Existence and continuity of optimal solutions to some structural topology optimization problems including unilateral constraints and stochastic loads^�

Michael Patriksson^† and Joakim Petersson^‡

April 25, 2000

Abstract We consider a general discrete structural optimization problem including unilateral constraints arising from, for example, nonpenetration conditions in contact mechanics or noncompression conditions for elastic ropes. The loads applied (and, in principle, also other data such as the initial distances to the supports), are allowed to be stochastic, which we handle through a discretization of the probability space. The existence of optimal solutions to the resulting problem is established, as well as the continuity properties of the equilibrium displacements and forces with respect to the lower bounds on the design variables. The latter feature is important in topology optimization, in which one includes the possibility of vanishing structural parts by setting design variable values to zero. In design optimization computations, one usually replaces the zero lower design bound by a strictly positive number, hence rewriting the problem into a sizing form. For several such perturbations, we prove that the global optimal designs and equilibrium states converge to the correct ones as the lower bound converges to zero.

1 Introduction

1.1 Motivation

Topology optimization of mechanical structures refers to the subfield of structural optimization where parts of the design region are allowed to be occupied by a varying amount of solid material, including no material at all. This means that the sets of admissible designs and the corresponding structural responses are very large. On the one hand, some designs might result in a structure that cannot carry the applied load at all, while, on the other hand, some designs carry the particular load very efficiently. The distinction between sizing and topology optimization is usually that in the latter the amount of material, for example, a thickness or cross-sectional area, is allowed to be zero. Sizing problems are typically easier than other problems—for instance the design sensitivities, that is, the derivatives of state variables (in the nested version of the problem) with respect to changes in design, are harder to determine in other problem types such as in shape optimization. Therefore, if topology optimization problems could be cast into a sizing-like problem statement,

∗This research is supported by a grant from the Swedish Research Council for Engineering Sciences (grant TFR 98-125), which is greatfully acknowledged.

†Department of Mathematics, Chalmers University of Technology, SE-412 96 Göteborg, Sweden. Email: mipat@math.chalmers.se

‡Department of Mechanical Engineering, Mechanical Engineering Systems, Linköping University, SE-581 83 Linköping, Sweden. Email: joape@ikp.liu.se

then the problem would be much easier to handle, since design sensitivities and unique equilibrium solutions always exist and are computable. The traditional way to restate or modify the problem statement from a topology optimization problem to a sizing-like statement is here referred to as an ε-perturbation (or, an ε-relaxation). In order for the ε-perturbation to be valid, the solution sets of the restated sizing-like problems should be close to those of the original problem statement for small parameter values ε. Difficulties in finding and validating proper ε-perturbations should somehow be expected since the unperturbed problem statements include many different structural topologies whereas the sizing problems cover only one.

The most common ε-perturbation is to replace the design zero lower bounds by a small positive number ε—a perturbation which is valid for some minimum compliance problems (see, e.g., [Ach98]). Concerning stress-constrained minimum weight problems, one can conclude from a result by Sved and Ginos as early as in 1968 [SvG68] that this simple ε-perturbation is not sufficient in general. This is sometimes referred to as the ”stress singularity phenomenon”, cf. [Kir90]. Two different perturbations which include ε-terms in the stress constraints were introduced by Svanberg [Sva94] and Cheng and Guo [ChG97]. Since it is of paramount importance to know if, and for which type of ε-perturbation, the restated sizing-like problem’s design solutions converge to the optimal designs in the original problem statement as the parameter ε approaches zero, it is the main theme of this paper to prove such continuity results, as well as the existence of optimal solutions, for several different problem classes. When justifying correct ε-perturbations the proofs rely heavily on the continuity properties of the mappings that provide the set of equilibrium states for given designs, including changes in the connectedness of the mechanical structure. These continuity results are interesting in their own right, and based on their generality we believe them to be useful also for applications other than those covered here.

We do not directly aim at providing methods for finding optimal solutions to the problems studied, but focus on justifying the optimization statements. Having proven that some sizing-like problem’s optimal solutions are close to the desired ones, one can usually rely on the fact that the nested versions of sizing problems are often successfully solved by sequential convex or separable programming algorithms in conjunction with standard sensitivity analysis.

1.2 Scope

Two of the most natural and classical structural optimization problems are minimum compliance, or, equivalently, maximum stiffness, under a volume constraint, and minimum weight under stress constraints. We consider these problem classes in a discrete framework, that is, we assume that the state and design are specified by a finite number of variables, which is the case for example with trusses, where the state may be governed by a vector u of nodal displacements and the design by a vector x of bar volumes (or cross-sectional areas). We also treat a discretized continuous problem, namely the one that results from applying a finite element method (FEM) on the problem of minimizing the effective stress in an elastic continuum in plane state of stress. The objective is the L^2-norm of the effective stress (in the sense of von Mises) and a constraint on the available amount of material volume is included. Different ε-perturbations are treated for all these three problem classes.

Frequently it is assumed that the elastic structure’s state, for example nodal displacements and internal bar forces, is governed by a system of linear equations. In this work we generalize this to affine variational inequalities (AVI:s), hence allowing for the appropriate modelling of, for example, mechanical contact and structures suspended by elements that can sustain only tensile forces. These unilateral constraints appear in practice, for example, in machine elements such as press-fits and turbine blade roots, and for structures such as bridges suspended by elastic cables. When the state problem is governed by a variational inequality, the overall design problem is termed a mathematical program with equilibrium constraints (MPEC), cf. [LPR96], or a generalized bilevel optimization problem. For a general overview of optimization of structures subject to unilateral constraints, we refer to [HKP99b].

We also consider stochastic loads, that is, we allow for the applied loads to be random. For instance, a heavy weight hung by a crane could move in the wind in an unpredictable manner. The procedure is expected to lead to more robust optimal designs, since structures that are optimal for a single deterministic load can be very inefficient for slightly different loads, cf. [CPW99]. We assume that the load components are specified by a probability space, formulate functions affected by the stochastic data in terms of either expected values or worst-case scenarios, and then proceed by discretizing the corresponding sample space. Among other things, this may lead to a traditional multiple load-case formulation where a linear combination of the objective functions is used. The weights in this linear combination can be determined from the probability density function and the integration rule used to evaluate the expected value of the objective function. We remark that we could have considered a more general stochastic model which involves uncertainties in the other data of the problem, such as the initial distances to the rigid supports, which may be random due to manufacturing tolerances. The choice of studying only the external loads in this respect is however natural, since it is the most obvious source of randomness, and furthermore since the analysis would be similar for a more general model.

1.3 Preview

In order to establish the topology optimization problems’ transformation to sizing-like statements, continuity properties of the design–to–state mappings during topological changes need to be investigated. This requires in turn proper descriptions of the equilibrium relations for the states. This is achieved by using three different equilibrium principles: minimum of complementary energy (a principle expressed in forces), minimum of total potential energy (a principle expressed in displacements), and an AVI expressed in forces and displacements simultaneously. The principles are expressed to take into account possible topological changes, that is, changes in the indices of those design variables having zero values. For designs with different topologies the equilibrium principles actually have different numbers of constraints. However, this difficulty is here circumvented through a procedure where vanishing structural parts correspond to zero forces, and an extended real-valued energy function is used.

The complementary energy problem’s optimal solution is unique if a feasible solution exists, while the total potential energy principle can in general have an unbounded solution set (due to the possible singularity of the stiffness matrix). We present three classes of results on the continuity of the design–to–state mappings, one for each equilibrium principle. The first states that, given any convergent sequence of designs, and assuming the elastic energy remains bounded, the limit design possesses a state of equilibrium and the sequence of equilibrium forces converges to the limit design’s equilibrium force (Theorem 3.1). This statement is then used for all three optimal design problems. The proof uses the (lower semi-) continuity properties of the extended real-valued energy function. The other two continuity results are less general, since they hold for particular design sequences where a design vector decreases strictly monotonically to a fixed design (and which is assumed to have a state in equilibrium). The convergence rate of the equilibria is established through the use of error bounds for solution sets of AVI:s (Theorem 3.2), and from the total potential energy principle, it is shown that the sequence of displacements converges to the least-energy displacement among all equilibrium displacements (Theorem 3.3).

The compliance minimization problem is the easiest: the proofs use the design–to–force mapping’s continuity as the main ingredient. The straightforward ε-perturbation mentioned above is sufficient, and the optimal design problem can be given several convex, or convex–concave, optimization formulations. The stress-constrained minimum weight problem is the most difficult: besides using design–to–force continuity, the rate of convergence is also needed. In addition to setting the lower design bound to ε, a term which converges to zero—faster than ε, but not faster than ε^2—has to be added in the stress constraints. The problem where the effective stress in an elastic continuum is minimized is in character somewhat ”in between” the other two problems in difficulty. Besides the design–to–force continuity, the displacements’ convergence to the least-energy displacement is used in the proofs.

The rest of the paper is organized as follows. Section 2 deals with the three principles of equilibrium: minimum of complementary, minimum total potential energy, and an AVI expressed in all state variables simultaneously. Section 3 states and proves several propositions on the continuity properties of the state variables with respect to changes in the design variables, including changes in topology. The remaining three sections deal with interesting instances of structural optimization problems. Section 4 accounts for cable suspended trusses, minimum compliance as well as stress constrained minimum weight. The next section treats the FE-discretized sheet problem where the L^2-norm of the effective stress is minimized. Finally, Section 6 includes some remarks and comments on possible further research.

2 The equilibrium problem

The structure is assumed to consist of at most m parts such as bars or finite elements. The material volume allocated at part i is described by x_i, i = 1, . . . , m. Clearly, x_i ≥ 0 holds, and x_i = 0 is interpreted as a structural void. We denote the set of present (or, active) parts of the structure by the index set I(x) := { i | x_i > 0 } ⊆ {1, . . . , m}. The structure is further assumed to consist of nodes, the displacements of which are collected in a (column) vector u ∈ R^n (note: prescribed zero-displacements are removed). The deformation of each (present) part is described by sc strain components, collected in a vector ε_i for i = 1, . . . , m. This strain is connected to the displacement through the relation ε_i = B_iu, i ∈ I(x), (1) where B_i ∈ R^{sc×n} is a kinematic transformation matrix. The stress state of each present part is described by σ_i ∈ R^{sc} , and is assumed to be related to the strain according to Hooke’s generalized law: σ_i = Eε_i, i ∈ I(x), (2) where E ∈ R^{sc×sc} is the symmetric and positive definite matrix of elasticity constants. We define the force-like variable s_i as s_i = x_iσ_i, i ∈ I(x), (3) which in fact has unit (force × length). (For a bar it is simply the bar force times the bar length.) We set D_i(x) = x_iE, and then (1)–(3) give s_i = D_i(x)B_iu, i ∈ I(x). (4) External forces (including forces due to unilateral contact and cables) are represented by a vector

F ∈ R^n ; static force equilibrium is governed by F = ∑ i∈I(x) B^T_i s_i. (5)

Note that, if we define the structural stiffness matrix as K(x) = m∑ i=1 x_iB^T_i EB_i, (6)

then (4) and (5) yield F = K(x)u. (7) We assume that there are sufficiently many prescribed zero-displacements for K(1_m) to be positive definite. (Here, 1_m denotes the m-vector of ones.)

2.1 Special case 1: Linear triangular finite elements

In this particular case, we consider a plane structure, sc = 3 and strains ε_i = (ε_x, ε_y, γ_{xy})^T , stresses σ_i = (σ_x, σ_y , τ_{xy})^T , and, assuming plane stress and an isotropic elastic body, E = E_0 1 − ν^2

1 ν 0 ν 1 0 0 0^{1−ν}_2 ,

where ν ∈ (−1, 1/2) is Poisson’s ratio and E_0 > 0 is Young’s modulus. Let the set η_i contain the node numbers for the nodes belonging to element i. If we define matrices

B_A = ∂N_A ∂x1 0 0^{∂NA}_{∂x2} ∂N_A ∂x2 ∂N_A ∂x1 , where N_A are shape functions, then the B_i’s are constructed so that

ε_i = ∑ A∈η_i B_Au_A = B_iu, where u_A ∈ R^2 is the displacement at node A.

Based on the different stress components in a finite element one can calculate a single effective stress according to

σ^e_i = √ σ^T_i Mσ_i, where, in the case of von Mises effective stress, M = 1 −^1_2 0 −^1_2 1 0 0 0 3 .

2.2 Special case 2: Truss structures

This particular case involves a set of bars in one, two or three dimensions. We have sc = 1, σ_i is simply the stress in the bar, and ε_i the strain. The matrix E is Young’s modulus of the bar, and

D_i = x_iE, s_i = x_iσ_i.

Hence, s_i is the bar force times its length, B_i is 1/L_iγ̄^T_i , where L_i is the bar’s length, and γ̄_i contains the bar’s direction cosines.

The effective stress in a bar is the absolute value of the single stress value; hence, σ^e_i = √ σ^T_i Mσ_i = |σ_i| holds, where here M = 1 holds.

