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Abstract

In present thesis we will consider the discontinuous Galerkin (DG) finite el-
ement method for 2D viscous Burgers equation. We will prove the stability
of the DG method for this equation. Also, we will show the optimal rate of
convergence for this equation by the DG method, and will show that the a
priori error estimate is of order O(h**'/2) when we use from the polynomials
of degree k and when the exact solution is smooth enough; here h denote the
mesh size for space discretization.

Also we implement the DG method for some examples in last chapter.
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Chapter 1

Preface

1.1 Introduction

Problems of practical interest in which convection plays an important role
arise in applications as diverse as meteorology, weather-forecasting, oceanog-
raphy, gas dynamics, aeroacoustics, turbomachinery, turbulent flows, granular
flows, oil recovery simulation, modeling of shallow water, transport of contam-
inant in porous media, viscoelastic flows, semiconductor device simulation,
magneto-hydrodynamics, and electro-magnetism, among many others. This
is why devising robust, accurate and efficient methods for numerically solving
these problems is of considerable importance and, as expected, has attracted
the interest of many researchers and practitioners.

This endeavor, however, is far from trivial because of two main reasons. The
first is that the exact solution of nonlinear purely convective problems develops
discontinuities in finite time; the second is that these solutions might display
a very rich and complicated structure near such discontinuities. Thus, when

constructing numerical methods for these problems, it must be guaranteed



PREFACE 3

that the discontinuities of approximate solution are the physically relevant
ones. Also, it must be ensured that the appearance of a discontinuity in
the approximate solution does not induce spurious oscillations that spoil the
quality of the approximation; on the other hand, while ensuring this, the
method must remain sufficiently accurate near that discontinuity in order to
capture the possibly rich structure of the exact solution.

These difficulties were successfully addressed during the remarkable devel-
opment of the high-resolution finite difference and finite volume schemes for
nonlinear hyperbolic systems by means of suitably defined numerical fluzes and
slope limiters. Since discontinuous Galerkin (DG) methods assume discontin-
uous approximate solutions, they can be considered as generalizations of finite
volume methods. As a consequence, the DG methods incorporate the ideas of
numerical fluxes and slope limiters into the finite element framework in a very
natural way; they are able to capture the physically relevant discontinuities
without producing spurious oscillations near them.

Owing to their finite element nature, the DG methods have the following
main advantages over classical finite volume and finite difference methods:

- The actual order of accuracy of DG methods solely depends on the exact
solution; DG methods of arbitrarily high formal order of accuracy can be
obtained by suitably choosing the degree of the approximating polynomials.

- DG methods are highly parallelizable. Since the elements are discontinu-
ous, the mass matrix is block diagonal and since the size of the blocks is equal
to the number of degrees of freedom inside the corresponding elements, the
blocks can be inverted by hand (or by using a symbolic manipulator) once and
for all.

- DG methods are very well suited to handling complicated geometries and

require an extremely simple treatment of the boundary conditions in order to

§1.1
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achieve uniformly high-order accuracy.

- DG methods can easily handle adaptivity strategies since refinement or
unrefinement of the grid can be achieved without taking into account the
continuity restrictions typical of conforming finite element methods. Moreover,
the degree of the approximating polynomial can be easily changed from one
element to the other. Adaptivity is of particular importance in hyperbolic
problems given the complexity of the structure of the discontinuities.

Although the original DG method has been known since 1973 by Reed and
Hill, in the framework of neutron transport. It was only recently that DG
methods have evolved in manner that made them suitable for use in computa-
tional fluid dynamics and aforementioned applications. The original DG finite
element method was introduced in 1973 by Reed and Hill [46] for solving the

neutron transport equation
ou+V - (au) = f, €Q,

where o is a real number and a a constant vector. The relevance of the method
was recognized by LeSaint and Raviart who in 1974 [35] published its first

mathematical analysis.

1.2 Analysis of the original DG method

A priori error estimates. In 1974 LeSaint and Raviart [35] made the first
analysis of the DG method and proved a rate of convergence of (Az)* in the
Ly(€2)-norm for general triangulations and of (Axz)*! for tensor products of
polynomials of degree k in one variable defined on Cartesian grids. In 1986,
Johnson and Pitkariinta [33] proved a rate of convergence of (Az)k+/2 for

general triangulations. In a chain of papers [2, 3, 4, 5] the work by LeSaint

§1.2
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and Raviart as well as Pitkaranta and Johnson were extended to the neutron
transport equations in, e.g., cylindrical domains with polygonal cross-sections;
where in particular the last two papers: [4, 5] employ interpolation and imbed-
ding techniques between Besov ans Sobolev spaces to obtain optimal super-
convergence rates. In 1991, Peterson [42] numerically confirmed this rate to
be optimal. In 1988, Richter [44] obtained the optimal rate of convergence of
(Az)**! for some structured two-dimensional non-Cartesian grids. The issue of
the loss of order of convergence was addressed again in 1991 by Lin and Zhou
[39] who proved that the standard Galerkin method using bilinear approxi-
mations defined on almost uniform Cartesian is of order 2; the order of this
method for arbitrary meshes is only one. In 1994, Zhou and Lin [52] extended
this result to piecewise-linear approximations in almost uniform triangulation.
Then, in 1996 Lin, Yan, and Zhou [38] showed first order convergence for the
DG method using piecewise-constant approximations. Their result holds for
almost uniform grids of rectangles and for almost uniform grids of triangles;
their technique is based on a key approximation result.

All the above mentioned papers assume that the exact solution is smooth.
In 1993, Lin and Zhou [40] proved convergence to the weak solution assum-
ing only that the exact solution belongs to H'/2(2). More recently, Houston
Schwab and Siili [30] proved spectral convergence of the DG method assuming
that the exact solution is piecewise analytic. Cockburn, Luskin, Shu and Siili
[22] showed that if the exact solution is in Ly but is locally smoother, error
estimates can be obtained between the exact solution and a suitably post-

processed approximate solution.

A posteriori error analysis. In 1990, Stroubolis and Oden [47] studied
a posteriori error estimates for the DG method. Later, Bey and Oden [13]

§1.2
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obtained the first hp- a posteriori error estimates for the DG method; paral-
lelization strategies based on these estimates were developed in 1995 by Bey,
Patra, and Oden [15] and in 1996 by Bey, Oden and Patra [14]. A posteriori
error analysis of finite element methods for hyperbolic problems, including a
slight modification of the original DG method, have been studied in 1996 by
Sili [48] and in 1997 by Siili and Houston [50]; see also the 1999 lectures notes
on this subject by Siili [49].

1.3 Time discretization of parabolic equations

Also in 1978, Jmaet [31] used the DG method to discretize in time parabolic
equations and showed that the method was of order k. Since then, several
authors have studied this method. Thus, in 1985, K. Eriksson, C. Johnson
and V. Thomée [28] proved that the method was of order 2k 4+ 1 at nodes
and later Eriksson and Johnson studied the issue of error control in a series
of papers [23]-[27] starting in 1987 and ending in 1995. In 1997, Makridakis
and Babuska [41] studied the effect on adaptive mechanisms on the stability
of the method. Schotzau and Schwab have studied how to actually solve the
system of equations defined by the DG methods; they show that it is possible
to decouple the system into several scalar equations of the same type. Yet a
more involved hp strategy for the Vlasov-Poisson-Fokker-Planck equation is

developed in [8].

§1.4
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1.4 A DG method for convection-diffusion prob-
lems

In 1992, Richter [45] proposed a direct extension of the original DG method to
linear convection-diffusion equations. Richter proved that if the convection is
dominant, that is, if the viscosity coefficients were of the order of the meshsize,
the optimal order of convergence is k + 1/2 when polynomials of degree k are

used.

§1.4



Chapter 2

Preliminaries

2.1 Basic Definitions

Definition 2.1 (The Burgers equation). The scalar parabolic equation

ou ou 0%u

was introduced in particular by Burgers as the simplest differential model for

a fluid flow and is therefore often called the (viscous) Burgers equation.

