) = fap = na? +
hzy + ky?. Fran transformationsformlerna (106) ser vi att

fle, B) =n. (134)

Eftersom det(M) = 1 maste ged(a, 8) = 1, sa att (134) dr en egentlig rep-
resentation av n med f.

< Vi maste visa att ovanstdende korrespondensen har en invers, dvs vi
maéste bevisa foljande :

PASTAENDE : Lat f(z,y) = n vara en egentlig representation av n med

r *

f. Da finns det en unik matris M = . ) € SLy(Z) saatt M €Y.

For att bevisa detta, forst betrakta pa hur manga olika siatt en matris med
forsta kolonn z kan kompletteras till ett element av SLs(Z). Euclids

algoritm antyder att det finns minst ett sitt, dvs att det finns minst ett par
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(u,v) av heltal sa att zu —yv = 1. Lat (u,v) vara ett annat sadant par.
D4 har vi att

Tu —yv =1,
zu—yv = 1.

Subtraktion ger z(@ —u) = y(v —v). Men ged(z,y) = 1, sa det maste finnas
teZsiatt u—u=1ty, v —v=tx.

Alltsa ges alla matriser i SLo(Z) med forsta kolonn ( z ) av My =

r v+itr .
(y u_'_ty),dartEZ.

Nu sédger pastaendet att det finns precist ett ¢ sa att M; € Y.

Vi har redan sett i beviset av Sats 47 i fredags att varje matris M, tar f till
en form av typen nz? + hzy + ky?, dir h? = d (mod 4n), och h? = d + 4nk.
Malet nu ar att bevisa att det finns ett unikt ¢ sa att denna h ocksa satisfierar
villkoret 0 < h < 2n.

Fran transformationsformlerna (106) far vi att

h  =2az(v+tz) + blz(u + ty) + y(v + tz)] + 2cy(u + ty)
= 2t(az?® + bzy + cy?) + (2azv + bru + byv + 2cyu)
= 2tf($, y) + K
= 2nt + K,

dar konstanten K ar oberoende av t. Da ser vi att det finns ett unikt ¢ sa att
0< h<2n, q.e.d.

ANMARKNING 1 : Om f ar en primitiv, indefinit form av diskriminant
d > 0, da stimmer (133) fortfarande om vi tar w(f) = 1. Se Vorlesungen,
Satz 203, for ett bevis.

ANMARKNING 2 : Ekv. (133) ger en ny algoritm for att berdkna r(n, f).
Forst, berdknar man w(f), som &r latt pga Prop. 41 och Korollarium 43.
D4 16sar man kongruensen h? = d (mod 4n), och for varje 16sning kon-
trollerar om fy, , ~ f. Man anvander reduktionsteorin for denna sista del.
Notera att samma algoritm funkar i det indefinita fallet, &ven om reduktion-
steorin ar ganska mer komplicerad.
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Det foljer direkt fran (133) att

ra(n) =) _w(f)H¢(n), (135)

dar summan ar 6ver en mangd av representanter for ekvivalensklasserna av
former av diskriminant d. Eftersom )  Hy(n) &r antalet 16sningar till en
kvadratisk kongruens, misstinker man att det borde finnas en snygg formel
for r4(n) om w(f) dr en konstant i summan (135). Fran Korollarium 43 ser
vi att det r si, t.ex. nir d ar en fundamental diskriminant'®. D& har vi
bevisat

Sats 51. Lat d < 0 vara en fundamental diskriminant. Da ar

rd(n) = wNy(n), (136)
dar
2, omd< —4,
w=< 4, omd=—4, (137)
6, omd= —3,
och
Ny(n) = #{h : h* = d (mod 4n), 0 < h < 2n}. (138)

ANMARKNING : Resultatet géller fortfarande for d > 0, om vi tar w = 1.

Vi har ett steg kvar i var historia, namligen att fi en formel for Ny(n),
nér (n,d) = 1, i termer av sa kallade Kronecker symboler (se utdelad stencil
- Satz 97 von Vorlesungen). Denna formel var startpunkten for Dirichlet i
beviset av hans berémda klasstals formel (se utdelad stencil fran Davenports
bok). Detaljerna kommer pa onsdag.

18F6r en komplett karakterisering av vilka d satisfierar denna egenskap, se supplementir
ovning nr. 13.

71



Lektion 16 (06/12/00)

First, we wish to describe an extension of the Jacobi symbol (%) to arbi-
trary n > 0. We will assume at all times that d = 0 or 1 (mod 4) and is not
a perfect square'®. We then define (g) in several steps as follows :

Step 1: (g) := 0 if the prime p|d.
Step 2 : For odd d,

(g) _[1, ifd=1(mod8),
2) 7 | -1, ifd=5 (mod 8).

Observe that (%) equals the Jacobi symbol (&) This follows from Sats,
p-38.

Step 3 : For an odd prime p, (%) := Legendre symbol.

Step 4 : For a general n = []; p;", we set
d d\%
(—) = ][ (-) : (139)
n S \pi

REMARK : For a given d, the function x(n) := (%) is a real character mod-
ulo d20.

190bviously, the reason for doing this is because we’ll be interested in applications to
quadratic forms, in which case d will be the discriminant of the form. In principle, the
definitions we give make perfectly good sense for all d € Z. However, there seems to be
no application for the remaining d. See also the next footnote.

20A character ¥ modulo d is called primitive if there does not exist a proper divisor d;
of d and a character x1 modulo di such that x(n) = x1(n) for all n prime to d. One also
says that y is not an induced character. It can be shown (see, for example, Chapter 5 of
Davenport) that a real primitive character exists to the modulus d iff d is a fundamental
discriminant, and that all such characters are given by the Kronecker symbols (%) Recall
now that, in the proof of Dirichlet’s theorem, one reduces to showing that L(1,x) # 0 for
real characters x. In Dirichlet’s original proof he first reduces further to real, primitive
characters (this is easy), in other words, to Kronecker symbols. He then shows that
L(1,x) # 0 for such characters, by relating the value of L(1) to the class number hA(d).
This is his so-called class number formula, given below in (143).
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Lemma 52. Let d = 0 or 1 (mod 4), not a perfect square, and n > 0
with (n,d) = 1. Then the number Ny(n), as defined in (138), is given by

d
Ny(n) = > (E) : (140)

m|n, M squarefree

BEVIS : Satz 97, Vorlesungen (see handout).
From Sats 51, Lemma 52 and (122) we immediately get

Theorem 53 (Dirichlet). Let n > 0, and d be a fundamental discrim-
inant with (n,d) = 1. Then

ra(n) = w > (%) : (141)

mln, m squarefree

and
=w —
R4(n) E|n ( ) , (142)

where w = 2,4,6,1 according as d < —4,d = —4,d = —3,d > 0 respectively.

REMARK : Formula (142) was the starting point for Dirichlet’s proof of
his class number formula (see handout no. 10). The formula says that

(143)

DLL(1,y), ifd>0,

h(d) = { w2—\{rmL(1aX)a ifd <0,

where d is a fundamental discriminant, y is the character (%) and ¢ =

%[to + ugV/d] is a fundamental solution of Pell’s equation. Note that the
formula immediately implies that L(1,x) > 0.

ADDITIONAL REMARK : Nowadays, (143) is recognised as a special case
of a general class-number formula in algebraic number theory. Let K be a
number field. Then the formula says that

_ 21 (2m)R
==V

Here h, R,d are the class number, requlator and discriminant of K resp., 1
(resp. 2r) is the number of real (resp. complex) imbeddings of K, w is the

h Res;—1(k (s)- (144)
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number of roots of unity in K and (x is the Dedekind (-function of K. This
last object is defined, for Re(s) > 1, as

(s) = ¥ e (145)

a

where a is an ideal in O and N : K — Q is the norm map. By the end of
the course, you will hopefully understand what all these things mean ! Note
that, if K = Q, then (x = ¢, the ordinary Riemann zeta-function?'.

QUADRATIC FORMS IN MORE THAN TWO VARIABLES

The general theory of quadratic forms over Z is very hard. Over Q however,
things are pretty much understood (here the problem of counting represen-
tations is rather meaningless, but there is still an existence question, coupled
with the problem of classifying forms up to equivalence). The methods in
this latter case are algebraic. The classic Hasse-Minkowski theorem essen-
tially reduces the study of forms over Q to the study of quadratic congru-
ences. The methods carry over in part to arbitrary fields, and the recently
proved Milnor conjecture (1996 ?) describes this procedure precisely (it is
rather abstract). Over Z, we only get partial analogues of these results.
These are most satisfying in the case of indefinite forms. The representa-
tion problem, though very hard, has essentially been solved by Siegel. But
the problem of classification, for positive definite forms, remains an active

2Tn this course, we will not have time to discuss the analytic theory of the Riemann
¢-function and its’ generalisations. OK, we did a little analysis in proving Dirichlet’s
theorem, but that’s just the beginning ! That one can really do full-blooded complex
analysis with ¢ follows from the facts, first proven by Riemann, that ¢ has a meromorphic
continuation to the whole s-plane and satisfies a functional eq. relating the values at
s and 1 — s - see (6). These facts lead to the prime number theorem. They can be
generalised to Dirichlet L-functions (for primitive characters) : this was done by Hurwitz
(1872) for quadratic characters and in full by de la Vallée Poussin (1896). Hecke was the
first (1910s) to extend these facts to L-functions for general number fields, in particular to
the Dedekind ¢{-function. He also considered more general types of ‘L-functions’; but his
methods became very complicated. Around 1940, Chevalley introduced adeles and ideéles
into class field theory as a method of incorporating all the diverse results into a general
framework. In 1947 Tate, in his thesis, defined zeta-functions as abstract integrals over
ideéle groups, and proved analytic continuation and a functional equation for these. In so
doing, he incorporated all the results of his predecessors, from Riemann to Hecke.

A final remark : Dirichlet’s theorem on arithmetic progressions, in its’ strong form as a
density statement (Theorem 32.A), extends naturally to all number fields. This is proven
as in the classical case, and does not require the full analytic continuation of the Dedekind
L-functions.
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research area. Even for positive, integral forms of discriminant 1, the sit-
uation seems to be generally hopeless. For certain dimensions, there are
well-known connections to the classical sphere-packing problem and to fi-
nite simple group theory. See, for example, Serre’s ‘A course in arithmetic’,
or come to my doktorandkurs.

Here I just want to state two classical facts, and prove one of them.

Theorem 54 (Legendre/Gauss). A positive integer n is the sum of three
squares if and only if it is not of the form 47(8k + 7), for some j,k > 0.

PROOF : Serre, Ch. IV, Appendix.

Theorem 55 (Lagrange 1770). Every positive integer is the sum of four
squares.

PRrOOF : Following Baker, p.39-40.

REMARK : As with most (all ?) proofs of this theorem, Baker begins by re-
ducing to primes via the identity in the middle of p.39. To understand where
this identity really comes from, one should look at Hamilton’s quaternions
H. Recall that these are defined by

H:= {R+Ri+Rj+REk:i? = j2 = k? = —1,ij = k, jk = i, ki = j}. (146)

H is thus a vector space of dimension 2 over C (or 4 over R), which can
be proven to be a (non-commutative) division algebra. A classic theorem
of Frobenius ([7], Theorem 7.3.1) states that every division ring, algebraic
over R, is isomorphic to R, C or H.

Let « = z + yi + zj + wk := (z,y,2,w) € H. The conjugate of o, de-
noted o*, is defined by o* := (x, —y, —z, —w). The following properties are
easily verified :

'] =« (147)
ad =+ + 22 +uw?eR (148)
(ap)” = p*a™. (149)

Because of (148) we have a map N : H — R, called the norm map, given
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by N(a) := aa*. Eqgs. (147) - (149) then easily imply that
N(af) = N(a)N(B), (150)

which is equivalent to the identity used in the proof of the four-squares the-
orem.

Algebraic theory of number fields

For the rest of today’s class, I will just list the most important prerequisites
from abstract algebra which will be required subsequently. No motivation or
proofs will be provided, as you should have seen everything in the algebraic
structures course.

DEFINITION : An element 7 of an integral domain R is said to be irre-
ducible if every divisor of 7 is of the form um, for some u € R*.

DEFINITION : An element z of a domain R is said to be factorisable if
x can be written as a product of irreducible elements in R.

We say that the domain R has the factorisation property (F) if every el-
ement in R is factorisable.

DEFINITION : A ring R is said to be principally Noetherian if R has no
infinitely ascending chain of principal ideals.

Proposition 56. If the domain R is principally Noetherian, then it has
property (F).

DEFINITION : R is called a unique factorisation domain (UFD) if R has
property (F), and the factorisation of each element into irreducibles is unique

up to units.

REMARK : A UFD is a generalisation of Z. That Z is a UFD is the funda-
mental theorem of artithmetic.

An important class of UFDs are given by

DEFINITION : A domain R is called Fuclidean if there is a function
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d: R\{0} - N U {0} such that
(i) Va,b#0, d(a) < d(ab).
(ii) V a,b 3! q,r such that a = gb + r and either r = 0 or d(r) < d(b).

A Euclidean domain is also a principal ideal domain (PID), i.e.: every ideal
is principal.

EXAMPLES : Z is Euclidean with d(n) = |n|. For any field K, the poly-
nomial ring K[z] is Euclidean with d(f) = degree of f.

It can be shown that if R is a UFD, then so is the polynomial ring R[z].

Hence, by induction, the polynomial ring K|[z1, ..., z,] in n variables over a
field K is a UFD. However, it is only Euclidean if n = 1.

DEFINITION : An element p of a ring R is said to be prime if, for any
a,b € R, whenever p|ab then either p|a or p|b.

Proposition 57. In any domain R, every prime element is irreducible.
On the other hand

Proposition 58. A domain R is a UFD if and only if R has property
(F) and every irreducible element is prime.

The following result gives an alternative ring-theoretic characterisation of
the difference between the concepts of ‘prime’ and ‘irreducible’ :

Proposition 59. (i) An element z in a ring R is prime iff R/ < x >
is a domain.

(i) An element x € R is irreducible < < x > is a mazimal principal ideal.
In particular, if R is a PID, then x € R is irreducible < < x > is a mazimal
ideal & R/ < x > is a field.

An important result now is

Theorem 60. Every PID is a UFD.
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PROOF : This is something you may not have seen before. Let R be a
PID. By Prop. 58, it suffices to show that R has property (F) and that ev-
ery irreducible element is prime. The latter follows immediately from Prop.
59. The former is more tricky. By Prop. 56, it suffices to show that R is
principally Noetherian. This will be proven later in the context of something
more general (Prop. 77(ii)).

The basic difficulty in the algebraic study of number fields is

Proposition 61. The ring of integers in a number field is not always a
UFD.

PrROOF : Without explaining the term ‘ring of integers’ (this will come
later), consider the following well-known ring :

R = Z[v-5]. It can be shown that R is the ring of integers Og in
K = Q(v/—5). In R we have two alternative factorisations of the num-
ber 6, namely

6=2-3=(1++v-5)(1—V-5). (151)

One must check that all four numbers in these factorisations are irreducible
in R. This is most easily done by considering the norm of each number.
The norm is the function N : R — Z given by

Nla + bv/=5] = (a + bv/=5)(a — byv/=5) = a® + 5b°. (152)

One checks readily that N(zy) = N(z)N(y) for all z,y € R. Using this, one
shows irreducibility of all four numbers. It follows that all four numbers are
irreducible but not prime (see Prop. 58).

Note also that R is not a PID ; for example, the ideal < 2,1 + /-5 >
is easily shown to be not principal (see supplementir 6vning nr. 15).

This completes the list of prerequisites.

REMARK 1 : Although a ring of integers R need not be either a UFD
or a PID, it is always in some sense close to being both.