2.3 The unilateral constraints

Suppose we have unilateral rigid supports that cannot be penetrated by the nodes of the structure. Then, these unilateral constraints can be formulated as

C_1u ≤ g_1, (8)

where C_1 ∈ R^{r1 ×n} is a kinematic transformation matrix, and g_1 ∈ R^{r1} is the vector of the initial gaps. If we let λ ∈ R^{r1} be the vector of contact forces, then the relations

λ ≥ 0, λ^T (C_1u − g_1) = 0 (9)

reflect the facts that the contact is non-adhesive and that contact forces do not develop at a distance. We shall assume that each node is subject to not more than one contact condition (or, more generally, that if there are more than one contact condition for one node then they are orthogonal), whence C_1C^T_1 equals the r_1 × r_1 identity matrix. (We refer to this as C_1 being quasi-orthogonal.)

Suppose now also that there are at most r_2 cables (or, ropes), the ends of which are attached to nodes of the structure and (possibly) also suspended at rigid foundations. The jth cable’s volume is denoted by X_j , and similarly to I(x) we define J (X) := {j | X_j > 0} ⊆ {1, . . . , r_2}. We let e_j be the cable’s elongation, (g_2)_j its initial slack, and S_j its tensile force. Then, the behavior of the cables can be described by

γ^T_j u − e_j − (g_2)_j ≤ 0, S_j ≥ 0, (γ^T_j u − e_j − (g_2)_j )S_j = 0, j ∈ J (X), (10)

where γ_j is a vector which contains the unit vector of cable j (in the same way as for a bar element). The cables’ stiffness constants are

k_j (X) = X_j E_c L^2_j , j ∈ J (X), (11) where E_c > 0 is Young’s modulus for the cable material and L_j > 0 the cable lengths. Therefore, the cable elasticity is modelled by

S_j = k_j (X)e_j , j ∈ J (X), (12)

(and hence S_j ≥ 0 if and only if e_j ≥ 0). We interpret (10) and (12) as follows: if S_j = 0, then by (12), e_j = 0, and what is left of (10) is γ^T_j u ≤ (g_2)_j which asserts that the elongation of the straight line between the cable’s end points cannot exceed the slack. If, on the other hand, S_j > 0, then (10) states that γ^T_j u − e_j = (g_2)_j , that is, the cable elongation equals the elongation of the straight line between the cable’s end points minus the slack.

The cable forces are directed along the direction of the cables, defined through the vector γ_j ; we presume frictionless contact, whence the directions of contact forces are known (namely orthogonally to the unilateral supports). Hence, if f ∈ R^n denotes external prescribed forces (different from cable and contact forces), static equilibrium [see (5)] is governed by

C^T_1 λ + ∑ i∈I(x) B^T_i s_i + ∑ j∈J (X) S_j γ_j = f, (13)

since F = f − C^T_1 λ − ∑ j∈J (X) S_j γ_j .

Given a structure and cable design x, X, the overall equilibrium problem can now be summarized as follows: For all i ∈ I(x) and j ∈ J (X), find nodal displacements u, cable elongations e_j , contact forces λ, cable forces S_j and internal structure forces s_i such that (4), (8)–(10), and (12)–(13) hold.

2.4 Energy principles

2.4.1 Minimum complementary energy

The principle of minimum of complementary energy states that among all force distributions that satisfy static force equilibrium [that is, (5)], the one present in equilibrium (if any), is one which minimizes the elastic energy of the structure. In parts of the structure where x_i = 0 or X_j = 0 holds, elastic energy cannot be stored. Using the notation I(x) and J (X) for positive elements x_i and X_j , respectively, and s_{I(x)} and S_{J (X)} for the corresponding subvectors, we can then state the elastic energy minimization problem as follows:

(C)_{(x,X)} min (s_I(_x) ,S_J (_X),λ) E_{I,J} (x, X, s, S, λ) := 1 2 ∑ i∈I(x) s^T_i E^{−1}s_i x_i + g^T_1 λ + ∑ j∈J (X) ( (L_j S_j )^2 2E_cX_j + (g_2)_j S_j ) ,

s.t.

C^T_1 λ + ∑ i∈I(x) B^T_i s_i + ∑ j∈J (X) S_j γ_j = f, λ ≥ 0, S_{J (X)} ≥ 0. In the below result, we use the notions that a real-valued function, say f : R^n → R ∪ {+∞}, is weakly coercive (with respect to a set X) if X is bounded or lim_{‖x}t_{‖→∞, x}t_{∈X} f(x^t) = ∞, and that f is lower semicontinuous (lsc) if for any x ∈ R^n , lim inf_{y→x} f(y) ≥ f(x).

Theorem 2.1 (Existence of optimal solutions to (C)_{(x,X)}). Suppose the feasible set of the problem (C)_{(x,X)} is nonempty. Then, there exists a unique optimal solution to the problem (C)_{(x,X)}.

Proof. The objective function of (C)_{(x,X)} is weakly coercive and lsc. The former follows for (s_{I(x)}, S_{J (X)}) immediately, and for λ we note that by the quasi-orthogonality of C_1, λ is uniquely determined by them. Lower semicontinuity follows from continuity. Since E_{I,J} is strictly convex in those variables, also uniqueness follows.

We investigate the optimality conditions for this problem. We introduce u as the Lagrange multipliers for the equality constraints. The stationarity conditions for the Lagrangian then become the following: stationarity with respect to s gives (4); through the definition (11) we derive (10) and (12) as the stationarity conditions with respect to S ≥ 0; stationarity with respect to λ ≥ 0 yields (8) and (9); finally, stationarity with respect to u of course gives us (13). Summarizing, then, the conditions which characterize the minimal complementary energy are precisely the conditions (4), (8)–(10), and (12)–(13), discussed from a mechanical standpoint in the previous section.

2.4.2 Minimum total potential energy

We will next state and investigate a principle of minimum potential energy. Given a design (x, X) the problem is the following:

(P)_{(x,X)} min (u,e_J (_X ) ) 1 2 ∑ i∈I(x) x_iu^T B^T_i EB_iu + 1 2 ∑ j∈J (X) E_cX_j L^2_j e^2_j − f^T u,

s.t. { C_1u ≤ g_1, γ^T_j u − e_j ≤ (g_2)_j , j ∈ J (X).

Investigating its optimality conditions, we introduce λ ≥ 0 and S_j ≥ 0, j ∈ J (X), as the Lagrange multipliers for the inequality constraints. Pursuing, as for the problem (C)_{(x,X)}, the stationarity conditions for the resulting Lagrangian reformulation, we obtain the following. We first note that although s does not enter into this problem, we will use (4) as its definition. Then, stationarity with respect to u yields (13); stationarity with respect to e gives (12); stationarity with respect to λ ≥ 0 gives (8) and (9); finally, stationarity with respect to S ≥ 0 gives (10). So, to summarize, the characterization of the minimum potential energy is, again, the conditions (4), (8)–(10), and (12)–(13), discussed from a mechanical standpoint in the previous section.

This development also establishes that the problems (C)_{(x,X)} and (P)_{(x,X)} constitute equivalent, primal–dual pairs of convex quadratic programs, since they have the same optimality conditions. This means that if there exists an optimal solution to (C)_{(x,X)}, then there are optimal solutions to (P)_{(x,X)}, and, conversely, if there is at least one optimal solution to (P)_{(x,X)}, then (C)_{(x,X)} is uniquely solvable.

In the optimal solution to these problems, the values of the variables s_{I\I(x)} and (S, e)_{J \J (X)} are unspecified. (This is a direct effect of the way in which the primal–dual pair of equilibrium problems were stated, as these variables are not present in their formulations or in their Lagrangianbased optimality conditions.) This is, however, a drawback when we want to consider existence, continuity and other sensitivity issues for varying values of (x, X) [and consequently for varying index sets I(x) and J (X)], in particular as a subset of their elements tend to zero. In order to state a complete set of equilibrium conditions, containing all the variables, we shall next formulate an affine variational inequality problem which embraces the conditions (4), (8)–(10), and (12)–(13). The idea is to introduce the conditions (4) and (12) explicitly into the formulation, for the entire sets of variables, and not just for the index sets I(x) and J (X), whereby we explicitly account for the active parts of the structure by forcing zero elements in (x, X) to correspond to zero elements in (s, S). Mechanically speaking, the only possible force in a void is zero.

2.4.3 Equilibrium characterization as an affine variational inequality

Let Q be a p × p matrix, q an p-vector and Y a polyhedral set. The affine variational inequality (AVI) problem associated with this data is to find y^∗ ∈ Y such that

[Qy^∗ + q]^T (y − y^∗) ≥ 0, y ∈ Y. (14)

(In case Q is symmetric, this variational inequality constitutes the necessary conditions for y^∗ to be a local minimum point of the function y →^1_2 y^T Qy + q^T y over the set Y .) We denote this problem by AVI (q, Q, Y ).

We now state the equilibrium conditions for forces and displacements as an AVI. To this end, we first define C_2 as the r_2 × n matrix of the vectors γ_j , B as the (m · sc) × n matrix created by stacking the matrices B_i on top of each other, s as the m · sc vector created by stacking the vectors s_i on top of each other, D(x) as the (m · sc) × (m · sc) block-diagonal matrix created by placing the matrices D_i(x) along the diagonal, and, finally, k(X) as the r_2 × r_2 diagonal matrix with diagonal elements k_j (X). Let

y := u e s S λ , Q := 0 0 B^T C^T_2 C^T_1 D(x)B 0 −I 0 0 0 k(X) 0 −I 0 −C_2 I 0 0 0 −C_1 0 0 0 0

, and q := −f 0 0 g_2 g_1

, (15)

and Y := R^n × R^{r2} × R^{m·sc} × R^{r2}_+ × R^{r1}_+ . (Note: R_+ denotes the set of nonnegative reals, whereas

R++ , to be used later, denotes the set of strictly positive reals.)

It is easy to check that the AVI with this data is a statement of the conditions (13), (4), (12), (10), (8), (9), in that order, where now the conditions are stated over all the variables.

For the AVI given by (14), (15) we next establish an elementary result on the closedness property of its solution set when viewing (x, X) as parameters. To this end, we shall introduce the new notation AVI (q, Q(x, X), Y ) and SOL (q, Q(x, X), Y ) to denote the AVI problem (14), (15) and its solution set for a given pair (x, X).

Theorem 2.2 (Closedness of the mapping (x, X) → SOL(q, Q(x, X), Y )). The mapping (x, X) → SOL(q, Q(x, X), Y ) is closed on R^m × R^{r2} .

Proof. Consider a sequence R^m × R^{r2} ⊃ {(x^t, X^t)} → (x^∗, X^∗), and an arbitrary sequence {y^t} fulfilling y^t ∈ SOL(q, Q(x^t, X^t), Y ) for all t. Suppose that the latter sequence has a limit point, y^∗. Closedness amounts to having y^∗ ∈ SOL(q, Q(x^∗, X^∗), Y ). In order to establish this inclusion, consider, for a fixed vector y ∈ Y in the AVI given by (14), (15), the sequence of solutions over t. Then, noting that Q(·, ·) + q is continuous in (x, X), the result clearly follows.

The reader is advised not to conclude that there always exist limit states for a limit design: the assumption of boundedness of the sequence of states, made in the proof of the above lemma, is crucial. Subsequently, we shall illustrate that there are indeed cases where limit displacements do not exist (see Section 3.1.2).

Further, the above result can not be used to claim that a bounded sequence of forces accumulate at equilibrium forces for a limit design. For this to be true, the energy needs to remain bounded, cf. Theorem 3.1 and Corollary 3.1.

3 Continuity of design{to{state mappings

We now investigate the behavior of the equilibrium states (u, e), (s, S), and λ as functions of the designs (x, X). In particular, we are interested in the continuity of sequences of equilibrium states as a sequence of designs tends to a limit. This will be very useful in the analysis of ε-perturbation schemes, wherein small but positive lower design bounds are used, and which may subsequently be allowed to tend to zero.

3.1 Design–to–force

3.1.1 Theoretical results

We first consider the conditions under which a limit state exists for a design. We begin by two useful lemmas.

Lemma 3.1 (Lower semicontinuity of a convex function). Let the convex function f : R × R_+ →

R+ ∪ {+∞} be defined by f(x, y) = x^2/y, if y > 0, +∞, if x ≠ 0 and y = 0, 0, if x = y = 0.

Then, f is lsc on R × R_+ , and f(x, ·) is continuous on R_+ for any x ∈ R.

Proof. The analysis of this function is similar to that in Rockafellar [Roc70, p. 83], which, however, concerns its lsc property over a larger domain. Let R ⊃ {x^t} → x and R_+ ⊃ {y^t} → y. We need to show that (i) lim inf_{t→∞} f(x^t, y^t) ≥ f(x, y), and (ii) lim_{t→∞} f(x, y^t) = f(x, y).

Consider first the case (x, y) = (0, 0). Here, f(x, y) = 0 ≤ f(x^t, y^t), so (i) follows immediately. Also (ii) holds since f(0, y^t) = 0 = f(x, y).

