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STREAMLINE DIFFUSION METHODS FOR
FERMI AND FOKKER-PLANCK EQUATIONS

MOHAMMAD ASADZADEH

1991 Mathematics Subject Classification. Primary 65M15, 65M60.
Key words and phrases. Fermi equation, Fokker-Planck equation, particle beam, streamline diffusion,
discontinuous Galerkin.

ABSTRACT. We derive error estimates in certain weighted Ly-norms for the streamline diffu-
sion and discontinuous Galerkin finite element methods for steady state, energy dependent,
Fermi and Fokker-Planck equations in two space dimensions, giving error bounds of order
O(h¥+1/2), for the weighted current function J, as in the convection dominated convection-
diffusion problems, with J € H*+1(Q1) and h being the quasi-uniform mesh size in triangu-
lation of our three dimensional phase-space domain 2 = Iz % Iy X [, with z corresponding
to the velocity variable. Our studies, in this paper, contain a priori error estimates for Fermi
and Fokker-Planck equations with both piecewise continuous and piecewise discontinuous (in
= and zy-directions) trial functions. The analyses are based on stability estimates which
relay on an angular symmetry (not isotropy!) assumption. A continuation of this paper, the
a posteriori error estimates for Fermi and Fokker-Planck equations, is the subject of a future
work.

0. Introduction. This is the first part in a series of two papers on the streamline
diffusion finite element methods for degenerate type convection dominated convection-
diffusion problems arise, e.g., in asymptotic expansion of particle transport for narrowly
focussed pencil beams. In a pencil beam the mean direction change of beamn particles
is assumed to be small. This assumption, which is realistic for photon transport and
certain electron transport problems is referred to as forward-peakedness of the scattering.
Under certain assumptions, including strong forward-peakedness of the scattering, the
transport equation can be well approximated by the Fokker-Planck equation. Formally,
the equation is obtained by approximating the particle transport equation so that the
scattering kernel associated with the total cross section give rise, after an asymptotic
expansion, to a diffusion term with respect to the angular variable. The Fermi equation
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is obtained either as an asymptotic limit of the Fokker-Planck equation as gy, — 0 or as
an asymptotic limit of the transport (linear Boltzmann) equation as oy, — 0 and 0 — o0
(the mean scattering angle is assumed to be small, g = 1, and the large-angle scattering
is negligible). For details in derivations of Fermi and Fokker-Planck equations we refer to
{5] and [10]. For our model problem a complete derivation of Fermi and Fokker-Planck
equations in “Flatland” is given in [3].

There are some points of concern with these type of problems: The Fermi and Fokker-
Planck equations considered in this paper are degenerate in both convection and diffusion
terms in the sense that the intersection of differentiation variables in drift and diffusion
terms is empty, especially no complete drift, in all directions, is expected and the diffusion
term has a very small coefficient, i.e., oy. Furthermore, the Fermi case, corresponds to a
problem of describing a pencil beam of particles normally incident on a slab, 0 < ¢ < L,
with the particles entering at 2 single point, say at (z,y) = (0,0), in the direction of the
positive z—axis. This problem will have a boundary data in form of a § function which
is not suitable for the numerical considerations involving L,~norms, we have therefore
considered model problems with somewhat smoother data. We study the physically more
relevant case: estimations in L, norm, in a future work. Moreover, in spite of the as-
sumption of no back-scattering, i.e., the scattering angle —# /2 < 6 < /2, we still need to
restrict the range of 6, through focussing or filtering, and avoid small intervals in vicinity
of the endpoints £#/2 in order to get, after scalings, bounded domain for cur numerical
studies.

Fermi equation has closed form solutions for ¢, being constant or only a function of z.
Analytic solutions of the Fokker-Planck equation can be found in i) one dimensional case,
ii) linear drift and constant diffusion tensor case, 1ii) under detailed balance condition and
in some very special cases. However, in general it is difficult to obtain analytic solutions
for the Fokker-Planck equation especially in higher dimensional cases or if no separation
of variables is possible.