First, every such R has a property called unique factorisation of ideals.
This is because R is a Dedekind domain, a type of abstract commutative ring
which always has this property. We will prove these facts in this course.
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Second, associated to each number field K is a positve integer hx called
its class number. The fraction of the ideals in Og which are principal is
precisely 1/hg. In fact one can prove (and we will do so) that

Ok is a UFD & Ok is a PID & hg = 1.

The hardest part of the theory is in fact the proof that hx is finite, for
every number field K. We will probably not have time to do this.

REMARK 2 : In 1847, Lamé gave a notorious wrong proof of Fermat’s Last
Theorem??. His proof assumed implicitly that one had unique factorisation
in the cyclotomic fields Q((,) where p is an odd prime. It was subsequently
shown that p = 23 is the first odd prime for which h(Q(¢,)) # 12%. Soon
after, Kummer gave a correct proof of FLT for so-called regular prime ex-
ponents. A prime p is said to be regular if p { h(Q({p)). Intuitively, it is a
prime for which Q(¢;,)) does not fail to be a UFD ‘too badly’. There seem to
be many regular primes : the only irregular ones less than 100 are 37,59,67.
Nevertheless, the following remains open to this day

Conjecture. There are infinitely many reqular primes.

REMARK 3 : The main tool for computing class numbers is the analytic
class number formula (144). Of course, this formula also implies that h is
finite, but the usual way of proving this is by using geometric ideas devel-
oped by Minkowski (see, for example, Stewart and Tall, Ch. 6 ff). Actually,
Minkowksi’s motivation for developing these ideas was in order to have a
‘geometric’ reduction theory for (positive definite) quadratic forms of arbi-
trary rank n > 2 (see Appendix 1).

REFERENCES

22Unlike most of the modern-day wrong proofs of FLT, this one was not the work of a
nutcase amateur. Lamé was a professional mathematician working alongside such famous
people as Cauchy at the Académie in Paris.

23] am not quite certain of the timing or sequence of events here. In one book I read
that Kummer proved the failure of unique factorisation for p = 23 and published his proof
for regular primes in 1847. In another book, I read that Cauchy did the former, and that
Kummer’s paper came in 1850. I also read in one place that Lamé gave a correct proof of
FLT for p = 7 in 1839, but somewhere else that his proof had errors which were corrected
by Lebesgue in 1840. The one thing which does not seem to be in any doubt is that the
main breakthrough was Kummer’s.
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Lektion 17 (08/12/00)

NOTATION : Under kommande lektioner ska féljande notationer anvandas :

A.B,C,R,S,... ska beteckna ringar.

a,b,c,I,J ska beteckna (fraktionella) idéal.

P;q,--- ska beteckna prima idéal.

F.K,L,... ska beteckna kroppar.

L,M,N,... ska beteckna moduler.

V,W.,... ska beteckna moduler 6ver kroppar, dvs vektor rum.
Sma bokstaver, i vanlig font, ska beteckna element i dessa objekt.

KONVENTION : Alla ringar ar kommutativa och har ettor.

DEFINITION : Lat R vara en ring, M en abelsk grupp. M kallas for en
modul 6ver R, eller en R-modul, om det finns en avbildning

RxM —» M
(r,m) — rm,

som satisfierar foljande villkor

(7) r(mi +ma) =rmi +rmg, Vr € R, YV myi,mg € M.
(1))  (rs)ym=r(sm), Vr,s € R, Vm € M.

( (
(

141) r+s)m =rm+ sm, Vr,s € R, Vm € M.

w) 1l-m=m,VmeM.

EXEMPEL : (i) R = K en kropp. Da kallas M for ett vektor rum over K.
(ii) R = Z. En Z-modul &r just en vanlig abelsk grupp.

(iii) Lat A C B vara ringar. Da kan B betraktas som en A-modul.

(iv) Lat M vara en R-modul, N en delmingd till M som &r sluten under
modul operationerna. Da kallas N for en R-delmodul till M.

Om N C M ir en delmodul, da far kvotgruppen M/N ocksa strukturen
av en R-modul genom att satta

r(N+m):=N+rm, VreR YmeM.
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Den kallas for kvotmodulen av M genom N.

(v) Lat A vara en ring, En delmingd I C A som ar en A-delmodul un-
der ring operationerna i A kallas for ett idéal. Kvotet A/I &r da ocksa en
A-modul. Den &r ocksé en ring.

(vi) Lat M, N vara R-moduler. Deras direkt summa M & N &r, som en
mangd, den kartesiska produkten M x N, och den blir en R-modul genom
att definiera

(ml,m) + (mg,’ng) = (m1 + ma,nq —|—’rL2), Vmi,mas € M, Vni,ne €N,
r(m,n) = (rm,™m) VYr e R, VYme M, Vne N.

NOTATION : Om M ar en R-modul, da skriver man ibland M/R, nir detta
kan inte misstolkas som en kvotmodul.

DEFINITION : Lat M vara en R-modul. Lat X = {z)}xea vara en delméngd
till M. Man sager att X genererar M om varje element av M kan skrivas
som en andlig linjar kombination av element fran X ; dvs for varje m € M,
finns det Aq,..., A, € A och rq,...,7, € R sa att

m =TTy + "+ TpTy,-
Man siger att M/R ar dandligt genererad om den kan genereras av en dndlig

delmangd.

EXEMPEL : (i) Ett vektor rum V/K &r en 4dndligt genererad K-modul omm
dimgV < o0.

(ii) Q/Z ar inte andligt genererad. For 1at p1/q1, ..., pn/qn € Q, dar (p;, q;) =
1. Antag att talet r kan skrivas som en Z-linjar kombination av dessa, dar
r = p/q ilagsta termer. Da finns det ¢1,...,t, € Z sa att

p _ tp1 . tnpn

q _p q +Z +an ?

=L =% {Oor nagot z € Z
4 H?:l a’ 8 ’

Da kan p/q ej skrivas som en Z-linjir kombination av {p;/¢;} om ¢ &r
tillrackligt stor.
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DEFINITION : En méngd X = {zx}xea kallas for en bas till R-modulen M
om varje element av M har ett unikt uttryck som en R-linjar kombination
av element fran X.

Ekvivalent, X ar en bas till M om X genererar M och, for alla
Ay ey A € A,

7'1~’I»',\1+“'+7'k~77/\k:0:>T1:"':rk20' (153)

DEFINITION : Lat M, N vara R-moduler. En avbildning ¢ : M — N kallas
for en R-modul homomorfism om

Vr € R, Ymy,mg € M, (;S[r(ml + mg)] = r[gb(ml) + <f>(m2)] (154)

Om ytterligare ¢ ar surjektiv da kallas det for en R-modul epimorfism. Om
¢ ar bijektiv da kallas det for en R-modul isomorfism. 1 sa fall, skriver man
M =g N.

1:a isomorfism sats for moduler. Lat M, N vara R-moduler, ¢ : M — N
en R-modul homomorfism. Da,

(i) Im(¢) dr en R-delmodul till N.

(13) Ker(¢) dr en R-delmodul till M.

(15i) ¢ inducerar en R-modul isomorfism M /ker(¢p) =g im(¢p).

BEvIS : ()vning.

DEFINITION : En R-modul M sigs vara fri av rangn > 0 om M =Zp R",
den direkta summan av n kopior av R (notera att vi menar isomorfism av
moduler hir, trots att R™ ocksa har en ring struktur).

Proposition 62. (i) En R-modul M dar andligt genererad omm det finns
n > 0 och en R-delmodul I C R™ sa att M =r R™/I (hdr menar vi bara
isomorfism av moduler igen).

(i) M dr fri av rang n omm den har en bas som bestar av n element.?*

241 allméinhet, 13t N vara en kardinal. D4 sigs en R-modul M vara fri av rang R om M
har en bas av kardinalitet ® ; ekvivalent, ar M =r R®, den direkta summan av R kopior av
R. Notera att man tilliter bara dndliga summor av bas elementen i den direkta summan
s& att det #r inte samma sak som den direkta produkten R™, om R #r en oéndlig kardinal
(kom ihag att den direkta produkten R® 3r, som en mingd, den kartesiska produkten av
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OBs! Modulen I i denna proposition dr en R-modul, INTE ett ideal i R",
dvs en R™-modul.

EXEMPEL : (i) Ett vektor rum V/K ér fri av rang n omm dimgV = n?5.

(i) En modul M/R kallas for torsion-fri om, for alla r € R,m € M,
rm = 0 = m = 0. En fundamental sats i abstrakt algebra ar att, om R
ar en huvudidéal doméan, da ar varje andligt genererad torsion-fri R-modul
faktiskt fri. Det viktigaste fallet &r nir R = Z25. Till exempel, ska vi se
senare att heltalsringen i en algebraisk talkropp ar andligt genererad som
en abelsk grupp, alltsd en fri Z-modul (som en delmingd till en kropp av
karakteristisk noll, maste den vara torsion-fri). Men vi skall kunna bevisa
frihet pa ett alternativt satt som undvikar denna allména satsen.

Proposition 63. Lat A, B,C wvara ringar, A C B C C. Om bade BJ/A
och C/B dr dndligt genererade, da gdller detsamma for C/A.

BEvis : Lat by, ..., by, generera B/A, och ¢y, ..., ¢, generera C'/B. Da bevisar
man latt att {bjc;} genererar C/A.

ANMARKNING : Om A, B,C ar kroppar eller, mer allmint, om bade B/A
och C/B ar fria moduler, da ar C'/A ocksa fri och

[C:A]=[C:B]B: 4], (155)

déar [M : N] betecknar rangen av M som en fri N-modul. Idéen av beviset ar
att vilja baser for B/A och C/B och anvinda samma argument som ovan.
Man maste bevisa att produkterna {b;c;} &r linjirt oberoende 6ver A. Jag
hoppas att ni har sett formel (155) och dess bevis for kroppar i algebraiska
strukturer !

X kopior av R, och addition och multiplikation definieras komponentvis. Som en R-modul
dr den aldrig fri om X > Rg (en &vning !)).

Mer allmiint, kan M genereras av en delmingd X av kardinalitet X omm M =g RY/I
for nagon R-delmodul I C R™.

%Det kan bevisas att varje vektor rum over en kropp har en bas och att alla baser
har samma kardinalitet, som kallas for dimensionen av rummet. Det krivs Valaziomet, i
formen av Zorns lemma, for att bevisa detta i allminhet.

26Liget ir mycket mer komplicerad for ofindligt genererade moduler, till och med &ver
Z. En oédndligt genererad torsion-fri abelsk grupp behover inte ens ha en icke-trivial direkt
faktor. Det finns ocksa det notoriska exemplet av en abelsk grupp Asd att A= AGAB A,
men A 2 A® A. Se en godtycklig algebra bok pa doktorandsnivan for vidare diskussion.
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Integrala utvidningar

DEFINITION : Lat A C B vara ringar. Ett element = € B kallas for integral
over A om z satisfierar ett moniskt polynom med koefficienter fran A ; dvs,

"+ ap_17" 1+ + a1z +ag =0, (156)
fér nagot n > 0, ay,...,a,—1 € A.

Proposition 64. Lit A C B och x € B. Da ar foljande
ekvivalenta :

(i) = dr integral over A.

(ii) Alz]/A ar dandligt genererad.

(17i) Det finns en delring C C B sa att A[z] C C och C/A ar andligt gener-
erad.

BEVIS : Gavs i foreldsningen. Den svaraste delen ar (iii) = (i). Man tar en
mangd av generatorer zy, ...,z for C'/A och introducerar element a;; € A
genom zx; = ) a;jT;. D4 har man en matris ekvation

z1
(zl —M) | | =0, (157)

T

dir M = (ay;). Satt N = zIj — M, och multiplicera bada sidor av (157)
med adj N, sa att man far att (det N)c = 0 for alla ¢ € C. Speciellt, kan
man ta ¢ = 1, som betyder att det N = 0. Detta ger ett moniskt polynom
over A som satisfieras av z.

DEFINITION : (i) Lat A C B. Mingden av element i B som &r integrala
over A kallas for det integrala héljet av A i B och betecknas AP.

(ii) B siigs vara en integral utvidning av A, eller integral ver A, om AP = B.
(iii) A sigs vara integralt sluten i B om AP = A.

(iv) En domén A kallas helt enkelt for integralt sluten om AK = A, dir K
ar kvotkroppen av A.

VIKTIGT EXEMPEL : Z &r integralt sluten (kvotkroppen dr Q). For lat
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x € Q vara integral Over Z. Sig att x = p/q i lagsta termer, och att z
satisfierar det moniska polynomet

n n—1
(1—)) + ap—1 (]—)) +----|—a11—)-|-a0:0, déraiGZ.
q q q

Multiplicera bada sidor med ¢"~! och man fir att p"/q € Z = ¢ = 1 (ty
(p,q) =1)=>z€Z.

Nista resultat foljer (med nagot arbete !) fran Prop. 63 och 64 :

Sats 65. (i) Lat A C B C C. Om B/A och C/B dr integrala, da gdller
detsamma for C/A.
(ii) Lit A C B. Dd dr AP en ring som innehdller A. Dessutom dr AP
integralt sluten i B.

Mingden som bestar av alla 16sningar till alla mdjliga moniska polynom
over en ring A kallas for DET integrala holjet av A och betecknas med A.
Det foljer frin Sats 65 att A har en vil-definierad ring struktur.

EXEMPEL : C = C. Detta ir Algebrans Fundamentalsats.
KROPPAR

Nar man betraktar kroppsutvidningar K C L, brukar man anvanda man
ordet ‘algebraisk’ i stallet for ‘integral’. Alltsa anvands termerna algebraisk
utvidning, algebraiskt holja, algebraiskt sluten i stallet for motsvarande ter-
merna ovan.

Proposition 66. Ldit K C L vara kroppar. Dd dr KL en delKROPP
av L.

BEVIS : (se ocksd Lemma 80) Vi vet redan fran Sats 65(ii) att K'_L ar en
delring till L. Lat 0 # x € K. Det kvarstar att bevisa att z=! € K. Lat

"+ kp_1z" N4 ki ko =0

vara ett moniskt polynom 6ver K av minimal grad som satisfieras av x. Vi
maéste ha kg # 0 - annars skulle  vara en faktor av den vanstra sidan, som
kunde tas ut for att fa ett moniskt polynom av mindre grad som satisfieras
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av z. Dela nu bada sidor med kogz™ s& far man att
1

k1 kn1 4
~l — =0
%o ko T T

(xfl)n_i_ (.’L‘il)nil—l----—i-

som antyder att z—' € K, v.s.v.

DEFINITION : Om K/Q é&r en kroppsutvidning med [K : Q] < oo, da kallas
K for en talkropp. Ett element av en talkropp kallas for ett algebraiskt tal.

Algebrans fundamentalsats antyder att Q C C, och ar faktiskt en delkropp
av C enligt Prop. 66. Ett komplext tal z € C ar ett algebraiskt tal omm

Z2€EQ= U K.
K en talkropp

DEFINITION : Ett komplext tal z som inte dr algebraiskt kallas for tran-
scendental. Vi skall diskutera transcendentala tal senare. Under kommande
lektioner blir algebraiska tal vart storsta intresse.

87



Lektion 18 (11/12/00)

NOTATION : K (z) denotes the field obtained by adjoining an indeterminate
z to the field K. That is,

_ [pla) i
K(z) = {q(x) :pa € Klsl, 4 £ 0. (158)

In other words, K (z) is the quotient field of K|[x].