The second case is x ≠ 0 and y = 0. Here, f(x, y) = +∞. Since |x^t| ≥ c > 0 for all sufficiently large t, one has either that f(x^t, y^t) ≥ c^2/y^t (if y^t > 0) or f(x^t, y^t) = +∞ (if y^t = 0). In either case, (i) follows, and (ii) follows similarly.

The third case is y > 0. Here, f(x^t, y^t) = (x^t)^2/y^t for all sufficiently large t, so both (i) and (ii) holds. This completes the proof.

We next apply this result to our energy functional. For the sake of a subsequent discussion, we will state the following result for a more general energy function.

Lemma 3.2 (Lower semicontinuity of an energy functional). Let M be an arbitrary symmetric and positive definite sc×sc matrix, and M^{1/2} an arbitrary symmetric and positive definite square root. The function E^M (x, X, s, S, λ) := 1 2 m∑ i=1 sc∑ k=1 f ( (M^{1/2}s_i)_k, x_i ) + g^T_1 λ + r2∑ j=1 ( L^2_j 2E_c f(S_j , X_j ) + (g_2)_j S_j )

is convex and lsc on R^m_+ × R^{r2}_+ × R^{m·sc} × R^{r2} × R^{r1} , and E^M (·, ·, s, S, λ) is continuous on R^m_+ × R^{r2}_+ for any (s, S, λ) in R^{m·sc} × R^{r2} × R^{r1} .

Proof. The result follows from Lemma 3.1 and the fact that the sum of convex, lsc functions is convex and lsc (e.g., [Roc70, Theorem 9.3]).

Note that with M = E^{−1}, E^M agrees with the energy functional E_{I,J} appearing in (C)_{(x,X)} at arguments where it is finite. Note further that if we want the energy functional to stay finite also when considering the case where some design variables in (x, X) are zero, then we must enforce the corresponding force elements in (s, S) to be equal to zero. [This corresponds to applying the definitions (4) and (12).]

We shall, however, henceforth consider formulations of the equilibrium problems where all design and state variables are present, since we believe it to be more appropriate when analyzing existence and sensitivity questions. So, when referring to the problems (C)_{(x,X)} and (P)_{(x,X)}, we shall (implicitly) presume that all elements (x, X) are present both in the objective function and in the constraints, whether they are active (all having positive values) or not. Moreover, the vectors s_{I\I(x)}, S_{J \J (X)} are included and, whenever the energy is finite, forced to zero. The effect on the problem (C)_{(x,X)} is twofold, the first resulting in a simplification, the second in a slight complication: (1) the feasible set, henceforth denoted by F^C , does no longer depend on the design (x, X); and (2) the energy functional, E, is an extended real-valued function, possibly taking on infinite values where one or more design variable values are zero. For the problem (P)_{(x,X)}, the effect is also twofold: (1) the feasible set, denoted by F^P , is not dependent on the design; and (2) the elements e_{J \J (X)} may be specified to arbitrary values, but large enough so that γ^T_j u − e_j − (g_2)_j ≤ 0 holds for all j ∈ J \ J (X).

From now on, whenever referring to a functional, like E, where only the active design elements are present, we shall write E_{I,J} . (Further, whenever M = E^{−1} in the energy functional, the superscript^M will be suppressed.)

Recall that a function f : R^n → R∪{+∞} is proper if f(x) < +∞ holds for at least one x ∈ R^n and f(x) > −∞ holds for all x ∈ R^n . We also refer to a function f as being proper with respect to a set X, then meaning that the function f + δ_X is proper, where δ_X is the indicator function of the set X (δ_X (x) = 0 for x ∈ X; δ_X (x) = +∞ for x /∈ X).

Theorem 3.1 (Existence of a force equilibrium). Let {(x^t, X^t)} be a nonnegative sequence of designs, converging to (x, X). Suppose that {(s^t, S^t, λ^t)} is the corresponding sequence of optimal solutions to (C)_{(x}t_{,X} t_), and assume that the sequence of energies is bounded, that is, that E(x^t, X^t, s^t, S^t, λ^t) ≤ c < ∞ for all t. Then, there exists a unique optimal solution (s, S, λ) to (C)_{(x,X)}, and {(s^t, S^t, λ^t)} → (s, S, λ). Proof. That the sequence {(s^t, S^t, λ^t)} is bounded follows by the weak coercivity of E and the boundedness of {(x^t, X^t)}, together with the assumed existence of c. Let (s, S, λ) be an arbitrary limit point of this sequence. The lsc property of E (cf. Lemma 3.2) and the assumption yields that E(x, X, s, S, λ) ≤ lim inf_{t→∞} E(x^t, X^t, s^t, S^t, λ^t) ≤ c < ∞, so we can conclude that (s, S, λ) ∈ F^C and that E(x, X, ·, ·, ·) is proper with respect to F^C ; moreover, by Theorem 2.1, the optimal solution to (C)_{(x,X)} is unique.

Let now (s̄, S̄, λ̄) ∈ F^C . Then, E(x, X, s, S, λ) ≤ lim inf_{t→∞} E(x^t, X^t, s^t, S^t, λ^t) ≤ lim_{t→∞} E(x^t, X^t, s̄, S̄, λ̄) = E(x, X, s̄, S̄, λ̄), where the equality follows by the continuity of E(·, ·, s̄, S̄, λ̄) [cf. Lemma 3.2]. It follows that (s, S, λ) is optimal in (C)_{(x,X)}. Therefore, (s, S, λ) must also be the only limit point of the sequence {(s^t, S^t, λ^t)}.

As remarked after Theorem 2.2, the projection of SOL (q, Q(x, X), Y ) onto the subspace of forces (s, S, λ), that is, the result of eliminating the displacements, leads not to a closed mapping. Under the condition that the energy remains bounded, however, we can establish such a result. To this end, we define, respectively, the graph of the equilibrium mapping in terms of forces only, and the lower level set of the energy function E, as follows:

gr S := { (x, X, s, S, λ) | (u, e, s, S, λ) solves (14) and (15) }, (16) L^E_ν := { (x, X, s, S, λ) | E(x, X, s, S, λ) ≤ ν }. (17) Corollary 3.1 (Closedness of the force equilibrium mapping). Let ν ∈ R. Then, the set gr S ∩ L^E_ν is closed.

Proof. Let ν ∈ R. Consider a sequence {(x^t, X^t, s^t, S^t, λ^t)} ⊂ gr S ∩ L^E_ν with {(x^t, X^t)} ⊂

R^m_+ × R^{r2}_+ , and assume that {(x^t, X^t, s^t, S^t, λ^t)} → (x, X, s, S, λ). The lsc property of E ensures

that E(x, X, s, S, λ) ≤ lim inf_{t→∞} E(x^t, X^t, s^t, S^t, λ^t) ≤ ν < ∞. So, (x, X, s, S, λ) ∈ L^E_ν . By The- orem 3.1, (s, S, λ) is moreover the optimal solution to (C)_{(x,X)}, whence (x, X, s, S, λ) ∈ gr S also holds.

A result of a character similar to that of Theorem 3.1 will be useful in the subsequent analysis.

Corollary 3.2 (Convergence of equilibrium forces). Let (x, X) be a nonnegative design for which E(x, X, ·, ·, ·) is proper with respect to F^C , and let (s, S, λ) be the optimal solution to the problem (C)_{(x,X)}. Let {(x^t, X^t)} be a sequence of nonnegative designs which converges to (x, X), and suppose that {(s^t, S^t, λ^t)} is the corresponding sequence of optimal solutions to (C)_{(x}t_{,X} t_). Then, {(s^t, S^t, λ^t)} → (s, S, λ). Proof. The relations

lim sup t→∞ E(x^t, X^t, s^t, S^t, λ^t) ≤ lim_{t→∞} E(x^t, X^t, s, S, λ) = E(x, X, s, S, λ) < ∞ follow from the optimality of (s^t, S^t, λ^t) in the problem (C)_{(x}t_{,X} t_) and the continuity of E(·, ·, s, S, λ) [cf. Lemma 3.2]. Therefore, the sequence {E(x^t, X^t, s^t, S^t, λ^t)} of energies is bounded, whence the desired result follows from Theorem 3.1.

3.1.2 Example: One-bar truss with a cable

The example in this section is given to show a simple concrete mechanical structure covered by the general mathematical setting, and, moreover, to illustrate that the closedness of the feasible set is intimately connected with the boundedness of the energy (cf. Corollary 3.1). The closedness property will apparently be of paramount importance in order to establish the existence of optimal designs.

Figure 1: The cable suspended one-bar truss.

The example, shown in Figure 1, is a one-dimensional structure that consists of a bar, suspended with one cable. The initial slack is zero, and both lengths, specific weights and elastic moduli are one. The material volume for the bar and cable is x and X, respectively. (The example will be reconsidered in Section 4.2, when maximal limits σ_1, σ_2 of stresses will be used, hence these additional symbols in the figure.)

If the load f = 1, then the equilibrium relations in terms of displacement u, cable elongation e and bar and cable force (s, S) become u − e ≤ 0, S ≥ 0, (u − e)S = 0, S = Xe, −s = xu = 1 − S. (18) It is always implicitly understood that the design variables are nonnegative. From (18) it is straightforward to verify that

(s, S) solves (C)_{(x,X)}

is equivalent to s = − x x + X , S = X x + X , x + X > 0. (19)

Hence the graph of the equilibrium mapping in terms of forces becomes gr S = { (x, X, s, S) | S = X/(x + X), s = S − 1, x + X > 0 }. We now consider a structural optimization problem. Typically the upper-level feasible region is of the form Z_ε = { (x, X, s, S) | (ε, ε) ≤ (x, X) ≤ (U, U) }, for some values ε ≥ 0 and U > ε. To illustrate the effects of topological changes on the existence of optimal solutions, we here choose the design objective function to be to maximize the (unknown) displacement u(x, X, s, S). Then, we can write the structural optimization problem as { max (x,X,s,S) u(x, X, s, S), s.t. (x, X, s, S) ∈ Z_ε ∩ gr S. Consider first the sizing case, ε > 0. It follows from (18) that u(x, X) = 1/(x + X). It is therefore immediate to see that the optimal design is x^∗ = X^∗ = ε and the optimal displacement u^∗ = 1/(2ε).

Consider next the topology case, ε = 0. As opposed to the sizing case, the problem now lacks optimal solutions. Define for n = 1, 2, . . . the sequence (x_n, X_n, s_n, S_n) = (1/n^2, 1/n, −1/(n + 1), n/(n + 1)). It holds that, for all n large enough, (x_n, X_n, s_n, S_n) belongs to the feasible set F := Z_0 ∩ gr S of the structural optimization problem, and

lim_{n→∞}(x_n, X_n, s_n, S_n) = (0, 0, 0, 1).

However, clearly (0, 0, 0, 1) ∉ gr S, that is, the graph is not closed, and (0, 0, 0, 1) is infeasible! Moreover,

u(x_n, X_n, s_n, S_n) = 1/(x_n + X_n) = n^2/(n + 1) → ∞, and therefore the structural optimization problem cannot possess any optimal solutions. Assuming that both design variables are nonzero, the energy is given by E(x, X, s, S) = s^2 2x + S^2 2X , (20)

and therefore E(x_n, X_n, s_n, S_n) = n^2 2(1 + n)^2 + n^3 2(1 + n)^2 = n^2 2(1 + n) → ∞, that is, maximizing the displacement requires an unbounded elastic energy.

One could argue that maximizing the displacement is an objective that has no engineering meaning—it is rather the opposite that might be interesting. Assuming now that for problem statements that make engineering sense, the constraints and objective function in combination are such that an optimizing sequence does not demand unbounded energies, we again consider the set L^E_ν defined in (17), where the value of ν is not important, as long as it is finite. (Later, for the minimum compliance problem, we will see that compliance equals energy, and since this quantity is to be minimized it is certainly finite. Moreover, in stress-constrained problems these constraints imply bounded energies.) Using (19) in (20) one shows that E(x, X, s, S) ≤ ν implies x + X ≥ 1/(2ν), and therefore the constraint x + X > 0 in gr S is redundant. Consequently, gr S ∩ L^E_ν = { (x, X, s, S) | S = X/(x + X), s = S − 1, x + X ≥ 1/(2ν) }, which is a closed set (as predicted by Corollary 3.1)!

One main reason for working with forces as state variables is that the energy (for bounded design variables) is weakly coercive with respect to forces; hence, if the energy is bounded, then the forces are bounded too. Indeed, if (x, X, s, S) belongs to the new feasible set F̃ := Z_0 ∩gr S ∩L^E_ν , then 1 2C (‖s‖^2 + ‖S‖^2) ≤ E(x, X, s, S) ≤ ν. This coercivity property does generally not hold in topology optimization when displacements are chosen as state variables, and therefore the displacements are then not bounded in general.

The reason for introducing the set L^E_ν is twofold: first, in combination with the set Z_0 it bounds all the variables; second, when intersected with the set gr S it produces a closed set. Therefore, whence Z_0 is also closed, it follows that the feasible set F̃ is compact, and therefore the topology optimization problem possesses optimal solutions for any proper and lsc objective function whose effective domain intersects F̃ (thanks to Weierstrass’ Theorem).

