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§2 Quadratic residues and reciprocity

can suppose that g.c.d.(m, n} = 1. Next, we write m and n as products of primes:
m=ppz--pr and n = q1¢2---¢,. (The p’s and ¢’s include repetitions if m or
n has a square factor.) In converting from (2} = Hi’j(%) to (&) = IT; ; (%) we
must apply the quadratic reciprocity law for the Legendre symbol rs times. The
number of (~1)’s we get is the number of times both pi and g; are = 3 mod 4,
Le., it is the product of the number of primes = 3 mod 4 in the factorization of m
and in the factorization of n. Thus, () = ( Z) unless there are an odd number
of primes = 3 mod 4 in both factorizations, in which case (Z) = —(Z). But a
product of odd primes, such as m or n, is = 3 mod 4 if and only if it contains an
odd number of primes which are = 3 mod 4. We conclude that (%) = (&) unless
both m and n a1 = 3 mod 4, as was to be proved. This gives us the reciprocity
law for the Jacobi symbol.

_ Example 2. We return to Example 1, and show how to evaluate the Legendre

’m;‘y}mbol withouttfactoring 1872, except to take out the power of 2. By the reciprocity

law for the Jacobi symbol we have

() =~ () () = - () - (52

and this is equal to -—(1—%.7)(1—%) =(:3) = () = (3) = -1

—_ Square roots modulo p. Using quadratic reciprocity, one can quickly de-

termine whether or not an integer a is a quadratic residue modulo p. However,

if it is a residue, that does not tell us how to find a solution to the congruence
2

: e
by giving an algorithm for finding a &quare root of a residue a_once we know any

e i

"Let p be an odd prime, and suppose that we somehow know a quadratic
nonresidue n. Let a be an integer such that { %} = 1. We want to find an integer
z such that 2% = a mod p. Here is how we proceed. First write p — 1 in the form
2% . s, where s iz odd. Then compute %’ modulo p, and call that b, Next compute
al**1)/2 modulo £, and call that r. Our first claim is that r comes reasonably close
to being a square root of a. More precisely, if we take the ratio of 2 to a, we claim
that we get a 2*!-th root of unity modulo p. Namely, we compute (for brevity,
we shall use equality to mean congruence modulo p, and we use a™! to mean the
inverse of a modulo p):

{a”}rg}zhl = gt % = glo-1)/2 o {\i}-} == 1.

t

We must then modify r by a suitable 2%-th roct of uniby to get an z such that z%/a
is 1. To do this, we claim that b is a primitive 2%-th root of unity, which means
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z” = @ mod p — it tells us only that a solution exists, We conclude this section
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that all 2“-th roots of unity are powers of b. To see this, first we note that b is
a 2%-th root of 1, because b2° = n?"* = n?~! = 1. If b weren’t primitive, there
would be a lower power (a divisor of 2*) of b that gives 1. But then b would be
an even power of a primitive 2*-th root of unity, and so would be a square in ol
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This is impossible, because (g—} = (-:—]’ = —1 (since s is odd and n is a nonresidue).
Thus, b is a primitive 2*-th root of unity. So it remains to find a suitable power
b7, 0 < 5 < 2%, such that z = b’ gives the desired square root of a. To do that,
we write 7 in binary as j = jo + 271 + 472 + - + 2°725,_5, and show how one
successively determines whether 7o, 71,... i8 0 or 1. (Note that we may suppose
that 7 < 221, gince 77" = —1, and so 7 can be modified by 2*~! to give another
7 for which b7r is the other square root of a.) Here is the inductive procedure for
determining the binary digits of j:

1. Raise (r?/a) to the 2°~2-th power. We proved that the square of this is 1.
Hence, you get either +1. If you get 1, take jo = 0; if you get —1, take jo = 1.
Notice that jo has been chosen so that ((b%r)3/a) is a 2%~ 2-th root of unity.
"Wt_l-"“““r}zfa 15 a
22=*=1_th root of unity, and you want to find Jk- Raise this number to half the
power that gives 1, and choose j; according to whether you get +1 or —1:

2. Suppose you've found j, ..., jk—; such that (4o+2a+-

ga—k=13

p—
if

a

then take Je = { {; , respectivaly.

We easily check that with this choice of jx the “corrected” value comes closer to
being a square root of a, ie., we find that (b%+2++2%5k )2 /g §g 5 2a—k=2.¢}
root of unity.

When we get to k = @ — 2 and find j,_z, we then have

(61h+2f1+"'+ f"’:;-sr}ﬂ/a =1,
ie, brisa square root of a, as desired.
. Example 8. Use the above algorithm to find a square root of @ = 186 modulo

p = 401,

Solution. The first nonresidue is n = 3. We have p— 1 = 2% . 25, and s
b = 325 = 268 and r = a'® = 103 {where we nse equality to denote congruence

modulo p). After first computing a—* = 235, we note that r*/a = 98, which must
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