First, we need to recall some general facts which you learned in algebraic
structures :

Let K C L be fields, a € L which is algebraic over K. Let
T = {p(z) € K] : p(a) = O}, (159)

Then 7 is an ideal in K[z], hence a principal ideal. Hence there exists
a unique monic polynomial po(z) € K[z] which is irreducible over K and
generates the ideal Z. It is called the minimal polynomial of o over K. We
have

Klo] = K(a) =2 K[z]/T. (160)

Moreover, if @ = aq, @, ..., oy, are the roots of po(z) in some extension field
of K over which pg splits, then all ¢; are distinct and each has minimal
polynomial pyg.

Okay, that’s enough facts. An important technical result about number
fields? is the following :

Theorem 67. Let K C L be number fields. Then there exists a € L
such that L = K(a).

REMARK : In other words, there exists a € L such that the minimal poly-
nomial of a over K has degree [L : K].

PROOF : Since L/K is a finite-dimensional vector space, there certainly
exists a finite set of elements a4, ..., a, € L such that L = K(aq, ..., ay) - for

2TIn fact, the result applies to any pair of infinite fields, as long as one is a finite extension
of the other. In particular, it applies to fields of characteristic zero (since these contain a
copy of Q). This will become clear from the proof.
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example, choose a basis of L/K. Hence, it suffices to prove the result when
L = K(a, ), for some PAIR of elements «, 3, because we then just proceed
by induction on the number of elements in a generating set.

Let p(x),q(z) be the minimal polynomials of «, resp. over K, say of
degrees n, m resp. Over C we have splittings

n
p(z) = H(iE — ), «a= a1, q;distinct,

-1
q(z) = H(w —Bj), B =P, P distinct.

For each pair of indices (4, j) # (1,1), there is at most one solution z € L to
the equation

a; + 20 = a+ zf. (161)
As K is an infinite field, we can pick v € K which does not satisfy any of
these equations. Put 8 = a + 8. We claim that L = K (0).

To prove this, it suffices to prove that 8 € K(0), because then « = § —yf3 €
K(f) and so L = K(«a,8) C K(6). To prove that 8 € K(#) it suffices to
show that the minimal polynomial of § over K () has degree one.

So consider the polynomials ¢(t),r(t) € K(0)[t] defined by

q(t) = q(2)|z=t,
r(t) := p(6 — yt).

Observe that ¢(38) = r(8) = 0. Hence the minimal polynomial of 3 over
K (6) must be a common divisor of ¢(t) and r(t). We claim that the gcd of
these polynomials has degree one ; equivalently, they have no common root
in C other than 8.

So suppose that ¢(&) =r(§) =0 with £ # 3 :
On the one hand, ¢ is a root of ¢(t) so
£ =pj, forsomej,2<j<m. (162)
On the other hand, r(£) = p(@ — v¢) =0, so

0 —~v¢ =q;, forsomei,1<i<m. (163)
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From (162) and (163) we deduce that -y satisfies one of the equations (161),
a contradiction. This completes the proof.

EMBEDDINGS

DEFINITION : Let K be a number field. An injective field homomorphism
¢ : K — C is called an embedding of K.

NOTATION : Let ¢ : K — C be an embedding. The fized field of ¢, de-
noted Fy, is defined by

Fy={z € K : ¢(z) = z}. (164)

That Fy IS a field follows immediately from the fact that ¢ is a field homo-
morphism.

Proposition 68. Let K be any number field. Then

Q= N Fy. (165)
¢ an embedding of K

PROOF : First we prove that Q C r.h.s. Let ¢ be an embedding of K. Then
#(1) = 1 since ¢ is injective. Since ¢ is additive, we thus have ¢(n) = n for
all n € Z. Finally, ¢ () = % =m

The proof of the reverse inclusion is postponed until after the next result,
which characterises all embeddings of K.

Proposition 69. Let K be a number field, say [K : Q) =n. Picka € K
so that K = Q(«). Let p(x) be the minimal polynomial of a over Q. Over
C, let p(z) split as

n
p(r) = H(37 — o), «a=a1, q; distinct.
=1

Let ¢ be an embedding of K. Then ¢(a) = «; for some i, and this choice
completely determines ¢. In particular, K has precisely n embeddings.

PROOF : That ¢(«a) = some q; follows from the fact that
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which implies that ¢(«) is a root of p(z). Now suppose ¢(a) is given. Any
element of K has a unique representation as a polynomial in « of degree
< n, with coefficients in Q. Since Q C Fy and ¢ is a field homomorphism,
we have that

$ (D aic)) =Y ai(d@), (ai€Q),
which proves that ¢ is completely determined by ¢(«).

DEFINITION : An embedding ¢ of the number field K is called real if
#(K) C R. Otherwise, ¢ is called complez.

The number of real (resp. complex) embeddings of K is denoted by 7
(resp. 2r2). From Prop. 69 we see that

r1 = # real embeddings = #{i : a; € R},
2r9 = # complex embeddings = #{i : a; ¢ R}. (166)

PROOF OF PROP. 68 (CTD.) : Let [K : Q] =n, say K = Q(«a). Let § € K.
Then 6 has a unique expression as a polynomial in «, of degree < n, with
rational coefficients, say

0= f(a)= Zaio/, where 7 < n.

Let ¢ be an embedding of K, and suppose that ¢(f) = 6. In the notation
of Prop. 69, there is some 7, 1 < i < n, such that ¢(a) = «;. Hence,

fla) =0 =9(0) = ¢(f()) = f(¢(a)) = f(cu). (167)

Now let g(z) := f(z)—6, so that g is polynomial of degree r with coefficients
in K. From (167) we see that, if 8 is fixed by every embedding of K, then
g(a;) = 0 for 4 = 1,...,n. Thus g has at least n distinct roots, but as g is
of degree r < n, this is only possible if ¢ = 0, the zero polynomial. Thus
f(x) = 0 is a constant polynomial with rational coefficients, so that 6 € Q.
This completes the proof.

DEFINITION : A number field K is said to be Galois over Q if ¢(K) = K
for every embedding ¢ of K.
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If K/Q is Galois, then the embeddings of K form a group of field auto-
morphisms of K under composition. This group is called the Galois group
of K over Q and is denoted Gal(K/Q).

THE DISCRIMINANT

DEFINITION : Let K be a number field, [K : Q] = n. Let ¢4, ..., ¢, be the
embeddings of K, in some order. Let B = {aq,...,a,} be a basis for K as a
vector space over Q. The discriminant of the basis B is defined and denoted
by

A1, .y ) 2= [det (i (7)) (168)

Proposition 70. The discriminant of a basis is well-defined, i.e.: it does
not depend on the ordering of the ¢; or of the «;.

PROOF : Choosing a different ordering of the ¢’s corresponds to a per-
mutation m of the rows of the matrix A = (¢;(c;)). If A™ denotes the
permuted matrix, then we all know from linear algebra that

det A™ = (—1)58"7 det A. (169)

Since, for A, we take the square of the determinant, we see that the result
is independent of the permutation 7. The same argument applies to a per-
mutation of the «; - this corresponds to a permutation of the columns in A,
g.e.d.

Theorem 71. The determinant of any basis is a non-zero rational number.

PROOF : First, we show that A € Q. We will only do this under the
extra assumption that K/Q is Galois?®. In this case, the proof is easy. By
Prop. 68, it suffices to show that ¢(A) = A for every embedding ¢ of K.
But in the Galois case, application of ¢ serves only to reorder the rows of
the matrix defining A. The argument used to prove Prop. 70 implies that
A is thereby left unchanged.

The second part is to show that A # 0. This part involves two steps :

28In the general case, one first notes that the determinant (170) is a symmetric poly-
nomial in the 6;. One then applies a result on symmetric polynomials to conclude that
this determinant is a rational number (see handout nr. 12). Finally, one uses (173) to
conclude that the discriminant of ANY basis is rational.
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Step 1: We show that A # 0 for a special type of basis. We pick € € K such
that K = Q(#) and consider the basis {1,6,...,6" '}. Let 8 = 01,0, ...,0,
be the (distinct) roots of the minimal polynomial of  over Q. Let ¢; be the
unique embedding (see Prop. 69) such that ¢;(0) = 6;. Then

1 6, - o 2
1 6y --- 057!

A(L,0,...0H =] . . . ) (170)
16, --- 61!

But this determinant is of Vandermonde type and so we have that
2
ALG,..,0" Y= I -6, #0, (171)
1<i<j<n

since the 0; are distinct.

Step 2 : We give a formula relating the discriminants of two different bases.
So let By = {a1,...,an}, B2 = {f1,...,0n} be two different bases for K/Q.
Let M = (m;j) € GLn(Q) be the change of basis matrix from B; to By, i.e.:

n
Gi = z M40y
i=1
Applying an embedding ¢; we obtain that

bi(Bj) = i (i mjkak> = Xn: mkdi(ag)- (172)
k=1

k=1

From (172) we see that the matrices B = (¢;(8;)) and A = (¢i(c;)) are
related by

B=AMT.
From this, it follows immediately that
A(ﬂla"'aﬁn) = (detM)QA(ala"'aan)' (173)

In particular, since det M # 0, we see that one discriminant is non-zero if
and only if the other is. Since we have in Step 1 produced at least one basis
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with a non-zero discriminant, it follows that the discriminant of any basis is
non-zero. This completes the proof of Theorem 71.

REMARK : The discriminant of a basis need not be a POSITIVE ratio-
nal number. For example, let d be an integer which is not a perfect square,
and take K = Q(v/d). Then [K : Q] = 2 since the minimal polynomial of
v/d over Q is 22 —d = 0. The roots of this equation are +£1/d, so K has two
embeddings completely determined by

d(Vd) =Vd, ¢o(Vd) = —Vd.

In particular, K/Q is Galois. Now consider the basis {1,v/d} of K as a
Q-vector space. The discriminant of this basis is given by

$1(1) ¢1(Vd) 1 Vd
$a(1)  ¢o(Vd) 1

2

A(1,Vd) = ‘

which is > 0 iff d > 0.
THE RING OF INTEGERS

DEFINITION : Let K be a number field. The integral closure of Z in K is
called the ring of integers of K, and is denoted Og. To avoid confusion,
elements of Z (i.e.: ordinary integers) are often called rational integers in
algebraic number theory.

Proposition 72. (i) Ok IS a subring of K containing Z.
(i) Ok NQ = Z.
(7ii) Let a € K. Then there ezists 0 # n € Z such that na € Ok.

PROOF : (i) Follows from the more general Sats 65(ii).
(ii) Follows from the fact that Z is integrally closed (proven last day).

(iii) « is algebraic over Q, hence satisfies some polynomial with rational
coefficients, hence (by clearing denominators) some polynomial with integer
coeflicients, say

and” + ap_10" L+ -+ a1+ ao, a; € Q,a, # 0.
Multiply through by a?~! and you will get an equation of the form
(ana)™ 4 bp_1(ana)* ™t 4 --- + bi(ana) + by = 0,
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for some integers b;. This says that a,« satisfies a monic polynomial over
Z, hence lies in Og.

REMARK : From (iii) of Prop. 72, it follows that there exist bases of K/Q
consisting of elements of Ox. Any such basis of K/Q is called an integral

basis®.

The main result of today’s lecture is the following theorem giving the struc-
ture of Ok as an additive group.

Theorem 73. Ok is a free abelian group of rank [K : Q).

PROOF : Let [K : Q] = n. Let B = {ai,...,an} be an integral basis for
K. Let ¢ be an embedding of K. Since each «; satisfies a monic polynomial
over Z, by the usual type of argument the same is true of each ¢(w;). It
follows that A(B) € Z, the integral closure of Z in C. But Theorem 71 says
that A(B) € Q*. Hence, A(B) e Q*NZ = Z*.

It follows that there exists an integral basis By = {61, ...,0,} for which
|A(Byp)| is minimal. We claim that any such By is also a Z-basis for Ok.

First, since the 6; form a Q-basis of K, in particular they are linearly inde-
pendent over Q, hence over Z also. It remains to show that they generate
the Z-module Og.

We argue by contradiction. So suppose there exists w € Ok, w & Z6; &
--+ @ Z0,,. Since By is a Q-basis for K, there must exist rational numbers
71, ..., T, such that

w=7r101+ -+ 1,0n.

WLOG, r1 € Z. Let 2z := |r1], 1 = 21 +r, where 0 < r < 1. Define a new
integral basis By = {1, ..., } by

1p1 :w—rlﬁl, Q,bi:ei, i:2,...,n.

It is easily verified that By IS, in fact, an integral basis for K. The change

Do not confuse an integral basis with a basis for O as a free Z-module (see Theorem
73). A basis of the latter type is always an integral basis, but not conversely. In fact,
Prop. 74 gives the precise condition for an integral basis to be a Z-basis of Ok.
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of basis matrix from By to B is given by

so that det M = r. By (173), we see that A(B1) = r2A(By), which contra-
dicts the minimality of |[A(Bp)|. This completes the proof of the theorem.

DEFINITION : The positive integer given by the minimum absolute value
of the discriminant of an integral basis is called, quite simply, the discrimi-
nant of K, and is denoted dg.

The discriminat of a number field is an important invariant. Some of its’
properties will be discussed in due course, either in the main text or in the
form of footnotes.

Proposition 74. Let {a1,...,a,} be an integral basis for K. Then
A, ..., an)| = di if and only if {au,...,an} is a Z-basis for Ok.

PROOF : The ‘only if’ part follows from the proof of Theorem 73.

For the ‘if’ part, let By be any integral basis which is also a Z-basis for
Ok . Let By be a Z-basis for Ok for which |A(B;)| = dk-

Since By and B; are both Z-bases for Ok, the change of basis matrix
M from By to B; must have integer entries, and the same is true of M L.
It follows that det M = +1. From (173), it now follows that |A(B;)| =
|A(B())| = dK. q.e.d.
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Lektion 20 (15/12/00)

Ideal

NOTATION : Lat R vara en ring. Mangden av alla ideal i R ska betecknas
med I(R). Mangden av prima ideal (se definitionen nedan) i R ska betecknas
Spec(R), och kallas for spektrum av R. Denna terminologi dr mest vanlig i
algebraisk geometri.

DEeFINITION : Lat a,b € I(R). Sétt

n
ab := {Z ab; 1 a; €a,b; € b} . (175)
i=1
Detta ar ocksa ett ideal som kallas for produkten av idealen a och b.
Proposition 75. (i) Ideal multiplikation ger I(R) strukturen av en kom-
mutativ monoid med enhet (unity) R sjalv.

(ii)) ab C a N b.

BEVIS : Del (i) sdger att

1. ab = ba.
2. (ab)c = a(bc).
3. Ra=aR = a.

Alla tre egenskaper foljer 1att fran definitionen. Detsamma giller for del

(i)

Ett av vara stora mal dr att utvidga I(R) till en grupp, dvs att infora
‘inverser’ av ideal, i fallet dir R = O f6r nagon talkropp K. Vi aterkommer
till detta.

DEFINITION : (i) Ett ideal I i en ring R kallas f6r prim om, for alla =,y € R,
zyel =z eclelleryel.

(ii) Idealet I kallas for mazimalt om I # R och, for varje ideal J sa att
I CJC R, antingen J =1 eller J = R.

Proposition 76. (i) I prim < R/I ar en doman. Speciellt, R dr en
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domdan omm {0} ar ett primt ideal.

(i) I mazimal < R/I dar en icke-trivial kropp. Speciellt, R ar en icke-trivial
kropp omm {0} dr ett mazimalt ideal.

(i) Om p dr ett primt ideal och ay,...,a, dr godtyckliga ideal sa att p
Daj---ay, dd maste p D a; for nagot i.

BEVIS : (i) och (ii) ar triviala. For (iii), antag att ingen av ay,...,a,—1 C p.
Viélj z; € a; — p. Lat nu y € a,. Eftersom z1---z,_1y € a1---a, C p,
sa maste minst en av termerna i produkten vara i p, enligt definitionen av
ett prim idéal. Darfor maste faktiskt y € p, v.s.v.