3.2 Design–to–displacement

Although the equilibrium states (s, S) are uniquely determined by the design (x, X), the displacements (u, e) are in general only unique when (x, X) is strictly positive. Especially interesting then becomes the question to which, if any, displacement vector (u, e) the sequence of equilibrium displacements {(u^t, e^t)} converges when {(x^t, X^t)} tends to a limit for which some elements are zero. To determine the answer to that question, we shall look at a particular kind of design sequence, in which small positive quantities are added to each element.

To that end, let (Ψ, Γ) > (0, 0) be arbitrary in R^m × R^{r2} . Then, K(Ψ) and k(Γ) are positive definite, and we can define an energy inner product in R^m × R^{r2} as

⟨(v_1, v_2), (w_1, w_2)⟩ := v^T_1 K(Ψ)w_1 + v^T_2 k(Γ)w_2, and a corresponding energy norm as

‖(v_1, v_2)‖_{Ψ,Γ} := √ ⟨(v_1, v_2), (v_1, v_2)⟩ = √ v^T_1 K(Ψ)v_1 + v^T_2 k(Γ)v_2.

Let (x, X) ≥ (0, 0) be an arbitrary design and let U(x, X) denote the solution set of the problem (P)_{(x,X)}. One way to pick a unique displacement vector is to choose the one with least-energy norm. If U(x, X) is nonempty, then there indeed exists a unique such element, {(ū(x, X), ē(x, X))} := arg min_{(u,e)∈U(x,X)} ‖(u, e)‖_{Ψ,Γ}, (21) since ‖ · ‖^2_{Ψ,Γ} is strictly convex and U(x, X) is polyhedral convex. We will now establish that the sequence of displacements does converge to the least-energy displacement solution.

Theorem 3.2 (Convergence to least-energy displacements). Let (x, X) ≥ (0, 0) be a design for which (P)_{(x,X)} has an optimal solution. Let (Ψ, Γ) > (0, 0) be arbitrary in R^m × R^{r2} , and set, for ε > 0, (x_ε, X_ε) := (x, X) + ε(Ψ, Γ).

Further, denote by (u_ε, e_ε) the unique optimal solution to the perturbed problem (P)_{(xε,Xε)}. Then, lim_{ε→0} (u_ε, e_ε) = (ū(x, X), ē(x, X)).

Proof. Let (u, e) and (u_ε, e_ε) be optimal in (P)_{(x,X)} and (P)_{(xε,Xε )}, respectively. Then, the vector (u, e) [respectively, (u_ε, e_ε)], is feasible in the problem (P)_{(xε,Xε)} [respectively, (P)_{(x,X)}], so it follows that 1 2 u^T K(x)u + 1 2 e^T k(X)e − f^T u ≤ 1 2 u^T_ε K(x)u_ε + 1 2 e^T_ε k(X)e_ε − f^T u_ε (22) and 1 2 u^T_ε K(x_ε)u_ε + 1 2 e^T_ε k(X_ε)e_ε − f^T u_ε ≤ 1 2 u^T K(x_ε)u + 1 2 e^T k(X_ε)e − f^T u. (23)

Adding (22) and (23) yields that ε 2 [ u^T_ε K(Ψ)u_ε + e^T_ε k(Γ)e_ε ] ≤ ε 2 [ u^T K(Ψ)u + e^T k(Γ)e ] , that is, ‖(u_ε, e_ε)‖_{Ψ,Γ} ≤ ‖(u, e)‖_{Ψ,Γ}. Clearly, then, the sequence {(u_ε, e_ε)} is bounded, and since the pair (u, e) was arbitrary in U(x, X), each of the limit points (ū, ē) of the sequence {(u_ε, e_ε)} satisfies, in particular, the relation ‖(ū, ē)‖_{Ψ,Γ} ≤ ‖(ū(x, X), ē(x, X))‖_{Ψ,Γ}, where (ū(x, X), ē(x, X)) was defined in (21). But the least-energy displacement is unique, so the limit point must be unique, and (ū, ē) = (ū(x, X), ē(x, X)) must hold, hence the result follows.

In principle, this result on the convergence to least-energy displacements can be obtained from more general principles for regularizations of ill-posed variational inequalities ([Bro66]) and perturbations of variational inequalities ([Sta69]). However, we believe it is more instructive and convenient for the reader with our direct proof rather than specializing the general frameworks to our notation.

3.3 Design–to–overall state

In this section, we establish the convergence rate and Lipschitz continuity of the sequences {(u_ε, e_ε)}, {(s_ε, S_ε)} and {λ_ε} simultaneously. These results hinge on the use of error bounds for solutions to affine variational inequality problems, first established by Luo and Tseng [LuT92, LuT97] (see also [LPR96, Theorem 2.3.3 and 2.3.5]). Letting SOL (q, Q, Y ) denote the solution set of the AVI (q, Q, Y ) [see (14)], dist [z, Z] the least Euclidean distance from a vector z to a set Z, and proj [z, Z] the Euclidean projection of a vector z onto a set Z, we then have the following: if SOL (q, Q, Y ) is nonempty, then there exist positive constants τ and δ such that dist [y, SOL (q, Q, Y )] ≤ τ‖y − proj [(y − Qy − q), Y ]‖ (24) holds for all y ∈ R^n with ‖y − proj [(y − Qy − q), Y ]‖ ≤ δ.

Theorem 3.3 (Convergence rate of forces and displacements). Let (x, X) ≥ (0, 0) be a design for which (P)_{(x,X)} has an optimal solution, and (s, S, λ) be the optimal solution to (C)_{(x,X)}. Let (Ψ, Γ) > (0, 0) be arbitrary in R^m × R^{r2} , and set, for ε > 0,

(x_ε, X_ε) := (x, X) + ε(Ψ, Γ).

Further, denote by (u_ε, e_ε) the optimal solution to the perturbed problem (P)_{(xε,Xε)}, and by (s_ε, S_ε, λ_ε) the corresponding optimal solution to (C)_{(xε,Xε )}. Then, for some positive constant τ̂, dist [(u_ε, e_ε), U(x, X)] ≤ τ̂ε and ‖(s_ε, S_ε, λ_ε) − (s, S, λ)‖ ≤ τ̂ ε holds for all sufficiently small ε > 0.

Proof. We begin by stating the equilibrium conditions for forces and displacements of the perturbed problem as an AVI of the form AVI (q_ε, Q_ε, Y ). Let

y_ε := u_ε e_ε s_ε S_ε λ_ε , Q_ε := Q + ε

0 0 0 0 0 D(Ψ)B 0 0 0 0 0 k(Γ) 0 0 0 0 0 0 0 0 0 0 0 0 0

, and q_ε = q.

We then obtain from the above error bound that

dist [y_ε, SOL (q, Q, Y )] ≤ τ‖y_ε − proj [(y_ε − Qy_ε − q), Y ]‖

= τ

‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ u_ε e_ε s_ε S_ε λ_ε − u_ε e_ε + εD(Ψ)Bu_ε s_ε + εk(Γ)e_ε [S_ε + C_2u_ε − e_ε − g_2]_+ [λ_ε + C_1u_ε − g_1]_+

‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖

= τε

‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖

0 D(Ψ)Bu_ε k(Γ)e_ε 0 0

‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ≤ τ̂ε,

where [y]_+ := max{0, y}, taken component-wise, and the second inequality holds because the sequence {(u_ε, e_ε)} is bounded (cf. Theorem 3.2). The result follows.

The error bound (24) is clearly local, since it is valid only near the solution set SOL (q, Q, Y ). A global version where (24) is valid for any y (and in fact for any fixed vector q) however holds under the condition that the problem AVI (0, Q, Y ) has zero as the unique solution (cf. [LuT97]). Using this result and a similar proof technique to that which is used in the above result, we next establish that the equilibrium state (u, e, s, S, λ) varies in a Lipschitz continuous manner with the design (x, X) in the positive orthant.

Theorem 3.4 (Lipschitz continuity of the equilibrium state). Let D ⊂ R^m_{++} × R^{r2}_{++} be a nonempty, convex and compact set. Let (x^1, X^1) and (x^2, X^2) be two arbitrary designs in D. Denote the respective equilibrium states by y^1 := (u^1, e^1, s^1, S^1, λ^1) and y^2 := (u^2, e^2, s^2, S^2, λ^2). Then, for some nonnegative constant κ (depending on D),

‖y^2 − y^1‖ ≤ κ‖(x^2, X^2) − (x^1, X^1)‖. (25)

Proof. Consider the AVI (0, Q(x^1, X^1), Y ). Since (x^1, X^1) > (0, 0), the solution to this problem is unique. Clearly, the zero solution is one solution to the problem, whence it is also the unique solution. Therefore, according to the above, the error bound (24) is valid globally for the AVI (q, Q(x^1, X^1), Y ). Applying this error bound to the AVI (q, Q(x^1, X^1), Y ) with y := y^2, we obtain for some τ, τ̄ > 0, that

‖y^2 − y^1‖ ≤ τ‖(0, D(x^2 − x^1)Bu^2, k(X^2 − X^1)e^2, 0, 0)‖

≤ τ̄‖(x^2, X^2) − (x^1, X^1)‖ · ‖(u^2, e^2)‖.

Since the equilibrium state is bounded over D, the result (25) follows, with κ equal to τ̄ times the supremum of the length of the (u, e) component over the equilibrium states in D.

This result extends that of Christiansen et al. [CPW99] for the cable-less case, where local Lipschitz continuity is established for y by the use of Robinson’s [Rob80, Rob91] sensitivity analysis of parametric variational inequality problems.

4 Cable suspended trusses

4.1 Minimum compliance

4.1.1 The design optimization model

In case of unilateral constraints due to elastic cables, we define the (extended) compliance as 1 2 (f^T u + g^T_2 S), (26)

assuming S_j = 0 for all j ∉ J (X). (Note that C_1, λ, and g_1 do not enter the problem.) Minimizing this objective hence means to minimize displacements weighted by forces plus cable forces weighted by slacks. This choice of design (or, upper level) objective function actually coincides with the objective function in (C)_{(x,X)}, which we now turn to establish.

Using (4) and (12) in the objective function appearing in the principle of minimum of complementary energy, this objective becomes E_{I,J} (x, X, s, S) := 1 2 ∑ i∈I(x) s^2_i Ex_i + ∑ j∈J (X) ( (L_j S_j )^2 2E_cX_j + (g_2)_j S_j )

= 1 2 u^T ∑ i∈I(x) B^T_i s_i + ∑ j∈J (X) ( 1 2 S_j e_j + (g_2)_j S_j ) .

The complementarity part of (10) gives S_j e_j = γ^T_j uS_j − (g_2)_j S_j , which simplifies the expression further to 1 2 u^T ∑ i∈I(x) B^T_i s_i + ∑ j∈J (X) S_j γ_j + 1 2 ∑ j∈J (X) (g_2)_j S_j ,

which, by (13), reduces to 1 2 f^T u + ∑ j∈J (X) (g_2)_j S_j , and therefore E_{I,J} (x, X, s, S) = 1 2 ( f^T u + g^T_2 S ) (27)

on gr S.

We let the (x, X) be design variables, having bounds 0 ≤ x ≤ x ≤ x; 0 ≤ X ≤ X ≤ X. With x = 0 and X = 0 one obtains true topology optimization in a framework that looks like a sizing problem.

The design problem of minimizing the compliance, given a limited amount of cable and structure material, can now be posed as min (x,X,s,S) E(x, X, s, S),

s.t. x ≤ x ≤ x, 1^T_mx ≤ v, X ≤ X ≤ X, 1^T_{r2} X ≤ V, (s, S) solves (C)_{(x,X)}.

4.1.2 Example: Crane subject to stochastic wind force

Suppose that the external loads f = f_ω, where ω belongs to a probability space (Ω, A, P ). Here, Ω is the sample space, p the probability density function, and P the cumulative distribution function.

Consider the cable-suspended crane in Figure 2. We suppose that the initial slacks are zero and that there are no contact constraints. Then the compliance can be expressed in terms of displacements as

f̄(u) := 1 2 f^T u. Assume now that the crane carries a weight mg and that a wind force on the weight acts horizontally with a random magnitude. The wind force is assumed to take values according to the probability density function shown in Figure 3. Hence the load vector f ∈ R^{12} depends on the value ω = F_{wind}:

f_ω =

0 . . 0 ω −mg 0 . . 0

, ω ∈ Ω = [ ω, ω ] = [ ω_0, ω_N ].

Figure 2: A crane which carries a load subjected to a random wind force.

Since the load vector depends on ω, so does (P)_{(x,X)}, and we write (P)_{(x,X)}(ω) for the equilibrium problem and [u(ω), e(ω)] for its solution. Then the compliance can be written as f̄_ω(u(ω)) := 1 2 f^T_ω u(ω). This value is different for different values of the stochastic variable ω, but we need a single value in the objective of the design optimization problem. One natural choice is to take the expected value of the compliance as the objective. The minimum compliance problem can for this example then be formulated as min (x,X,u,e) E_ω[f̄_ω(u(ω))],

s.t. x ≤ x ≤ x, 1^T_mx ≤ v, X ≤ X ≤ X, 1^T_{r2} X ≤ V, u(ω), e(ω) solves (P)_{(x,X)}(ω), ω ∈ Ω.