Though very simple, this equation can be regarded as a model for decaying
free turbulence. Burgers studied the limit equation when € tends to zero, which
we write in conservation form

ou 0 [u?

i + 7 (7) =0, (2.1.2)
is the inviscid Burgers equation (or Burgers equation without viscosity), which
for brevity, we shall simply call from now on Burgers’equation. It occurs in

particular in wave theory to depict the distortion of waveform in simple waves

(see [37], Sec. 2.9, [51], Sec. 2.8).
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We can see that the Burgers’equation possesses all the features of a scalar

convex equation given by

% + 6% (u) =0, (2.1.3)
where f: R — R is a convex smooth function, f”(u) > 0 for all u (or, equally
well, f is concave with f”(u) < 0 for all u). In particular, the Cauchy problem
for Burgers’equation may have discontinuous weak solutions even for a smooth
initial data wug, and solution of the Riemann problem is either a shock prop-
agating or a rarefaction wave. The conservation law together with piecewise
constant data having a single discontinuity is known as the Riemann problem.
As an example, inviscid Burgers’ equation with piecewise constant initial data
Uy z <0
u(z,0) = (2.1.4)
Uy x> 0.
The form of the solution depends on the relation between u; and wu,..
Finally it is worth mentioning that the Cauchy problem for (2.1.1) has an
explicit solution, obtained using the Cole-Hopf transform
u = —28&.
¥

It eliminates the nonlinear term and transforms (2.1.1) into the heat equation

0 0?
dp _ 0%

ot 0x?’
for which explicit expression of the solution are known.
Let 2 be an open subset of R, and let f, be a smooth function from €2
into R; the general form of a scalar conservation law in one dimension can be

written as

ou 0

— 4+ — = R 2.1.
ST fW=0,  zeR >0, (2.1.5)

§2.1
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where u = u(z,t) is a scalar function from R x [0,4o00[ into 2. The set 2 is
called the set of states and the function f is called the flux-function. One says
that equation (2.1.5) is written in conservation form.

For such equations, initial value problem (IVP) is: Find a function wu :
(x,t) € R x [0,400[— u(z,t) €  which is a solution of (2.1.5) satisfying the
initial condition

u(z,0) = up(x),

where ugp : R —  is a given function.

Now, consider the problem (2.1.5) and assume ug be the given initial bound-
ary data, we want to state precisely in which sense (2.1.5) is to be taken. Let
C3(R x [0, +00]) denote the space of C'' functions ¢ with compact support in
R x [0, +00o[. We begin by noticing that if u is C' and ¢ € CJ(R x [0, +o0[),

we obtain using integration by parts

_/00/ {a—uﬂLgf(U)} o dx dt
/ /[3_¢+3_90 ﬂ dxd“F/Ruo(-?C)sO(x,O)da::o.

Now we are ready to define the weak solution of a differential equation.

(2.1.6)

Definition 2.2 (Weak Solution). The function u(x,t) is called a weak so-
lution of the conservation law (2.1.5) if (2.1.6) holds for all functions ¢ €
Co(R x [0, +ool).

The Sobolev spaces which will play an important role in the theory of finite
element method are built on the function space Lo(£2). Ly(€2) consists of all
functions w which are square integrable over (2 in the Lebesgue sense. Ly(€2)

becomes a Hilbert space with the scalar product

(u,v)o := (u,v)r, = /Qu(x)v(x) dx
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and the corresponding norm

[l llo = v/ (u, wo.

Definition 2.3 (Weak Derivative). u € Ly(2) possesses the (weak) deriva-
tive of order a: v = 0% in Lo(£2), provided that v € Ly(2) and

(¢7D31u)0 = (qba U)O = (_1)|a\(aa¢’ u)O \V/Qb € Cgo (217)

If such a v exists, we define Diu = v.

Here C>(£2) denotes the space of infinitely differentiable functions, and
Ci°(£2) denotes the subspace of such functions which are nonzero only on a
compact subset of €.

If a function is differentiable in the classical sense, then its weak derivative
also exists, and two derivatives coincide. In this case (2.1.7) becomes Green’s
formula or integration by parts.

Example. Take Q = [—1,1], and f(x) = 1 — |z|. We claim that D] f exists
and is given by

1 <0

-1 z > 0.

To see this, we break the interval [—1,1] into the two parts in which f is

smooth, and we integrate by parts. Let ¢ € C°(Q2). Then
1 0 1
| 1@s@de= [ @@ st [ j@0)
-1 -1 0
0 1
—— [ 0o+ fol?, — [ (-()do+ ol

-1

—— [ gle)ota) e+ (16)0-) - (f)04+)
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because f is continuous at 0.

Example. Let Q = [—1,1]

fx) =

Then f € Ly[—1,1] and weak derivative of f is DL f = § (Dirac Delta) is not

given by a locally integrable function and hence not by an Ly function.

Definition 2.4 (Sobolev Spaces). Given an integer m > 0, let H™(£2) be
the set of all functions u in Ly(€2) which possess weak derivatives 0%u for all

|a] < m. We can define a scalar product on H™(2) by

(Uy V) i = Z (0%, 0%v)g
o] <m
with associated norm

[ =V (U, ) = Z ||aa“‘|%2(ﬂ)-

laf<m

The corresponding semi-norm

|t | = Z ||8au||%2(9)

|a|=m

is also of interest.

2.2 Fundamental Definitions and Theorems

Definition 2.5. Let V' be a Hilbert space. A bilinear form a : V x V — R is

called continuous provided that there exists a constant C' > 0 such that

la(u, 0)] < Cllullllol]  Vu,0eV.

§2.0
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A symmetric continuous bilinear form a is called V-elliptic, or coercive, pro-

vided for some a > 0,
a(v,v) > al|v|? Yo eV.

Theorem 2.6 (Lax-Milgram lemma). Let V' be a Hilbert space, let a(-,-) :
V xV — R be a continuous V -elliptic bilinear form, and let f : V — R be a
continuous linear form.

Then the abstract variational problem: that
a(u,v) = fv), YweV (2.2.1)
has a unique solution u € V.
Proof. Let M be a constant such that
Vu,v eV, a(u,v)] < M[ull||v]].

For each u € V| the linear form V' 3 v —— a(u,v) is continuous and thus there

exists a unique element Au € V' (V' is the dual space of V') such that

Vo eV, a(u,v) = Au(v).

Denoting by || - ||* the norm in space V', then there exists a constant M > 0
such that
. Au(v)|
Julf = sup O < ag .
veV ||U||

Consequently, the linear mapping A : V' — V'’ being bounded, is continuous,
with
Al vy < M.

Let 7 : V' — V denote the Riesz mapping defined by

VieV, YveV, fv)=I(rfv),

§2.0
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where (+,-) denotes the inner product in the space V. Then solving the varia-
tional problem (2.2.1) is equivalent to solving the equation TAu = 7f. We will
show that this equation has a unique solution by verifying that, for appropriate

values of a parameter p > 0, the affine mapping
veV sv—p(tAv—1f) eV (2.2.2)

is a contraction. To see this, we observe that

v — prAv|]” = [[v|* — 2p(r Av, v) + p*||7 Av||*

< (1 —2pa+ p*M?)||v ],

by coercivity of a and since A is a bounded operator it follows that

(TAv,v) = Av(v) = a(v,v) > a||v][?,

||ITAv]| = [[Av[[" <[l A[[[[v ]| < M| v]]

Therefore the mapping defined in (2.2.2) is a contraction whenever the number

p belongs to the interval |0, 2«/M?[ and the proof is complete. O

Definition 2.7 (Galerkin Method). Consider the linear abstract variational
problem: Find v € V such that

VoeV, a(u,v)= f(v),

where the space V', the bilinear form a(-, -), and the linear form f are assumed
to satisfy the assumptions of the Lax-Milgram lemma. Then the Galerkin
method for approximating the solution of such a problem consists of defining

similar problems in finite dimensional subspace of the space V.

§2.0
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More specifically, with any finite dimensional subspace V}, of V', we associate

the discrete problem: Find u”" € V}, such that
Vol € Vi, a(u”, o) = fo).

Applying the Lax-Milgram lemma we infer that such a problem has one and
only one solution «”, which we shall call a discrete solution.

In order to apply Galerkin method, we face by definition, the problem of
constructing finite dimensional subspaces V}, of space an infinite dimensional

space V; such as Lo(Q), Hg ().

Definition 2.8 (Finite Element Method). The finite element method, in
its simplest form, is a specific process of constructing subspaces V},, which shall

be called finite element spaces.

This construction is characterized by three basic aspects, in other words, a

finite element is a triple (7, I1j,, ¥) with following properties:

(FEM1) The first aspect, and certainly the most characteristic, is that a tri-
angulation 7, is established over the set Q, i.e., the set Q is subdivided into
a finite number of subsets K, called elements, in such a way that following
properties are satisfied:

(Tal) Q= UKeTh K.

(7,2) For each K € Ty, the set K is closed and its interior K is nonempty.

(733) For each distinct pair K7, Ky € 7}, one has lo(l N lo(g = 0.

(734) For each K € Tj, the boundary K is Lipschitz continuous!.

