A general reference for the material covered in this talk is Chapter 24 of the
Handbook of Combinatorics.

3. ‘Lattice’ problems

PROOF OF SPERNER’S THEOREM : Let A be an antichain in 2["l. Consider
the set S of all pairs (4,C) where A € A and C is a maximal chain in 20"/
which passes through A.

On the one hand, since A is an antichain, each maximal chain in 2" passes
through at most one point of 4. The number of maximal chains in 2 is
n!. Hence, |S| < nl

On the other hand, if A € A is a set of size k, then there are exactly

k!(n — k)! maximal chains passing through A. Hence if A contains «y, sets
of size k, we find that |S| = Y1, agk!(n — k).

Thus we may conclude that

from which it follows that |A| = Y ap < ( LnT/LQ | ), with equality if

and only if either (i) o),/ = and all other ap = 0 or (ii)

[n/2]

Al /9] = ( Ln’r/L2J ) and all other oy = 0.
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ProOOF THAT FC mMPLIES WC : Suppose FC holds and let F be a UC
family of subsets of [n]. We proceed by induction on n. Trivially, WC holds
if n = 1, so suppose it holds for n < m and now consider F as a collection
of subsets of [m]. Forany 1 <i<mset G, ={A—i: Ae F}, Hi=F—F.
Then each of G; and H; is a UC family of subsets of an (m — 1)-set. If
| Fi| = ;| F|, then the induction hypothesis implies that

a(F) 21+ logy (el ) (1)
a(Ms) > 3 log, (1 — )| 7). &)

From (1) and (2) it follows, by a simple computation, that a(F) > & log, | F|
provided that
a;logy a; + (1 — ;) logy (1 — ) > —1. (3)

Simple calculus shows that (3) holds if and only if o; > % and FC guarantees
that this is so for at least one index .

4. Intersecting families

PROOF OF ERDOS-KO-RADO THEOREM : Arrange the integers {1,...,n} on
acircle. Let G = {G1, ..., G, } be the family of k-sets consisting of all possible
choices of k consecutive integers on this circle. Since F is intersecting we
have |[F NG| < k. Since F" is also intersecting for any permutation = € Sy,
it follows that
Y |IF NG| <k-n! (4)
TESh
On the other hand, for each A € F and G € G, there are exactly k!(n —k)!
permutations 7 such that A™ = Gj. Hence,

Y IFTNG| = |F|-n-k(n— k) (5)

TESH

It follows immediately from (4) and (5) that |F| < ( Z::ll )



5. Ideals

PrOOF OF KLEITMAN’S THEOREM : Induction on n, the case n = 0 being
trivial. Set Fy := F — Fi1, Go := G — Gy, fi := |Fi| and ¢; := |G;| for i = 0, 1.
Observe that

\F NGl =|FonGo|+|F1NGl (6)
By the induction hypothesis, the rhs of (6) is
> fogo+f191
- on—1

(fo+f1)(go+g1) + (fo—f1)(go—g1)
2n 2n

Fllg fo—f -
|2Ul \ -I-(O 12)7(190 91)_

But since both F and G are ideals, we have fy > f1 and g9 > g1, which
completes the proof.

THE SEYMOUR-HAJEDA THEOREM

A proof of this theorem can be found in

[5] D. Hajela and P. Seymour, Counting points in hypercubes and invo-
lution measure algebras, Combinatorica 5 (No. 3) (1985), 205-14.

This journal is not in the library, but I have a copy of the paper if any-
one wants to look at it.

The proof that the SH theorem implies the theorem on V(F, G) goes as fol-
lows : since F and G are ideals, there is a natural bijection F+G¢ — V(F,G)
given by

F+G°2 X — (set of 2’s in X, set of 0’s in X).
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6. Isoperimetric problems
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Once again, the first reference contains the original proof and the second
contains a much simpler proof employing the technique of shifting.
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Finally, the theorem about P(F) appears to be a new result of mine. Hope-
fully, a preprint of a paper containing a proof of this result will shortly
appear in the departmental preprint series.