Figure 3: Probability density function for the wind force.

The expected value is given by

E_ω[f̄_ω(u(ω))] = 1 2 ∫_ω ω f^T_ω u(ω)p(ω) dω. (28) For each design candidate (x, X) it is in general impossible to calculate the structure’s displacement response u(ω) for every ω ∈ Ω, unless Ω is a discrete sample space. Hence, when Ω is continuous as in this example, one way is to discretize Ω, see Figure 3. Applying Simpsons’s rule on the integral in (28), we can approximate the expected value as

E_ω[f̄_ω(u(ω))] ≈ 1 2 N−1∑ i=1 f^T_{ωi} u(ω_i)p(ω_i) h_i + h_{i+1} 2 = 1 2 ∑ ℓ∈L ρ_ℓ(f^ℓ)^T u^ℓ, (29)

where

f^ℓ = f_{ωℓ} , u^ℓ = u(ω_ℓ), ρ_ℓ = p(ω_ℓ) h_ℓ + h_{ℓ+1} 2 , L = {1, . . . , N − 1}, (30) and h_ℓ = ω_ℓ − ω_{ℓ−1}, ℓ = 1, . . . , N. (31) Before continuing with the problem formulation, we introduce the new notation (ũ, ẽ, s̃, S̃) to denote the collection of vectors (u^ℓ, e^ℓ, s^ℓ, S^ℓ)_{ℓ∈L}.

Consequently, we arrive at the problem formulation min (x,X,ũ,ẽ) 1 2 ∑ ℓ∈L ρ_ℓ(f^ℓ)^T u^ℓ,

s.t. x ≤ x ≤ x, 1^T_mx ≤ v, X ≤ X ≤ X, 1^T_{r2} X ≤ V, (u^ℓ, e^ℓ) solves (P)_{(x,X)}(ω_ℓ), ℓ ∈ L.

This looks like a traditional multiple load-case formulation. Here, however, the weight ρ_ℓ (henceforth presumed strictly positive for every ℓ ∈ L) in the objective function for each load-case is determined by a probability function for some event in the structure’s environment.

We can now write down the general stochastic minimum compliance problem:

(P_1) min (x,X,s̃,S̃) c^f (x, X, s̃, S̃) := ∑ ℓ∈L ρ_ℓE^ℓ(x, X, s^ℓ, S^ℓ),

s.t. x ≤ x ≤ x, 1^T_mx ≤ v, X ≤ X ≤ X, 1^T_{r2} X ≤ V, (s^ℓ, S^ℓ) solves (C)_{(x,X)}(ω_ℓ), ℓ ∈ L.

4.1.3 Existence of optimal designs

The following result establishes the existence of optimal solutions to this problem. (We note that in the statement of the result, the existence of a feasible solution is guaranteed whenever the bounds on the design (x, X) are such that a strictly positive design is feasible, which, clearly, will always be the case.)

Theorem 4.1 (Existence of optimal solutions to (P_1)). Suppose the feasible set F^{P1} of (P_1) is nonempty. Then, there exists at least one optimal solution to (P_1).

Proof. The design objective is to minimize a (strictly positive) weighted sum of the terms E^ℓ(x, X, s^ℓ, S^ℓ) := 1 2 ∑ i∈I(x) (s^ℓ_i )^2 Ex_i + ∑ j∈J (X) ( (L_j S^ℓ_j )^2 2E_cX_j + (g_2)_j S^ℓ_j ) , ℓ ∈ L, (32) with (s^ℓ, S^ℓ) being the optimal solution to (C)_{(x,X)}(ω_ℓ). Hence, by the feasibility assumption (which implies that the functions E^ℓ are proper with respect to F^{P1} ), without any loss of generality, we may assume that all feasible solutions satisfy E^ℓ(x, X, s^ℓ, S^ℓ) ≤ ν_ℓ < ∞, ℓ ∈ L. We may therefore replace the constraints of (P_1) with the design constraints and the constraints that (x, X, s^ℓ, S^ℓ) ∈ gr S_ℓ ∩ L^{E ℓ}_{νℓ} , ℓ ∈ L, which forms a closed set by Corollary 3.1. Hence, the feasible set of (P_1) is closed as well as nonempty. As remarked above, the upper-level objective function is proper with respect to F^{P1} , and it is further lsc (cf. Lemma 3.2) and weakly coercive, since it is weakly coercive in (s̃, S̃) and the feasible set in terms of (x, X) is bounded. Hence, Weierstrass’ Theorem applies.

4.1.4 Convex–concave saddle-point and convex programming formulations

When the (extended) compliance is used as the upper-level design objective, the optimal design problem can be equivalently rewritten as a convex–concave saddle-point problem, or a convex (but nondifferentiable) optimization problem. This has an immediate advantage computationally, since it means that the problem can be attacked by techniques from convex programming, but it can also be utilized as an alternative formulation when establishing, for example, the existence of optimal solutions. In the case of the current problem (P_1), the equivalent saddle-point formulation has the following form:

(SP_1) { find (x^∗, X^∗, u^∗, e^∗) ∈ Z × U : J (x, X, u^∗, e^∗) ≤ J (x^∗, X^∗, u^∗, e^∗) ≤ J (x^∗, X^∗, u, e), ∀(x, X, u, e) ∈ Z × U, where J (x, X, u, e) := ∑ ℓ∈L ρ_ℓ 1 2 m∑ i=1 x_i(u^ℓ)^T B^T_i EB_iu^ℓ + 1 2 r2∑ j=1 E_cX_j L^2_j

(e^ℓ_j )^2 − (f^ℓ)^T u^ℓ , Z := { (x, X) | | (x, X) ≤ (x, X) ≤ (x, X); 1^T_mx ≤ v; 1^T_{r2} X ≤ V } , U := { (u, e) = (u^ℓ, e^ℓ)_{ℓ∈L} | | γ^T_j u^ℓ − e^ℓ_j ≤ (g_2)_j , j = 1, . . . , r_2, ℓ ∈ L } . A convex programming formulation in terms of only displacement variables can be obtained by eliminating the design variables from the problem:

(CP_1) { find (u^∗, e^∗) ∈ U : J^∗(u^∗, e^∗) ≤ J^∗(u, e), ∀(u, e) ∈ U, where J^∗(u, e) := max_{(x,X)∈Z} J (x, X, u, e). (The function J^∗ is a finite convex function.) The minimum (extended) compliance objective appears if we eliminate the displacement variables: it holds that J_∗(x, X) := inf_{(u,e)∈U} J (x, X, u, e) = − 1 2 ∑ ℓ∈L ρ_ℓ ( f^T u^ℓ + g^T_2 S^ℓ ) , where S^ℓ is the equilibrium tensile force solution of (C)_{(x,X)}(ω_ℓ). A nested, convex optimization formulation of the design problem in terms of the design variables only is then obtained as:

(CP_2) { find (x^∗, X^∗) ∈ Z : J_∗(x^∗, X^∗) ≥ J_∗(x, X), ∀(x, X) ∈ Z, where we remark that J_∗ is a concave function.

Obviously, this development can be done also in the presence of unilateral contact conditions, for the problem (P) in case the design objective is minimal extended compliance. For general references on saddle-point and convex programming formulations in truss topology optimization including unilateral constraints, we refer to [PeK94, PeP97].

We note, finally, that the existence of optimal solutions can be established also for more general upper-level design objectives, as has been done, for example, in [CPW99], in the case of cableless structures. Essentially, they provide two types of existence results. The first is similar to Theorem 4.1, in that it relies on Weierstrass’ Theorem, the main presumptions being the closedness of the set of feasible solutions and the weak coercivity of the upper-level objective function. The second result, which is close in spirit to the existence result in quadratic programming in [FrW56], amounts to replacing the weak coercivity assumption on the design objective with the less stringent set of assumptions that it is lower bounded on the graph of equilibrium solutions and quadratic in the lower-level variables, and further that a specially constructed lower level set is closed. The last presumption is equivalent to assuming that for all sufficiently good feasible designs (with respect to the design objective), the set of equilibrium displacements can be taken to lie in a compact set, a presumption which we have seen above to be a rather natural assumption to make.

4.1.5 ε-perturbation

In topology optimization, the lower design bounds (x, X) are taken to be zero. According to Theorem 4.1, this is, in principle, also legitimate from a solvability point of view. However, for designs with vanishing material, neither equilibrium states nor derivatives needed in a first-order method may be computable. Therefore, a common strategy is to replace the zero lower design bound with a small lower bound ε > 0, thereby allowing for the computations needed in a standard nested approach.

When perturbing the problem by enforcing a lower bound ε > 0, (P)_{(x,X)} is always uniquely solvable, so we can switch from (C)_{(x,X)} to (P)_{(x,X)}, as it is generally considered easier to work in the displacement space. The ε-perturbed problem reads

(P^ε_1 ) min (x,X,ũ,ẽ) c^d(x, X, ũ, ẽ) := 1 2 ∑ ℓ∈L ρ_ℓ(f^ℓ)^T u^ℓ + 1 2 ∑ ℓ∈L ρ_ℓ r2∑ j=1 (X_j E_c) L^2_j

· (g_2)_j e^ℓ_j ,

s.t. ε1_m ≤ x ≤ x, 1^T_mx ≤ v, ε1_{r2} ≤ X ≤ X, 1^T_{r2} X ≤ V, (u^ℓ, e^ℓ) solves (P)_{(x,X)}(ω_ℓ), ℓ ∈ L.

The reader should note that we use the notation c^f and c^d, respectively, for the design objectives in the problems (P_1) and (P^ε_1 ), in order to distinguish the use of force and displacement variables in the equilibrium conditions. However, the two objectives are equal when evaluated at equilibrium points, which is of course always the case in the structural optimization problems, and therefore we can interchange them whenever desired. We shall also let the entire vector (ũ, ẽ, s̃, S̃) [respectively, (ũ_ε, ẽ_ε, s̃_ε, S̃_ε)] be part of the optimal solution to the problem (P_1) [respectively, (P^ε_1 )], although it is not part of the optimization formulation in its entirety. (It, however, of course constitutes the solution to the primal–dual pair of problems (C)_{(x,X)}(ω_ℓ) and (P)_{(x,X)}(ω_ℓ) [respectively, (C)_{(xε,Xε)}(ω_ℓ) and (P)_{(xε,Xε)}(ω_ℓ)].)

The following result motivates the use of the above problem manipulation.

Theorem 4.2 (Convergence of ε-perturbed solutions). Suppose the feasible set F^{P1} of (P_1) is nonempty. For each ε > 0, let (x^∗_ε , X^∗_ε , ũ^∗_ε , ẽ^∗_ε, s̃^∗_ε , S̃^∗_ε ) denote an arbitrary optimal solution to (P^ε_1 ). Then, the sequence {(x^∗_ε , X^∗_ε , s̃^∗_ε , S̃^∗_ε )} is bounded, and converges to the optimal solution set SOL (P_1) of (P_1), in the sense that { min (x,X,s̃,S̃)∈SOL (P1) ‖(x^∗_ε , X^∗_ε , s̃^∗_ε , S̃^∗_ε ) − (x, X, s̃, S̃)‖ } → 0.

Moreover, {c^f (x^∗_ε , X^∗_ε , s̃^∗_ε , S̃^∗_ε )} and {c^d(x^∗_ε , X^∗_ε , ũ^∗_ε, ẽ^∗_ε )} converges to the optimal value of (P_1).

Proof. According to Theorem 4.1, an optimal solution exists to the problem (P^ε_1 ) for every ε > 0, as well as to the problem (P_1). Consider first the sequence {(x^∗_ε , X^∗_ε )}. Clearly, this sequence is bounded since the feasible sets of (P^ε_1 ) in (x_ε, X_ε) are bounded, as well as that in (x, X) of (P_1). We further note that since these sets increase with a decreasing ε, the sequence {c^f (x^∗_ε , X^∗_ε , s̃^∗_ε , S̃^∗_ε )} is decreasing. In particular, it is then bounded from above. We may then use Theorem 3.1 to conclude that also the sequence {(s̃^∗_ε , S̃^∗_ε )} is bounded and further that if (x̄, X̄) is an arbitrary limit point of the sequence {(x^∗_ε , X^∗_ε )} then {(s^{ℓ∗}_ε , S^{ℓ∗}_ε )} converges to the unique optimal solution (cf. Theorem 2.1), say, (s̄^ℓ, S̄^ℓ), to (C)_{(x̄,}¯_{X)}(ω_ℓ), for each ℓ ∈ L.

Consider next an arbitrary feasible solution (x, X, s̃, S̃) to the problem (P_1), and an arbitrary sequence {(x_ε, X_ε, s̃_ε, S̃_ε)} of feasible solutions to the problems (P^ε_1 ), where however {(x_ε, X_ε)} → (x, X). [For any given design (x, X) satisfying the design constraints in (P_1), Proposition 1.1.2 of Aubin and Frankowska [AuF90] ensures the existence of a sequence {(x_ε, X_ε)} of designs satisfying the design constraints in (P^ε_1 ).] Corollary 3.2 then implies that the sequence {(s̃_ε, S̃_ε)} of states converges to the limit state (s̃, S̃).