‘The subject of this paper is error estimates for the stationary (steady state), energy
dependent, two space dimensional Fermi and Fokker-Planck equations. In the present
setting we have transformed and scaled the variables so that the z-direction, the direction
of penetration of the beam, being perpendicular to the slab, may also be interpreted as
the direction of the time variable so that the methods in here will be adequate even for
the non-stationary case giving local in time estimates. To justify elimination of large-
angle scatterings one needs to consider only small z-values corresponding to first few
collisions. For large z-values the particles, undergoing several collisions, will have 2 large
mean direction change. Therefore when the time variable replaces z, the results are only
for small time values, this is relevant because the distribution gets almost immediately
steady state. After scaling, the present technique treats all the variables as components of
a multi-dimensional space variable. One could study other approaches, where no scaling
is used. '

In a forthcoming paper [2], we shall study a posteriori error estimates for these equations
and also present numerical implementations for a variety of combined spatial and angular
discretizations.

General theory of the Fokker-Planck equation, together with some solution techniques,
can be found in [12]. Our methods in this paper will extend the results in (1] for the
Vlasov-Poisson equation to a degenerate case. Here are some application areas for Fermi
and Fokker-Planck equations: Cosmic rays penetrating the atmosphere, icn beams used to
modify the properties of material, and electron or photon beams used for cancer therapy,
(see the references in [5]).
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Fokker-Planck equation is widely studied either in combination with Vlasov or other
transport type equations or in the form of the forward Kolmogorov equation, see Risken
[12]. In our knowledge, convergence rates and error analyses using the streamline diffusion
finite element methods for these degenerate type problems are not considered elsewhere.

The method of our discretization; the streamline-diffusion method (SD-method) is a
generalized form of the Galerkin method for the hyperbolic problems which gives good
stability and high accuracy. The SD-method, used for our purpose in this paper, is ob-
tained by modifying the test function through adding a multiple of the hyperbolic operator
involved in the equation. This gives a weighted least square control of the residual of the
finite element solution. See [1] and the references therein for further details in the SD-
methods.

An outline of this paper is as follows: In Section 1, we introduce the continuous model
problems and some notation. In Section 2, we give a priori error estimates for a discrete
Fermi equation with oy = o4 (z,y). In Section 3, we extend results of section 2 to the
corresponding two space dimensional Fokker-Planck equation. Section 4 is devoted to a
SD-method for both equations, where we treat discontinuities in the z-direction. Finally
in our concluding Section § we extend the results of Section 4 to a discontinuous Galerkin
finite element method with trial functions being discontinuous in both = and y directions.

1. The Continuous Model Problem. The two dimensional model problem for the
pencil beam transport (¢, = 0) can be formulated by the following integro-differential
equation:

(1.1) BV = /Sl os(p- )iz v u) — (2,0, m)]dy, 0<z<1,
12 bOww =5 ), w20,
(1'3) 1!’(1,1/, “) =0, < 0.

We use dimensionless spatial variables, scaled so that the slab width is 1. o, > 0 is the
differential cross section defined as

= 2n + 1

os(w) = ; 4 OanPalw),
with pn being the nth Legendre polynomial and o¢ = [, 0,(w)dw is the total cross
section. Here we have followed the conventional representation, otherwise the orthogonal
cosine polynomials would be the most natural bases functions for this model case, see [3].
For a neutron travelling with a given speed through a given medium the probability of a
collusion per unit path length is a constant and oy is this constant. The slab width in the
units of mean free paths is o; ', see Davison [7} for details. Further, V = (8/9z,8/8y)
and

(1.4) S'={peR: |y =1} p= (1, p2) = (cosf,sinf), 0<8<2n.

The Fokker-Planck approximation to this transport problem, which is also given in {3],
[4], (5], (10] and [12], can be formulated in the following way:

For 0 < z < 1and -0 < y < o0, find 7P = ¢FP(z,y,0) such that

(1.5) b VYFF = oy, 6 € (-m/2,7/2),
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(1.6) WFP(0,y,0) = %a(y)m ~cos6), eS8,
(1.7) ¥*P(L,y,6)=0, €S,

where 0y = 0,9 — 0,1 i the transport cross section, S} = {u € S* : p; > 0} and
St =851\ Sy !

Based on phy%ic.al properties of the pencil beams, in the time dependent case the distri-
bution gets “almost immediately” steady state, this motivates our study of the stationary
problems in this paper, extension of the techniques presented in here to the non-stationary
case, as stated in the introduction, is straightforward.

