Nonlinear Programming and Variational Inequality Problems—A Unified Approach

Michael Patriksson

Department of Mathematics Chalmers University of Technology S-412 96 Gothenburg Sweden

Revised August 18, 1998

Contents

Preface xi

Notation xiii

1 Introduction 1 1.1 The variational inequality problem . . . . . . . . . . . . . . . . . 1 1.1.1 Instances of the problem . . . . . . . . . . . . . . . . . . . 2 1.1.2 Example applications . . . . . . . . . . . . . . . . . . . . 8 1.2 The cost approximation algorithm . . . . . . . . . . . . . . . . . 13 1.2.1 The subproblem phase . . . . . . . . . . . . . . . . . . . . 13 1.2.2 The updating phase . . . . . . . . . . . . . . . . . . . . . 20 1.2.3 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 1.3 Scope and preview . . . . . . . . . . . . . . . . . . . . . . . . . . 26 1.3.1 Preview . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 1.3.2 Scope . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

2 Technical preliminaries 39 2.1 Solutions to the variational inequality problem . . . . . . . . . . 39 2.2 Solutions to the CA subproblem . . . . . . . . . . . . . . . . . . 40 2.3 A posteriori error bounds and lower bounds . . . . . . . . . . . . 42 2.4 Descent properties . . . . . . . . . . . . . . . . . . . . . . . . . . 44 2.5 Step length rules . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

3 Instances of the cost approximation algorithm 57 3.1 Classic algorithms . . . . . . . . . . . . . . . . . . . . . . . . . . 57 3.1.1 Linearization methods . . . . . . . . . . . . . . . . . . . . 57 3.1.2 Interior point algorithms . . . . . . . . . . . . . . . . . . . 59 3.1.3 Jacobi and Gauss–Seidel methods . . . . . . . . . . . . . 60 3.2 Regularization and proximal point methods . . . . . . . . . . . . 61 3.2.1 Regularization methods . . . . . . . . . . . . . . . . . . . 61 3.2.2 Splitting methods . . . . . . . . . . . . . . . . . . . . . . 71 3.3 Decomposition–coordination methods . . . . . . . . . . . . . . . 77 3.3.1 A primal algorithm . . . . . . . . . . . . . . . . . . . . . . 78 3.3.2 A primal–dual algorithm . . . . . . . . . . . . . . . . . . . 79

3.3.3 An augmented Lagrangean method . . . . . . . . . . . . . 80 3.4 Decomposition of optimization problems . . . . . . . . . . . . . . 81 3.5 Relationships among algorithm frameworks . . . . . . . . . . . . 83 3.6 CA algorithms involving u . . . . . . . . . . . . . . . . . . . . . . 87 3.6.1 Subgradient algorithms . . . . . . . . . . . . . . . . . . . 87 3.6.2 Perturbed CA algorithms . . . . . . . . . . . . . . . . . . 88 3.7 Continuous CA algorithms . . . . . . . . . . . . . . . . . . . . . . 90 3.8 A final remark . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

4 Merit functions for variational inequality problems 95 4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95 4.2 A class of merit functions for variational inequalities . . . . . . . 96 4.3 Properties of the merit function ψ . . . . . . . . . . . . . . . . . 99 4.4 Instances of the merit function ψ . . . . . . . . . . . . . . . . . . 104 4.4.1 The primal and dual gap functions . . . . . . . . . . . . . 104 4.4.2 Some differentiable merit functions . . . . . . . . . . . . . 106 4.4.3 Unconstrained and complementarity formulations . . . . . 107 4.4.4 Merit functions for variational inequality problems with multi-valued operators . . . . . . . . . . . . . . . . . . . . 110 4.5 Stationarity conditions and descent properties . . . . . . . . . . . 112 4.5.1 Cost approximating mappings independent of x . . . . . . 112 4.5.2 Cost approximating mappings parameterized by x . . . . 115 4.5.3 Combined cost approximating mappings . . . . . . . . . . 117 4.5.4 Descent from truncated CA subproblems . . . . . . . . . 120 4.6 Primal–dual variational inequalities . . . . . . . . . . . . . . . . . 122 4.6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . 122 4.6.2 A primal merit function . . . . . . . . . . . . . . . . . . . 126 4.6.3 Combined cost approximating mappings . . . . . . . . . . 130

5 Convergence of the CA algorithm for nonlinear programs 135 5.1 Convergence under an exact line search . . . . . . . . . . . . . . 135 5.2 Convergence under the Armijo and modified Armijo rule . . . . . 138 5.2.1 Application to differentiable optimization . . . . . . . . . 138 5.2.2 Application to non-differentiable optimization . . . . . . . 140 5.3 A truncation scheme for the CA subproblem . . . . . . . . . . . . 141 5.3.1 The truncation scheme . . . . . . . . . . . . . . . . . . . . 141 5.3.2 Convergence under an exact line search . . . . . . . . . . 143 5.3.3 Convergence under the Armijo rule . . . . . . . . . . . . . 145 5.4 Convergence under various step length rules . . . . . . . . . . . . 146 5.4.1 Exact subproblem solutions . . . . . . . . . . . . . . . . . 146 5.4.2 Inexact subproblem solutions . . . . . . . . . . . . . . . . 151 5.4.3 A perturbed CA algorithm . . . . . . . . . . . . . . . . . 151 5.4.4 Application to convex problems with explicit constraints . 152 5.5 A non-monotone CA algorithm . . . . . . . . . . . . . . . . . . . 154 5.5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . 154 5.5.2 The non-monotone CA algorithm . . . . . . . . . . . . . . 155

Contents ix

5.5.3 Convergence of the non-monotone CA algorithm . . . . . 157 5.6 Linear convergence results . . . . . . . . . . . . . . . . . . . . . . 161 5.6.1 Application to differentiable optimization . . . . . . . . . 161 5.6.2 Application to non-differentiable optimization . . . . . . . 165