We then have that

c^f (x̄, X̄, s̄, S̄) ≤ lim inf_{ε→0} c^f (x^∗_ε , X^∗_ε , s̃^∗_ε , S̃^∗_ε )

≤ lim inf_{ε→0} c^f (x_ε, X_ε, s̃_ε, S̃_ε) ≤ lim_{ε→0} c^f (x_ε, X_ε, s̃, S̃) = c^f (x, X, s̃, S̃), (33) where the inequalities follow from the lsc property of c^f , the optimality of (x^∗_ε , X^∗_ε , s̃^∗_ε , S̃^∗_ε ) and feasibility of (x_ε, X_ε, s̃_ε, S̃_ε) in (P^ε_1 ), and the optimality of (s̃_ε, S̃_ε) in (C)_{(xε,Xε)}; finally, the equality follows from the continuity of c^f (·, ·, s̄, S̄). By (33), (x̄, X̄, s̄, S̄) is optimal in (P_1). The convergence of the sequence {(x^∗_ε , X^∗_ε , s̃^∗_ε , S̃^∗_ε )} to the optimal solution set of (P_1) then follows from its compactness. Since c^f equals c^d on gr S_ℓ, ℓ ∈ L, the last result follows also.

As remarked above, it is computationally quite often preferable to work in the displacement space as compared to working in the force space when solving for an equilibrium. However, as the lower design bound tends to zero, it seems that the sequence {(u^∗_ε , e^∗_ε )} of equilibrium displacements may be unbounded if the final design is such that the corresponding equilibrium displacement solution is unspecified along certain directions. This can be contrasted with the result of Theorem 3.2 which establishes that the sequence of equilibrium displacements tends to a minimum-energy equilibrium solution for the limit design provided that the design sequence tends strictly monotonically towards it. The reason for this perhaps surprising difference is that the optimal designs in the ε-perturbed problems need not tend strictly monotonically to a limit design; certain elements of the sequence {(x^∗_ε , X^∗_ε )} may even converge finitely.

4.2 The stress-constrained minimum weight problem

4.2.1 The design optimization model

Let ρ_1 > 0 be the density of the structure material and ρ_2 > 0 the density of the cable material, and suppose that the effective stress is not allowed to exceed σ_1 in the structure and σ_2 in the cables. Since the effective stress in the structure is σ^e_i = |σ_i|, the bound in part i can be expressed as x_i|σ_i| ≤ σ_1x_i, (34)

where the factor x_i has been introduced to ”remove” the constraint when there is no material to carry any stress. Using (3) in (34), we get |s_i| ≤ σ_1x_i. Consider now also the effect of introducing a stochastic load in this problem. The structural response depends on the stochastic variable ω. In this formulation the state variable is represented by the internal forces s and S. Previously we started with the deterministic problem and then replaced the state variable by its expected value. Proceeding similarly one gets: min (x,X,s,S) w(x, X) := ρ_11^T_mx + ρ_21^T_{r2} X,

s.t. x ≤ x ≤ x, X ≤ X ≤ X, E_ω[|s_i(ω)|] ≤ σ_1x_i, i = 1, . . . , m, E_ω[S_j (ω)] ≤ σ_2X_j , j = 1, . . . , r_2, (s, S)(ω) solves (C)_{(x,X)}(ω), ω ∈ Ω.

(We allow for the vectors x and X to take on infinite values.) It makes more sense to use E_ω[|s_i(ω)|] instead of |E_ω[s_i(ω)]| since it is more conservative. (One can get |E_ω [s_i(ω)]| = 0 even if the stresses are very large for all events.)

Discretizing Ω into Ω = {ω_1, . . . , ω_{|L|}} and using Simpson’s rule as before,

E_ω[|s_j (ω)|] = ∫_ω ω |s_j (ω)|p(ω) dω ≈ N−1∑ i=1 |s_j (ω_i)|p(ω_i) h_i + h_{i+1} 2 = ∑ ℓ∈L ρ_ℓ|s^ℓ_j |, where s^ℓ_j = s_j (ω_ℓ), and, again, ρ_ℓ = p(ω_ℓ)(h_ℓ + h_{ℓ+1})/2. In the same manner,

E_ω[S_j (ω)] ≈ ∑ ℓ∈L ρ_ℓS^ℓ_j , and therefore we arrive at the optimization problem min (x,X,s̃,S̃) w(x, X) := ρ_11^T_mx + ρ_21^T_{r2} X,

s.t.

x ≤ x ≤ x, X ≤ X ≤ X, ∑ ℓ∈L ρ_ℓ|s^ℓ_i | ≤ σ_1x_i, i = 1, . . . , m, ∑ ℓ∈L ρ_ℓS^ℓ_j ≤ σ_2X_j , j = 1, . . . , r_2,

(s^ℓ, S^ℓ) solves (C)_{(x,X)}(ω_ℓ), ℓ ∈ L.

Instead of taking the expected value, we can ensure that the stresses are below the bounds for all ω ∈ Ω by adding side constraints. This was not an option in the same way before, where the state variable appeared in the objective function.^1 One arrives finally at

(P_2) min (x,X,s̃,S̃) w(x, X) := ρ_11^T_mx + ρ_21^T_{r2} X,

s.t. x ≤ x ≤ x, X ≤ X ≤ X, |s^ℓ_i | ≤ σ_1x_i, i = 1, . . . , m, ℓ ∈ L, S^ℓ_j ≤ σ_2X_j , j = 1, . . . , r_2, ℓ ∈ L, (s^ℓ, S^ℓ) solves (C)_{(x,X)}(ω_ℓ), ℓ ∈ L.

This is a more conservative model, and the number of side constraints is in general very large. This formulation looks like the traditional worst-case multiple load-case formulation for the stressconstrained minimum weight problem.

4.2.2 Existence of optimal designs Theorem 4.3 (Existence of optimal solutions to (P_2)). Suppose the feasible set F^{P2} of (P_2) is nonempty. Then, there exists at least one optimal solution to (P_2).

Proof. We begin by constructing a global upper bound on the energy function E^ℓ(x, X, s^ℓ, S^ℓ), ℓ ∈ L, defined in (32), over F^{P2} . Consider a feasible design (x, X). Since the constraints on (s^ℓ, S^ℓ) are linear and E^ℓ(x, X, ·, ·) is convex, the maximum, if it exists, is attained at an extreme point (e.g., [BSS93, Theorem 3.4.7]). An upper bound of this value is obtained by considering only the stress constraints, as follows.

Each term in^{(sℓi )2}_{Exi} , i ∈ I(x), when maximized with respect to s^ℓ_i over the set |s^ℓ_i | ≤ σ_1x_i, attains its maximum at s^ℓ_i = ±σ_1x_i.

Each term in^{(Lj Sℓj )2}_{2EcXj} + (g_2)_j S^ℓ_j , j ∈ J (X), is either maximal at S^ℓ_j = 0 or at S^ℓ_j = σ_2X_j . Hence, we obtain that for any feasible (x, X) and ℓ ∈ L, E^ℓ(x, X, s^ℓ, S^ℓ) ≤ 1 2 ∑ i∈I(x) x_i(σ_1)^2E^{−1} + ∑ j∈J (X) max { 0, ( X_j (L_j σ_2)^2 2E_c + (g_2)_j σ_2X_j )} . 1This is true of course if we refrain from modelling our problem as a multi-objective optimization problem.

The side constraints can alternatively be written as max_{‘∈L}{|s^‘_i |} ≤ σ1x_i, i = 1, . . . , m, whence the analogous modification in the compliance problem leads to a min-max formulation.

Since the objective is to minimize the (strictly positive) weighted sum of the total weights, and the design is nonnegative, there exists an upper bound (^x, ^X) ≤ (x, X) on the design vector (x, X) such that no candidate for an optimum exceeds (^x, ^X). If we add the constraints E^ℓ(x, X, s^ℓ, S^ℓ) ≤ 1 2 m∑ i=1 ^x_i(σ_1)^2E^{−1} + r2∑ j=1 max X_j ≤X_j ≤ bX_j { 0, ( X_j (L_j σ_2)^2 2E_c + (g_2)_j σ_2X_j )}

=: ν_ℓ < ∞, ℓ ∈ L, we then add constraints which are redundant in the problem (P_2). Moreover, according to Corollary 3.1, the sets gr S_ℓ ∩ L^{E ℓ}_{νℓ} are closed. Hence, since the rest of the constraints are defined by continuous functions in (x, X, s^ℓ, S^ℓ), the feasible set of (P_2) is closed, as well as nonempty. The upper-level objective function is continuous, and weakly coercive since the set of candidate designs (x, X) is bounded and the same is true for the equilibrium forces (s^ℓ, S^ℓ), ℓ ∈ L, thanks to the stress constraints. Hence, Weierstrass’ Theorem applies.

4.2.3 ε-perturbation

In the case of a topology optimization, where (x, X) = (0, 0), for computational reasons we need to add small positive design bounds. Cheng and Guo [ChG97] have however proven that the naive approach—replacing the zero design bounds by ε1_m ≤ x and ε1_{r2} ≤ X for some small positive value of ε—will in general not generate solutions that are close to the desired ones in stress-constrained problems. They therefore suggested another ε-relaxation where also the stress constraints are modified. Generalizing this procedure somewhat, and introducing the function o : R_{++} → R_{++} to be continuous and such that {o(ε)/ε} tends to zero while {o(ε)/ε^2} is bounded away from zero, as ε tends to zero, we arrive at

(P^ε_2 ) min (x,X,s̃,S̃) w(x, X) := ρ_11^T_mx + ρ_21^T_{r2} X,

s.t. o(ε)1_m ≤ x ≤ x + o(ε)1_m, o(ε)1_{r2} ≤ X ≤ X + o(ε)1_{r2} , |s^ℓ_i | ≤ σ_1x_i + ε, i = 1, . . . , m, ℓ ∈ L, S^ℓ_i ≤ σ_2X_i + ε, i = 1, . . . , r_2, ℓ ∈ L, (s^ℓ, S^ℓ) solves (C)_{(x,X)}(ω_ℓ), ℓ ∈ L.

Similarly to Theorem 4.2, we establish that this problem indeed gives solutions close to the ones of (P_2).

Theorem 4.4 (Convergence of ε-perturbed solutions). Suppose the feasible set F^{P2} of (P_2) is nonempty. For each ε > 0, let (x^∗_ε , X^∗_ε , s̃^∗_ε , S̃^∗_ε ) denote an arbitrary optimal solution to (P^ε_2 ). Then, the sequence {(x^∗_ε , X^∗_ε , s̃^∗_ε , S̃^∗_ε )} is bounded, and converges to the optimal solution set SOL (P_2) of (P_2), in the sense that { min (x,X,s̃,S̃)∈SOL (P2) ‖(x^∗_ε , X^∗_ε , s̃^∗_ε , S̃^∗_ε ) − (x, X, s̃, S̃)‖ } → 0. Moreover, {w(x^∗_ε , X^∗_ε )} converges to the optimal value of (P_2).

Proof. Similarly to the proof of Theorem 4.3, we will establish that the energy functionals E^ℓ are bounded on the feasible set of the problem (P^ε_2 ) for any ε > 0, by introducing an upper design bound (^x_ε, ^X_ε) and the upper bound ν_{ℓ,ε} < ∞. [In fact, it is sufficient to take (^x_ε, ^X_ε) = (^x + o(ε), ^X + o(ε)).] Using the relaxed stress constraints, the inequality (a + b)^2 ≤ 2a^2 + 2b^2 (for any a, b ∈ R), and x_i, X_i ≥ o(ε), one has E^ℓ(x, X, s^ℓ, S^ℓ) ≤ ∑ i∈I(x) (σ_1x_i + ε)^2 2Ex_i + ∑ j∈J (X) ( L^2_j (σ_2X_j + ε)^2 2E_cX_j + |(g_2)_j |(σ_2X_j + ε) )

≤ ∑ i∈I(x) ( σ^2_1x_i E + ε^2 Ex_i ) + ∑ j∈J (X) ( L^2_j σ^2X_j E_c + ε^2L^2_j E_cX_j + |(g_2)_j |(σ_2X_j + ε) )

≤ m∑ i=1 ( σ^2_1(^x_ε)_i E + 1 Eo(ε)/ε^2 )

+ r2∑ j=1 ( L^2_j σ^2( ^X_ε)_j E_c + L^2_j E_co(ε)/ε^2 + |(g_2)_j |(σ_2( ^X_ε)_j + ε) )

=: ν_{ℓ,ε} < ∞, ℓ ∈ L, where ν_{ℓ,ε} are bounded as ε → 0 since {o(ε)/ε^2} stays bounded away from zero. We conclude that the sequence {(x^∗_ε , X^∗_ε , s̃^∗_ε , S̃^∗_ε )} is bounded. Suppose that (x^∗, X^∗, s̃^∗, S̃^∗) is a limit point of this sequence. Invoking Theorems 2.2 and 3.1 then yields that (s̃^∗, S̃^∗) is the optimal solution to (C)_{(x}∗_{,X} ∗_)(ω_ℓ), ℓ ∈ L. The continuity properties of the other constraints of the problem (P_2) then imply that (x^∗, X^∗, s̃^∗, S̃^∗) is feasible in (P_2). Let (x, X, s̃, S̃) be an arbitrary feasible solution to (P_2), set x_ε = x + o(ε)1_m, X_ε = X + o(ε)1_{r2} and let (s^ℓ_ε, S^ℓ_ε) solve (C)_{(xε,Xε)}(ω_ℓ), ℓ ∈ L.