Propositionen sager speciellt att varje maximalt ideal ar prim. Existens
av maximala ideal (och darfor prima ideal) i en godtyclkig ring foljer fran
Zorn’s Lemma, - efterom om I; C Iy C --- utgor en vaxande foljd av ideal,
da ar deras union UI, ocksa ett ideal.

DEFINITION : En ring R kallas for Noetersk om R innehaller ingen oandlig
strangt vixande kedje av ideal.

Alternativt, siger man att R ar Noetersk om varje vaxande kedje av
ideal i A stabiliserar. Dvs, om Iy C I; C -- - utgor en vixande kedje av ideal
i R, da maste det finnas N > 0 sa att [, = I, for alla m,n > N.

DEFINITION : Dimensionen av en Noetersk ring R ar langden n av den
langsta strangt vaxande kedjen py C p; C --- C p,, av prima ideal i R.

EXEMPEL : (i) Lat R vara en doméin. Dim(R) = 0 < A &r en kropp.

(ii) Lat R vara en domén igen. Dim(R) = 1 < varje icke-noll primt ideal i
A ar maximalt.

(iii) Dim Klz1,...,zp] = n (se suppl. 6v. nr. 17). Terminologin ‘dimension’
kommer fran algebraisk geometri. Dimensionen av ett affint varietet V' over
en kropp K, som en hyperyta, ar lika med den algebraiska dimensionen av
sin koordinat ring K[V]. Detta ar faktiskt definitionen av dim (V') f6r krop-
par utom R eller C.

DEFINITION : En integralt sluten, Noetersk doman av dimension ett kallas
for en Dedekind doman.
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VIKTIGT EXEMPEL : Z ar en Dedekind domaéan.

DEFINITION : Lat R vara en ring och M en R-modul. D4 kallas M for en
Noetersk R-modul om varje vaxande f6ljd M; C My C --- av R-delmoduler
till M stabiliserar.

OBs! EN ring R ar Noetersk omm den ir en Noetersk R-modul.

Proposition 77. (i) Lat A wvara en ring. En A-modul M dr Noetersk
omm varje delmodul till M ar andligt genererad.
(ii) Speciellt, en ring A dr Noetersk omm varje ideal i A ar andligt genererad.

BEVIS : Vi bevisar (i) ; da foljer (ii) direkt.

= Antag att M ar Noetersk och att L C M ar en delmodul som inte
ar andligt genererad. Valj oy € L. Da genereras inte L av zy sa valj
z1 € L — (z¢). Pa samma sétt, genereras L inte av zg,z1, s vi kan vélja
9 € L — (zg,z1). Om vi fortsitter den hir processen, da far vi en odndlig,
strangt vaxande f6ljd

(z0) C (w0, 71) C (20, 21,22) C -+
av delmoduler till M - motsagelse.
< Antag att varje delmodul till M ar dndligt genererad, och lat
LoC Ly C--- (176)

vara en vaxande foljd av delmoduler till M. Lat L = UL;. Da ar L ocksa en
delmodul till M, alltsd maste vara dndligt genererad. Lat z1, ..., z, vara en
méngd av generatorer. Det maste finnas ett N > 0 si att alla z; € Ly. 1
sa fall stabiliserar kedjan (176) vid L.

EXEMPEL : En PID ar alltid Noetersk eftersom varje ideal genereras av
ett enda element. Med detta i hand, kan vi avsluta beviset av Sats 60.

Proposition 78. Lat A vara en ring, M en A-modul, N en A-delmodul till
M. Dd dr M Noetersk omm bade N och M /N dr Noeterska.

BEVIs : = Antag forst att M ar Noetersk.
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Steg 1: M/N ar Noetersk.

Lat Ly C Ly C - -- vara en vaxande kedje av delmoduler till M/N. Da utgor
71 (Lg) € 7Y (L1) C --- en vixande kedje av delmoduler till M, dir
m: M — M/N ar den naturliga projektionen. Eftersom M ar Noetersk,
méste den senare kedjen stabilisera. Men n(7~'(L,)) = L, for varje n,
sa att den ursprunliga kedjen i M/N stabiliserar ocksa.

Steg 2 : N ar Noetersk.

Lat Ly C Ly C --- vara en vaxande kedje av delmoduler till N. Men
varje L, ar ocksd en delmodul till M, sa kedjan maste stabilisera.

< Antag nu att bade N och M/N ar Noeterska.

Lat Ly C Ly C --- vara en vaxande kedje av delmoduler till M. Vi maste
visa att kedjen stabiliserar. Satt ay = Ly N N och by = 7(Lg). D& utgor
ag Ca; C---och by C by --- vixande kedjor av delmoduler i N och M/N
respektivt. Eftersom bada dessa moduler dr Noeterska sa maste bada kedjor
stabilisera, dvs det finns Ny, Ny > 0 si att

a, =a, Ym,n> Ny, b, =b, Vm,n> Ns.
Vi pastar nu att L,, = L, for alla m,n > max{Ny, N2}.
Sa lat m > n > max{Ny, No}. Lat = € Ly, ; vi maste visa att z € L,,.
Forst har vi att n(z) € b, = b,. Darfor finns det y € L, sa att
m(y) = w(z), som antyder att x —y € a,,. Men a,, = a,,saz—y =z

for nagot z € a, C L,. Darfor ar £ = y + z € L,, som behtvdes. Detta
avslutar beviset.

Korollarium 79. (i) Lat A vara en Noetersk ring, M en andligt genererad
A-modul. Da dr M en Noetersk A-modul.

BEVIs : Fran Prop. 62, vet vi att det finns n > 0 och ett A-modul I C A™
sa att M =24 A™/I.

Steg 1 : A™ ar en Noetersk A-modul.
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Eftersom A™ = A®A™ ! ricker det att bevisa att, om M, N &r tva Noeterska
A-moduler, sa ocksa &r M @ N. Da skulle man gora en induktion pa n.

Sa lat M, N vara Noeterska A-moduler. Avbildningen m ~— (m,0)
identifierar M med en delmodul M* till M & N. Det ar ocksa klart att
(M & N)/M* = N. Da foljer det fran Prop. 78 att M @& N &ar Noetersk.

Steg 2 : Sa A™ ar Noetersk, och var dndligt genererad modul M é&r iso-
morfisk med A" /I, for ndgon A-delmodul I. D3 foljer det fran Prop. 78 att
M éar ocksa Noetersk.

Lemma 80. Lat A C B vara domaner, B integral éver A. Da ar B
en kropp < A ar en kropp.

BEVIS : = Antag att B ir en kropp, och 1t 0 # z € A. Vivet att z=' € B
: vi méste visa att = € A. Efterom B/A ir integral, di satisfierar 71 ett
moniskt polynom med koefficienter i A, sig

g " +tap1z D4 taz P +ag=0.

Multiplicera bada sidor med "~ !. D4 far vi att
n .
7l = Zan_iw’_l € A.
i=1

< Antag nu att A ar en kropp. Lat 0 #y € B. Lat
YV F a1y P+ ay+ag=0 (177)

vara ett moniskt polynom av minimal grad som satisfieras av y. Om vi hade
ap = 0 da kunde vi ta ut en faktor y och fa, eftersom B ar en domén, en
monisk ekvation av mindre grad som y satisfierar.

Alltsd ar ag # 0. DA finns a 1 ¢ A, eftersom A #r en kropp. Betrakta
nu

z = ao” (yn_l tan1y" 2+ +agy + 01) € B.

Man beriknar litt att yz = zy = 1 sd att z = y ' € B. Darfor ir B en
kropp, och beviset ar slut.

Sats 81. Lat A C B wara domdaner, B andligt genererad som en A-modul.
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(i) A Noetersk = B Noetersk.
(ii) dim(A) =1 = dim(B) = 1.

BEVIs : (i) foljer omedelbart fran Korollarium 79.

(i) Om dim(B) = 0 da skulle dim(A) = 0 enligt Lemma 80. Da éar
dim(B) > 0. Det kvarstar att bevisa att varje icke-noll primt ideal i B
ar maximalt. Lat da q vara ett icke-noll prim ideal i B. Lat p = ANgq.
Da ér p ett prim ideal i A. Vidare ar det litt att se att B/q ar integral 6ver
A/p. Antag nu att p # {0}. Da ar p ett maximalt ideal i A, sa att A/p ar
en kropp. Da foljer det fran Lemma 80 att B/q ar ocksa en kropp, dvs att
q ar ett maximalt ideal i B, v.s.v.

Det ricker da att visa att p # {0}. Vilj 0 # y € B och vilj, som i
(177), ett moniskt polynom 6ver A av minimal grad som satisfieras av y.
Som i argumentet som foljer (177), far vi att ag # 0. Men eftersom q ar en
A-modul, far vi da att

n—1

0£ag=-y"—> ay' €qnNA=p,

=1

och beviset ar slut.
Korollarium 82. Lat K vara en talkropp. Da ar O en Dedekind doman.

Huvudsatsen om Dedekind doméner (svag version). I en Dedekind
doman har varje icke-noll ideal a en unik decomposition som en produkt

a=p{---pY >0, (178)

av prima ideal.

DEFINITION : Lat A vara en domédn med kvotkropp K. En A-delmodul
I till K kallas for ett fraktionellt ideal till A om I # {0} och det finns
0#a€ Asaatt al C A.

Om I C K ar en A-modul, si ocksa ar al for varje a € A. Darfor, om

I ar ett fraktionellt ideal och a # 0 ar sa att al C A, da maste al vara ett
ideal i A. Vi har d& bevisat
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Proposition 83. Lat A vara en doman med kvotkropp K. Da ar en
delmdngd I C K en fraktionell A-ideal omm det finns ett ideal a C A och
0#c€ A sdatt I =c 'a.

Vi kan multiplicera fraktionella ideal pa samma siatt som ideal, dvs

(c'a) (d7'b) i= (cd)"ab. (179)
Nu har vi antligen
Huvudsatsen om Dedekind doméner (stark version). Ldt A vara
en Dedekind doman med kvotkropp K. De fraktionella idealen till A i K

utgor en abelsk grupp under multiplikation. Varje element a av denna grupp
har en unik decomposition

a=pi'-p" €L, (180)

som en produkt av prima ideal i A och deras inverser.
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Lektioner 21,22,23 (18,20,22/12/00)

The goal is to prove the main theorem about Dedekind domains referred
to in the previous lecture. The method we will adopt is perhaps not the
simplest one, but I think it is the most fruitful, in that it illustrates a type
of approach common to more advanced treatments of algebraic number the-
ory, which also involves ideas fundamental to algebraic geometry. We will
christen it the ‘local-global’ approach. Further general discussion of what
this involves is postponed until after presentation of the main results.

In what follows, the ring R is always a domain and K denotes its’ quo-
tient field. We will indicate whenever we wish to restrict to a smaller class
of rings. A fractional R-ideal I will be referred to simply as a fractional
ideal (no R!) when it is clear to which ring R it refers.

DEFINITION : Let I,J be any two R-submodules of K. Their product 1.J is
defined by

n
IJ = {mEK:m:Zatbt, where a; € I, thJ}. (181)
t=1

This generalises the idea of multiplying ideals in R. It is clear that IJ is
also an R-submodule of K.

DEFINITION : Let I be an R-submodule of K. We define

IV :={z e K:zI CR}, (182)
R(I):={z € K:zI CI}. (183)

Proposition 84. Both I~! and R(I) are R-submodules of K. In fact, R(I)
is a ring. Furthermore, we have

(i) RI) D RO IT7.

(ii)) I CR< I DR.

(iii) If I = Ra, a principal R-module, then I"' = Ra~'. In particular,
II''=R.

PRrROOF : Everything is immediate from the definitions, and the checking
is left as an exercise.

Given the notation, one is tempted to call I~! the inverse of I. However,
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this terminology is only used when I1-! = R. By part (iii) of the proposi-
tion, this is the case for principal modules over an arbitrary domain. More
importantly, it is the case for any fractional ideal over a Dedekind domain
(see Theorem 90, (iii)). A more fitting term for I=! in general is the dual
module of I (with respect to R).

Proposition 85. (i) If I, I are fractional R-ideals, then so is I 1.
(i3) If I is a fractional R-ideal, then so are I™' and R(I).

PROOF : (i) This is just a restatement of eq. (179).

(ii) More generally, we will prove that, if I;, I are fractional R-ideals, then
so is

J:={rx e K:zl, CI}.

First we show that J # {0}. Since Iy is a fractional ideal, there exists
0 # a € R such that al, C R. Pick any 0 # b € I;. Then ba € J and ba # 0,
since R is a domain.

Second, we must produce 0 # r € R such that rJ C R. Since I; is
a fractional ideal, there exists 0 # ¢ € R such that ¢I; C R. Pick any
0 # d € IbNR (such a d exists because I, # {0}, and if we pick any
0 # di € I5 then, as an element of K, its’ numerator is a non-zero element
of I N R, since I3 is an R-module). Then

cdJ = c(dJ) C e(IJ) Ccl; CR,
and 0 # cd € R. q.e.d.

The next result is something worth keeping in mind :

Proposition 86. (i) A non-zero, finitely-generated R-submodule of K is a
fractional ideal.
(#) If R is Noetherian, then the converse is true.

PROOF : (i) Suppose I is a non-zero, finitely-generated R-submodule of
K, with generating set z1, ..., x,. Write
Ti

T = where r;,8; € R and s; # 0.
2
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Let s = [];=; si- Then 0 # s € R and sI C R.

(ii) Suppose I is a fractional ideal. There exists 0 # a € R so that aI C R,
and then af is an ideal in R, by Prop. 83. By Prop. 77, al is finitely-
generated as an R-module, say by 1, ..., z,. But then a~'z1,...,a” 'z, gen-
erate the R-module I. Now apply part (i).

DEFINITION : The domain R is called a discrete valuation ring (DVR) if
R is a PID and has exactly one non-zero prime ideal.

Proposition 87. (i) Let R be a DVR with prime ideal (7). Then every
element © € R has a unique representation as

z =um, whereu € R* and 0<n¢€Z. (184)

In particular, every ideal of R is of the form (m)" = (#x™), for some n > 0.
(i) Every element of K also has a unique representation of the form
(184), but where we allow n € Z, unrestricted. In particular, every frac-

tional R-ideal is of the form Rw™, for some n € Z.

PRrOOF : R is a PID, hence a UFD by Theorem 60. Hence every z € R has
a decomposition as a product of irreducible elements, unique up to units.
But every irreducible element 6 € R is prime (Prop. 58), hence generates a
non-zero prime ideal, which must coincide with (7) since R is a DVR. Hence
0 = uym for some u; € R*. The result for R now follows, and that for K is
an immediate consequence.

Let R be a DVR with prime ideal (7). By Prop. 87, there is a well-defined
map v : K — Z U {+oo} given by

1(0) = +o0, (185)

v(z) = n whenever z = un™ for some u € R*. (186)

The map v has the following properties :

ili) v(z) = +o0 &z = 0.
iv) v(z + y) > min{v(z),v(y)}, for all z,y € K.
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(v) R={z € K :v(z) > 0}.

Now let L be any field. A map v : L — Z U {+oo} with properties (i)
- (v) is called a discrete valuation (sometimes non-archimedean valuation)
of L. Properties (i) - (v) then imply that the set S = {z € L : v(z) > 0} is
a subring of L with quotient field equal to L. S is called the valuation ring
of the valuation v. The ring S is always integrally closed (see proof of Prop.
88), and has the property that, for all z € L, either z or ™! lies in S. For
more on (discrete) valuations of fields, see the volume edited by Cassels and
Frohlich, and/or Chapter 5 of the book of Atiyah and McDonald3°.