6 Convergence of the CA algorithm for variational inequality problems 169 6.1 Iteration-independent cost approximation . . . . . . . . . . . . . 169 6.1.1 Convergence under an exact line search . . . . . . . . . . 169 6.1.2 Convergence under different step length rules . . . . . . . 170 6.1.3 Linear convergence . . . . . . . . . . . . . . . . . . . . . . 172 6.2 Iteration-dependent cost approximation . . . . . . . . . . . . . . 173 6.2.1 Primal application . . . . . . . . . . . . . . . . . . . . . . 173 6.2.2 Primal–dual application . . . . . . . . . . . . . . . . . . . 176 6.3 Non-descent CA methods . . . . . . . . . . . . . . . . . . . . . . 182 6.3.1 Iteration-independent cost approximation . . . . . . . . . 183 6.3.2 Iteration-dependent cost approximation . . . . . . . . . . 185 6.4 Averaging schemes and ergodic sequences . . . . . . . . . . . . . 186 6.4.1 Non-expansiveness of the CA subproblem mapping . . . . 187 6.4.2 Iterative and ergodic schemes . . . . . . . . . . . . . . . . 188

7 Finite identification of active constraints and of solutions 191 7.1 Finite identification of active constraints . . . . . . . . . . . . . . 191 7.1.1 Facial geometry . . . . . . . . . . . . . . . . . . . . . . . . 192 7.1.2 The projected gradient and stationarity conditions . . . . 193 7.1.3 Non-degeneracy . . . . . . . . . . . . . . . . . . . . . . . . 194 7.1.4 Identification results . . . . . . . . . . . . . . . . . . . . . 196 7.2 Finite identification of solutions . . . . . . . . . . . . . . . . . . . 203 7.2.1 Sharp solutions . . . . . . . . . . . . . . . . . . . . . . . . 203 7.2.2 Finite termination of the CA algorithm . . . . . . . . . . 204

8 Parallel and sequential decomposition CA algorithms 211 8.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 211 8.1.1 The problem under study . . . . . . . . . . . . . . . . . . 212 8.1.2 Adapting CA to the Cartesian product structure . . . . . 214 8.1.3 Scope and preview . . . . . . . . . . . . . . . . . . . . . . 215 8.2 Sequential decomposition CA algorithms . . . . . . . . . . . . . . 217 8.3 Synchronized parallel CA algorithms . . . . . . . . . . . . . . . . 218 8.3.1 Synchronized parallel computations . . . . . . . . . . . . 219 8.3.2 The synchronized parallel algorithm . . . . . . . . . . . . 220 8.4 Partially asynchronous parallel decomposition CA algorithms . . 223 8.4.1 Asynchronous parallel computations . . . . . . . . . . . . 223 8.4.2 The partially asynchronous parallel algorithm . . . . . . . 225 8.5 Convergence of the sequential decomposition algorithm . . . . . . 226 8.5.1 On the separability assumption of u . . . . . . . . . . . . 226 8.5.2 Convergence under an exact line search . . . . . . . . . . 228

8.5.3 Convergence of a truncated algorithm . . . . . . . . . . . 229 8.5.4 Essentially cyclic decomposition CA algorithms . . . . . . 231 8.5.5 Linear convergence . . . . . . . . . . . . . . . . . . . . . . 236 8.6 Convergence of the synchronized parallel algorithms . . . . . . . 237 8.6.1 Convergence of a truncated algorithm . . . . . . . . . . . 238 8.6.2 Convergence under different step length rules . . . . . . . 238 8.7 Convergence of the partially asynchronous algorithm . . . . . . . 239 8.7.1 Convergence results . . . . . . . . . . . . . . . . . . . . . 239 8.7.2 Qualitative analysis . . . . . . . . . . . . . . . . . . . . . 243 8.8 Variational inequality problems over Cartesian product sets . . . 244

9 A column generation/simplicial decomposition algorithm 253 9.1 Column generation approaches . . . . . . . . . . . . . . . . . . . 253 9.1.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . 253 9.1.2 Inner representation . . . . . . . . . . . . . . . . . . . . . 254 9.1.3 Simplicial decomposition . . . . . . . . . . . . . . . . . . . 256 9.2 The column generation CA algorithm . . . . . . . . . . . . . . . 262 9.2.1 Updating the inner approximation . . . . . . . . . . . . . 262 9.2.2 The column generation CA algorithm . . . . . . . . . . . 263 9.2.3 Instances . . . . . . . . . . . . . . . . . . . . . . . . . . . 264 9.3 Convergence for nonlinear programs . . . . . . . . . . . . . . . . 267 9.3.1 Set augmentation . . . . . . . . . . . . . . . . . . . . . . . 267 9.3.2 Convergence under exact solutions of RMP . . . . . . . . 270 9.3.3 Convergence of a truncated algorithm . . . . . . . . . . . 272 9.3.4 An algorithm with general column dropping rules . . . . . 273 9.4 Convergence for variational inequality problems . . . . . . . . . . 273 9.4.1 Convergence under an exact solution of RMP . . . . . . . 273 9.4.2 An algorithm with general column dropping rules . . . . . 274 9.4.3 A primal–dual application . . . . . . . . . . . . . . . . . . 275

A Definitions 277

References 283

Index 325

Preface

Since I started working in the area of nonlinear programming and, later on, variational inequality problems, I have frequently been surprised to find that many algorithms, however scattered in numerous journals, monographs and books, and described rather differently, are closely related to each other. This book is meant to help the reader understand and relate algorithms to each other in some intuitive fashion, and represents, in this respect, a consolidation of the field.

The framework of algorithms presented in this book is called Cost Approximation. (The preface of the Ph.D. thesis [Pat93d] explains the background to the work that lead to the thesis, and ultimately to this book.) It describes, for a given formulation of a variational inequality or nonlinear programming problem, an algorithm by means of approximating mappings and problems, a principle for the update of the iteration points, and a merit function which guides and monitors the convergence of the algorithm.