We then have, by Theorem 3.3, that for some κ > 0 and every i = 1, . . . , m and ℓ ∈ L,

|(s^ℓ_ε)_i|≤κo(ε) + |s^ℓ_i |≤κo(ε) + σ_1[x_i − o(ε) + o(ε)]=(κ − σ_1)o(ε) + σ_1(x_ε)_i ≤σ_1(x_ε)_i + ε,

for all ε small enough, where we have used the assumption that {o(ε)/ε} → 0. S_ε can be treated in the same way, and since clearly (x_ε, X_ε) satisfies the design constraints, (x_ε, X_ε, s̃_ε, S̃_ε) is permissible in (P^ε_2 ). Hence, w(x^∗_ε , X^∗_ε ) ≤ w(x_ε, X_ε). Letting ε tend to zero in this inequality, we obtain that w(x^∗, X^∗) ≤ w(x, X), whence we may conclude that (x^∗, X^∗, s̃^∗, S̃^∗) solves (P_2). The result then follows from the compactness of SOL (P_2) and the continuity of w.

4.2.4 Example: One-bar truss with a cable revisited

Consider again the one-dimensional structure in Figure 1. Assume that allowable stresses are σ_1 = 1 and σ_2 = 1/2 for the bar and cable material, respectively. Invoking the stress constraints |s| ≤ x and S ≤ X/2, the nested version of (P_2) with x = X = 0 becomes

min_{(x,X)} x + X,

s.t. x ≥ 0, X ≥ 0, x + X > 0, x ≤ (x + X)x, X ≤ (x + X)X/2, recalling (19). We presume the upper design bounds are passive. The admissible domain is shown in Figure 4.

One sees immediately from the figure that the optimal solution is

x^∗ = 1, X^∗ = 0, with optimal weight = x^∗ + X^∗ = 1.

Figure 4: The admissible design domain. The optimal solution is at the black circle.

When this type of optimal solution and design domain appears, in the structural optimization community one talks about the ”stress singularity phenomenon”, and the optimal solution is sometimes referred to as a ”singular topology”. The first example of a singular topology was reported by Sved and Ginos [SvG68], and design domains very similar to the one in Figure 4 were presented by Kirsch [Kir90] and later also by Rozvany and Birker [RoB94] and by Cheng [Che95].

From a mathematical programming point of view, the singularity stems from the constraints not being qualified (in the sense of, for example, Slater), cf. [BSS93, DuB98]. This implies that the Karush–Kuhn–Tucker (KKT) conditions need not be necessary for (local) optimality. [Obviously, the nonconvexity of the problem adds to this the fact that the KKT conditions neither are sufficient for (local) optimality.] Almost every practical numerical algorithm generates solutions that are only guaranteed to fulfill the KKT conditions [e.g., (x, X) = (2, 0) in Figure 4], which, hence, need not have anything to do with the desired global (or even local) minima. If small strictly positive lower design bounds are enforced, that is, x = X = ε, then one gets the incorrect ”optimal” weight 2, and the optimal solutions (x^∗_ε , X^∗_ε ) satisfy

‖(x^∗, X^∗) − (x^∗_ε , X^∗_ε )‖ ≥ 1 √ 2 , ∀ε ∈ (0, 1), so the straightforward ε-perturbation is clearly incorrect.

In this example, the stress bounds were chosen differently in the bar and cable. When the elastic moduli, specific weights and stress bounds are uniform, then, for a single load, the problem (P_2) seems to provide no major complications; in fact optimal solutions can, at least in the non-unilateral case, be obtained by solving a dual pair of linear programs [DGG64, Sva94]. However, since it is very plausible that one wishes to use cable and bar materials that are not the same, or that they are subject to different allowable stresses, one must deal with this type of problem. Moreover, Stolpe and Svanberg [StS99] showed that multiple loads (while keeping the other data uniform) suffice to produce difficult problem instances, where global optima are situated at degenerate parts of the feasible domain. Since multiple load-cases appear after discretization of the probability space, this means that one can expect the optimal solution to be singular, even if the elastic moduli, specific weights and stress bounds are uniform.

Let us now consider the example in view of the ε-relaxed (or, ε-perturbed) statement (P^ε_2 ). We take o(ε) := ε^2, so x = X = ε^2, presume the upper bounds to be passive, and write the stress constraints on the form |s| ≤ x + ε, S ≤ X/2 + ε. Then the nested version of (P^ε_2 ) becomes

min_{(x,X)} x + X,

s.t. x ≥ ε^2, X ≥ ε^2, x ≤ (x + X)(x + ε), X ≤ (x + X)(X/2 + ε). The admissible domain for ε = 0.1 is shown in Figure 5.

Figure 5: The admissible design domain for ε = 0.1. The optimal solution is at the black circle.

The optimal solution, for a general ε > 0, is given by x^∗_ε =

1 − 5ε + √ 1 − 2ε + 9ε^2 2 , X^∗_ε = x^∗_ε x^∗_ε + ε − x^∗_ε , and the optimal weight is x^∗_ε /(x^∗_ε + ε). Clearly,

lim_{ε→0} x^∗_ε = x^∗, lim_{ε→0} X^∗_ε = X^∗, as Theorem 4.4 predicts.

5 FE-discretized sheets in contact

5.1 The design optimization model

Consider a family of linearly elastic continua occupying a region B(h) in space, B(h) = { (ξ_1, ξ_2, ξ_3) ∈ R^3 | (ξ_1, ξ_2) ∈ Ω̂, |ξ_3| < h(ξ_1, ξ_2)/2 }, where Ω̂ is a fixed open and plane two-dimensional set and h : Ω̂ → R_+ is a thickness function. Note that the topology of B(h) can be changed by introducing holes through setting h(ξ_1, ξ_2) = 0.

We assume that B(h) is loaded in such a way that the state of stress is plane. The design objective now is to minimize the (in some sense) effective stress σ_M : B(h) → R_+ . It would have been desirable to minimize the maximum effective stress, that is, ‖σ_M ‖_L∞_{(B(h))}, but since σ_M is only guaranteed to belong to L^2, we instead choose

‖σ_M ‖^2_L2_{(B(h))} = ∫ B(h) σ^2_M dB = ∫ Ω̂ ∫_{h(ξ1,ξ2)/2} −h(ξ1,ξ2)/2 σ^2_M dξ_3dξ_1dξ_2 = ∫ Ω̂ hσ^2_M dξ_1dξ_2 (plane stress) ≈ m∑ i=1 h_iA_i(σ^e_i )^2 (FE-discretization step) = ∑ i∈I(x) x_iσ^T_i Mσ_i, (x_i is material volume) (35)

where A_i is the area of the finite element, σ^T_i = (σ_x, σ_y, τ_{xy}), and M is a positive definite and symmetric matrix, cf. Section 2.1. Finally, using (3), we get

‖σ_M ‖^2_L2_{(B(h))} ≈ ∑ i∈I(x) s^T_i Ms_i x_i . (36)

We assume that the unilateral constraints are due to rigid supports, so no cables are present, that is, the variables (S, e) do not appear in the equilibrium problems and x is the only design variable. The energy function hence now takes the form E(x, s, λ) = 1 2 ∑ i∈I(x) s^T_i E^{−1}s_i x_i + g^T_1 λ

whenever it is finite. If the initial gaps are zero, that is, if g_1 = 0, then compliance is equal to 1 2 ∑ i∈I(x) s^T_i E^−1s_i x_i , which is obtained in (36) by choosing M = 1 2 E^{−1}. By choosing the matrix given in Section 2.1 one minimizes the L^2-norm of the von Mises effective stress. We enforce an upper bound on the available material volume, ∫ B(h) dB ≤ v. Further, ∫ B(h) dB = ∫ Ω̂ ∫_{h(ξ1,ξ2)/2} −h(ξ1,ξ2)/2 dξ_3dξ_1dξ_2 = ∫ Ω̂ h dξ_1dξ_2 ≈ m∑ i=1 h_iA_i (FE-discretization step)

= m∑ i=1 x_i, (37) so the constraint becomes 1^T_mx ≤ v. Including stochastic loads and performing a discretization of the probability space as before, we can pose the following problem statement:

(P_3) min (x,s̃,λ̃) c^{f,M} (x, s̃) := ∑ ℓ∈L ρ_ℓ ∑ i∈I(x) (s^ℓ_i )^T Ms^ℓ_i x_i ,

s.t. { 1^T_mx ≤ v, x ≥ 0, (s^ℓ, λ^ℓ) solves (C)_{(x)}(ω_ℓ), ℓ ∈ L.

For more details on how to arrive at the mathematical programming problem by FE-discretization, we refer to [PeH98].

5.2 Existence of optimal designs

The following result is proven similarly to Theorem 4.1.

Theorem 5.1 (Existence of optimal solutions to (P_3)). Suppose the feasible set F^{P3} of (P_3) is nonempty. Then, there exists at least one optimal solution to (P_3).

Proof. Since c^{f,M} is to be minimized, we can presume that F^{P3} is such that c^{f,M} is proper with respect to F^{P3} , and even bounded from above on F^{P3} (or construct it as such, by introducing an additional redundant constraint of the form c^{f,M} (x, s̃) ≤ ν, with ν < ∞). Matrix norms being essentially equivalent, we obtain, for some κ > 0, that ∑ ℓ∈L ρ_ℓE^ℓ(x, s^ℓ, λ^ℓ) ≤ κc^{f,M} (x, s̃) + ∑ ℓ∈L ρ_ℓg^T_1 λ^ℓ = κc^{f,M} (x, s̃) + ∑ ℓ∈L ρ_ℓg^T_1 C_1[f^ℓ − B^T s^ℓ] (38)

holds for all (x, s̃, λ̃) ∈ F^{P3} , where the equality stems from the quasi-orthogonality of C_1 and the equilibrium conditions. This implies that without any loss of generality we may add constraints of the form

E^ℓ(x, s^ℓ, λ^ℓ) ≤ ν_ℓ + (a^ℓ)^T s^ℓ, ℓ ∈ L, (39)

to the constraints of the problem (P_3), for some appropriate choice of (a^ℓ, ν_ℓ). By the lsc property of the energy functional, the corresponding set is closed. Due to the relation (38), and Corollary 3.1, the intersection of these new constraints with the graphs gr S_ℓ, ℓ ∈ L, is nonempty and closed. Hence, the feasible set of (P_3) is nonempty and closed. The upper-level objective function is (again by assumption) proper, and it is further lsc and weakly coercive, since it is weakly coercive in s (M being positive definite, cf. further Lemma 3.2 and the proof of Theorem 2.1) and the feasible set in terms of x is bounded. Hence, Weierstrass’ Theorem applies.

5.3 ”-perturbation

When perturbing the problem by enforcing a volume lower bound ε > 0, (P)_{(x)} is always uniquely solvable, so we can switch from (C)_{(x)} to (P)_{(x)}. Then we have to note that, by using (4), the design objective becomes

‖σ_M ‖^2_L2_{(B(h))} ≈ m∑ i=1 x_iu^T B^T_i EMEB_iu.

Therefore, by setting M̄_i = B^T_i EMEB_i, we can pose

(P^ε_3 ) min_{(x,ũ)} c^{d,M} (x, ũ) := ∑ ℓ∈L ρ_ℓ m∑ i=1 x_i(u^ℓ)^T M̄_iu^ℓ,

s.t. { 1^T_mx ≤ v + εm, x ≥ ε1_m, u^ℓ solves (P)_{(x)}(ω_ℓ), ℓ ∈ L.

Similarly to Theorem 4.2, we establish that this problem indeed gives optimal solutions close to the ones of (P_3).

Theorem 5.2 (Convergence of ε-perturbed solutions). Suppose the feasible set F^{P3} of (P_3) is nonempty. For each ε > 0, let (x^∗_ε , ũ^∗_ε , s̃^∗_ε , λ̃^∗_ε ) denote an arbitrary optimal solution to (P^ε_3 ). Then, the sequence {(x^∗_ε , s̃^∗_ε , λ̃^∗_ε )} is bounded, and converges to the optimal solution set SOL (P_3) of (P_3), in the sense that { min (x,s̃,λ̃)∈SOL (P3) ‖(x^∗_ε , s̃^∗_ε , λ̃^∗_ε ) − (x, s̃, λ̃)‖ } → 0. Moreover, {c^{f,M} (x^∗_ε , s̃^∗_ε )} and {c^{d,M} (x^∗_ε , ũ^∗_ε )} converge to the optimal value of (P_3).