30The important points are the following. Let v be a discrete valuation on the field L,
with valuation ring S. Choose a constant ¢ > 0 and set, for x € L,

lof] 1= .
The properties of a discrete valuation then imply that || - || is @ norm on L. It is in fact
an wultra-norm because it satisfies

llz + yll < max{||«]], |lyll}, VeyeL

which is stronger than the usual triangle inequality. The associated metric topology on L
is independent of the choice of ¢ > 0. It is called the v-adic topology on L. The completion
of L, as a metric space with this topology, is denoted L,. The basic theorem then is

Theorem. (i) L, is a field.

(ii) The discrete valuation v on L can be extended in a unique manner to a discrete
valuation v* on L, .

(iii) Let S, be the valuation ring of v* in L,. Then S, coincides with the completion of
S w.r.t. v.

(iv) S, is a discrete valuation ring.

An important problem (from the point of view of number theory) is the classification
of all discrete valuations on Q. It turns out that they are in 1-1 correspondence with the
prime numbers, as follows :

Let p be a fixed prime. Every element x € Q has a unique representation as x = p"x1,
where x1, when written as a fraction in lowest terms, has both its’ numerator and denom-
inator relatively prime to p. One then defines the discrete valuation v, of Q by setting

vp(p"z1) := n.

It is easily checked that v, IS, in fact, a discrete valuation on Q. It is called the p-adic
valuation. The completion of Q w.r.t. v, is called the field of p-adic numbers, and denoted
Qp. The valuation ring of v, is called the ring of p-adic integers, and denoted Z,. Note
that, by the above theorem, Z, is just the completion of Z w.r.t. the valuation v,. For
an explicit description of the ring Z,, see supplementir 6vning nr. 18.
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Proposition 88. A domain R is a DVR iff it is Noetherian, integrally
closed and possesses exactly one non-zero prime ideal.

IMPORTANT REMARK : A ring R is called local if it has exactly one maximal
ideal. Here, we include the case of non-trivial fields, where the maximal
ideal is {0}. Hence, Prop. 88 can be reformulated as

‘A domain R is a DVR iff it is a local Dedekind domain’.

In particular, a local Dedekind domain is a UFD. When we remove the
local condition we may lose the UF property but, according to the Main
Theorem, we retain unique factorisation of ideals.

PROOF OF PROP. 88 : = Suppose R is a DVR. Then it possesses ex-
actly one non-zero prime ideal, by our definition of a DVR. Furthermore, R
is Noetherian since it is a PID (see Prop. 77). It remains to show that R
is integrally closed. So let £ € K, the quotient field of R, and suppose z
satisfies a monic polynomial over R, say

"+ 12" P+ iz =0,
Consider the valuation v on K. We have
v (— "y rixi)
ming<;<p {v(—riz*)}

ming<; < {v(—r;) + iv(z)}
ming<;<n{iv(z)}, since v(r) >0, Vr e R,

v(z™) = nv(x)

vV IV

from which we conclude that v(x) > 0, i.e.: that z € R. This proves integral
closure of R.

< The proof in this direction is technical and will be accomplished in a
sequence of steps. So let R denote a local Dedekind domain, with maximal
ideal p, and quotient field K.

It was proven by Ostrowski that every discrete valuation of Q must be one of the v,.
Actually, Ostrowski’s theorem says more, but we defer to Cassels and Fr™hlich for details.
For a comprehensive introduction to the p-adic numbers, including methods of p-adic
analysis, see also the book ‘P-adic numbers, p-adic analysis and zeta functions’, by N.
Koblitz.
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NOTATION : In the following proof, D always denotes strict containment.
Step 1: If T is any fractional R-ideal, then R(I) = R.

PROOF : By Prop. 84, R(I) D R, so it remains to prove the converse. By
Props. 85 and 86, R(I) is a ring, which is finitely generated as an R-module.
Let z € R(I). By definition, I C I, which implies that R[z] C R(I). By
Prop. 64(iii), = is integral over R. Thus x € R, since R is integrally closed.

Step 2: p~! DR.

PROOF : A priori, I"! D R for any ideal I of R, by Prop. 84(ii). Pick
0+#a€pandlet I = (a). Since a! € R, we have that I~! D R, by Prop.
84(iii).

We now consider the set A of non-zero ideals I in R such that I-! D R.
We’ve just shown that the set A is non-empty. Since R is Noetherian, A has
a maximal element3!, J say. We claim that J = p. Since p is the unique
non-zero prime ideal of R, it suffices to show that J is a prime ideal.

So let z,y € R such that xy € J, x & J. We must show that y € J. Pick
z € J ' —R. Then zy(zR+ J) C R, i.e.: zy € (zR+ J)~!. Since z & J,
we have R + J D J, so maximality of J implies that zy € R. But then
2(yR+J) C R, ie: z € (yR+ J)~!. Again, maximality of J implies that
yR+ J =J, ie.: that y € J. q.e.d.

Step 3: R=pp ..

PROOF : By Prop. 84(ii), we have R O pp~! D pR = p. Hence, pp~*
is an ideal of R containing p, hence must be either p or R.
But pp~! = p would imply that p~! C R(p), which contradicts Steps 1

and 2.

Step 4 : NS p" = {0}.

PROOF : If z € p and y € p~ !, then yr € R. It follows that, for each

31Here the Noetherian hypothesis is essential, since we cannot use Zorn’s lemma. In an
arbitrary domain, the ideal which is the union of the members of an ascending chain of
ideals in A will in general not be in A
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n > 0, if z € p" then yz € p"~ 1. It follows in turn that p~! C R (NS ,p").
But this contradicts Steps I and 2 unless NS ,p™ = {0}. q.e.d.

We can now complete the proof that R is a DVR. By Step 3, there ex-
ists 7 € p such that p~'7 € p. Since p~!
therefore have p~!7 = R. In particular, 1 € p~!x, so that 7—! € p~ L.

Let € p. Then n~ 'z € R so that € («), the principal ideal of R
generated by . Thus p C (w). But the reverse inclusion is trivial, so we
must have that p = (7). Consequently, p” = (7)" = (7"), for all n > 0,
where 70 = 1.

Finally, we claim that each r € R has a unique expression as r = un”,
for some v € R* and n > 0. Clearly, this would imply that R is a DVR. By
Step 4, there is a maximal n > 0 such that r € p™. Since p" = (7"), we thus
have r = un™ for some u € R. But we must have that u € R*, as otherwise
u € p = (), which would imply that r € (z"!) = p"*!, a contradiction.

This completes the proof of Prop. 88.

7w is an ideal of R, we must

DEFINITION : Let R be a domain with quotient field K, p a prime ideal
of R. We set

Rp::{aEK:a:E, wherer,sERandsgp}. (187)

Rp is called the local ring of fractions of R w.r.t. p, or simply the localisa-
tion of R at p.

Proposition 89. (i) Rp is a subring of K.
(ii) Rp is a local ring. If m is its’ unique mazimal ideal, then

m:pRp:{geRp:rEp}.

(iii) m NR = p.
(iv) If I is any ideal in Rp then I = (I N R)Rp.

PROOF : All parts of this proposition are quite simple, but a notational
nightmare to write down. So look in your lecture notes !

Theorem 90. The following three conditions are equivalent on an inte-
gral domain R which is not a field :
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(i) R is Dedekind.

(ii) R is Noetherian and, for each non-zero prime ideal p of R, the local
ring Rp is a DVR.

(iii) For each fractional ideal I of R, II"' = R.

PROOF : (i) = (ii) Suppose R is Dedekind. Then R is Noetherian. Let
p be a non-zero prime ideal of R. By Prop. 88, it suffices to show that Rp
is Noetherian, integrally closed, and has exactly one non-zero prime ideal.

Step (a) : Rp is Noetherian.

Let I be an ideal in Rp. By Prop. 89(iv), I = (INR)Rp. But INR
is an ideal in R, hence finitely-generated, since R is Noetherian. But any
generating set for I N R as an R-module will also be a generating set for I as
an Rp-module. Hence, every ideal of Rp is finitely-generated, which proves
that Rp is Noetherian.

Step (b) : Rp is integrally closed.

Suppose z € K is integral over Rp, say

xn_|_r"__1xn—1_|_...+r_1x+r_0:0’ (188)
Sp—1 S1 S0
where r;,5; € R and s; € p. Let s = [[7 s;. Multiply (188) through by s
and we obtain

ST 4ty 12" i+ to =0,

1. we obtain a monic

for some t; € R. Multiplying through further by s"~
polynomial over R satisfied by sz. That is, sx is integral over R. But R,
being Dedekind, is integrally closed, hence sx € R, say sz = r. But then

xr =% € Rp, since s € p.
Step (c) : Rp has exactly one non-zero prime ideal.

From Prop. 89(ii), we know that Rp has at least one non-zero prime ideal,
namely its’ maximal ideal m. Now let I be any non-zero prime ideal of Rp
; we must show that I = m.

One sees immediately that I N R is a prime ideal in R, and at the very
least it is non-zero (since I is), by Prop. 89(iv). But I € m = pRp, so we
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must have that I N R C p. But dim(R) = 1, so therefore I N R = p and
I = m by Prop. 89(ii).

(i) = (iii) Let I be a fractional ideal of R. A priori, II~! is an ideal
of R, by Prop. 84(i). It suffices to show that, for each non-zero prime ideal
pof R, IT™' ¢ p.

So fix such a p. Let v denote the discrete valuation of K corresponding to
the DVR Rp. Since R is Noetherian we know, by Prop. 86, that I is finitely-
generated as an R-module, say by ay, ...,a, € K. Order the a; so that v(a;)
is minimal. Then, for each i, we have that v(a]'a;) = v(a;) — v(a;) >0, so
that al_la,- € Rp, the valuation ring of v. Let

_ T
a; la; = —, wherer;,s; € Rand s; ¢ p.

S;

Set s =[] s;- Then, for each 1, saflai € R. Since the a; generate I as an R-
module, we may conclude that sa;' € I"!. But then s = (say')a; € I"'1
and s € p. g.e.d.

(iii) = (i) We have to show that R is Noetherian, integrally closed and
of dimension 1.

Step (a) : R is Noetherian.

Let I be an ideal of R. We’ll show that I is finitely-generated. Since
II"! = R we can find a4, ...,a, € I, by, ...,b, € I such that

n
1= Z aqb;.
=1

Let z € I. Then
n n
z=1-z= <Z aibi> T = Zai(bix). (189)
i=1 i=1

Since each b; € I~!, we have that each b;r € R. Hence, (189) expresses
as an R-linear combination of a1, ...,a,. This shows that aq, ..., a, generate
the ideal 1.

Step (b) : R is integrally closed.
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Let z € K be integral over R. We must show that z € R. Set S = R[z].
By Prop. 64(ii), S is a finitely-generated R-module, hence a fractional ideal
of R, by Prop. 86. Thus SS~! = R. However, S is also a ring, so that
S5 = S. Now we have

S=SR=2S5(55"1)=(85)8"' =85! =R.

This shows that € R, as required.
Step (c) : dim(R) = 1.

dim (R) > 0 since R is not a field. It remains to show that any non-zero
prime ideal is maximal. So let p be a non-zero prime ideal, m a maxi-
mal ideal containing it. Then pm~' C mm™! = R is an ideal of R and
p = pR = p(m™'m) = (pm~!)m. By Prop. 76(iii), we have that either
m C p, exactly as required, or pm~' C p. So suppose the latter holds.
Then

1 1

R=mm '=mRm ' =m(p 'p)m~-

i.e.: R C m, which is absurd.
The proof of Theorem 90 is now complete.

PROOF OF MAIN THEOREM ON DEDEKIND DOMAINS : Let R be Dedekind.
Combining Prop. 75 and Theorem 90(iii), we have already shown that the
fractional ideals of R generate an abelian group under multiplication. It
remains to show that each element of this group has a unique expression as
a product of prime ideals and their inverses. In fact, by Theorem 90(iii),
it suffices to show that every non-zero IDEAL has a unique expression as a
product of prime ideals. There are two things to show here : existence and
uniqueness of the expression.

Ezistence : Let A denote the set of non-zero ideals which cannot be written
as a product of prime ideals. We claim that the set A is empty. Suppose it
isn’t. Then, since R is Noetherian, A must have a maximal element, I say.
Then I cannot itself be prime, so let p be a prime ideal properly containing
I. Consider Ip~'. It is an ideal of R containing I. In fact, it properly
contains I since, if we assumed that Ip~' C I, then multiplying both sides

113

=mp !(pm ') Cmp 'p=mR=m,



by I~'p would give the contradiction that R C p. Hence, by maximality of
I in A, it must be possible to write Ip—! as a product of prime ideals. But
then multiplying both sides by p gives an expression for I as a product of
prime ideals, contradiction.

Uniqueness : Same idea as in the proof of the FTA, making use of Prop.
76(iii). You are left to fill in the details for yourselves.

Ramification in number fields

From now on, let K be a number field with ring of integers Ox. Let p be
a prime number. By the Main Theorem, the principal ideal pOg can be
written as a product of prime ideals in O, say

POk =qi' -~ q;". (190)

The prime ideals q; are said to lie above p. The numbers e; are called ram-
ification indices. The prime p is said to be ramified in K if some e; > 1 ;
otherwise, it is said to be unramified. If r = e; = 1, we say that p remains
prime in K.

Pick some q; lying over p, and consider the quotient Ok /q,. It is a field,
containing Z/pZ as a subfield. The degree of the field extension is denoted

fi, and is called the residue class degree at q;. This means that Ok /q; is a
finite field of order pfi.

Theorem 91. In the above notation,
T
> eifi=[K: Q] (191)
i=1
For the proof of this, we will require two lemmas :

Lemma 92 (real CRT !). Let R be a ring, I1,...,I, ideals of R such
that I, + I; = R for any k # 1. Then we have an isomorphism of rings

n
R/ oy I = T] R/ (192)
k=1

PROOF : Same idea as in the proof of the ordinary CRT (see Lektion 3).
There is a natural ring homomorphism from the lhs to the rhs of (192), and
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the hard part is showing it is surjective. Surjectivity is equivalent to the
statement that, for any z1,...,x, € R, there exists £ € R with z — x} € I,
for k=1,...,n.

Lemma 93. Let R be a Dedekind domain, p be a non-zero prime ideal
of R. Then, for each i >0, p*/p't! is a one-dimensional R/p vector space.

PROOF : Let m be the maximal ideal in Rp. By Theorem 90(ii), m is
principal, and WLOG it is generated by some element m € R. Then, for
each n > 0, m" is generated by 7™ and one easily checks that m" N R = p".
One now easily checks that multiplication by 7™ induces an isomorphism of
vector spaces from R/p to p"/p™tl.

PROOF OF THEOREM 91 : Let [K : Q] = n. Since Ok is a free Z-module
of rank n (Theorem 73), Ok /pOk is a free Z/pZ-module of rank n. In
particular, it is a ring of order p™. Suppose pOg factors as in (190). By
Lemma 91, there is a ring isomorphism

T
Ok /pOk = H OK/qfi. (193)
i=1
But from Lemma 92 it follows immediately that |Ox/q;'| = |Ok/q;|%.

Since |Og/q;| = p/i, comparing the orders of both sides of (193) now gives
the desired result.

By Theorem 91, there are at most [K : Q] prime ideals in K lying above
any given prime number p. If there are exactly [K : Q] such ideals, we say
that p splits completely in K. In this case ¢; = f; = 1 fori =1,...,n. On
the other hand, if r = f = 1 and e = n we say that p is totally ramified in K.

Proposition 94. Suppose K/Q is Galois. Let p be a prime number, which
factors in K as in (190). Then all e; are equal, to e say, all f; are equal, to

f say, and efr =[K : Q].