One purpose of this book is to offer this framework as an intuitively appealing tool for describing an algorithm. One of the advantages of the framework, or any reasonable framework for that matter, is that two algorithms may be easily related and compared through its use. This framework is particular in that it covers a vast number of methods, while still being fairly detailed; the level of abstraction is in fact the same as that of the original problem statement.

Another purpose of the book is to provide a convergence analysis of the algorithms in the framework. The analysis is performed under different interesting combinations of choices of implementation and under different combinations of assumptions on the problem being solved and the algorithm devised for it. The analysis compares favourably with previous attempts to describe algorithms for nonlinear programs and variational inequality problems in a common framework, and establishes the convergence both of new versions of existing algorithms and of methods previously unpublished. A fairly detailed, and to a large degree non-technical, summary of the contents of the book can be found in Section 1.3.

This book can be used in postgraduate courses in nonlinear optimization. If the focus is on algorithm theory, then the prerequisites to (or the first parts of) such a course should cover the fundamental theory of convex analysis (recommended: Rockafellar [Roc70a] or Hiriart-Urruty and Lemaréchal [HiL93a]) and nonlinear optimization (recommended: Bazaraa et al. [BSS93] or Bertsekas [Ber95]). In this case, a course focusing on Chapters 1–4, 7, and the first two sections of Chapter 9 covers some of the fundamentals of nonlinear optimization and variational inequality problems, with emphasis on the theoretical properties of them in association with the construction of algorithms.

A course oriented more towards the numerical aspects of large-scale nonlinear optimization can be based on this book, then requiring a background in numerical analysis and computing (recommended: Bertsekas and Tsitsiklis [BeT89]). In this case, a course would concentrate mostly on Chapters 5, 6, 8, and 9, which include convergence analyses and adaptations of algorithms to problems whose forms typically are found in large-scale settings.

With over 800 references, the book also serves as a reference source for algorithms for the solution of nonlinear optimization and variational inequality problems.

The idea to write this book formed during and after my stay 1994–1995 as a postdoctoral fellow at the University of Washington in Seattle with Prof. Terry Rockafellar. His initial input is greatly appreciated. The bulk of the book was written in 1997, at Linköping University and at Chalmers University of Technology in Göteborg. The planning of the structure of the book benefited from discussions with Prof. Torbjörn Larsson, Prof. Sakis Migdalas, and especially with Dr. Laura Wynter, to whom my deepest thanks are due.

Göteborg (Gothenburg), April, 1998

Michael Patriksson

Notation

ℜ^n The n-dimensional space ℜ^n_+, ℜ^n_− Non-negative and non-positive orthants of ℜ^n ℜ_{++} The set { x ∈ ℜ | x > 0 } 2^X Set of all subsets of X |C| Cardinality of a finite set C X × Y , ∏ i∈C X_i Cartesian product of X and Y and of X_i, i ∈ C [a, b] Closed interval { x ∈ ℜ | a ≤ x ≤ b } ⌈x⌉ Upper integer part of x

int X, rint X Interior and relative interior of X
cl X Closure of X
aff X, lin X Affine hull and lineality of X

X^∘ Polar set of X

conv X, cone X The convex hull and cone of X

P_X , P^Q_X Projection onto X, Euclidean and w.r.t. a matrix norm [s]_+ max{s, 0} δ_X Indicator function of X N_X , T_X Normal and tangent cones of X F, F^∗ A face of a convex set, and the optimal face E_X (d) The face of X exposed by the vector d T_φ A CA subproblem objective function ∇f Gradient of f ∇_if Gradient of f with respect to x_i ∇_yφ(y, x) Gradient of φ with respect to y ∇^X f Projected gradient ∇^2f Hessian of f ∇F Jacobian of F ∂u Subdifferential of u ξ_u(x) ∈ ∂u(x) A subgradient of u at x u^′(x; d) Directional derivative of u at x in the direction of d u^∘ Conjugate function of u Π^{−1} Inverse mapping of Π x^t, X^t Iterates of vectors and sets x^∞, X^∞ Limit vector and set y^t, d^t Subproblem solution and search direction ℓ_t Step length {x^t}, {x^t}_{t∈T} Sequence of iterates and a subsequence f^∗ Optimal value of f

epi u Epigraph of u
dom u Effective domain of u
range Π Range of Π
lev_αf Lower level set of f

f ∈ C^p f is p times continuously differentiable f ∈ C^p on X f is p times continuously differentiable on an open neighbourhood of X f ∈ SC^1 f is semismooth u.s.c., l.s.c. Upper and lower semicontinuity x_{i−} , x_{i+} The subvectors (x_1, . . . , x_{i−1})^T and (x_{i+1}, . . . , x_n)^T of x x_{≠i} The subvector (x_1, . . . , x_{i−1}, x_{i+1}, . . . , x_n)^T of x e_i Unit vector 0^n The n-dimensional zero vector I^n The n × n-dimensional identity matrix

symm Q, diag Q Symmetric part and diagonal part of the matrix Q

‖ · ‖ Euclidean vector norm and induced matrix norm ‖ · ‖_Q Matrix norm defined by Q |||·||| Operator norm induced by the Euclidean vector norm M_f Lipschitz continuity constant m_f Strong convexity (or monotonicity) constant

Index

γ-strong descent, 115, 131 ϕ-divergence function, 70 ε-optimal solution, 47, 49, 143 ε-subdifferential mapping, 47 ε-subgradient, 67