(FEM2) The second basic aspect of finite element method is that the spaces

LA function f : R® D> D — R™ is called Lipschitz continuous provided that for some
number ¢, ||f(z) — f(y)|| < ¢||lz — y|| for all z,y € D. A hypersurface in R™ is a graph

whenever it can be represented in the form xp = f(21, ..., Zk—1, Tpt1, .o, Tn), With 1 <k < n

§2.0
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IT;, contain polynomials, or, at least contain functions which are “close to”
polynomials. II, is a subspace of C(T") with finite dimension s. (Functions in

I, are called shape functions if they form a basis for I1;).

(FEM3) The third basic aspect of the finite element method is that there
exists at least one “canonical” basis in the space I, i.e., X is a set of linearly
independent functions on II;. Every P € Il is uniquely defined by the values
of the s (the dimension of II;,) functions in X.

In a two dimensional setting with triangular elements K € 7;, we define
hx = the diameter of K=the longest side of K,

ok = the diameter of the circle inscribed in K,

h = max hy.
KeTy,

We shall assume that there is a positive constant ( independent of the trian-

gulation 7;, € {7}, i.e., independent of h, such that

K 553 VYKeT,.
hx

This condition means that the triangles K € 7, are not allowed to be arbitrary
thin, or equivalently, the angles of the triangle K are not allowed to be arbitrary
small; the constant (3 is a measure of the smallest angle in any K € 7}, for any
Ty € {Th}.

Also we shall assume that the family {7,} of triangulations 7, = {K}
satisfies the following conditions: There are positive constants 3; and (3, inde-

pendent of h = maxger, hr such that for all K € 7, 7, € {7},

hix > Bih, (2.2.3)

and some suitable domain in R*!. A domain Q C R” is called a Lipschitz domain provided
that for every z € 012, there exists a neighborhood of 92 which can be represented as the

graph of a Lipschitz continuous function.

§2.0
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9K > 3, (2.2.4)
h

where hx and px are defined above. The condition (2.2.3) states that all
elements K of 7, are roughly of the same size. Such triangulations are said to

be quasi-uniform.

Definition 2.9 (Green’s Formula). Given two functions u,v € H*(Q), the

following fundamental Green’s formula

/u@ivd:c:—/&-uvjt/uvnida,
Q Q r

holds.

From this formula, other Green’s formulas may be easily deduced. For

example, replacing u by du, we get
/Vu'Vvdx:—/Auvdx—i-/a—uvdJ Yu € H*(Q), Vv € H'(Q).
Q Q r on

One form of Green’s formula that we will use is

/Q(Vu-ﬁ)vd:v:/Fuv(n-ﬁ)da—/Qu(Vv-ﬁ)d:E—/uvdivﬁdx,

Q

where (3 is a vector that depends on x.

Theorem 2.10 (Gronwall Inequality). Suppose that u(t) > 0 and ¢(t) > 0
are continuous, real valued functions defined on the interval 0 < t < T and

ug > 0 is a constant. If u satisfies the inequality
t
u(t) < wug +/ o(s)u(s)ds Vit el0,T]
0

then
u(t) < ugexp (/Otgo(s)ds) Vtel0,T].

In particular if ug = 0 then u(t) = 0.

§2.0
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Proof. Suppose first that ug > 0. Let
U(t) = up + /Ot w(s)u(s)ds. (2.2.5)
Then, since u(t) < U(t), we have that
U = pu < U, U(0) = uo.

Since U(t) > 0, it follows that

d U
—1 =— <.
i BV
Hence
t
log U(t) < logug +/ ©(s)ds,
0
S0

t
u(t) < U(t) < wugexp </ ©(s) ds) : (2.2.6)

0
If the inequality (2.2.6) holds for uy = 0, then it also holds for all uy > 0.
Tacking the limit of (2.2.6) as uy — 0T, we conclude that u(t) = 0, which

proves the result when uy = 0. O

Theorem 2.11 (Cauchy-Schwarz Inequality). If f,g € Ly(Q) then fg €
Li1(Q) and
[ r@at@de < 71l

Proof. This is simply a special case of the Holder inequality with p = ¢ =

2. So we prove the more general form

[1r@wiar<{ [ Ifl”du};{ / |g|w}‘l? (227

Let A and B be the two factors on the right of (2.2.7). If A =0, then f =0
a.e.; hence fg =0 a.e., so (2.2.7) holds. If A > 0 and B = oo, (2.2.7) is again

trivial. So we need consider only the case 0 < A < 00, 0 < B < o0. Put

| f |9
=11 = 2 2.2.
A’ G B (2.2.8)

§2.0
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This gives
/de,u:/qu,uzl. (2.2.9)
Q Q

If x € Qissuch that 0 < F(z) < oo and 0 < G(z) < oo, there are real numbers
s and t such that F(z) = er, G(z) = et. Since %4—% = 1, the convexity of the

exponential function implies that
eS/PHa < e g lel (2.2.10)

It follows that
F(2)G(z) < p 'F(2)’ + ¢ 'G(2)Y, (2.2.11)

for every x € Q. Integrating of (2.2.11) yields
/ FGdu<p'+q'=1, (2.2.12)
)
by (2.2.9); Inserting (2.2.8) into (2.2.12), we obtain (2.2.7). O

Lemma 2.12. For a,b € R and € > 0 we have the following inequality

b < ea? n Cb?
a —_— 4 —.
- C €

The proof is straightforward.

2.3 Saddle Point Problem

Definition 2.13 (Inf-Sup Condition). Let U and V be Hilbert spaces.
Then we say that the form a : U x V' — R satisfies the Inf-Sup condition if

there exists o > 0 such that

§2.5
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The name for this condition comes from the equivalent formulation

inf supM > a > 0.
weUye v | |0 v|ullv

We now turn to variational problems with constraints. Let X and M be

two Hilbert spaces, and suppose
a: XxX—-R, b:XxM-—->R

are continuous bilinear forms. We denote both the dual pairing of X with X’
and that of M with M’, associated by the scalar product (-,-). We consider

the following minimization problem.
Problem (M). Let f € X" and g € M’. Find the minimum over X of

T(w) = galu,uw) ~ (f,u)

subject to the constraint

b(u,p) = (g,p)  VpeM.

Our starting point is the same as in classical theory of Lagrange extremal

problems. If A € M, then J and the Lagrange function
Lu, A) := J(u) + [b(u, A) = (g, A)]

have the same values on the set of all points which satisfy the constraints
(see [19], Chapter II). Instead of finding the minimum of J, we can seek a
minimum of £(-, \) with fixed A. This raises the question of whether A € M
can be selected so that the minimum of £(-, ) over the space X is assumed by
an element which satisfies the given constraints. Since L£(u, \) is a quadratic

expression in v and A\, we are led to the following saddle point problem:

§2.5
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Problem (S). Find (u,A\) € X x M with

a(u,v) +b(v,\) = (f,v) Vo e X,
(2.3.1)

b(u, 1) = (g, 1) Ve M.

We want to find conditions implying existence and possibly uniqueness of
solutions to this problem. If the bilinear form a(-,-) is symmetric, equations
(2.3.1) are optimality conditions of the saddle point problem. It is easy to see
that every solution (u, \) of Problem (S) must satisfy the saddle point property

L(u, p) < L(u, A) < L(v, \) V(v,pu) € X x M.
Equation (2.3.1) defines a linear mapping

L:XxM—X xM
(u, A) = (f, 9)-

To show that L is an isomorphism we need the Inf-Sup condition. We intro-

(2.3.2)

duce special notation for the affine space of admissible elements and for the

corresponding linear spaces:

V(g) :=={ve X;blv,u) = (g, )  Vue€ M},
Vi={ve X;blv,u)=0  VYue M}

(2.3.3)

Since b is continuous, V' is a closed subspace of X.

Now we are ready for the main theorem for saddle point problems.

Theorem 2.14. For the saddle point problem (2.3.1), the mapping (2.3.2)
defines an isomorphism L : X x M — X' x M’ if and only if the following
conditions are satisfied:

(i) The bilinear form a is V -elliptic, i.e.,

a(v,v) > al|v|? Yv eV,
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where a > 0, and V is as in (2.3.3).

(i1) The bilinear form b satisfies the Inf-Sup condition.