PROOF : It clearly suffices to show that the Galois group G of K over
Q acts transitively on the primes lying over p. Suppose the contrary, i.e.:
suppose there are two primes q; and q2 lying over p such that oq; # q, for
all o € GG. Equivalently, since G is a group, oq; # 7q, for all 0,7 € G. By
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Lemma 92, there thus exists £ € Ok such that

z=0(mod 0q;) Vo €GQG, (194)
z=1(mod oqy) VoeQG. (195)

Consider
n = H ozT.
ceG

Since n is invariant under all elements of G, we must have that n € Q, by
Prop. 68. But z € q;, by (194), so n € QN q;. By the argument in the
proof of Lemma 80, this intersection must be pZ. The same is true of QNqs.
But, by (195), oz ¢ q, for all 0 € G, so that n ¢ q, either, since gy is a
prime ideal. This is a contradiction, which completes the proof.

TERMINOLOGY : If p is a prime, and K/Q is Galois, then p is said to
be tamely ramified in K if p { e ; otherwise, p is said to be wildly ramified.

NORMS

Let q be any non-zero prime ideal of Og. As just indicated above (see also
the proof of Lemma 80), there is a prime number p € N such that

Q Nq = pZ. Then q lies above p. Let f be the associated residue class
degree. We define the norm N(q) of q by

N(q) :=p. (196)

This defines the norm of a prime ideal. We extend the definition to an
arbitrary fractional Og-ideal by multiplication, i.e.:

k
N(q?' ---qp*) = [ N(a)™. (197)
i=1
For any non-zero z € K, we define the norm of x, N(z), by
N(z) == N[(z)], (198)

Where (z) = 2Ok is the principal fractional ideal generated by z.

Notice that, by Theorem 91, if p is a prime number, then

N(p) = p Q. (199)
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Hence, by multiplicativity, we have
0#£r€Q= N(r) = |r| K Q. (200)
More generally, we have

Theorem 95. Let [K : Q] = n.
(i) Let a be a non-zero ideal in Ox. Then

N(a) = |Ok/al. (201)

(ii) Let a € Og. Considering Ok as a Z-module with a fized basis, let
A € M,(Z) be the matriz of the linear transformation x — ax from O to
Ok. Then N(a) = |det A|.

(iii) For any 0 # a € K we have

N(a) = : (202)

H oi(a)
i=1

where g1, ...,0p are the distinct embeddings of K.
(iv) More generally, if K/Q is Galois, and a is any fractional ideal of Ok,
then

(N(@) =[] ai(a), (203)
=1

where the lhs denotes the principal Ok -fractional ideal generated by the ra-
tional integer N (a).

(v) Let € € Ok. Then € € Ok iff N(e) = 1.

(vi) Let a be a non-zero ideal in Ok . Then a is a free Z-module of rank n.
If aq, ..., is any Z-basis for a then

A, oy ) = N(a)%dg. (204)

OBs! The product on the rhs of (202) is taken, in some books, as the
definition of the norm of an element. Let us denote it by n(a). As (202)
indicates, it only coincides with our definition up to a sign. However, it is
also multiplicative, i.e.:

n(a)n(b) = n(ab), Va,b#0. (205)
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PROOF : (i) For a non-zero prime ideal q of Ox, we have N(q) = |Ox/q| by
definition. The result for a general ideal now follows from multiplicativity
(eq. (197)) and Lemma 92.

(ii) Follows immediately by application of (i) to the principal ideal aOg .

(iii) First suppose that a € Og. K = Q(a). Consider the characteristic
equation

det(A — \,) =0, (206)

of the matrix A in part (ii). Notice that Aa = a - a, so that A\ = a is an
eigenvalue. Now let o be any embedding of K. Applying o to (206) and
remembering that the matrix A has rational integer entries, we find that
o(A) is an eigenvalue whenever A is. Now since K = Q(a), the complex
numbers o1(a), ...,opn(a) are all distinct. Hence, we’ve produced n distinct
eigenvalues of A, and these must be all its’ eigenvalues, since A is an n X n
matrix. But for any square matrix A, det A is equal to the product of its’
eigenvalues which, together with part (ii), implies (202).

For a general 0 # a € K, the result follows by an extension of this argu-
ment which we skip over.

(iv) Because of the multiplicativity of the norm (eq. (197)), it suffices to
prove this when a is a prime ideal. But then it follows from the ideas used
in the proof of Theorem 91 and Prop. 94.

(v) Fix a Z-basis of Og and let A € M,(Z) be the matrix of ¢, as in
part (ii). Then A~! is the matrix of ¢ !, and hence e ! € O iff A~ ! also
has integer entries. This is the case iff det A = £1. Now (v) follows from (ii).

(vi) Ok is a free Z-module of rank n, by Theorem 73. By part (i), a is
a subgroup of this group of finite index. Hence it must also be free of rank n
(see suppl. 6v. nr. 16). The statement about the discriminant of a Z-basis
for a follows from part (ii) and eq. (173).

Note that (204) allows us to define the discriminant of an ideal {0} # a C

Ok by
d(a) := N(a)%dxk. (207)
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The multiplicativity of the norm implies the same property for the discrim-
inant, i.e.:

d(ab) = d(a)d(b), VY a,b # {0}. (208)

We mention one more result in this connection :

Proposition 96. The prime number p ramifies in the number field K if
and only if p|dk, the discriminant of K.

PROOF : Skipped over.

Two classical results

We wish to state two of the most important results of algebraic number
theory. Proofs may be found in, for example, Stewart and Tall.

The first result is about ideals. So let K be a number field. By the main
theorem on Dedekind domains, the fractional ideals of Ox comprise a group
under ideal multiplication. Call this group Z(K). It is clear that the prin-
cipal fractional ideals form a subgroup, since

(a)(b) = (ab),
(@)~ = (a7 (209)

This subgroup is denoted P(K). Then we have

Class number theorem. Z(K)/P(K) is a finite group.

This quotient group is called the (ideal) class group of K. Its’ order is
denoted hx and called the (ideal) class number of K. One important prop-

erty of the class number is the following

Proposition. Let K be a number field. Then

hg =1 K is a PID & K is a UFD.
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PROOF : The first equivalence follows from the definition of hx. From
Sats 60, we know that if K is a PID then it is a UFD. It remains to show
that if K is a UFD, then it is a PID.

So assume K is a UFD. Since every ideal in Ok is a product of prime
ideals, it suffices to show that every prime ideal is principal. So let p be a
prime ideal. Pick any z € p. Since K has the factorisation property (F),
we can factorise z as a product of irreducible elements of Ok, say

T =" Tk-

Since 7y + -+ T, € P, there is at least one index 7 such that m; € p. But since
K is a UFD, the principal ideal (7;) is prime (Prop. 58). Hence, (7;) is a
non-zero prime ideal of Ok contained in p. Since Ok has dimension 1, we
conclude that p = (m;).

The second classical result relates to the units in Og.

Dirichlet’s units theorem. The multiplicative group Oy is a finitely-
generated abelian group. It is of the form

T x F

where T is a finite group consisting of all the roots of unity in K, and F is
a free abelian group of rank r1 + 1o — 1 (see eq. (166)).

REMARK : A basis for the group F' above is called a system of fundamental
units for the field K.

The regulator R of a number field K is defined as follows. Let [K : Q] =
n. Suppose K has real embeddings oy,...,0,, and complex embeddings
Or1415 071413 == Opy+r9> Ory 419, I any order. Let €1, ..., €, 4r,—1 be a system
of fundamental units for K. Then

R = |de1; [Ui(ej)]| , 1<4,5<r1+rys—1. (210)

It’s an easy exercise to show that the definition of R is independent of
the choice of a system of fundamental units, and of the ordering of the
embeddings o; - for the latter, use Theorem 95 (iii),(v).
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Kvadratiska kroppar

DEFINITION : En algebraisk talkropp K kallas for en kvadratisk kropp om

[K:Q]=2.

Under resten av kursen ska vi koncentrera pa dessa kroppar, och ska se
hur foregdende idéer och resultat om allmina talkroppar specialiserar till
denna situation. Vi ska dela upp var analys i fem delar :

DEL 1 : Klassificiering av kvadratiska kroppar.

DEL 2 : Heltalsringen i en kv. kropp, och diskriminanten.

DEL 3 : Ramificiering och sambandet med Legendre symboler.

DEL 4 : Enheter och sambandet med Pells ekvation. Detta ledar till ett
nytt stort omrade inom talteori, nimligen Diophantisk approximation.
DEL 5 : Sambandet mellan idéal klasser i kv. kroppar och binara kvadratiska
former.

DEL 1 : KLASSIFICIERING

Sats 97. Det finns en 1-1 korrespondens mellan kvadratiska kroppar och
heltal d som dr kvadratfria. Korrespondensen ges explicit av d < Q(v/d).

BEVIS : Forst ar det klart att om d #r ett kvadratfritt heltal da ir Q(+/d)
en kvadratisk kropp.

Nist antag att dy,ds ar tva kvadratfria heltal och att Q(v/d1) = Q(V/dz)-
Vi maste visa att di = dy. Fran foregaende likhet vet vi att det finns
Ty, 2z, w € Q sa att

T+ yVd, = z + w\/ds. (211)

Efter uttagning av en gemensam nidmnare och kryss multiplikation far vi
antaga att z,y,z,w € Z. Tag nu z till vinstra sidan av (211) och kvadrera
béda sidor, s& fir man att

(z — 2)? + y%di + 2y(x — 2)Vdi = w?ds.
Dirfor dr 2y(z — 2)v/di EQ = y(z —2) =0=>y =0 eller z = 2.
Om y = 0 d& skulle (211) siga att v/dy € Q, en motsigelse.
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Om z = z d4 siger (211) att y?d; = w?do. Men eftersom bade d; och
ds ar kvadratfria, sa foljer det att di = do, v.s.v.

For att avsluta beviset, maste vi visa att varje kvadratisk kropp ges av
Q(V/d) for nagot kvadratfritt heltal d. Alltsa. lit K vara en kvadratisk
kropp. Enligt Sats 67 ar K = Q(«) for nagot o € K. Eftersom K har grad
2 over Q, s& maste mimimal polynomet av a 6ver Q ha grad 2. Da satisfierar
a ocksa nagot polynom av grad 2 over Z, sig

ac? +ba+c¢ =0, dar a,b,c € Z, a # 0.

Fran formeln for 16sningarna till en kvadratisk ekvation far vi da att

—b+ Vb? — 4ac

2a

o =

(212)

Sitt di = b>—4ac. Heltalet d; har en unik representation i formen d; = w?d,
dir w € N och d ar kvadratfritt. Da kan (212) skrivas om som

b w
= — 4+ —d.
@ 2a 2a\/_

Det foljer att K = Q(v/d), och beviset av Sats 97 ar avklarat.

Korollarium 98. Varje kvadratisk kropp ar Galois dver Q.

DEL 2 : HELTALSRINGEN

I detta avsnitt ska element av Z kallas for ‘rationella heltal’.

Sats 99. Ldt d vara ett kvadratfritt rationellt heltal och K = Q(V/d) vara
en kvadratisk kropp.
(i) Om d = 2,3 (mod 4), da ar

Ox =Z®ZVd. (213)
(1) Om d =1 (mod 4), da ar

1+Vd
7

Ok =267 (214)

ANMARKNING : Vi vet a priori fran Sats 73 att Ok ar en fri abelsk grupp
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av rang 2.

BEVIS : OxgN Q = Z, eftersom Z ar integralt sluten (Prop. 72(ii)). Lat
mu a € O — Q. Da maste « satisfiera ett moniskt polynom av grad 2 6ver
Z, sag

2 +aa+b=0 abelZ. (215)
« kan skrivas (pa ett unikt sitt) i formen
a=x+ y\/a,
for nagra z,y € Q. Substituera i (215), sa far man att
(22 + y%d + az + b) + (2zy + ay)Vd = 0,
som antyder att

2 +y’d+ar+b=0 (216)

och

2zy +ay = 0. (217)
Fran (217) far vi att antingen y = 0 eller 2z + a = 0. Men y = 0 betyder
att a € Q, som siger emot hypotesen. Darfor maste

4
= ——. 218
r=-3 (218)

Substituera (218) i (216) och vi far att

a? —4b

y=H "4

Men y € Q och d ar ett kvadratfritt rationellt heltal, si det maste finnas
w € N sa att

a?® — 4b = dw?, (219)
och da att w
y=:+5. (220)

Om d = 2,3 (mod 4), da har (219) en l6sning omm bade a och w &r jimna.
Da foljer (213) fran (218) och (220).

Om d =1 (mod 4), da har (219) en 16sning om antingen (i) bade a och
w ar jamna eller (ii) bade a och w ar udda. Alltsa, foljer (213) fran (218)
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och (220) i detta fall ocksa.

Korollairum 100. Lat d vara ett kvadratfritt rationellt heltal och K =
Q(V/d) vara en kvadratisk kropp.
(i) Om d = 2,3 (mod 4), da dar

dg = 4d. (221)

(i) Om d =1 (mod 4), dd ar
dg = d. (222)

Speciellt, finns det precist en kvadratisk kropp av diskriminant D for varje
heltal D som ar en fundamental diskriminant, ¢ meningen av bindra kvadratiska
former.

Bevis : Foljer fran Prop. 74, Sats 99 och faktumet att de tva imbaddningarna
b1, o av kroppen Q(v/d) ges av

$+y\/c_igx+y\/g, m—l—y\/c_ilqu—y\/c_i.
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Lektion 24 (08/01/01)

DEL 3 : RAMIFICIERING

Lat K vara en kvadratisk kropp och p € Z ett primtal. Fran Prop. 94
och Kor. 98, finns det precis tre mojigheter for prim decompositionen av
huvudidéalet pOg, ndmligen

De=f=1,r=2: pOk = q;q5 och p splittrar komplett i K.
(Il)e=r=1,f=2: pOg = q och p kvarstar prim i K.
(IT) f =r=1,e =2: pOg = q? och p ér totalt ramifierad i K.

Vilket av de tre fallen giller for ett givet p kan ges explicit i termer av
Kronecker symboler. Vi har

Sats 101. Ldt d vara ett kvadratfritt heltal, K = Q(v/d). Litp € Z
vara ett primtal. Da

=1.
—1.

(i) p splittrar komplett i K < p 1 dg och (%

N——

(ii) p kvarstar prim i K < p1dg och (g)
(iii) p ar totalt ramifierad i K < p|dk.

OBs! For udda p ar Kronecker symbolen samma sak som Legendre sym-
bolen. Alltsa i del (i) (resp. del (ii)) ar (%) =1 (resp. = —1) omm
z? = d (mod p) ir Iésbar (resp. ej 1osbar).

For p =2, dd 2{dg omm d = 1 (mod 4), enligt Kor. 100. Alltsa, i
del (i) (resp. del (ii)) ar (%) =1 (resp. = —1) omm d = 1 (mod 8) (resp.
d =5 (mod 8)).

Alltsa, det mest koncisa sittet att formulera Sats 101 ar

‘(i) p splittrar komplett i K < (dTK) =1.
(ii) p kvarstar prim i K < (dTK) =—1.

(iii) p ar totalt ramifierad i K < (%) =0

Till slut, notera att del (iii) av satsen ar ett speciellt fall av Prop. 96.
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BEvis Av sATS 101 : Props. 13.1.3 och 13.1.4 pa utdelade stencilen nr.
13. Vi bevisade bara 13.1.3 under foreldsningen.

ETT EXEMPEL AV PRIM FAKTORISERING

Vi avslutar detta avsnitt med ett explicit exempel av prim faktorisering av
ett idéal i en kvadratisk kropp. Exempelt finns pa utdelad stencil nr. 15,
men metoden som presenteras dar kan uppskattas mycket battre i kontexten
av vara resultat om ramificiering (Sats 101). Foljande &ar alltsa en alternativ
(och mycket battre !) presentation.