A posteriori error bound, 42–43, 100, 163 Active constraints

definition, 195 finite identification, 149, 191–203 linear independence CQ, 129, 198 Active set method, 201 Affine function, 15, 47 Affine hull (aff), 192, 263 Affine mapping, 10, 16, 77, 99, 101 Affine transformation, 41 Affine variational inequality problem, 77, 99, 101 Algorithm

active set, 201 alternating directions, 74, 83 Arrow–Hurwicz, 80, 153 asymmetric projection, 77 asynchronous parallel decomposition, 223– 225, 239–244 augmented Lagrangean, 77, 80, 83, 214 auxiliary problem principle, 79, 83, 84, 149, 152, 183–185, 187, 209, 236 partial, 73 bundle, 67, 90 column generation, 253–276 conditional gradient, see Frank–Wolfe conjugate gradient, 166 continuous subgradient projection, 91 convex combinations, see Frank–Wolfe convex simplex, 12 coordinate descent, see Gauss–Seidel cutting plane, 90 Dafermos’, 85, 185–186, 202 Dantzig–Wolfe decomposition, 258, 265– 266 decomposition–coordination, 77–83 deflected gradient, 15, 57–58 deflected gradient projection, 58 diagonalization, see Jacobi method Evans’, 43, 73 exact penalty, 161, 208 extra-gradient, 25, 68 fixed-point, 64–70, 188, 216 Frank–Wolfe, 15, 43, 47, 57, 105, 137, 138, 206, 207, 209, 257, 260, 262 regularized, 64, 85, 104 truncated, 143 Gauss–Seidel, 60, 82, 217–218, 226–228 Goldstein–Levitin–Polyak gradient projection, see gradient projection gradient projection, 47, 58, 80, 86, 149– 150, 162, 167, 200, 201, 206, 207 gradient related, 46, 168 heavy-ball, 69 interior point, 59, 266 Jacobi, 60, 175, 221–223 Korpelevich’s, see extra-gradient Lagrange–Newton, see sequential quadratic programming (SQP) Lagrangean relaxation, 75, 80, 214 Levenberg–Marquardt, 65 linearization, 16, 57–59, 174 linearized Jacobi, 16, 59 matrix splitting, 55, 77 multiplier, 70, 74–77, 80

alternating minimization, 75 exponential, 70 Newton

CDP, 58, 201, 206 CNDP, 16, 137, 140, 154 diagonalized, 174 GVIP, 174 NLP, 15, 58 projected, 260 reduced, 12 symmetrized, 16, 174 truncated, 142, 143 VIP, 16, 107, 110, 117 nonlinear Dantzig–Wolfe decomposition, 258 nonlinear proximal descent, 85, 149, 234, 236 parallel decomposition, 218–223, 237– 244 parallel variable distribution, 72 partial auxiliary problem principle, 73 partial inverses, 74, 207 partial linearization, 14, 64, 73, 85 penalty, 67, 89, 154, 161, 208 perturbation, 19, 61–63, 89–90, 186, 206 progressive hedging, 13, 76 progressive regularization, 63 projected Lagrangean, see sequential quadratic programming (SQP) projected Newton, 260 projection

GVIP, 174 VIP, 16, 23–26, 58, 67–68, 72, 188 proximal multiplier, 81 proximal point, 65–69, 72, 73, 77, 81, 167, 206, 207 partial, 72, 73 streamlined, 67–69 quasi-Newton, 166

NLP, 58 VIP, 59 reduced gradient, 12 regularization, 61–81

fixed-point, 64–70 non-quadratic, 69–70 perturbation, 61–63 progressive, 63 relaxation, see Gauss–Seidel resource-directive decomposition, 11, 81– 83, 214 right-hand side allocation, 81–83, 214 scenario aggregation, 76 sequential decomposition, 217–218, 226– 237 sequential quadratic programming (SQP), 16–17, 79, 124–125, 127, 132– 133, 201, 267 simultaneous displacements, see Jacobi splitting, 71–77, 88, 150, 166

GVIP, 17 steepest descent, 15, 58, 67, 72, 167 subgradient optimization, 80, 87–88, 194 subgradient projection, 88 successive approximation, 23 successive displacements, see Gauss– Seidel successive over-relaxation (SOR), 59 symmetrized Newton, 59 trust region, 201 two-level, 77–83 two-metric projection, 201 Uzawa, 80, 153 variable splitting, 76

Algorithmic map, 136, 137, 144, 170, 174, 228, 230 Almost cyclic index rule, 231 Almost differentiable function, 7 Alternating directions method, 74, 83 Alternating minimization method, 75 Armijo step length

(Rule A”) CNDP, 53–54 (Rule A’) CNDP, 51–53 (Rule A) CDP, 50–51 (Rule A) GVIP, 172 along the projection arc, 149 non-monotone, 155, 156, 159–161 Arrow–Hurwicz algorithm, 80, 153 Asymmetric projection method, 77 Asynchronous parallel computing, 223–224, 239–244 Asynchronous parallel decomposition method, 223–225, 239–244 Augmented Lagrangean method, 77, 80, 83, 214 Auxiliary problem principle, 79, 83, 84, 149, 152, 183–185, 187, 209, 236 partial, 73

B-differentiable equation, 107 Backward Euler step, 72 Barrier function, 59 Binding constraint, see Active constraints Box constraints, 212 Bregman function, 69–70 Bundle method, 67, 90

Carathéodory’s Theorem, 256, 258, 260, 263 Cartesian product set, 3, 79, 161, 212–251, 255, 260–261, 265 construction of partition, 215 Chaotic algorithm, 223 Characterization SOL(∇f, u, X), 39 SOL(Φ, F, u, X, x), 40 SOL(F, u, X), 39 Cholesky factorization, 65 Closed algorithmic map, 136, 137, 144, 170, 174, 228, 230 Closed mapping, 41, 103, 128, 139, 142 definition, 280 Closure (cl), 152 Co-coercive mapping, 25, 66, 68, 183, 184, 187 definition, 279 Co-finite function, 278 Coercive function, 42

definition, 277 Coercive mapping, 40, 99, 128

definition, 277

Column dropping, 258–261, 264, 267, 273– 275 Column generation

linear, 257 nonlinear, 262 subproblem, 257 Column generation algorithm, 253–276 Column generation principle, 253 Complementarity problem

generalized (GCP), 9, 110 linear (LCP), 10 nonlinear (NCP), 10, 108–110 Complete master problem, 256 Composite mapping, 136, 144, 170, 174, 228, 230 Conditional gradient method, see Frank– Wolfe method Conditional subgradient, 193 Cone

dual (K^∗), 9 normal (N_X ), 1, 192 polar (K^∘), 9, 193 tangent (T_X ), 192 Conjugate function (h^∘), 40, 97

definition, 277 Conjugate gradient method, 166 Constrained differentiable program (CDP), 7 Constrained nondifferentiable program (CNDP), 7 Constraint qualification (CQ), 9