We introduce the current

(1.8) 7 = (cos8) ¢pFP.
Using the scaling substitution z =tan#, 8 € (—m/2,7/2), and the obvious relation

3*®

(1.9) e =+2)F ((1+ )‘;‘i’),

we gat. the Fokker-Planck equation for the current j:
. o 2 (11 2@ -
(1.10) _7¢+z_7,,==a"(1+z)—a—z~ \l+z)b; V1422351,

where we have used ¢ F = /T + 22 j. Now we consider the identification

/ / i(2.9,9) dydd = / / i(z, v, tan1 z) agy:o;
- / / i, i’f’:; dydz = / / J(z,y, 2) dydz,

j{z,y,tan"12)
14 22 :

and define the function J as
(1.11) Jz,y,2) =
Then (1.10) is equivalent to write

(1.12) L+ 20y = ot ((1 + z’)-—[(l + z’)“‘/’J])

In this paper we consider the general case of 6, = 04.(z,y), (actually o, = o4, [E(z, v)]
is indicating the energy dependent character of the problem), and study the following model
problem for two dimensional Fermi and Fokker-Planck equations on a bounded polygonal
phase-space domain £ C R® with the homogeneous “inflow” boundary conditions and the
data f € Ly(fp), with o = QN {z = 0};

oJ aJ
(113) 5; <+ 15!; =¢€A J, €= T,

aJ aJ
(1.14) '5;(0,3/,+Zo) = '5;(0, ¥, -2)=0, y€[~yo v}
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(1.15) J(0,%0,2) =0, z2<0,
(1.16) J{0, —y0,2) =0, z>0,
(117) J(O’ Y, Z) = f(ya 2)1 (yv Z) € [—'yO: yO] X [—ZO; 20]1

where we assumed “cut-offs” in y and @ directions as, —yp < y < yo and —-7/2 < -8; <
8 < 61 < m/2 corresponding to bounded positive yo and zo values, respectively. Observe
that in our model problem we have replaced the incident boundary condition, i.e., the
product of two & functions; d(y)6((V'1 + 22 ~ 1)/(v/1 + 22)) by a smoother function f. For
the Fermi equation, due to defining stretch variables asymptotic expansion will lead to;

(see [4)),

8%J
(1.18) AT =55,
while for the Fokker-Planck equation
5] i
(1.19) AJ = > [a(z)g(b(z).f)] ,

with a(2) = (1 + 22) and b(z) = (1 + 2)%/2.

Here are some frequently used notation: Throughout the paper C will denote a general
constant not necessarily the same at each occurrence, mostly depending on the size of the
domain 2 and independent of the parameters h, €, § and x, unless otherwise specifically
specified. We denote by (-,-) and || - || the usual La-inner product and Ly—norm, respec-
tively, H®, for s positive integer, is the usual Sobolev space with the norm || - ||, and the
seminorm |- |,, with the maximal available derivatives:

1/2
v}, = ( fn [(B2v)® + (B)v)* + (B2v)7] dx> )
Moreover
<v,w> =/uw(n.ﬁ)ds,
T

<v,w>4 =/ vw(n - 2)ds,
T+

<v,w>. =/P_vw(n-[3)ds,

1/2
jolp = ( / vzln-ﬂ!ds) :
1/2
v = vids R
I Ir:kxo (-/P*.o )

Tizo={x=(2,9,2) €T =0Q:2=~2Vz=12}
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Vo ={ve HY{(Q) vk € P.(K), VK €Cp},
I"={xel'=8Q:n(x)-8 < 0},

where I' = 8Q is the boundary of the domain 2, n(x) is the cutward unit normal to I’
at the phase-space point x = (z,y,2) € I, 8 = (1,2,0) in our cases, and T* = "'\ T'".
Further Cj, = {K} is a family of quasiuniform triangulation of Q = I x I, x I, satisfying
the minimal angle condition with h = diam(K') as the mesh parameter and P.(K) is the
set-of all polynomials in-z, y and z of degree at most r on K. Finally H§(Q) and V}? will
denote the subsets of H* and Vj, vanishing 0oa T’ Let vg = 8- Vv with Vi 1= (3&;, 3%, % ,
we will frequently use the Green’s formula

1
(1.20) (vg.v) = 3 <vv>,

which is a consequence of the divergence theorem [, div(¥)dx = f (¥ - n)ds, applied to
¥ = (vw,0,0) and ¥ = (0, z2vw,0) i.e.