For the proof see [16] page 127.
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Chapter 3

Stability of the DG Method

3.1 The Continuous Problem

We consider the following initial-boundary value problem for the viscous Burg-

ers equation: Find the scalar function u = u(x,t) := u(z,y,t) such that

U + uty +uuy —eAu =0 (x,t) e QA x 1
u(x,0) = ug x €, (3.1.1)
u =0 (x,t) e I' x I,

where ) is a bounded domain in R? with the boundary I' := 9Q, u; = du/ot,
and we shall denote uu, + uu, = (u,u) - Vu by @ - Vu, with @ := (u,u) and V
is the gradient operator with respect to (z,y) € R?. Further € > 0 is a small
parameter and n = n(x) = (n;(x), no(x)) is the outward unit normal to the
boundary I' at the point x € I'. By % - n we mean the usual scalar product
(u,u) - (n1,n9) = (n1 + n2)u. Finally, ug is the initial data, and I = (0,7) is a

given time interval.
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3.2 The Discontinuous Galerkin Method

The discontinuous Galerkin (DG) method for (3.1.1) is based on using finite ele-
ments over the space-time domain () = 2x I, with interelement discontinuities,
at the interelement boundaries, both in space and time variables. To define this
method, let 7;, = {7} be a finite element subdivision of Q into triangular ele-
ments 7, &, the set of edges of 7, and let 0 =ty < t; < ... <ty = T be a parti-
tion of the time interval I into subintervals I,,, = (t,,—1,tm), m =1,..., M. Let
Crn = {K} be the corresponding subdivision of ) into elements K = 7 x I,
with A representing the maximum of the diameters of the K € Cj, and let
Py(K) be the set of all polynomials in (x,y) and ¢ of degree at most k on K,

and define for k£ > 0, the function spaces
Wh:{UELQ(Q)ZU|KEPk(K) VKGCh},

W, = {w € [La(Q)] : w|x € [P(K))? VK €Cy}.

We shall assume that C; is a quasi-uniform subdivision of @), i.e., for each
K € Cj, there is an inscribed sphere in K such that the ratio of the diameter of
this sphere and the diameter of K is bounded below, independently of K and
h. We shall use the following notation: Given a domain G, let (-, )¢ denote
the usual Ly(G) scalar product and || - ||¢ the corresponding Lo-norm. Also,
for a positive integer s, H*(G) will denote the usual Sobolev space of functions

with square integrable derivatives of order less than or equal to s, with norm

|| - ||s.c, defined by

k= (3 [ oos2) ™

jal<s
To define a finite element method using discontinuous functions, we introduce

the following notation: If 5 = (1, 52) is a given smooth vector field on @, we
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define
0Q+(0) = {(x,t) € 0Q : my(x,t) + n(x,t) - B(x,t) < 0},
where 0Q = Q x {0} UQ x{T}UTl x I, and (n,n;) is the outward unit normal

to 0Q). Similarly we define for K € Cp,

0K+ (B) = {(x,t) € OK : my(x,t) + n(x,t) - B(x,t) < 0},

and write

<w7v>m = (w('7tm)7v('7tm))97 |U‘m = <U7U>}r{2v
and

wx(x,t) = lIm w(x+ sf,t + s), [w] =wy —w_.

s—0F
In the sequel we suppress the domains from the subscript of the scalar products,
unless it is necessary for the context and denote the inner product in L, over

the actual domain, simply, by (-,-). For notational convenience we shall use

al for (u”, u"), unless when we specifically single out the variables, separately.

3.3 Stability Estimate

We write the weak discontinuous Galerkin (DG) variational formulation of the

equation (3.1.1) as follows: find u" € W" such that
(ul +a" - V' v+ (v + @ - Vo)) — (eAu”, v+ 5(v, + 3" - Vo))

+ Z/ [u" oy g + @ - mlds + (ulp, 01 ) (3.3.1)
o Jor_(ah)

= (o, V4 )o-
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h

If we set v = u" in variational equation we obtain,

(ul+a" - Vul 4 5 (ul + @ - Vul)) — (eAu” U 4 S (ul + @t - Vuh))
+Z/ Wty + 8 ]+ (o, ol Yo = (o, ut Yo
(3.3.2)

Our main objective in stability estimate is to extract positive terms that appear
in variational formulation so that we can define a new triple norm to prove
the coercivity of DG-scheme that we introduce below. Now we compute each

term in (3.3.2) separately. The first term can be considered as follows.
Lemma 3.1. The first term in (3.3.2) can be identified viz,

(ul +a" - Vol w5 (ul + at - V) = o|ful + - v ul|)?
1 hy2(~h
+ - Z/ %(ny ds—l—ZK:g/aK(u)(u -n)ds.

Proof. We split the inner product as

(uf +a" - Vul, u") + (uf + @ -Vl s(ul + at - va)) ( )
3.3.3
= (u} + " - V" ") + 8| jul + @ V|,

note that using integration by parts we may write,

(ut’ )Q_Zuta K_Z/ nt dS_Z(Uh,U?)K.

K

Therefore we have

(ul, u Z /8 ) (3.3.4)

Further by Green’s formula we can write

Z(&h-Vuh,uh)K _ Z/aK(uhy(ah,n) ds—Z(uh,ﬂh-V uh)K—Z(uh,uh div ") g,

K
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since (u”, a" - Vul) = (u", uh div @), we have
1
@V e =3 5 / ()2 (@" - m) ds. (3.3.5)
IR = 3 Jox
Combining (3.3.3)- (3.3.5) we complete the proof. O

Next we identify the boundary terms appeared in the lemma:

/8 () ds = /6 o () 5 / (W 2(n)ds.  (3.3.6)

OK_ (ih)

Similarly,

/BK(uh)z(ﬂh n)ds = / (u")2(@" - n) ds + /aK(ﬂh)(ufjr)?(ah “n) ds.

OK 4 ()
(3.3.7)

Observe that

; l /a K+(ah)(“h )2(ny) ds + /a K+(ah)(“h )2(a" - n) ds}
= / )2 ds + /8K+(Uh),(u}i)2(nt +a" - m)ds

= n)ds + |u"3, / (ny +a" -n) ds

/89+><I Z OK" (uh) '

:/ "onlds + |u")? +Z/ )| + @" - n| ds,
89+><I

0K _ (uh)’

(3.3.8)
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and

> (%)(ui)%ah s+ / RPRCARAL

—Z/ nt—l—u -n)ds

oK _

= ds+ / n—l—&h-n ds
/aQ Z K’(uh) ' )

Z/ u+ 2|ng + 4" - | ds.
OK_

where 0K (@") = 0K, (") \ 0Qy, and OK_(a") = K _(a") \ Q x {0}.

(3.3.9)

Lemma 3.2. Combining (3.3.6)-(3.3.9), we can derive the following inequality

S5 ) 0t ds+%/aK<uh>2<m-n> s [ s ]+l

K
(2 + u"? +Z/ M2|n, + @ n|ds—|—/ (uh)2|ah-n|ds].
8Q+><I

1
> -
— 4
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Proof. We have that

> [(U?, u") i+ (@ - V) g+ / [w"]ui[ne +a" -] ds} + g
K _(ahY’

KeCy,
(]t
~ Lor_(

ﬂh

i ( /8 K(ﬁh)mzf(nt)ds 4 /8 o ) ds)
% </8K(ﬁh)<uh)2<ah .n)ds — /M(ah)(ui)?(ah ‘n) dsﬂ + "

ZZ[/ (“i)2’"t+ﬁh'n|d8—/ u+uh|nt+u -n|ds
K LJOK_(at) OK_(ih)

1
——/ (ui)2|nt+ﬂh.n|ds—|——/ (u'i)2|nt—|—ﬂh.n|ds}
2 Jox_(any 3 Jox_(any
1

1
——/ (ui)st—i-—/ (u")? ds + [u"|2
2 Jag_ 4 Joq,
(3.3.10)

Since [, (u})?ds = |u"[3, and Joo, (uh)?ds = faQ+X1(“h)2|ah ‘n|ds+ |[u"3,,

we can derive

Z/ "2|n, 4 a" n]ds+/ (u}i)st—i—/ (u")? ds
OK_ 0Q- 9Q+
:|uhg+|u +Z/ M2n, + " n|ds—|—/ (u")?|@" - n|ds,
BQ+><I

which gives the desired result. 0

OK_ (uh)/

To derive a variational formulation, for the diffusive part of (3.1.1) based
on discontinuous trial functions we need to introduce the operator R : W, —
W,,. For this we consider the homogenous Laplace equation, i.e., —Au = 0.
Introducing the auxiliary vector variable § = Vu, the problem can be rewritten

as

0 —-Vu=0
—divg = 0.
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To formulate a discrete variational formulation for this equation, it is con-
venient to introduce some notation: Let 7 be an element, and let e be an edge
of 7; let 7% be the other element having e as an edge, and let u$**, and 65

denote the values of u”, and 6, respectively, in 7¢**. Then define

h ext
h)O U+ wy

(u = 2 Y
(6h>0 _ Hh + Qlelmt
9 )

i.e., the average value of the variable. Now we have the following variational

formulation (see [9]-[12]):
ﬁnd ul, 0") € Wy, x Wy, such that for m=1,..., M,

/ / — V") . " — / (u")® —uM)yr" . n] =0 for all 7" € W,
1 T T

m reTy

Z / > /Teh v /(eh)o-nvh}:()forauvhewh.