Guignard, 195, 198 linear independence, 129, 198 non-degeneracy, 194–195 Slater, 123 strict complementarity, 129, 195, 198 Constraints

block-angular, 214

dual, 11 box, 212 coupling, 81, 214 induced, 10 side, 214 Continuous cost approximation, 90–92 Continuous function, 128 Continuous mapping, 128

definition, 280 Continuously differentiable function (C1), 7 Contractive mapping, 186

definition, 279 Convergence CDP exact subproblem, 138–140, 161–164, 166–168 inexact subproblem, 145–146 Rule A, 138–140, 145–146

Rule R, 161–164, 166–168, 236–237 CNDP

column generation, 270–273 effect of operator splitting, 150 exact subproblem, 135–138, 140–141, 146–150, 157–160, 165–166, 228– 229, 231–236, 270–271, 273 explicit constraints, 152–153 inexact subproblem, 143–145, 151, 160– 161, 229–232, 238, 243, 272 non-monotone line search, 157–161 perturbed, 151–152 primal–dual, 152–153 Rule A’, 140–141, 146–150, 165–166, 232–239 Rule A”, 151 Rule D, 146–151, 234–236, 238–239 Rule E, 135–138, 143–151, 228–232, 234–236, 238–239 Rule R, 146–151, 165–166, 234–244 GVIP

column generation, 273–276 exact subproblem, 273–276 explicit constraints, 176–182 iteration-dependent mapping, 173–182 iteration-independent mapping, 169– 173 non-descent, 182–189 non-strictly monotone problems, 173– 182, 188–189 perturbed, 186 primal–dual, 176–182 Rule A, 170–173, 175–176 Rule E, 169–170 Rule R, 171–173 Convergence rate

linear, 161–168, 172–173, 236–237 Q-linear, 163, 165–167, 172–173, 236, 237 definition, 281 quadratic, 182

definition, 281 R-linear, 163, 236

definition, 281 sub-linear, 260 superlinear, 166, 168, 182

definition, 281 Convex combinations method, see Frank– Wolfe method Convex function, 1

definition, 280 Convex hull (conv), 256 Convex simplex method, 12 Coordinate descent method, see Gauss– Seidel method Cost approximating mapping, 13 Cost approximation (CA) algorithm

description, 22, 217, 221 flow chart, 22, 217, 222, 225 asynchronous parallel decomposition, 223– 225, 239–244 averaging, 186–189 basis algorithm, 49, 86 Cartesian product sets, 214–215 column generation, 262–267 continuous, 90–92 decomposition, 214–215 ergodic, 188–189 finite identification

active constraints, 196–202 solution, 204–209 finite termination, 204–209 instances, 15–17, 57–93 non-monotone, 154–161 parallel decomposition, 218–223, 237– 244 perturbed, 19, 88–90, 151–152 relation to other frameworks, 83–85, 162 relation to partial linearization methods, 65 relation to regularization methods, 65 relation to splitting methods, 72 relation to the auxiliary problem principle, 84 sequential decomposition, 217–218, 226– 237 subgradient, 19, 87–88 subproblem, 13–20

closedness, 41 inexact, 44 unbounded, 137–138 uniqueness, 41 well-posedness, 41 truncated subproblem, 141–146, 229– 231, 272 update, 20–22, 49–56 Coupling constraints, 81, 214 Coupling variables, 11, 240 Critical section, 220, 247 Cutting plane method, 90 Cyclic index rule, 217

Dafermos’ algorithm, 85, 185–186, 202 Dantzig–Wolfe decomposition, 258, 265– 266 Decentralized planning, 83, 214 Decomposition, 257

dual, 11 L-shaped, 11 problem mappings, 4 resource-directive, 11, 81–83, 214 Decomposition–coordination method, 77– 83

Deflected gradient algorithm, 15, 57–58 Deflected gradient projection algorithm, 58 Descent properties

CNDP, 44–49, 268–270 GVIP, 114–122, 176 SPP, 248–251 VIP, 131–133, 180–181 Diagonalization method, see Jacobi method Diagonalized Newton method, 174 Differential equation, 90 Differential inclusion, 91 Diminishing step length rule, see Divergent series step length (Rule D) Directional derivative, 44, 51, 53, 102–105, 121, 129–130, 245–246, 250–251 definition, 44 Distributed memory, 220 Divergent series step length (Rule D) CNDP, 55–56, 87 Dual cone (K^∗), 9 Dual decomposition, 11 Dual function, 80 Dual gap function (ψd), 98, 105–106, 111, 202 Dual subgradient optimization, 80 Dual variational inequality problem, 74 Dunn property, see Co-coercive mapping

Effective domain (dom), 1 Entropy distance, 69 Epi-convergence, 152, 186

definition, 89 Equilibrium, 1, 212

Nash, 3 traffic, 5–6, 212–213, 254–255 Wardrop, 6 Ergodic sequence, 187 Error bound

a posteriori, 42–43, 100, 163 lower bound, 43, 143, 257–258 Essentially cyclic decomposition, 231–236 Essentially cyclic index rule, 231 Euclidean projection, 5 Evans’ algorithm, 43, 73 Exact line search (Rule E)

CNDP, 50 GVIP, 169 Exact penalty function, 124, 161 Exact penalty method, 161, 208 Existence of solution, 40 Explicit constraints, 152–153, 176–182 Exponential multiplier method, 70 Exposed face (E_X ), 192, 195 Exterior penalty function, 7, 89 Extra-gradient method, 25, 68 Extreme direction, 11, 254