/a,-(gg-w—!-v‘—?y—) dx=/vwnids, i=21,2,
n \6:5.- BI.' I

where (z1, 2} = (z,¥), (a1,az2) = (1,z) and n; are components of the outward unit normal
n. Adding the above formula for i = 1 and 2 and letting w = v we obtain (1.20). Finally
we shall need the following Angular Balance Cendition :

@ (Erh )| = (Zw)

This in a symmetry condition which is natural, e.g., in the case of a radially symmetric
and compactly supported, positive, source term having, for each z € I, a fixed value C,
on each circle C,(z,0,0) C I, x I'; x {z} with centre at the point (z,0,0) and radius r.
Observe that the source term is unisotrepic, however, the distribution of the intesity of
the beam is symmetric akout the z-axis and, of course, decreases as the scattering angle
bifurcation of the beam from the z-axis and the value of z increase. By #} (Q), s positive
integer, we mean the set of all functions v € H*(2) satisfying the boundary conditions
{1.14)-(1.15) of J, for all £ values (not only for z =0} and the angular balance condition
(1.21).

2. Discrete Fermi equation. For oy, constant or ¢; = o4 (z) one can obtain closed
form analytic solutions for the Fermi equation. The idea is to use scaling in order to
have both y and the angular variable vary over the entire real line and then take Fourier
transforms with respect to y and z, (see [4] for the exact solution and the corresponding
variable scalings in three dimensions). Below we use a variational formulation, with the
test functions consisting of the sum of a trial function v € V} and an extra streaming
term: xvg, where £ is a small coefficient, i.e., we use test functions different from the trial
functions, therefore we are dealing with a kind of “Petrov-Galerkin” method. We prove
a stability Lemma for the continuous problem in general two dimensional case, i.e., with
o¢r = 0ir (2, y), using also the corresponding discrete variational formulation we derive our
first a priori error estimate. Now we write the equation (1.13) as

B=—2g

(2.1) Jp—edpy =
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Equation (2.1) combined with the boundary condition (1.17) gives rise to the variational
formulation

(2.2) (Jp, v+ Kvg) = (EJas, v+ KVB)~ < v >_=-< fiu>_, Vve H(Q)
where we shall choose x 2 Cming hx/|8| with hx being the local mesh size in the
triangulation Cp, and € is sufficiently small (see proof of Lemma 2.1 below.) Introducing
the bilinear form

(2.3) B(w, v) = (wg, v + kvg) — (W2, v + KUg)~ < w,u >_,

and the linear form

(2.4) Liv)=—< fv>_,

we may write (2.2) as

(2-5) B(J,v)=L{v), VYveH(Q).

Stability Lemma 2.1. There is a constant C = C(Q) such that
2, 1 2
e 2uell” + glol® + I 2ull” < C@IflG,, W0 € 1, ().
Proof. We have using Green’s formula (1.20) and the condition (1.21), that

2 1
(2.6) B(v,v) = [|s"2vg|” + Z<vnv> ~(eVazy v+ KUg)— < v, U >_
2 1 2
= || 2ug] +§|v[2+ e/ va]|” = (mevzs, vp),

where we use the notation |v| = |v|;, see Section 1. Observe that, in the assertion of
Lemma, we require a low regularity on v, i.e., v € H(Q), while the equation in (2.6)
contains v,,. Therefore, (2.6) should be interpreted as a weak formulation where an
integration by parts is performed for the terms involving v,.. This works for the worst
term: (v,,,vg), because 3 has zero z—component. We assume v € H 1(Q2), mainly because
of the numerical considerations we want to have as general continuous variational test
function v as possible. Now since £ = oy, is independent of the scaled angular variable
z = tan @, we may use the inverse estimate to obtain

1 2 1__ - 2
(2.7) |(revzs, vg)| < EHE‘/’vzll +56~02h s gl

where £ = maxe < ming hg|0| and & = maxgec, 5 < C’-’I‘ﬁ-. Thus our bilinear form will
satisfy

2 1 1 2 1__ - 2
(2.8) B(v,v) > ||s'us|l” + 5!v|2 + §IIE”2szI - 5“02’1 2||s1 g

1
= Ll 4+ 2ol + (1 — 2ERCHRD)|M g
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1 2 2
2 = (e 2uall” + ol + 15 20g1") ,

the last inequality is a consequence of the fact that € is assumed to be sufficiently small,
so that _
xC?h? < eSMK or 1 <oct<n
18 h%

This together with
1
L) == < fv>-== [_folm-F)ds < £+ 30l
-

completes the proof. ]