Im T€T)

(3.3.11)
Notice that the first equation in (3.3.11) corresponds to the condition § = Vu,
and the second one to the condition —div 6 = 0.

After some manipulations, equations (3.3.11) can be written in the following

Zm/lm / — VA" T+Z/ 0,

TE€T) e€Ey

/Z/ehw Z/eh

Im TET ecy,

form:

(3.3.12)

Actually, introducing the bilinear forms a(-,-) on Wj x W, and b(-,-) on
Wh X Wh as

s e
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Z/z/vu ey fw

Im T€T) ecly

the problem (3.3.12) can be written in a concise form viz,

a(0™, ") + b(u, ") = 0,

(3.3.13)
—b(v", 0" = 0.

Now, we can derive a single variational equation by solving the first equation
of (3.3.12) for 6.
We define the linear operator R : W, — W}, by

(R(v) Z/I Z/ ) for all 7" € W,.

mec&y

From the first equation of (3.3.12) we have
R(u") = 0" — vu".

Using this (with 7" = " and v = v"), in the second equation of (3.3.12), the

scheme becomes

Z/ Z/ (Vu" + R(u")) - (Vv" + R(v")) = 0. (3.3.14)

Im T€T)

We are interested in study of system (3.3.12) for discontinuous piecewise
polynomials of degree k& > 1, for both v* € W), and 7* € W,,. In order to
guarantee the nonsingularity of the matrix associated with (3.3.13) an Inf-Sup
condition is needed.

The system of equations (3.3.12) can be recognized as a saddle-point type
problem and it is clear that an Inf-Sup condition should be satisfied in order
to ensure existence and uniqueness of solution of (3.3.12). Unfortunately, the
Inf-Sup condition does not hold for this choice of spaces, as in shown in [20]

through a counter-example. Since an a priori control over the u” variable
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cannot be provided, it is natural to add the second equation of (3.3.13) a
suitable stabilizing term. We describe here the modification proposed in [12].
Mimicking the definition of R, for e € &, we define the operator r, : W), — W},

to be the restriction of R to the elements sharing the edge e € &, i.e.,

(re(v Z/I / O for all 7" € W, (3.3.15)

It can be seen that the following relationship between R and r. holds: for any

triangle 7 € 7y, we have

Z re =Ronr. (3.3.16)

eCOT

If e is an internal edge, it is clear from definition (3.3.15) that the support of
r. is contained in the union of the two triangles sharing the edge e. The mod-
ification that we use here, proposed by Bassi and Rebay consists in replacing

n (3.3.14), for each 7 € 7p,,

the term /R(uh)-R(v by Z /Qre(uh)-re(vh).

This procedure can be interpreted in the following way. The quantity r.(v")
allows to control the jump of v" on e; hence, a natural stabilization of (3.3.13)
consists in adding to the left-hand side of the second equation in (3.3.14), the

term

AZ/% re(v"),

ecy,

where A\ > 0 is a parameter, thus obtaining the new scheme
Z/Z/Vu—irR M) (Vo + R(v" +Z/AZ/7’€ Te(v") = 0.
Im ey Im  ccgy,

If X is large enough, by definition of R and r. we can also suppress the term

J. R(u")- R(v") in last equation, obtaining the following scheme, equivalent to
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the formulation of Bassi and Rebay [12]:

Z/ / oot V- R(M) 4+ R(u”) - Vot
m Im T€T)
(3.3.17)
—l—Z/ )\Z/re ro(v") = 0.
Im ey
As a consequence of (3.3.16) we have the following estimate
IRWMI[F <7 D Hre(o")li, (3.3.18)

eCERNOTK

where 7 corresponds to the element K.
Since the support of each 7. is the union of elements sharing the edge e,

we can write

Sl =" D lre@)llk (3.3.19)

ee&y KeCp eCELNOTK
For the remaining term, i.e., —€d (Auh, ult +a’ - Vuh) we use from Cauchy-
Schwarz inequality and inverse estimate to have an estimate for this term. We

assume that 6 = h and € = h. Thus

—&d (Auh, up + a" - Vuh)

Vv

—e6h~ | V|| |Jul +ah - V|

V

1
— IVt | = dluf + @" - V| = —of|u"]|]”
(3.3.20)
where 0 > 0 is a constant depending on h and determine later.

Using these notations we are now ready to reformulate the variational for-

mulation for the discontinuous Galerkin approximation of (3.1.1) as:
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find v € Wy, such that for m =0,1,.... M — 1 and for all v" € W},
(ul +a" - v "+ S + @ - Vo)) g + e(Vu, Vo)

+ Z /61( (w)[uh]vﬁnt +al. n|ds + €(Vuh, R(vh))Q + €(R(uh), Vvh)Q

KeCy,

+ Ae Z(Te(uh), re(v")g — de(Au, v + @ - Vo) g = 0.

eely

(3.3.21)

To proceed and to write (3.3.21) on more compact form we define the

discontinuous Galerkin trilinear form Bpg by
Bpe (i u,v") = (uy + @ - Vu,o" + (v +a" - Vo)) g + (up, v ) + e(Vu, R(0"))g

+ Z /8K (~h)[u]vi|nt +al. n|ds + ¢(Vu, R(vh))Q +e(R(u), Vvh)@

KeCy,

$2e 3 (relw), re (")) — (A of + i - Vol)g,

e€ly,

(3.3.22)

moreover we define the linear form L as
L(v") = (ug, v )o.

Now using these notations we can formulate the problem (3.3.21) in the fol-
lowing form:

find uh € W), such that

Bpg (" u" v") = L") Yo" € W (3.3.23)

We derive our stability estimate and prove convergence rates for DG-scheme
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(3.3.23) in the triple norm

I[P = 6l + @" - V|G + el Vu" G+ Y llre(u")][

ecly,

"2+ |u" 3 —I—Z/ 11%n, + " n|cls+/aQ I(uh)2|ﬂh-n|ds] :
+ X

(3.3.24)

1
4

Before the prove of stability estimate we need some assumptions that we

introduce below. We assume that § is small enough.

Lemma 3.3. There exists a constant a > 0 independent of h such that
vu' € W, Bpg (@";u"u") > af|[u"|| .

Proof. Using the definition of Bpg and (3.3.19) we have that

Bpe/(u";u" u) =|u” +Z (ul, u) g + (@ - V', u)

KeCy,
+ / [u"ult |ny + @" - n|ds
OK_ (ah)!

+ hlul + @ - Va3 — he(Au" ul + @ - V) g

el |Vul|[§ + 2e(Vul' R(u"))ie + Ae Y lre(u ||K]

eCOTK
9
- Z T,
=1
(3.3.25)

Now we estimate the terms 77, ..., Ty, separately. From (3.3.10) we can write

1
T+ T+ Ti+Tiz {\uhﬁﬂuh?wjt/ (uh)2]ilh~n|ds]
8Q+XI

+Z/ "2|n, + @ n|ds].

(3.3.26)
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Now we estimate Tg using (3.3.16) and (3.3.18) and for some € > 0 we have

1
T2 e |dIVullf + SIRGNIE] 2 -2 [e||w||%< S el ||K]'

6C67K

thus we deduce that

In+Ts+Ty > ¢ Z (1—€)||Vuh||K——||R )5 + A Z [Ire(u ||K]

KeCy, L eCOTK

>e 3 (1=l i+ =) D [lre(u HK]-

KeCy, L eCOTK

(3.3.27)

As for the term Ty we use from (3.3.20) where we assume that 0 < o < 1 — €,
and all the constants depending on h, and as well as h itself are assumed to be
sufficiently small. Finally combining (3.3.26),(3.3.27) and (3.3.20) including
the term 75, and taking o = min(l — ¢ — o,A — 1), which is positive for

1 <e<land0<o<1-—g¢, the proof is complete. 0

Lemma 3.4. For any constant C; > 0 we have for 3 = @" and u" € W),

o1l < [l + - Vuhllcﬁzm peey [ v

Kecy, ” K- (5)”

+/ (uh)2|n - B dv ds} hexp(C1h),
8Q+><I

where

OK_(8)" = {(x,t) € OK_(B) : ny(x,t) = 0}.