Extreme point, 11, 106, 200, 204, 254

Face, 192

exposed (E_X ), 192, 195 optimal (F^∗), 259 quasi-polyhedral, 192 Farkas’ Lemma, 195 Feasibility problem, 212 Feasible direction, 20 Fenchel’s inequality, 97 Finite identification

active constraints, 191–203 solution, 203–209 Finite termination, 14, 22, 23, 49, 142, 143, 174, 177, 238, 257–258 Firmly non-expansive mapping, 66 definition, 278 Fixed-point method, 64–70, 188, 216 Fixed-point problem, 39, 97, 105, 127, 186, 188, 194 Forward Euler step, 72, 150 Frank–Wolfe method, 15, 57, 137, 138, 206, 207, 209, 257, 260, 262 lower bound, 43 primal gap function, 105 regularized, 85, 104 subproblem, 47, 105 truncated, 143 Free-steering index rule, 233 Function

ϕ-divergence, 70 affine, 15, 47 almost differentiable, 7 barrier, 59 Bregman, 69–70 co-finite, 278 coercive, 42

definition, 277 conjugate (h^∘), 40, 97

definition, 277 continuous, 128 continuously differentiable (C1), 7 convex, 1

definition, 280 dual, 80 effective domain of, 1 exact penalty, 124, 161 generalized distance, 69 implicit Lagrangean, 109 indicator (δ_X ), 2 interior penalty, 59 Lagrangean, 9 Lagrangean dual, 80 Legendre, 70 Lipschitz continuous, 7, 99, 103 lower semicontinuous (l.s.c.), 1 definition, 280 merit, 20, 95–133 NCP, 109 penalty, 7, 59, 89, 129–130, 180 proper, 1 pseudo-convex, 7, 227, 256

definition, 280 quasi-differentiable, 7 semismooth (SC1), 7, 110 strictly convex, 226

definition, 280 strongly convex

definition, 280 uniformly convex

definition, 280 upper semicontinuous (u.s.c.)

definition, 280 weakly coercive, 40, 101, 148, 278 definition, 277

Gap function (ψ)

Auchmuty’s, 97 continuity, 99, 116, 128 convexity, 101 definition, 96 descent properties

effect of operator splitting, 114–115 fixed mapping, 114–115 parameterized, 115–120, 131–133 differentiability, 102–104, 106–107, 129 directional derivative, 102–104, 121, 129– 130 dual, 98, 105–106, 111, 202 Fenchel’s inequality, 97 Fukushima’s, 107 instances, 104–110 Marcotte’s, 107 minimizers, 100 penalty, 129–130 primal, 104–105, 111 Smith’s, 106 stationary point, 112–114 weak coercivity, 101 Gauss–Seidel method, 60, 82, 217–218, 226– 228 Gauss–Southwell (remotest) index rule, 231, 232 Generalized complementarity problem (GCP), 9, 110 Generalized equation, 1, 4 Generalized variational inequality problem (GVIP), 1 Geometrically regular solution, 199 Geometrically stable solution, 199 Goldstein step length rule, 140 Goldstein–Levitin–Polyak gradient projection method, see Gradient projection method

Gradient projection algorithm, 47, 58, 80, 86, 162, 167, 200, 201, 206, 207 Gradient related method, 45, 46, 168 Guignard CQ, 195, 198

Heavy-ball method, 69 Hessian matrix, 54, 58, 102, 165, 166, 267

Implicit Lagrangean function, 109 Index rule

almost cyclic, 231 cyclic, 217 essentially cyclic, 231 free-steering, 233 Gauss–Southwell (remotest), 231, 232 steepest block coordinate descent, 228, 232 Indicator function (δ_X ), 2 Induced constraints, 10 Inner representation, 254–255 Interior penalty function, 59 Interior point method, 59, 266 Inverse mapping (Π^−1), 40, 62, 66

Jacobi method, 60, 175, 221–223 Jacobian matrix, 58, 180, 185

Karush–Kuhn–Tucker (KKT) conditions, 9–10, 17, 74, 123, 129, 195 Korpelevich’s method, see Extra-gradient method Kullback–Liebler distance, 69

L-shaped decomposition, 11 Lagrange multiplier, 17, 74, 78, 258, 265 strict complementarity CQ, 195, 198 Lagrange–Newton method, see Sequential quadratic programming (SQP) Lagrangean dual function, 80 Lagrangean dual problem, 80 Lagrangean dualization, see Lagrangean relaxation Lagrangean function, 9 Lagrangean relaxation, 75, 80, 214, 258 Legendre function, 70 Level set, see Lower level set (levαT ) Levenberg–Marquardt method, 65 Limited minimization rule, 140 Line search, 49–56

Armijo

(Rule A”) CNDP, 53–54 (Rule A’) CNDP, 51–53 (Rule A) CDP, 50–51 non-monotone, 155, 156, 159–161 diminishing step length, see divergent series step length (Rule D) divergent series step length (Rule D)

CNDP, 55–56, 87 exact (Rule E)

CNDP, 50 Goldstein, 140 limited minimization, 140 Newton step, 140 non-monotone, 154–157, 159–161 Polyak, 88 relaxation step (Rule R)

CNDP, 54–55 Lineality (lin), 192 Linear complementarity problem (LCP), 10 Linear convergence rate, 161–168, 172–173, 236–237 Linear independence CQ, 129, 198 Linear program, 200, 207, 265 Linearization method, 16, 57–59, 174 Linearized Jacobi algorithm, 16, 59 Lipschitz continuous function, 7, 99, 103 Lipschitz continuous mapping, 25, 40, 42, 50, 51, 54, 55, 66, 104, 148, 175, 205, 238, 242 definition, 278 Load balancing, 238 Lower bound, 43, 257–258 Lower level set (levαT ), 40

definition, 278 Lower semicontinuous (l.s.c.) function, 1 definition, 280

Maratos’ effect, 154 Mathematical program with equilibrium constraints (MPEC), 105, 107 Matrix