EXEMPEL : Faktorisera huvudidéalet < 18 > i Z[v/—17].

LosNING : Lat K = Q(v/—17). Notera att —17 = 3 (mod 4) si att
Z[\/—17] = Ok och

dg = 4(—17) = —68.
Den prima faktoriseringen av 18 i Z ar
18 =237

alltsa racker det att kunna faktorisera huvudidéalen < 2 > och < 3 > i Og.
For detta anvander vi Sats 101 och dess bevis.

(a) 2|dk sa 2 ramifierar i K och
<2>=q,
dar
qQ=<2,1+V/-17>.

(b) 31dx och (=) = (}) =1, och 12 = ~17 (mod 3), s att 3 splittrar i
K och

<3 > =qyqs,
dar

QQ:<3,1+V—17>
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och
QG=q,=<3,1—vV-17>.
Antligen har vi da att

<18 > = q? (q,q3)° = a?q3a3.

DEL 4 : ENHETER

Lat K = Q(v/d) vara en kvadratisk kropp, dér d ir ett kvadratfritt heltal.
Enligt Sats 99 har ett element v € O en unik representation v = = + yv/d
dar

(I) d=2,3 (mod 4) = z,y € Z.

(IT) d = 1 (mod 4) = antingen z,y € Z eller x = z1/2,y = y1/2 dar
T1,y1 € Z och ar udda.

Enligt Sats 95(v) ges enheterna da av alla heltalslésningarna till ekvation-
erna

2 —dy? = +1, omd=2,3 (mod 4), (223)
1 1
(z + 5y)2 -1 > =41, omd=1 (mod 4). (224)

Notera ocksé att avbildningen

(z,y) = (z —y,2y) (225)

ger en injektion fran 16sningarna till (223) till l6sningarna till (224).

Vart mal ar att bevisa Dirichlets sats om enheter for kvadratiska kroppar,
och att tillimpa resultatet till Pells ekvation (se Sats 42, ekv. (113)). I fallet
d < 0 har kroppen K = Q(v/d) tva komplexa och inga reella inbiddningar.
Da siger Dirichlets sats att O dr en dndlig grupp. Beviset av detta faktum
ar ganska trivialt. Vi har

Proposition 102. Lat d < 0 vara kvadratfritt.
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(i) Om d = —1 da har (223) fyra losningar (£1,0),(0,+1). Alltsa ar

X _ N~
O = {21, i} = Z/4Z.

(ii) Om d = —3 da har (224) sex losningar (£1,0), (0, £1),+(1,—1). Alltsa ar

Oa(ﬁ) ={+1,+1(1+V3)} = Z/6Z.

(iii) Om d # —1,—3, da har (224) bara tva losningar (£1,0), och 0(3(\/&) =
(1} = Z/2Z.

For d > 0 har K = Q(\/E) tva reella och inga komplexa inbaddningar och
Dirichlets sats siger att O, modulo en dndlig grupp av enhetsrotter, ar en
oandlig cycklisk grupp. Beviset av detta faktum &ar betydligt svarare. Var
metod ska anvianda idéer av en annorlunda karaktir fran de som traffats hit-
tills, speciellt foljande resultat av Dirichlet, som ar det enklaste (och aldste)
resultatet i ett omrade inom talteori som kallas for Diofantisk approzimation.

Dirichlets approximationsats. Ldat 01,02 vara reella tal med 05 > 1.
Da finns det heltal p,q, med 0 < g < 0y sa att

lgfy —p| < 1/05. (226)

BEVIS : (Se ocksa Baker s.43). Antag forst att f; € N. For virje g sa att
0 < g <0, satt

rq = qbh — [gb].

Detta ger 6 reella tal (kanske med repititoner) i intervallen [0, 1). Dela upp
denna intervall i 65 delintervaller I; dar

t t+1
L=|— — t=0,1,..,00 — 1.
t |:923 92 )a 5Ly ey U2
Da har vi foljande tva mojligheter :

Fall T : Det finns q1 # g0 sd att bade rq,,rg, € I; for nagot t. WLOG,
q1 > ¢o. Da har vi att

lg01 — p| < 1/62,
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dir ¢ = g1 — qo, sd att 0 < g < 02, och p = [q161] — [g202]-

Fall II : Det finns precis en 74 i varje I;. D& finns det ¢1 # ¢o sd att
rq € Iop och rg, € Iy, 1. Lat ¢ = min{qi,qe2}. Da &r 0 < ¢ < 02 och
g1 — p| < 1/6 dér p = [g61].

Detta avslutar beviset nir 5 € N. For 6, ¢ N, tillimpa resultatet for
paret (61,[602] + 1).

OBs! Det foljer fran ovanstiende bevis att satsen stimmer med en STRANG
olikhet i (226) om inte 6; € Q.

En direkt, och imponerande tillampning av Dirichlets sats ar

Sats 103. Lat d vara ett heltal som inte ar en perfekt kvadrat. Da finns det
odndligt manga (z,y) € Z? sd att 2 — dy® = 1.

BEvIs : Kommer nista gang.
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Lektion 25 (10/01/01)

NOTATION : Lat K vara en kvadratisk kropp, z € K. Da ska z’' beteckna
bilden av z under den unika icke-triviala automorfismen av K. Alltsa, om

K = Q(Vd) och z = a+ 3Vd, dir o, € Q, da ér 2’ = a — $Vd.

BEVIS AV sATS 103 : (se Baker s.64-65). Lat m > 0. Tillimpa Dirich-
lets approximationsats till paret §; = v/d, 6, = m+/d. D& finns det heltal
P> dm, med 0 < g < mV/d si att

‘pm - Qm\/c_i‘ < mL\/C_i (227)

Sitt aum = pm — gmVd, s att || < 1/m\/3 Vi har att

ol =pm + gmVd = am + 2qmVd = lal, ] < |am|+ 2gmVd
1
< va t+2amVd
< 3gmVd, sag.

Da har vi att

1
In(em)| = lamam| = lam| - laj| < —7= - 3gnVd < 39% < 3V,

mvd

Poédngen ar att |n(ay,)| dr begriansad oberoende av m.

Nist, eftersom vd ¢ Q da &r varje am, # 0. Men 1/m\/c_i — 0 dam — oo,
sa det maste finnas odndligt manga olika tal bland de ay,. Eftersom de-
ras normer ir begransade, hittar vi da oandligt manga olika tal av formen
p —qV/d, dir p,q € Z och g > 0, vars normer ar alla lika, till N sig. Vidare
kan vi nu valja en oidndlig delmangd av dessa tal si att alla p 4r kongruenta
till varandra modulo N, och detsamma, for alla ¢g. Vilj nu tva bland dessa
tal, sig a; = p; — ¢iV/d, for i = 1,2 och betrakta

aq
ni=—.

g
PASTAENDE : 7 # +1 och ) = z + yV/d, dér z,y € Z och z% — dy? = 1.

Forst, a1 # as = n # 1. Att n # —1 foljer fran att bide ¢; och g9 ar
positiva. A priori dr 7 = z + yV/d for nigra z,y € Q, och z2 — dy® = nn =
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n(n) =n (ﬂ) = ey Alltsa, kvarstar det att bevisa att =,y € Z. En

as n(as)
explicit berdkning ger

o1 ondhy  (p1—qVd)(p2 + g2Vd)

"=~ n(ag) N ’

sa att

P1P2 — Q1924 P192 — Q1p2
_ _ P12 = qip2. 298
Det f6ljer nu fran faktumet att p; = p2 och ¢ = g2 modulo N att tdljarna
i bada uttrycken i (228) ar delbara med N, och alltsa att z,y € Z, v.s.v.

Detta racker nu for att bevisa Sats 103, eftersom a1 och ag valdes fran
en oandlig mangd, s att det finns oandligt manga mojligheter for talet 7.

VIKTIG ANMARKNING : Ovanstdende bevis, tillsammans med beviset av
Dirichlets approximationssats, ar konstruktiva, men ger en ganska kranglig
algoritm for att skapa losningar till 2 — dy? = 1. Denna algoritm kan upp-
fattas pa ett mycket mer elegant siatt med hjilp av kedjebrdak. Se Lektion 26
nedan.

Vi vill ge tva tillimpningar av Sats 103. Den forsta ar avslutningen av
beviset av Dirichlets sats for kvadratiska kroppar :

Sats 104. Ldt d > 0 vara kvadratfritt och K = Q(v/d). Dd dir OF =
{£1} x Z.

BEVIS : (se Baker, s.65). Enligt Sats 103 4r O en odndlig mangd. Speciellt,
finns det en enhet 7 # +1. Bland de fyra enheterna +7, +1 /7 finns det precis
en som dr > 1 i den triviala inbdddningen av K i R, dvs den inbaddningen
dir vi tar den positiva roten v/d. Vi fixerar nu denna inbdddning och be-
trakta mangden

S={re€0f :z>1}.

Ovanstaende argument betyder att S # 0. Lat s € Og. Enligt Sats 99 ar
s = u + vv/d dar &tminstone 2u,2v € Z.

PASTAENDE : Om s € S d& ar u,v > 0.
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Eftersom s € O sé ir u — vVd = ' = +1/s.

Forst, eftersom s > 1 si maste s > s, som antyder att v > 0. Alltsa ar
v>1/2=vVd>1/2.

Nist dr faktiskt |s'| = 1/[s| < 1. Omu < 0dd dru < —3 = &' =
u—vvd < —% — % = —1, en motsagelse.

Till slut, om v = 0 d& & s = vVd och ss' = +1 = —v?d som kan
satisfieras (eftersom 2v € Z) omm d = 1,v = £1 ellerd = 4,v = 3. I bida
fall har vi en motségelse, eftersom d maste vara kvadratfritt.

Detta bevisar pastaendet.

Fran pastidendet foljer det att mangden S innehaller ett minsta element.
Lat det betecknas med e. Lat nu 7 vara en godtycklig enhet sa att n > 0.
Da finns det ett unikt bestamt m € Z sa att

6m§n<em+1=>1§i<e.
€m

Valet av € antyder nu att faktiskt n = ™.

Till slut, eftersom antingen 7 eller —n dr > 0 for varje n € O, si visar
ovanstiende argument att

w={xl}x <e>,

och att € genererar en oandlig cyklisk grupp. Detta avslutar beviset av Sats
104.

VIKTIG ANMARKNING : En enhet e som genererar O modulo +1 kallas
for en fundamental enhet. Ovanstdende bevis ar ocksa konstruktiv, dvs ger
en algoritm for att skapa en fundamental enhet. Vi har sett att en funda-
mental enhet ges av det minsta elementet i méangden S = {z € Oj : z > 1}.
Fran pastaendet i mitten av beviset vet vi att varje element av S &r av for-
men u + vvd dir u,v > 0. Motsatsen stammer ocksd, dvs om ¢ = u + vVd
ar en enhet med u,v >0, da ar ( > 1. For d > 1 och 2u,2v € Z = u,v > %
Nu har vi foljande algoritm for att skapa en fundamental enhet :

Steg 1: Skapa en 16sning ) = z+yV/d till ekvationen z2 —dy? = 1 (z,y € Z),
enligt den krangliga algoritmen som niamnades i foregdende anmérkning.
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Steg 2 : Precis en av £1,+1/n &r > 1. Lat denna kallas for (.

Steg 8 : Vi har att ( = u + vV/d for nigra u,v > 0 si att 2u,2v € Z.
Bade u och v har berdknats i Steg 1 och 2. Det finns en fundamental enhet
€ = ug + voV/d 4 att

ug,v9 >0, 2ug,2v9 €Z, up+voVd < u+vVd, u% — vgd = 41.

Det ar klart att det finns bara dndligt manga par (ug,vo) som satisfierar
dessa fyra villkor. Det minsta av dem ar en fundamental enhet.

Var andra tillimpning av Sats 103 ar till Pells ekvation. Forst en teknisk
lemma,

Lemma 105. Lat d vara ett kvadratfritt heltal, K = Q(v/d). Lit e € Z och
betrakta

Ge:{u—l—v\/c_iEOIX(:v:ngfb'rndgotnEZ}.

Da dr G en odndlig delgrupp till Oy som innehaller {£1}, och ddrfor av
formen
Ge ={£1}x <n>, (229)

dar n = €™ dr nagon potens av en fundamental enhet, och gemererar en

oandlig cyklisk grupp.
BEVIS: £1=+1+0Vdoch 0=0- £ = {£1} C G,.

Nist visar vi att om z € G, da ar 27! € Ge. Lat z = u + vV/d dir
v =ng, sig. Eftersom z ar en enhet, har vi da att

7' = +(u—ovVd) = 27! € G,.
Nist visar vi att G, ar sluten under multiplikation. Lat z1,z9 € G, sig

T1 = U1 +111\/ch, dar vy = n1§,

To9 = ug + 'Ug\/c_i, dir ve = nok.
Daar z129 =u+ U\/c_i, dar

e
V=g (u1ng + ugny) .
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Darfor maste vi visa att uing +uony =: T € Z.

Om uj,ug € Z da ar T € Z. A priori (Sats 99) vet vi att 2u;,2uy € Z.
Antag WLOG att u; ¢ Z s att u; = 2z1/2 dir z; ar udda. Fran Stas 99

maste v vara av samma form, si att bade e,n; ar udda.

Fall I: ny udda. Da ar vy € Z = ug € Z = ug = 29/2 dir 2z ar udda. Nu
har vi att

1 .
T= 2 (z1n2 + zom1) € Z, eftersom z1, z2,n1,n9 ar alla udda.

Fall IT : ny jamt. D& ar uine € Z. Oclsa vo € Z = ug € Z = usng € Z.
D4 har vi igen att T € Z.

Vi har nu bevisat att G, ar en delgrupp till Oy som innehaller {£1}. Det
kvarstar att bevisa att den ar en odndlig mangd. Eftersom G, D Go, be-
trakta Go. i stéllet. Det bestar av alla enheter u + vV/d s att u,v € Z och
e|v. Dvs, den bestér av alla 16sningar (u,v;) € Z? till

u? — (de®)v? = +1.

Eftersom de? inte 4r en perfekt kvadrat har denna ekvation oéindligt manga
I6sningar, enligt Sats 103. Detta avslutar bevisat av lemman.

Sats 106. Lat d > 0 vara ett heltal som inte ar en perfekt kvadrat. Da har
Pells ekvation (se (113))

t? —du® =4, (t,u) e Z? (230)

odandligt manga losningar. Det finns en sd-kallad ‘fundamental losning’
(to,uo) sa att alla losningarna ges av

% (t+uvd) =+ [% (to+ uox/c_i)]m, dir m € Z. (231)

BEVIS : Antag forst att d dr kvadratfritt. Lat (¢,u) vara en 1sning till
(230). Notera att 2|t < 2|u, eftersom 4 { d. Vidare har vi att

ORORS
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D4 ser vi att (¢,u) 1oser Pells ekvation omm £ + %+/d &r en enhet i K :=
Q(v/d) av norm 1. Dessa utgér en delgrupp till O av index 1 eller 2, som
innehaller {£1}. Nu foljer resultatet fran Sats 104.

Lat nu d vara ett godtyckligt positivt heltal som inte ar en perfekt kvadrat.
D4 kan d skrivas i formen d = e?d; dir d; ir kvadratfritt. Att (¢,u) l6ser
(230) &r ekvivalent med att

£\ 2 e \?
N —a (Su) =1
(2) o (2“>
Da har vi en 1-1 korrespondens mellan 16sningarna till (230) och enheterna
X

av norm 1 i delgruppen G, till OQ )" Resultatet foljer nu fran Lemma
105.

DEL 5 : IDEAL KLASSER OCH BINARA KVADRATISKA FORMER

We did not reach this material during the lecture. It is not examinable.