Proof. First note that by Green’s formula and noting that (3- Vu", u") =

(u”, u" div 3) we have the following relation

1

(8-t ), = /8 (Wn- o
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thus we can conclude that

(B-Vuh,uh)T:% _/é)T_(uh)Qn-6d0+/87+(uh)2n-6d0}
=51 e sdo = [ @i plin
. :
3| e sae+ [ @inesias| <3 [ whEineplde
:% aT+(uh)2|n-ﬁ|da+LT_(uh)2|n-5|da: +§[9T_(uh)2n-ﬁd0
2
5

S
=
>
e
=
@
QL
)
+
|

1
5 | sl do,
SO we can write
tm d tm tm
[tz =2 [ Mt =2 [ [k + 5 it - (5 v,
t t t
tm
o [Tt vataty <3 [ whenesdo - 3 [ wheine olao]
t 3 oT_ 3 or

thus we have for t,, <t <t,11, K =7 X I,

2

tm41
-2 [ [t =5 [ hne san
t T—

-3 ] whin - s,

where |u” |, 41+ is the obvious restriction of |u" |, 11 to 7. Summing over 7 € 7,
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we obtain

tm+1
1 ()1 =l 2, 2/ (W + B V)
t
2

+2 / (")) - 5] dv
3 ZK: OK_(B)'N{s:t<s<tmi1}
2

+ ‘/ (u")’In- 3| dv
3 89+X{S't<8<tm+l}

tm+1
<l s+ il + 8- Va4 G [ o)l
t

Phesld [ @l
BQ+><Im

// n Im
where in above we use form the following argument to derive inequality

1

(") = (= () = (=) () = ) () < Ol P a2,

where we can take C sufficiently large and hide the contribution from the
&(uf 4+ u")? term in the norm on the left hand side, [|u”(¢)|]3.

Now using Gronwall’s inequality we find that
I (03 < [| P b gl o+ 5

"2 - 6|dv+/ (u")?n - B dv | exp(Cyh).
8Q+><Im

"ﬂ[m

Integrating over I,,, and summation for m = 0, ..., M — 1, complete the proof.

U
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Chapter 4

Error Estimation and

Convergence

We now turn to error estimates. Let 4" € HJ(Q) be an interpolant of exact

solution v with the interpolant error denoted by 7 = u—4" and set &€ = u"—a".

Then we have

The objective in error estimates is to dominate ||| £ ||| by the known inter-

polation estimates for |||n]||. Our main result in this chapter is as follows:

Theorem 4.1. Assume u € W, and v € H*1(Q) N W*L2(Q) with k > 1
are the solutions of (3.3.23) and (3.1.1), respectively, such that

IVul|oo + (][ + |[div||oe + [V < C. (4.0.1)
Then there exists a constant C' such that

1
llw = u"[]] < CR2|[u e ).
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Before we prove our main result we state the following results for estimating
the trilinear form B.

Since u satisfies (3.1.1), from (3.3.23) we have for v" € W},
Bpa(i;u,v") = L(v") = Bpg(a";u”, v"),

h

so that by definition of n we have 4" = u — n and by Lemma 3.3 we can write

(@ u" —ah,€)
(@ u, ) — Bpe(i";a”,€)
= Bpa(@;u,€) — Bpe(a";u —n, €)
= Bpa(@";n,€) + [Bpe(U;u, &) — Bpa(i*;u, §)]

=T+ 1T — 1Ts,

all[€||]* < Bpa(a";€,€) = Bpa

= Bpa

(4.0.2)

that we consider them at the following Lemmas.

Lemma 4.2. If we assume that the assumptions of Theorem 4.1 hold then we

can derive the following estimation for the term T}

T3] < clllEllP* + Ch7MIn G + Chlln|l g + CH*

M
+C fubt [ fnfin- gldvs
m=0 g

Q+><I

+Chl[ Vnlls(l1€llg + 11 lle)* + CRIIE NG + Can*I€ .
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Proof. For the term 7} we have

Ty =(ny, & )o + Z [(nt +@" -V, E+ ME+ T VE))K

Kecy,

[ Bl e i T
OK_(ah)

+2(V, VE) K+ Ae D (1), re(€)xc + £(R(n), VE) e + (i, RE))x]

e€&y
8
=1
(4.0.3)

Thus we need to estimate S;, 1 < ¢ < 8. For the term S; we have
o 1 2
151l < Clnelo + F16+o- (4.0.4)

First we split the term Sy into two parts, and for the first term we use in-
tegration by parts and for the second term we will use the Cauchy-Schwarz

inequality and then try to hide some of them into triple norm of &,

Sy = Z [(Ut + Vn, &)k + (e + a" - v, +h(& + a - Vé))}(} )

Kecy,

a similar argument as in proof of stability estimate using integration by parts

gives
&= [ nélm) ~ (1.6,
oK
and using Green’s formula yields

(@ - V0, 6)x = / n€m-B) — (n, 8- VE)x — (,€ div f)x,

oK
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where by 3 we mean @". So if we combine these equation we have

(e + iV, €)= /Mnf(ntw-n) &+ BV — (. Ediv f)
~ [ st sw s [ s
OK_ oK,

- (nagt + 5 ’ Vf)K - (nvgd“}ﬁ)a
(4.0.5)

summing over K we can write

Z /31( N+ &g+ B-n) = Z/@K (ﬁ),n+§+|nt+ﬁ'n‘7

Kecy,

and
D R SRR IR SIS B o) MR SRRy

Kecy,
— [ wems+X [ wednneg
80, x I = Jok_(gy

and then using from S3; with above equalities we have

Z [/az( (ﬁ)/n—§—|nt+n-ﬁ|—/aK (m/ﬂ+f+|nt+n-ﬁ|+/ é|n: +n- 3]

K OK_(B)

- EK: {/aK_(ﬁ), n-&-Ine+n- Bl — /8K_(ﬁ)/ n-&qne +mn- m}
=3[ el

(4.0.6)

To bound the last term that appear in right hand side of (4.0.6), the crucial

part is to estimate a term of the form

r-y / €l In -] dr,

Kec, 7 OK- (5)”

where again by 0K_ ()" we mean

OK_(B)" = {(x,t) € OK_(B) : ny(x,t) = 0}.
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To this approach using Cauchy-Schwarz inequality we have for 6 > 0 that

C / 2 2
r <@ 0-Phepldre 53 [P gl
=5 2 8K—(ﬂ)”| ! 2 DK _(B)"

Kecy, KeCy,
(4.0.7)
C
<SY [ Pinesldvdielr
Kec, Y OK-(8)"

where we assume that C'¢ is sufficiently small such that Cd < ¢ << 1. Here

the last term can be hidden in ||| £ |||, and we estimate the first one as follows

2 - Bl dv < [|7]1% / @ - du
Z/a 2 aK_(B)"

Kec, Y OK-(B)" Kec),
<l S U i onf v+ [ dv]
iz, Lor_y oK _(B)"
< CllnlP S [eh Yt + on).
KeCy

(4.0.8)
where in the second inequality we use the Cauchy-Schwarz inequality and in
the last one we have used the Trace estimate:

/ U2dV§Ch1/U2d5L’, Vo e P(K),
oK

K
and the fact that
V(K) = / 1 dv < Oh?,
K

where by V(K) we mean the volume of the time-space triangle K. To bound

h

the term ° .o |[a"[|x = ||@"||  first observe that we can write @" = 4" —u+,

thus

la"|] < Jla" —all +[|al|.

On the other hand from definition of 4 we can easily see that

12" =l < Cllu—u"llq < C(ll€llo+nlla) (4.0.9)
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and consequently we have

181l = lli"llq < C (I lla +InllQ) + lltlle- (4.0.10)

Moreover from the standard interpolation theory we know that the interpola-

tion error 7 satisfies
17lee = llu = @"|l oo < CR |l k41, o0 (4.0.11)
Combining (4.0.8)-(4.0.10) we can write

Z/ -2 b8 dv < CH**2[Jull3 .y ox [ (1€1E + 11 + 1) + 52

Kec, T OK-(8)”
(4.0.12)

Thus (4.0.7) and (4.0.11) imply that

7] < ellENP + Ch**2|ul 3,00 x [PTH(1ENG + 011G + allg) +h° ]
= [ €] + CR* HJul iy, 00 x ([1€11G + 011G + 1l ) + O [ulf 1, o
(4.0.13)

Estimating || £ ||* from the Lemma 3.4

€1 < [ ll6+ 5 vg||Q+Z|5 Y e gl

KeCy
—l—/ &\n - Bl dv ds] hexp(C1h),
6Q+><I

h?**1 and thus very small in

and since the coefficient of ||£|* is of order
comparison to the || £ || term in triple norm of &, ||| £[||>. We rearrange the
higher order (small) terms and hide them in the correspondig terms in ||| £ |||?.