Remark 2.1. Lemma 2.1 is a somewhat “weak stability” result. Here are some features
of problem (2.1): (i) The lack of pure current term for the beam problem, i.e., no absorption
on the left hand side of the equation, will lead to stability inequalities with no explicit
Lz—norm control. Besides, the semi-norms, (Ly—norms of partial derivatives), appear
with small coefficients of order &(¢1/?) and O(x1/?), i.e., of order O(v/h). Usually, the
Poincare-Friedricks inequality:

(2.9) loll < C@)lvly, Vv e H3(Q)

is used to include L,-norms on the left hand side of such stability results as Lemma 2.1.
However, our test functions are not vanishing on the whole boundary of Q (they are not
in the space H}(f2)). Below, in Lemma 2.2, we shall assume that the test functions are in
1, (Q), and prove a similar result as (2.9) with these new boundary conditions (see defi-
nition of # () at the end of section 1). Combining Lemmas 2.1 and 2.2, the coefficients
€ and x will appear in the Lp-norm estimates as well. Therefore, in implementations, one
should expect an actual rate of convergence of order O(h*), i.e., a reduced rate of order
h1/2, compared to the theory. This is in the nature of the problem and cannot be avoided.

The stability estimates for the pencil beam problems gain an obvious advantage of the
fact that the source term is an incoming flow from only a part of the inflow boundary
and although the stability constant, in Lemma 2.1, depends on the size of the domain
£ (this  dependence appears in definition of x and since £ is bounded, in some of our
estimates throughout the paper, the stability constant is replaced by 1), the stability norm
on the right hand side will, inevitably, be only over a part of the boundary: Here, over
Qo := QN {z = 0}. This gives a more desirable result, when £ is not very large and also
provided that f has the required regularity. We could use the trace inequality:

[vlr £ C@)lIvlhy,

and obtain an estimate involving H® norm of v on the right hand side. However, again
because of the lack of absorption in the equation, the H! norm of v can not be hidden
in the seminorms on the left hand side and therefore the result remains less sharp in this
case. In Lemma 4.2, below, we demonstrate another way of including improved Lq-norm
control in stability estimates using somewhat more involved norms. See also Remark 4.1.
]

Lemma 2.2. There is a constant C = C(w, ) such that

[ivll € Clw, Q)vly, Vv e HY(Q), vl =0,
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where w =TZ U I"f_:o, with
I3 ={x=(s,9,2)€T:y=y0 and 2z<0},
rf—:o={X=(I,yaZ)€F=y=—yo and z>0}.

We may replace w by any subset of 9§ with a positive Lebesgue measure.

Proof. Suppose that the assertion of the Lemma is false. Then, there is a sequence of
functions {v,} converging to v such that

[valy 0, asn—oco,  while |lvf =1.

Thus, {v,} is bounded in H? and hence there is a subsequence of {v,,} called, for simplicity,
again {v,} such that

v, = v in H? and v, = v in Ly,
where “—” denotes weak convergence. Hence, we have using the lower semicontinuity
[v], < lim inf |v,], =0.
n-—+oo
Therefore, v is constant and since v|, = 0, thus, v = 0. This is in contradiction with

llvll = 1 and the proof is complete. 0O

Now recall that our continuous variational problem is: Find J € H*(f2), s integer, s > 1,
such that

(2.10) B(Jv)=-<fiu>_, VweHY(Q).

A more desirable situation is to use the same interpretation as in the proof of Lemma 2.1
and consider J € H!(Q). This is mainly because in this case both J and the continuous
variational test functions will be in the same function space. However, dealing with con-
vergence rates, we need higher regularity assumptions on J and therefore we shall consider
Je H' (D), s> 1.

The corresponding discrete variational formulation reads as: Find J* € V}, such that

(2.11) B(Jhv)==< fiu>_, WweW,
B(J*,v) = (Jh, v+ kup) = O _(eJh, v+ mvg)x— < J* v >_,
K

where (-, -)g is the Ly-product over K. We get from (2.10) and (2.11) that
(2.12) Ble,v) =0, Vv € Wy,

where e = J—J" is the error. We shall also need the following interpplation error estimates,
see Ciarlet (6]: Let J € H™*1(f)) then there exists an interpolant J* € V} such that

(2.13) I = | < CA™ 1], 4y
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(2.14) I = Ty, < CA 40
(2.15) |J = J*| < ChT 2T, 4