Hessian, 54, 58, 102, 165, 166, 267 Jacobian, 58, 180, 185 positive definite, 5, 16, 55, 57, 77, 107, 112, 114, 116, 119, 127, 132, 165, 169, 174, 176, 180, 185, 201, 246, 251 positive semidefinite, 16, 57, 58, 62, 77, 101, 112, 169, 244, 247, 267 Matrix splitting method, 55, 77 Maximal monotone mapping, 40, 41, 62, 66, 71 definition, 279 Merit function, 20, 95–133

assessment, 96 Fischer–Burmeister, 109 gap function, 96 implicit Lagrangean, 109 Message-passing system, 220 Method of alternating directions, 74, 83 Method of multipliers, 80 Method of partial inverses, 74, 207

Method of simultaneous displacements, see Jacobi method Method of successive displacements, see Gauss–Seidel method Min-max problem, 6, 103 Minimum principle sufficiency, 198 Monotone mapping, 13

definition, 279 Monotone+ mapping, 202

definition, 279 Moreau decomposition, 47, 193 Mosco convergence, 89 Multi-valued mapping, 110 Multiplier method, 70, 74–77, 80

proximal, 81

Nash equilibrium, 3 NCP-function, 109 Network flow problem, 223, 226

multi-commodity, 5–6, 11, 212–213, 253– 255, 261 Newton’s method

CDP, 58, 201, 206 CNDP, 16, 137, 140, 154 GVIP, 174 NLP, 15, 58 reduced, 12 truncated

CNDP, 142, 143 VIP, 16, 107, 110, 117 Noise in data, 48–86 Non-cooperative game, 3 Non-Euclidean projection, 5 Non-expansive mapping, 186–187

definition, 278 Non-monotone line search, 154–157, 159– 161 Non-redundancy condition, 224 Non-singular solution, 198 Nonlinear complementarity problem (NCP), 10, 108–110 Nonlinear Dantzig–Wolfe decomposition, 258 Nonlinear equation (NLE), 8 Nonlinear program (NLP), 8 Nonlinear proximal descent algorithm, 85, 149, 234, 236 Nonlinear variational inequality problem, 1 Normal cone (N_X ), 1, 192

Open facet, 193 Open mapping, 128

definition, 280 Operator

ε-subdifferential, 47 affine, 10, 16, 77, 99, 101 closed, 41, 103, 128, 139, 142

definition, 280 co-coercive, 25, 66, 68, 183, 184, 187 definition, 279 coercive, 40, 99, 128

definition, 277 continuous, 128

definition, 280 contractive, 186

definition, 279 Dunn property, see co-coercive firmly non-expansive, 66

definition, 278 inverse (Π^−1), 40, 62, 66 Lipschitz continuous, 25, 40, 42, 50, 51, 54, 55, 66, 104, 148, 175, 205, 238, 242 definition, 278 maximal monotone, 40, 41, 62, 66, 71 definition, 279 monotone, 13

definition, 279 monotone+, 202

definition, 279 multi-valued, 110 non-expansive, 186

definition, 278 normal cone (N_X ), 1 open, 128

definition, 280 para-monotone, see monotone+ proximal, 66 pseudo-monotone, 26, 106

definition, 279 pseudo-monotone+, 202

definition, 279 resolvent, 41, 66, 71 semismooth (SC1), 110

definition, 281 set-valued, 110 splitting, 17, 71, 102, 150 strictly monotone, 135

definition, 279 strongly monotone, 24, 170

definition, 279 strongly pseudo-monotone, 100

definition, 279 strongly-F -monotone, see co-coercive subdifferential (∂), 1, 41 uniformly monotone, see strongly monotone upper semicontinuous (u.s.c.)

definition, 280 weakly coercive, 40

definition, 277 Optimal face (F^∗), 202, 206, 259 Optimality conditions, see Solution

Ordinary differential equation, 90 Outer representation, 254

Para-monotone mapping, see Monotone+ mapping Parallel computing

asynchronous, 223–224, 239–244 synchronized, 219–220, 247–248 Parallel decomposition method, 218–223, 237–244 Parallel variable distribution method, 72 Partial asynchronism, 224 Partial auxiliary problem principle, 73 Partial linearization method, 14, 64, 73, 85 Partial proximal point method, 72, 73 Partially asynchronous computing, 223– 224, 239–244 Partitioning

of problem, 10 Penalty function, 7, 59, 89, 129–130, 180 Penalty method, 67, 89, 133, 154, 208 Perturbation method, 19, 48–49, 61–63, 86, 89–90, 186, 206 Polar cone (K^∘), 9, 193 Polyak step length, 88 Positive definite matrix, 5, 16, 55, 57, 77, 107, 112, 114, 116, 119, 127, 132, 165, 169, 174, 176, 180, 185, 201, 246, 251 Positive semidefinite matrix, 16, 57, 58, 62, 77, 101, 112, 169, 244, 247, 267 Pricing in the simplex method, 258 Primal gap function (ψp), 104–105, 111 Primal–dual variational inequality problem, 8, 122–133 Problem

constrained differentiable (CDP), 7 constrained nondifferentiable programming (CNDP), 7 feasibility, 212 generalized complementarity (GCP), 9 generalized equation (GE), 4 generalized variational inequality (GVIP), 1 Lagrangean dual, 80 linear complementarity (LCP), 10 nonlinear (NLP), 8 nonlinear complementarity (NCP), 10 nonlinear equation (NLE), 8 partitioning of, 10 projection of, 10 saddle point (SPP), 6 unconstrained nondifferentiable (NDP), 7 variational inequality (VIP), 5

Problem representation, 4, 10–13, 17, 71, 72, 90, 102, 150, 215 Progressive hedging, 13, 76 Progressive regularization method, 63 Projected gradient (∇^X f), 47, 193–194, 196, 200 Projected Lagrangean method, see Sequential quadratic programming (SQP) Projected Newton method, 260 Projected steepest descent direction, 193 Projection