As for || n||*> we can see that

||n||zs||n||2o/Qda:<0h2’f“||u||k+1 .
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and again we can ignore this term because of its small coefficient. The last
term in (4.0.13) has a h coefficient of order 2k 4+ 4 and can be ignored. So by

(4.0.12) and by assumptions of the lemma we obtain
1
7 < on o+ Ll (4.0.14)
1

where (] is a sufficiently large constant. So we have estimated the crucial part

of the term
Y[ wncen g =TT
K JOK_(8)

which is harder and request more attention in error estimate and now remains

another part of this term, i.e.,

I P [ﬂ>+<n_,f_>M+/8Q+XIn2<n-ﬁ>duds,

that once again using the Cauchy-Schwarz inequality we obtain

/ 1 — 2 2 - 2
1< & e+ IR |+ 0 10k,
m=1 o m=1 (4.0.15)
1
<GlENF+CY It [ ol slav s
ClH Ii mZZII | 8Q+XI| - 3

For the last two terms appeared in (4.0.5) we use to derive Cauchy-Schwarz
inequality

C h
Sn6+ 890 < X[ Tlinlic+ gliec+ 5-vell|  (0.10)
K

K

where C' > 1, and we hide the term 2|& + 8- V¢||? in triple norm of ||| & [||*.

Similarly for the other term we have

> (0, &div B) = (n, Edivi) + (n, & div (8 — @)

K

< [[nllell€llell diville +[Inllel € el div (8 —a) ],
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and from the (4.0.9) we conclude that

(n, € div B)g < |[nllell € llell divalle +Inllell &l Valle + 11 VEllQ),

(4.0.17)
so we can then see by Cauchy-Schwarz inequality that
Inllell€llell diville < [[diva |l (A [In]lG + AIE 1), (4.0.18)
and
InllellEllell Valle < ClIVallL (A~ In g + Al 11G). (4.0.19)

Further by inverse inequality and standard interpolation theory we can derive

Inllell€lle(l Vel < Ch7MInllal €115
< Clinllh €115

(4.0.20)
< CPM M | wlloo e kI €11
< CRU|IE TG,
so by (4.0.17)-(4.0.20) we obtain
(n.€divB)g < Ch7 |+ CHll Il + Cah €l (40.21)

For the control on the remaining term in Sy also we use Cauchy-Schwarz in-

equality
2 h 2
D o hn V0.6 + 8- V&K <Y |Chlln + 8- Vnll + Sll& + 8- Vel
K k
1
<D Chllm+5-Vallic + Sl €IIP,
k

(4.0.22)

where again C' > 1, and we hide the second term appear in (4.0.22) in triple

norm of . From (4.0.9) we can derive for the first term that appear in last




ERROR ESTIMATION AND CONVERGENCE 47

inequality of (4.0.22) the following estimate

[me+a" - Vnllg < [[m+a-Vnllo+ | (@" —a) - Vnllg
< lmelle +lallcl Vallo + Cll Valle (1€l + 1 n1l)

< Clinlle+CllVnlls (1€lle +nllQ),
(4.0.23)

therefore by (4.0.22) and (4.0.23)we have

1
D bl +5-Vn,&+ 8- VEK < Chlln|l g+ Chll Valls (1€ lle + lnlle)* + el
K

(4.0.24)

And by this we can finish estimating the terms |S;|+ |52+ S3| from the (4.0.4),
(4.0.14)-(4.0.16), (4.0.21), (4.0.22) and (4.0.24) by following relation

M
C
[S1] + 1Sz + S5 < NP+ CR* +C Y | ln + —linllg+chlinlliq

m=0

+Chl[ Vnlls(l1€llo +1InllQ)* + CRIIE NG + C2RM (I €15

(4.0.25)
Now we consider the term S, as follows
|54 = hel[(An,& + 8- V&)l < hel| Anlloll& + 5 - VElq
< Ce|[Vnllgll& + 8- VElq
< Clnllell&+8-VElq (4.0.26)

- h
< Chnlly + pll&+ 8- VeIl
< ChY i+ clll€ I,

where we use the inverse inequality twice and from the fact that ¢ = h and

Cauchy-Schwarz inequality. For the term S5 also we use from the inverse
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inequality to obtain

|95 = €l(Vn, VE)al < ell Vnlloll VE o
< Clinllell VEllq
5 (4.0.27)
< Ch7MInllg + FlI VeI
< Ch7HIn g +clll € I*.

Moreover, from the definition of operators R and r., and from the fact that n
is a continuous function, so the jump of 1, [] in definitions of R and r, will
be equal to zero and we can easily deduce that S¢ = 0 and S; = 0. Thus it
remains to estimate the term Sg. To this end we use (3.3.18), (3.3.19), and

the inverse inequality to obtain

|Ss] = el (Vi, R(€))ol < Y ell Vi llxll R(E) ||x

KeCy,
9
< > (Celvnli + & I R©1%)
KeC, (4.0.28)
< Ch Yl +C Y l1re&) 113

ecép
< ChHInllg +clllE NN
where, as above, (] is taken to be large enough. So by (4.0.25)-(4.0.28) we

can derive desired conclusion for 7}

T < elll€NP +Ch Il + Chlln IR g + CH2

M
+02|n|z+/ 02 |- 8| dvds
m:0 8Q+XI

+C|| V[l € llQ + [1n1l@)* + CRII €115 + C2h*[1 €3,
(4.0.29)

and this complete the proof. 0

We now turn to the term 75 — 75 and try to estimate this term.
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Lemma 4.3. Under assumption of Theorem 4.1 we have the following estimate
for the Ty — Ty
T2 = Ts| < C([l€lle + lIn 1l Vel €lo
+Ch(|I€ Nl + 1) Va5, + clll € ]]1*

Proof. To estimate the term T, — T3, we first note that
Ty —Ts = ((0—a") - Vu, &) g + h((@—a") - Vu, & + " - VE)g,
so by (4.0.9), and by Cauchy-Schwarz inequality we have

T2 = T < C([[€le +Inllo)l Vullel[ € llo
+Ch(ll€llq + [l Vull2 + Chl[ & + a" - VE ]I
< C(lglle + Il Vullsll € llo
+ Ch([[€ o + lInlle)*Il Vulls + clll & 1.

(4.0.30)

where we hide the terms as Ch||& + 4" - VE|[3, in (4.0.30) in [[|£]|]?, and
complete the proof. O

Lemma 4.4. Under the assumptions of Theorem 4.1 we have that

|Bpe (i u, £) — Bpa(a;al, €)| < ||| €|||? + Ch*F+!

M
AQIﬁ+mmmwfmwwwwﬂw%+2m%+mme
+ X

m=0

+C

2
+C(llgllo+ Inlle) 1€ lle +Ch(l1€lle +1Inlle)

+ Chl[ €[5 + C2hM| €115

where the constant C < 1.

Proof. The proof follows using Lemmas 4.2 and 4.3 and the fact that

|| Vi || < 00 and || V1 || < 0. O
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Now we are ready to prove the main theorem.

Proof of Theorem 4.1. Using Lemmas (4.2)- (4.4) and (4.0.2) we can see
that

Clligl® < e

+C

M
/ i@ - mldvds + B nllg + > |77|3n+h||77||i@]
8Q+ x I

m=0

2
+C(llglle +linlle)li€lle +Ch(lI€ Nl + Inlle)

+Chll €[5 + Can®[ €[5
(4.0.31)

We have the following estimation for third term as

(11l +lInlle) 1€ lle = 111 + linllalI €1l

<11€llg + chll€11G + ch I n o,

where we use the Cauchy-Schwarz inequality to derive this estimation. Now

estimating || £ |[?) form Lemma 3.4 we have

2 L . 2 = 2 2 .
Il < [glie +o- Vel + Sl bt - f e slav

Kecy,

+/ & |n - B dvds| hexp(Cyih),
6Q+X[

hiding the terms as || + - VE|[3, in (4.0.31) in ||| £[]|*, and noting that we
can ignore from the other terms in the form || £ [[?) since the coefficient h, make
them ignorable in comparison with other terms and also for the term in form
hl|n I3 and || 7[5 appear in (4.0.31) this argument is true from the standard
interpolation theory. The other terms appear in estimating || ||, also can be

ignored in comparison of terms appear in ||| £|||* except the term in the form
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A M J€_|2, that is a term that don’t appear in ||| €]||%. So we can conclude

that

1€l < Cnt

M M
s | [t ndvds + 5l S+ bl R+ B Y I
6Q+><I

Finally, by standard interpolation theory we have (see e.g. [21], p. 123)

M 1/2
bl sl 4 I Rl < OH g
8Q+ x I

m=0

Thus by assumption of theorem that ||« ||+1,00 < 00 we have

M
IENP < Ch* 1+ Cih Y e 2. (4.0.32)

m=1

We shall now use the following discrete Gronwall’s estimate. If

M

m=1
then

Y(t,) < Cet < Ce“t,

Obviously (4.0.32) implies that

M
€2, < CR* O Y e,

m=1

so that using discrete Gronwall’s estimate
|E_2 < CR#HL T, (4.0.33)

By (4.0.32) and (4.0.33)

M
[[E]][2 < CRH 4 Cih Y~ (CHH1 M) < C(T)R* T,

m=1
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where

C(T) = CeoT.