Let K be a number field. We denote by P;(K) the collection of princi-
pal fractional ideals a of K such that a has a generator A\ with n(\) > 0.

Proposition. (i) P, (K) is a subgroup of P(K).

(i1) Py(K) = P(K) iff either n(z) > 0 for all z € K*, or there exists
n € O with n(n) = —1.

(#ii) Otherwise [P(K): P, (K)] = 2.

PROOF : (i), (ii) are obvious. For (iii), there exists by hypothesis z € K*
with n(z) < 0, and every unit of K has positive norm. Hence the principal
ideal (z) is not in P, (K), and we have the coset decomposition

P(K) = Po(K) U Py (K) - (x).
Proposition. Let K = Q(v/d), where d is a squarefree integer.

(i) There ezists z € K with n(z) < 0 iff d > 0.
(ii) There exists 1 € Oy with n(n) = —1 iff the equation x> — dy? = —1 has
a solution (z,y) € Z*°.
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PROOF : (i) Every z € K can be expressed as z = a + bv/d for some
a,b € Q. Then n(z) = a? — b*d, and it is clear that this is negative for some
choice of a, b iff d > 0.

(ii) There exists n € O with n(n) = —1 iff there exists an integer solu-
tion to, according to the value of d, (222) or (223), with —1 on the rhs in
both cases. If d = 2,3 (mod 4), we are thus already done. Now suppose
d =1 (mod 4) and that there exists a unit  with n(n) = —1. We have to
show that there exists such an 7 in Go, in the notation of Lemma 105. Let
P ={e € Ok : n(e) = +1}. Then [Of : P] = 2. Hence, it suffices to show
that [Of : Go] is odd. To prove this, it suffices in turn to show that, if 7 is
a unit and n ¢ Gy, then 7% € G..

That n ¢ G2 means that n = %(x + yV/d), where both ,y are odd
integers. Then

2 2
9o T+ dy xy
=—+—=Vd
from which we immediately see that the same is true of 7.

DEFINITION : The quotient group I(K)/P;(K) is called the group of strict
ideal classes of K.

The main result of this section now is

Theorem. Let d be a squarefree integer, K = Q(\/c_i) Then there is a
1-1 correspondence between the strict ideal classes of K and the equivalence
classes of binary quadratic forms of discriminant dg.

PROOF : See handout 14. Chapter VII of that book is a good reference
for further information on quadratic fields and binary quadratic forms.

REMARKS : (i) The question of for which d > 0 there exists an integer
solution to 22 — dy? = —1 will be answered in the next lecture (Theorem
113).

(ii) The group structure on the set of strict ideal classes allows one, by
the above theorem, to define a similar structure on the equivalance classes
of binary forms of a given fundamental discriminant. Since the proof of the
theorem gives an explicit description of the class of forms corresponding to
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a class of ideals, one may thus write down explicit formulas for ‘multiplying’
two forms. These are called the composition formulas for binary quadratic
forms, and were already known to Gaug.
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Supplementér lektion 26 (15/01/01)

The material of this lecture is not examinable.
Continued fractions

There are two distinct ways to introduce the notion of a continued fraction,
which illustrate an important philosophical difference :

(a) The constructive/intuitive approach : One starts with a real number
and shows how to associate to it a sequence (which may be finite or infinite)
of fractions, i.e.: rational numbers, which converge to it. These fractions
will be called the convergents to the real number. Of course, there are many
ways to do this, e.g.: decimal expansions, but it will be intuitively clear (I
hope !) from the construction that the convergents to a real number are,
in a sense we can make precise, the best approximations to it by rational
numbers. Hence, continued fractions are a basic notion in the subject of
Diophantine approxzimation.

(b) The abstract/formal approach : One begins with, in principle, any se-
quence (ay), finite or infinite, of REAL numbers (positive if n > 0), and
associates to it a sequence of ‘fractions’, which will actually be rational
numbers if the terms in the sequence are integers. One then shows that
under certain conditions on the a,, the sequences of fractions converge, that
different sequences converge to different real numbers, and that each real
number is the limit of some sequence.

As in Baker (and most other books), I will begin with approach (a), because
it is obviously more natural and in agreement with the historical order, and
also because it makes the connection to the whole subject of Diophantine ap-
proximation immediately clear. This is an important area of number theory,
not just for its’ intrinsic interest, but also because of impressive applications
to, for example, (i) the theory of transcendental numbrs (ii) solution of Dio-
phantine equations. Baker’s book is actually a very good introduction to
these applications.

On the other hand, the proofs of the main results will be carried out in
the more formal setting of approach (b).
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INTUITIVE DEFINITION : Let 8 € R. We associate to € a sequence ag, a1, ...
of integers, possibly finite, by the following procedure :

9() =40.
ap = [00]
If ag = 6y then stop,
else 1/91 = 9() — ayp.
a ‘= [01]
If a1 = 6, then stop,
else 1/65 := 61 —a;.

Proposition 107. (i) We have a, > 0 for alln > 0 such that a,, is defined.
(ii) The process stops if and only if 0 is rational. If 6 is rational, say
0 = p/q(q > 0) in lowest terms, then the numbers ay,...,a, which appear
are precisely the quotients which appear in the Euclidean algorithm for the

pair (p,q), i.e.:

P = apq + ro,
q=airg + 11,

Tp—3 = Gp—1Tp—2 + -1
Tn—2 = ApTp—1 + 0.

PROOF : (i) Clear.
(ii) = It’s clear that @ is rational if the process terminates.

<« If 6 is rational, then the assertion about the numbers a, is one of
those things that’s obvious when you play around with the definition, but

rather messy to write down a proof of, so I'll leave it to yourselves.

We have the associated sequence rg, 71, ... of rational numbers, possibly fi-
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nite, given by

To := Qo,

. 1
1 i=ag+ a1’

1
Ty = Q
2 0+a1+a_12a

— 1
Tn 1= ag + — 1 - (232)

The sequence of rational numbers (r,,) is called the continued fraction expan-
ston of the real number 0. The term 7, is called the nth continued fraction
corresponding to 6. The sequence 7, converges to 6 - this is intuitively
obvious and will be proven shortly.

The integers a,, are called the partial quotients of 8, and the numbers 6,
are called the complete quotients of 6.

The first thing now is to satisfy the obvious need for a more concise notation.
Hence the fraction r, above will henceforth be denoted by [ao; a1, ..., an]. We
then have the recursive formula

1

S 233
[a1;ag, ..., an] (233)

[ag] = ao, [ao;a1,...,an] = ap +
which in turn suggests

FORMAL DEFINITION : Let ag, a1, ... be a sequence (possibly finite) of real
numbers, with a,, > 0 for all n > 0. The continued fraction expansion corre-
sponding to the sequence (ay,,) is the sequence of numbers ([ag; a1, ..., an])n>0
defined by the equations (233). The term [ag; a1, ..., a,] is called the nth con-
tinued fraction in the expansion.

140



OBs! : The condition that a, > 0 for all n > 0 ensures that each con-
tinued fraction is actually a real number - that we never get 1/0 appearing.

NOTATION/TERMINOLOGY : (i) If the sequence of continued fractions in
the above definition converges, then the limit is denoted by [ag; a1, a2, ...]-

(ii) We can expand the continued fraction [ag; a1, -.., a,] as a formal ‘fraction’
as in (232), and, collecting numerators and denominators, write it in the
form pp/qn. Here py,q, are, in general, just REAL numbers. If all a; are
integers, then each continued fraction is a rational number and p,, g, are
integers. It’s not clear that p,,q, are in this case always relatively prime
- that is, that the continued fraction [ag;ai,...,a,] is already expressed in
lowest terms when we just collect numerators and denominators. This will

th

be proven below. The numbers p,, ¢, are called the n*"* convergents in the

continued fraction expansion.

Theorem 108. (i) Let (an)n>0 be a (finite or infinite) sequence of real
numbers, with a, > 0 for all n > 0. Suppose there exists € > 0 such that
ap > € for all n > 0. Then the sequence ([ao; a1, ...,an))n>0 of continued
fractions converges.

(ii) Now suppose in addition that all a, are integers. If the continued frac-
tions converge to the real number 8, then the a, are precisely the partial
quotients of theta, in the sense of our first, intuitive, definition of continued
fractions. Morevover, the convergents py,,q, are relatively prime.

SKETCH PROOF (See Baker, p.45) : Directly for n = 0, 1, 2 and therefafter by
induction on n, one shows that the convergents p,, ¢, satisfy the recurrence
relations

Po=ap, qo=1, (234)
p1=apa1 +1, q = ay, (235)
Pn = 0nPp1+DPn-2, Gn=0nqn 1+4qn o forn>2 (236)

and that ged(pp,qn) = 1 under the conditions of part (ii). From the recur-
rence relations one proves by a simple induction that, for all n > 0,

Prdnt1 — qnPns1 = (—1)", (237)
and hence that 1
Pn _Pnil)_ : (238)
dn dn+1 dndn+1
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One sees easily from (234),(235),(236) that, under the conditions of part (i),
gn — +00 as n — 00, and hence (238) implies that the continued fraction
expansion converges in this case.

It remains to prove that, under the conditions of part (ii), the a, are the
partial quotients of the limit number . Suppose (b,)n>0 are the partial
quotients of 8. To make life simpler, suppose @ is irrational, so that the se-
quence (by) is infinite, and that the sequence (a,) is also infinite - remaining
possibilities can be dealt with by trivial modifications of what follows.

Now suppose b, # a,, for some n, and choose the smallest such n. Ob-
serve that

0= [bo;bl,...,bn_l,gn], (239)
where 6, is the nth complete quotient of 6 and that
On, = [bn;bpt1, -] = [an; anst, -]
Hence
by — an = [0;an41,...] — [0;bp11,...]- (240)

But it is clear from the definitions that each term on the rhs lies in the
interval [0, 1]. Since the lhs is a non-zero integer, the only possibility is that
|b, — an| = 1 and that one of the terms on the rhs is zero. But no continued
fraction [0; ¢y, co,...], where the ¢; are all positive integers, represents zero.
Indeed, it also follows quickly from the definition that

[0;617627 ] Z

C1—|—1.

This completes the proof of Theorem 108.

Rational approximations

Let 8 be any irrational number. Since Q is dense in R, we can approximate
0 arbitrarily well by rational numbers. However, as these rationals approach
6, their denominators (when written as fractions in lowest terms), will ob-
viously get bigger and bigger. More precisely, given N > 0, there exists
e = €(0, N) > 0 such that, if p/q is any rational number written in lowest
terms (i.e.: (p,q) =1 and ¢ > 0), then

|0 —p/ql <e=¢q>N.
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In the theory of rational approximations, one is interested in sequences of
rationals converging to @ whose denominators grow ‘as slowly as possible’,
such sequences of approximations being considered ‘good’. Hers’s a precise
definition (mostly just for completeness : the terminology used in it is cum-
bersome and will generally be avoided) :

DEFINITION : Let f : N — R™ be any strictly increasing function. Let
0 be an irrational number. Let r = p/q be any rational number, written in
lowest terms. Then r is said to approximate 8 well with respect to f if

10 —p/ql < 1/f(q). (241)

The number 6 is said to be rationally approximable to order f if there exists
a sequence (r,) of rational numbers which converges to 6, and such that
each r, approximates 6 well w.r.t. f.

For the remainder of this section all rational numbers, when presented as
fractions, are assumed to be written in lowest terms.

Dirichlet’s approximation theorem gives a non-trivial ‘lower bound’ on how
well one can rationally approximate an arbitrary irrational number. We have

Theorem 109. Let 6 be any irrational number. Then there exists a se-
quence pn/qn of rational numbers converging to 6 such that

<X (242)

‘9—@ -
92

an

A classical result of Lindemann (1844) places upper bounds on how well
one can rationally approximate an irrational algebraic number #. This re-
sult, and its’ subsequent improvements over the following century or so,
have far-reaching consequences, for example in the theory of transcendental
numbers and for the solution of certain Diophantine equations. In these
notes, we will concentrate on presenting the intimate connection between
‘good’ rational approximations to an irrational number 6 and the continued
fraction expansion of 6.

These connections are summed up by
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Theorem 110. Let 6 be an irrational number. Let p,,q, be the sequence
of convergents in the continued fraction expansion of 0. Let (a,) be the se-
quence of partial quotients.

(i) We have the following inequalitites

1 1
‘9 Pl < S (243)

dn angn+1 qn
‘9 _Pntl) o G g Pnf (244)

dn+1 dn+1 qn

1 1

v < |0 — Pn| o 5 (245)

(a”’l"r‘1 + 2)qn dn an+19,

(ii) The convergents are the ‘best’ rational approximations to 6 in the sense
that, for each n >0, if p/q is a rational number with q < gny1, then

|q0 _pl > |Qn9 _pn|-
(iii) For each n either

1

2‘172L+1 .

<

oo
an

or ‘9 _ pn—l—l
dn+1

_— 246

2g2 (246)
More impressively, if p/q is any fraction such that |0 —p/q| < 1/2¢%, then
P =Pn, 4 = Gn for some n.

PROOF : The first inequality (243) follows from (238) and the fact, obvious
from the definition of continued fractions, that

n even = pp/qn < 0,
n odd = p, /g, > 0.

For the rest of the proof, see Baker p.46-7. Note the importance of the
equation
0 — Pnbn i1 +pn—1’ (247)
GnOni1 + gn_1
which follows from the recurrence relations (234),(235),(236). Note further
that, as Baker indicates, it is possible to strengthen part (iii) considerably.
We will ignore this direction.

For more on rational approximations, in particular Lindemann’s theorem,
its’ improvements and consequences, see Baker, sections 6.5,6.6,6.7,8.2,8.3.

144



Quadratic irrationals

In this and remaining sections, we only consider ‘simple’ continued fractions,
i.e.: those satisfying the conditions of Theorem 108(ii).

We wish to state the classic theorem of Lagrange on the continued frac-
tion expansions of quadratic irrational numbers, i.e.: irrational elements of
quadratic number fields. First, the required definitions :

DEFINITION : The continued fraction [ag;a1,...] is said to be wultimately
periodic if there exists k > 0,m > 0 such that a;1,, = a; for all [ > k. The
smallest such m is called the period of the continued fraction. If £ = 0 we
say that the continued fraction is (purely) periodic.

Theorem 111 (Lagrange). Let 6 be an irrational number. The continued
fraction expansion of 0 is ultimately periodic if and only if 0 is a quadratic
wrrational.

PROOF : Baker, p.48-9. Note the role of (247) again.

OBs! The proof gives an algorithm for computing, for a given 0, the least
numbers k,m in the above definition.

Theorem 112. (i) Let 6 be a quadratic irrational. The continued frac-
tion of 0 is purely periodic iff 6 > 1 and —1 < §' < 0.

(ii) Let d be a positive integer other than a perfect square. Then the con-
tinued fractions of Vd + [V/d] and 1/(\/d — [V/d]) are purely periodic. The
continued fraction of V/d satisfies Gl4m = ap for all1 > 1.

PRrROOF : Baker, p.50.

The equations x? — dy? = +1

Let d > 0 not be a perfect square. The solutions in positive integers =,y to
the equations 22 —dy? = +1, which were studied in the previous two lectures,
can be nicely characterised in terms of the continued fraction of v/d. We have

Theorem 113. Let m be the period of the continued fraction of \/d. Let
Dn, qn be the convergents.
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(i) The positive integers x,vy satisfy ©> —dy® = 1 if and only if z = pp,y = qn
for some odd n = —1 (mod m).

(ii) If m is even, then there are no solutions in positive integers to 2 —dy? =
—1. If m is odd, then all solutions are given by x = pp,y = qn, where n is
even and n = —1 (mod m).

PROOF : Part (i) is proved in Baker, p.75-6, and the proof of (ii) is similar.
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