Euclidean, 5 non-Euclidean, 5 of problem, 10, 73 Projection algorithm

GVIP, 174, 180–181 VIP, 16, 23–26, 67–68, 72, 188 Projection method

VIP, 58 Proper function, 1 Proximal mapping, 66 Proximal method of multipliers, 81 Proximal point method, 65–69, 72, 73, 77, 81, 167, 206, 207 partial, 72, 73 streamlined, 67–69 Pseudo-convex function, 7, 227, 256 definition, 280 Pseudo-monotone mapping, 26, 106 definition, 279 Pseudo-monotone+ mapping, 202 definition, 279

Q-linear convergence rate, 163, 165–167, 172–173, 236, 237 definition, 281 Quadratic convergence rate, 182

definition, 281 Quasi-differentiable function, 7 Quasi-Newton method, 166

NLP, 58 VIP, 59 Quasi-polyhedral face, 192

R-linear convergence rate, 163, 236 definition, 281 Reduced gradient method, 12 Regular splitting, 77 Regularity condition, 2, 44

comparisons, 198–202 non-degeneracy, 194–195 Regularization method, 61–81

fixed-point, 64–70 linear convergence, 164 non-quadratic, 69–70 perturbation, 61–63 progressive, 63 Regularized Frank–Wolfe method, 64, 85, 104 Regularized objective function (T_rt ), 62 Relative error, see Error bound Relative interior (rint), 2, 192, 193 Relaxation method, see Gauss–Seidel method Relaxation step length (Rule R)

CNDP, 54–55 Representation Theorem, 254–255 Resolvent operator, 41, 66, 71 Resource-directive decomposition, 11, 81– 83, 214 Restricted master problem (RMP), 256 Restricted simplicial decomposition (RSD) algorithm, 258–262 Right-hand side allocation, 81–83, 214

Saddle point problem (SPP), 6, 77, 265 Scaling, 114–116, 120, 122, 133, 176, 180, 181, 184, 221 Scenario aggregation, 76 Search direction, 20 Semismooth (SC1) mapping, 110 Semismooth function (SC1), 7, 110 Semismooth mapping (SC1)

definition, 281 Separability, 226 Sequential decomposition method, 217–218, 226–237 Sequential quadratic programming (SQP), 16–17, 79, 124–125, 127, 132– 133, 201, 267 convergence for non-strictly monotone mappings, 181–182 Set augmentation, 267–270 Set-valued mapping, 110 Shared memory, 220 Sharp minimum, 198, 200, 203–204 Sharp solution, 203–204 Side constraints, 214 Simplex method, 12, 258 Simplex set, 22, 255, 270 Simplicial decomposition (SD), 253

algorithm, 256–267 Slater CQ, 123 Solution

ε-optimal, 47, 49, 143 characterization

fixed-point, 39, 66, 97, 105, 127, 194 merit function, 39 projection, 5, 194 saddle point, 98 stationary point, 105, 112–114 existence, 40 extreme point, 200, 204 finite identification, 203–209 geometrically regular, 199 geometrically stable, 199 non-singular, 198 sharp, 198, 203–204 sharp minimum, 200 strongly non-singular, 198 strongly regular, 198 weak sharp, 198, 200, 202, 206, 208 Spacer Step Theorem, 144, 231, 232 Splitting

regular, 77 Splitting method, 71–77, 88, 150, 166 GVIP, 17 Stationary point, 5, 105, 112, 176, 194, 195 Stationary point problem, 5 Steepest block coordinate descent index rule, 228, 232 Steepest descent method, 15, 58, 67, 72, 167 Step length rules, 49–56, 88 Stochastic programming, 10 Strict complementarity CQ, 129, 195, 198 Strictly convex function, 226

definition, 280 Strictly feasible solution, 59 Strictly monotone mapping, 135

definition, 279 Strongly F -monotone mapping, see Cocoercive mapping Strongly convex function

definition, 280 Strongly monotone mapping, 24, 170 definition, 279 Strongly non-singular solution, 198 Strongly pseudo-monotone mapping, 100 definition, 279 Strongly regular solution, 198 Sub-linear convergence rate, 260 Subdifferential (∂), 1, 41 Subgradient (ξ), 19 Subgradient optimization, 80, 87–88, 194 Subgradient projection method, 88 Successive approximation algorithm, 23 Successive over-relaxation (SOR) method, 59 Superlinear convergence rate, 166, 168, 182 definition, 281 Symmetrized Newton method, 16, 59, 174 Synchronization barrier, 220, 247 Synchronized parallel computing, 219–220, 247–248

Tangent cone (T_X ), 192 Termination criterion, 22, 49, 156, 197, 218, 221, 264 Totally asynchronous computing, 223

Traffic equilibrium, 5–6, 212–213, 254–255 Transportation planning, 6 Truncated Newton method

CNDP, 142, 143 Truncated subproblem, 229–231 Trust region method, 201 Two-level method, 77–83 Two-metric projection algorithm, 201 Two-stage stochastic programming, 10

Unconstrained nondifferentiable program (NDP), 7 Uniformly convex function

definition, 280 Uniformly monotone mapping, see Strongly monotone mapping Upper semicontinuous (u.s.c.) function definition, 280 Upper semicontinuous (u.s.c.) mapping definition, 280 Uzawa’s algorithm, 80, 153

Variable coupling, 11, 240 Variable splitting, 12–13 Variable splitting method, 76 Variational inequality problem (VIP), 5 affine, 77, 99, 101 Cartesian product set, 244–251 dual, 74, 213 primal–dual, 122–133

Wardrop equilibrium conditions, 6 Weak sharp minimum, 198, 200, 206 Weak sharp solution, 202, 208 Weakly coercive function, 40, 101, 148, 278 definition, 277 Weakly coercive mapping, 40

definition, 277 Weierstrass’ Theorem, 100

Zangwill’s Theorem, 135, 136