So we can see that

I1E111F < C(T)R*+.

On the other hand, by definition of triple norm and recalling that interpolation
error is of the order h**/2 we can conclude that ||| n]||> < Ch?**! and noting

that

e lll® < HIENF A+ ll®

we can write

Ilell[* < Ch#*.

This complete the proof. 0




Chapter 5

Numerical Results and

Implementation

5.1 Introduction

In this chapter we use the DG method in order to solve some examples nu-
merically. The DG method has the combined advatage of the finite element
and finite volume methods. In this method one may assume, for different ele-
ments, shape functions of different degrees. Also the method dose not need to
rely on artificial diffusion. On the other hand, this method have the property
of elementwise conservation. An advantage of the DG method is the ability
of using the grids with non-matching elements. The mass matrix of the DG
method is block diagonal matrix with independent blocks. Below we describe

the implemented version of this method.

23
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5.2 Description of the DG Method

We solve some examples in 1D space dimension and time. First we split our
space interval into subintervals, o < x; < ... < z,, with the constat mesh
(spatial step size) h = #=—%0 and also the time interval, 0 = t, < t; <

. < t, = 1 with the fixed time step k& = % We use the elementwise
space-time basis functions. The representations for the elementwise solution

are independent from each others, i.e., in each element K € C;, where K =

[[Ei, l’i+1] X (tnvtn—&—l) we have

u(z,t) =p; (010 + Ouf™)

(5.2.1)
+ Pit1 (@112?“ + @2U?++11> )
where
pi = %a Pit1 = ° ;in, Va € [z, 2i11],
and
@12%, @2:t_]€tn7 Vit € [tn, tny],

where the functions ¢; and ©; are called shape functions and the nodal values

of u" for node i at t% and "1 are denoted by, respectively, @7 and u]""!, and
for node z* at t, by 4. As for test functions, for each K € Cj,, we introduce

the following four test functions:
v = ;01 vy = ;Os,
and

U3 = Pi1101, vy = Pi110s.

In the variational formulation, first we replace u”" by (5.2.1), and then we
replace v" with one of the four test functions v;, i = 1,2,3,4. So, we then

have four equations and four unknowns, and we can solve the linear system

§5.2
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of equations, Ax = b, for each element. This procedure is performed first in
space for elements in one time step and then we proceed to the next time step.

For example, we perform this strategy for 1D inviscid Burgers equation,
uy + uu, = 0, in one element K, with variational formulation introduced as

follows

/ (ul + wu (V" + h(o! + uol)) do dt + / [ |ny +u-n|ds = 0.
K OK_(u)

(5.2.2)

If we use u form the equation (5.2.1) we have the following results

n+1 ~ n+1 ~n
_ u; T — Uy Uiy — Wipy
U = @i T + Pit+1 T )

iy — upf =gt

For v; we compute the terms appearing in variational formulation noting that

and

(v1); = _71%‘ and (v1), = _71@1, viz

tn+1 Tit1
’ _ﬁ(n+1_~n)+£(n+l_~n)
Up V1 = 6 u, U 19 Uipr — Wi )s
tn x;

and the next one

tn41 Tit1
uk uk
_ ~n ~n n+1 n+1
/ / ULy V1 = F(ui—i—l —ay) + E(ui+1 —u;")
tn x;

the third term is

[ e+t =~ e - - ! - )
u((v1)e +u(v1)z) = — (W™ — ) — —(u] — a;
Y 3k Gk T
hu, . o hu, o

- I(UZ‘H — ) - Z(Uz:f — Uiy1),

and for the last term in first integral we have
b1 it hu , _ N hu
[ e o) = = S — ) - i - a)

iy — ) — S = ),

§5.2
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As for the jumps, we note that there are two type of jumps: in the left side of
space interval boundary, i.e., in {z;} X (t,,t,11) we have ny, = —1, and n = 0,
whereas in {t,} X (z;,;11), ns =0, and n = —1. Now we compute the jumps
in the time boundary for v,

mi+1 ~Nn n ~MN n h ~Nn n h ~M n
/_ Pi [@Z(Ul — ) + @it (G — ui+1)} | —1] = g(uz —uy) + E(uiJrl — Uiy,

and for jumps in the space boundary we have

tnt1
[ oot — iy + eu(ur — ] | -
tn

k k
=[S - an+ St - a] |- ul

Note that in the above relation u?,,, u?, @/*" and 47 are known from previous

steps and are transformed to the right hand side of equation when we replace
these terms in variational formulation (5.2.2).

Rearranging coefficients of unknowns for v; we have
(/6 = 12 /3K) + u(k/12 + uk/6) |y,
[(h/u — R2/6k) + u(k/12 — h/2 — uk/a)} !

[(h? /3% + 1/6) + u(h/2 + k/6 + uk/:s)} ar,

and

[(h? 6k + h/12) + u(k/6 — uk/3)} .

And on the right hand side we have

ulh  ul i h ark Atk
s T ¢ + u( 3 G ).

§5.2
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Summing up the equation for v; becomes
[(h/es — h2/3k) + u(k/12 + uk:/G)] et
(h/12 — h2/6k) + u(k/12 — h/2 — uk/a)]uyjll

+
+ :(hQ 3k + h/6) + u(h/2 + k/6 + uk:/?))] ar (5.2.3)
+

(h2/6k + h/12) + u(k /6 — uk/3)] i,

nh noh unk
— U, uz—i—l u(uz U )
3 6 3 6

Similarly, we can compute these coefficients for v, v3 and vy. It is worth

~n+1
Tk

mention that for v, we have the jump term only in space boundary, for vs only
in time boundary, and for vy the jump term is equal to zero. In this way we

have a four by four matrix (mass matrix) for each element, and then we can

solve this linear system of equations to derive the unknowns u/"!, uzfll, uy,
and @}, |, for each element.
5.3 Some Numerical Examples
Example 1. The first example is the linear advection equation
Uy +auy =0 (5.3.1)

with ¢ = 1 and initial data

1 x <0,
up(z) = u(z,0) =
0 x> 0.
The exact solution is
1 z <t,
u(zx,t) =
0 x > t.

and has a shock that propagates with shock speed 1. See the Figure 5.3 for

numerical results and exact solution at the times 0.01, 0.25, 0.5 and 1.

§5.3
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Example 2. In this example we consider the equation (5.3.1), with a = 1

and initial data

0 r <0,
uo(z) = u(z,0) =
1 z > 0.
The exact solution is
0 r <t,
u(zx,t) =
1 T >t.

See the exact and numerical solution in Figure 5.3.

Example 3. Now we consider the (5.3.1) with a = 1 and initial data

0 x <0,
u(z,0) =< 1 0<z<2,
0 T > 2.
The exact solution is
0 T <t
wz,t)=¢ 1  t<z<t+2
0 T >t+ 2.

We compare the exact solution and the numerical solution in Figure 5.3.
Example 4. In this example we consider the Burgers equation wu; + uu,

with initial data

1 r <0,
u(z,0) =
2 x> 0.

The exact solution is a rarefaction wave of the form

1 x <t,
u(z,t) =< z/t t<ax <2t
2 x > 2t.

=0,
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See the exact solution and numerical solution in Figure 5.3.

Example 5. Finally for Burgers equation with initial data

2 x <0,
u(z,0) =
1 x> 0.

The exact solution is a shock wave that propagates with speed 1.5. The form

of solution is
2 T < %t,

u(z,t) =
1 T > %t.
As shown in the Figure 5.3, the approximation for this nonlinear case has a
poor behavior, mainly due to the fact that we have used the non conservative
form of Burgers equation instead of conservative form, i.e., u;+ (“—;)x = 0. The
method is adequate for smooth solutions but will not, in general, converge to a
discontinuous weak solution of Burgers equation as the grid refined. To derive
the good results we need to use the conservative form of Burgers equation, and
semi discretization methods, i.e., use DG method in space and then solve an

ODE in time, for example, with Rung-Kutta method.
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