Proof. According to Theorem 5.1, an optimal solution exists to the problem (P^ε_3 ) for every ε > 0 (since also c^{d,M} is weakly coercive whenever ε > 0), as well as to the problem (P_3). Consider first the sequence {x^∗_ε }. Clearly, this sequence is bounded since the feasible sets of (P^ε_3 ) in x_ε are bounded, as well as that in x of (P_3). The sequence {c^{f,M} (x^∗_ε , s̃^∗_ε )} is bounded as well. To see this, consider, for any ε > 0, an optimal solution, say (x̂^∗_ε , ŝ^∗_ε ), to the problem which equals (P^ε_3 ) except that the volume constraint is [the original from (P_3)] 1^T_mx ≤ v. (This problem clearly has optimal solutions for every ε > 0 small enough.) Then, obviously,

0 ≤ c^{f,M} (x^∗_ε , s̃^∗_ε ) ≤ c^{f,M} (x̂^∗_ε , ŝ^∗_ε )

holds, and the sequence {c^{f,M} (x̂^∗_ε , ŝ^∗_ε )} is furthermore monotonically decreasing (hence upper bounded), since the feasible set of the corresponding problem increases monotonically with a decreasing value of ε.

Since {c^{f,M} (x^∗_ε , s̃^∗_ε )} is bounded, so is the sequence {(s̃^∗_ε, λ̃^∗_ε )}. Further, by (38) and Theorem 3.1, if x̄ is an arbitrary limit point of the sequence {x^∗_ε } then {(s̃^∗_ε , λ̃^∗_ε )} converges to the optimal solution (cf. Theorem 2.1), say, (s̄, λ̄), to the problems (C)_{(x̄)}(ω_ℓ), ℓ ∈ L.

Consider next an arbitrary feasible solution (x, s̃, λ̃) to the problem (P_3), let x_ε := x + ε1_m, (s̃_ε, λ̃_ε) be the optimal solution to the problems (C)_{(xε)}(ω_ℓ), ℓ ∈ L, and ũ_ε the optimal solutions to the problems (P)_{(xε)}(ω_ℓ), ℓ ∈ L. Clearly, (x_ε, s̃_ε, λ̃_ε) is a feasible solution to (P^ε_3 ). Corollary 3.2 implies that the sequence {(s̃_ε, λ̃_ε)} of states converges to the limit state (s̃, λ̃). Further, Theorem 3.2 states that the sequence {ũ_ε} converges to the least-energy displacement solution, here denoted ũ, to the problems (P)_{(x)}(ω_ℓ), ℓ ∈ L.

We then have that

c^{f,M} (x̄, s̄) ≤ lim inf_{ε→0} c^{f,M} (x^∗_ε , s̃^∗_ε )

≤ lim inf_{ε→0} c^{f,M} (x_ε, s̃_ε)

= lim_{ε→0} c^{d,M} (x_ε, ũ_ε) = c^{d,M} (x, ũ) = c^{f,M} (x, s̃), (40) where the inequalities follow from the lsc property of c^{f,M} and the optimality of (x^∗_ε , s̃^∗_ε , λ̃^∗_ε ) and feasibility of (x_ε, s̃_ε, λ̃_ε) in the problem (P^ε_3 ), and the equalities follow from the identity between c^{f,M} and c^{d,M} on the equilibrium sets gr S_ℓ, ℓ ∈ L, the continuity of c^{d,M} , and again from the identity between c^{f,M} and c^{d,M} on the equilibrium set. By (40), (x̄, s̄) is optimal in (P_3). The convergence of the sequence {(x^∗_ε , s̃^∗_ε , λ̃^∗_ε )} to the optimal solution set of (P_3) then follows from its compactness. Since c^{f,M} equals c^{d,M} on gr S_ℓ, ℓ ∈ L, the last result follows also.

With the available proof techniques, an ε-perturbation of the volume constraint was needed in the definition of (P^ε_3 ), even though we suspect Theorem 5.2 may be true also without it. For instance, it can be shown that the ε-relaxation is not necessary with respect to the total volume constraint in the problem (P^ε_3 ) if M = E^{−1}, since, in this case, the design objective equals that of the problems (C)_{(x)}(ω_ℓ), ℓ ∈ L, whence we obtain that

c^f (x̄, s̄) ≤ lim inf_{ε→0} c^f (x^∗_ε , s̃^∗_ε )

≤ lim inf_{ε→0} c^f (x_ε, s̃_ε)

≤ lim_{ε→0} c^f (x_ε, s̃) = c^f (x, s̃), where the equality follows from the continuity of c^f (·, s̃) [cf. Lemma 3.1].

We finally note that in order to avoid checkerboard-like numerical instabilities, it may be necessary to slightly change the design parametrization by assigning the same thickness value to more than one finite element. For instance, triangular elements could be ordered in neighboring pairs and assigned the same thickness.

6 Concluding remarks and further research

In this paper, we have considered quite general problems in structural topology optimization of unilaterally constrained mechanical structures. This class of optimization problems provides several difficulties, such as principal problems connected to the alteration of topology; for instance, many permissible designs lack equilibria. The remedy to this problem, achieved by providing and validating ε-perturbations that transform the problem statement to a sizing form, is one of the main themes of this paper. However, even if the topology has been fixed in the sizing problem, the design–to–state mappings are only Lipschitz continuous and generally not differentiable. This is due to the inclusion of unilateral constraints in the equilibrium formulations. Therefore, when including mechanical contact or cables, the nested versions of the structural optimization problems are not differentiable.

In the future we will investigate appropriate numerical solution algorithms for some of the problems investigated—a topic which is not covered in this paper. The monograph [LPR96] includes several algorithms for this class of problems, such as the implicit programming algorithm for the nested problem, and the penalty interior point algorithm for the simultaneous version of the problem, cf. also [OKZ98, HKP99a]. The nested problem can in principle be treated by any method from nondifferentiable optimization, for example, bundle methods ([OKZ98]) and subgradient methods ([CPW99]). Another possibility is to use smoothing (cf. [FJQ99, Hil99]), that is, to replace the equilibrium problem by a sequence of smooth approximations. Then any standard first-order algorithm, such as sequential explicit approximation methods, can be used for the nested problem.

As always in structural optimization, nonconvexity is a potential problem, in that first-order methods may terminate at nonglobal, local optima, corresponding to rather inefficient structures.

Sometimes this seems to be especially pronounced in ε-relaxed topology optimization (cf. [StS99]) and in optimization in unilateral mechanics. In [Hil99], it was however reported that a smoothing modification may improve a first-order algorithm’s ability to avoid (nonglobal) local optima that are due to the presence of unilateral constraints.

Compliance minimization is a rare special instance of the class of structural optimization problems, since it can be formulated as convex optimization problems and convex–concave saddle-point problems. Moreover, in the nested approach, the derivatives (when they exist) of compliance with respect to changes in designs, are very cheap to calculate. For other structural optimization problems, such as stress-constrained problems, the constraints are numerous, and the sensitivity analyses can be expected to require much more computational time.

In this paper, we handled stochastic forces through a straightforward discretization of the sample space. Other data can also be allowed to be random, such as the gaps g_1 or cable slacks g_2, as a way of accounting for mounting uncertainties. Moreover, alternative probability space discretizations, or other means to handle stochastic data, are possible and will be investigated, as well as the most natural choices of objective functions in the more general settings mentioned.

The aggregate effects on the proper choices of numerical procedures, of all the generalizations of design problems previously considered which we have either investigated in detail in this paper or only briefly mentioned, will be the subject of substantial forthcoming theoretical and numerical investigations. Some of the complications introduced because of the added complexity have already been mentioned in this section; some others, pertaining to the introduction of stochastic data, are discussed in [CPW99].

References

[Ach98] W. Achtziger, Multiple-load truss topology and sizing optimization: Some properties of minimax compliance, Journal of Optimization Theory and Applications, 98 (1998), pp. 255– 280.

[AuF90] J.-P. Aubin and H. Frankowska, Set-Valued Analysis, Birkhäuser, Boston, 1990. [BSS93] M.S. Bazaraa, H.D. Sherali, and C.M. Shetty, Nonlinear Programming: Theory and Algorithms, John Wiley & Sons, New York, NY, 2nd edition, 1993.

[Bro66] F.E. Browder, Existence and approximation of solutions of nonlinear variational inequalities, Proceedings of the National Academy of Sciences, U.S.A., 56 (1966), pp. 1080–1086.

[Che95] G.D. Cheng, Some aspects of truss topology optimization, Structural Optimization, 10 (1995), pp. 173–179.

[ChG97] G.D. Cheng and X. Guo, ”-relaxed approach in structural topology optimization, Structural Optimization, 13 (1997), pp. 258–266.

[CPW99] S. Christiansen, M. Patriksson, and L. Wynter, Stochastic bilevel programming in structural optimization. Technical report, PRiSM, Université de Versilles, Versailles, France, 1999, Structural Optimization, to appear.

[DGG64] W.S. Dorn, R.E. Gomory, and H.J. Greenberg, Automatic design of optimal structures, Journal de Mecanique, 3 (1964), pp. 25–52.

[DuB98] P. Duysinx and M.P. Bendsøe, Topology optimization of continuum structures with local stress constraints, International Journal for Numerical Methods in Engineering, 43 (1998), pp. 1453–1478.

[FJQ99] F. Facchinei, H. Jiang, and L. Qi, A smoothing method for mathematical programs with equilibrium constraints. Mathematical Programming, 85 (1999), pp. 107–134.

[FrW56] M. Frank and P. Wolfe, An algorithm for quadratic programming, Naval Research Logistics Quarterly, 3 (1956), pp. 95–110.

[Hil99] D. Hilding, A heuristic smoothing procedure for avoiding local optima in optimization of structures subject to unilateral constraints, Structural Optimization, to appear.

[HKP99a] D. Hilding, A. Klarbring, and J.-S. Pang, Minimization of maximum unilateral force, Computer Methods in Applied Mechanics and Engineering, 177 (1999), pp. 215–234.

[HKP99b] D. Hilding, A. Klarbring, and J. Petersson, Optimization of structures in unilateral contact, Applied Mechanics Reviews, 52 (1999), pp. 139–160.

[Kir90] U. Kirsch, On singular topologies in optimum structural design, Structural Optimization, 2 (1990), pp. 133–142.

[LPR96] Z.-Q. Luo, J.-S. Pang, and D. Ralph, Mathematical Programs with Equilibrium Constraints, Cambridge University Press, Cambridge, UK, 1996.

[LuT92] Z.-Q. Luo and P. Tseng, Error bound and convergence analysis of matrix splitting algorithms for the affine variational inequality problem, SIAM Journal on Optimization, 2 (1992), pp. 43– 54. [LuT97] Z.-Q. Luo and P. Tseng, On a global projection-type error bound for the linear complementarity problem, Linear Algebra and Its Applications, 253 (1997), pp. 251–278.

[OKZ98] J. Outrata, M. Kočvara, and J. Zowe, Nonsmooth Approach to Optimization Problems with Equilibrium Constraints, Kluwer Academic Publishers, Dordrecht, 1998.

[PeH98] J. Petersson and J. Haslinger, An approximation theory for optimum sheets in unilateral contact, Quarterly of Applied Mathematics, 56 (2) (1998), pp. 309–325.

[PeK94] J. Petersson and A. Klarbring, Saddle point to stiffness optimization of discrete structures including unilateral contact, Control and Cybernetics, 3 (1994), pp. 461–480.

[PeP97] J. Petersson and M. Patriksson, Topology optimization of sheets in contact by a subgradient method, International Journal of Numerical Methods in Engineering, 40 (1997), pp. 1295– 1321.

[Rob80] S.M. Robinson, Strongly regular generalized equations, Mathematics of Operations Research, 5 (1980), pp. 43–62.

[Rob91] S.M. Robinson, An implicit-function theorem for a class of nonsmooth functions. Mathematics of Operations Research, 16 (1991), pp. 282-309.

[Roc70] R.T. Rockafellar, Convex Analysis, Princeton University Press, Princeton, NJ, 1970. [RoB94] G.I.N. Rozvany and T. Birker, On singular topologies in exact layout optimization, Structural Optimization, 8 (1994), pp. 228–235.

[Sta69] G. Stampacchia, Variational Inequalities, Pubblicazioni IAC, Serie III - N. 25, Rome, 1969.

[StS99] M. Stolpe and K. Svanberg, On the trajectories of the ”-relaxation approach for stressconstrained truss topology optimization. Technical report, TRITA=MAT-99-OS8, Department of Mathematics, Royal Institute of Technology, Stockholm, Sweden, 1999. Submitted.

[Sva94] K. Svanberg, Global convergence of the stress ratio method for truss sizing, Structural Optimization, 8 (1994), pp. 60–68.

[SvG68] G. Sved and Z. Ginos, Structural optimization under multiple loading, International Journal of Mechanical Sciences, 10 (1968), pp. 803–805.