Now our main result in this section is:

Theorem 2.1. There is a constant C = C(Q) such that for J and J* satisfying in (2.10)
and (2.11), respectively, and J, = JP = 0 on [y,,, we have

(2.16) 17 = Mg < CEOAHZ], 1,
where

1 2 2\ /2
(217) ollg = 5 (20l + ol + 1xt/2001")

Proof. Let J* € Vj, be an interpolant of J satisfying (2.13)-(2.15). We write p* = J - J*
and e® = J* — Jh. Using the bilinear form B(v,v) with v = e = .J — J*, the relation
B(e,e”) = 0 (since e* € Vj), our assumption: J; = J* = (, on T'y,, and (2.8), we have
that

llellg <B(e,e) = Ble,7*) ~ Ble,e*) = B(e,n")

=(ep,n") + (reg,nh) + (es, k) = (ces,n*) s, = D (reess, M)k~ < €,n* >_
K

1 7 2 1 2 2 1 2
<zllegll® + 2lin™ | +ZIIN"’eaH + wlingll +-8-Itel/"‘ezll
- 2 1 2 YN 2 1 2
+ 2elin}” + Zle* el -+ 2R K 2B + Zlel + It

Where, in (-,+)[;22, , the integration is over z,y-variables and vanishes because of our

assumption. We now use (2.13)-(2.15), K <. Ch, & < h and a standard kick-back argument
and obtain the desired result. 0

3. The Fokker-Planck equation. Recall the scaled Fokker-Planck equation in two
space dimensions

(3.1) Jg—eAJ =0,

where A is as in (1.19), Jg = 8- VxJ, with 8 = (1, 2,0) and x = (=, y, 2) is the phase-space
variable. Further, I’ denotes the inflow boundary defined in Section 1 so that

- rad z"
r =FoUF_wUPw,
Foz{x=(x,y,z)€r3250},

with 1"‘_:,0 and I";o_ , defined as in Lemma 2.2. For this problem we define a modified

variational formulation as: Find J € H1(Q) such that

(3.2) (Jp,b‘v + m)p) —(eAJ,bv+ K.‘Up)— < Lbv>_ + < JieAz)v STy, =
=—< filu>_+<f, EA(ZQ)'U g JU
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where b = b(z) = (1 + 2%)%/2, A(z) = 6z9(1 + 2¢)* and the terms of the form (J,,v)
and (J:z,vg) are considered after performing an integration by parts with respect to z
variable as in the case for v € H}(Q) in the proof of Lemma 2.1. The term involving
the parameter A(zg) is for cancelling a negative ['x,, boundary term in the proof of the
stability inequality, i.e., Lemma 3.1 below. We now introduce the corresponding bilinear
form

(3.3) B(w,v) = (wg,bv + svg) — (EAw,bv + kvg)— < w,bv >_ + < w,eA(z)v >ry, -
Thus, by (3.2)
(3.4) B(J,v) = L(v}, vv e HY(Q)

where
L{v)=— < f,bu>_ + < f,eA{z)v >ry,, -

Lemma 3.1. There is a constant C = C(Q) such that
B(v,v) 2 C@)lvlla, Ve HL(Q)

where

1 2 2 a 2 1
ol = 5 (18 Ao/l + 1200l 4 [ 12 e o))

. 1/2
lv], = (/ v*bin - 8| ds)
T

Proof. We use (3.3) with the same interpretation of the terms having higher derivatives
on v as in the proof of Lemma 2.1 and write

B(v,v) =(ug, bv) + [I5"2us||" = (v, bv) — (e Av, Kvg)—

6
— <v,bu>_ + < v,eA(zo)v >ry, = T

=1

Below, we estimate each T; separately. By a Green’s formula approach, since 8 = (1, z,0),
and b = b(z) = (1 + 22)*/2 is independent of = and y-variables, we have that

(ug, bv) = / bo?(n- B) ds — (vg, bv) =< v, bu > (v, bu).
T
Thus,
1
(3.5) Ty = (vg, bv) = 3< v,bu > .

Further, since £ = oy, (z, y) does not depend on z we use partial integration and write

E] 2=x9

(eAv,bv) = - <Ea(z)%(bv), 5;(1)0)) + '/;.xf,, [sa(z)%(bu)(bv)} =n + h.

I==3x9
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Here, v € M}, (we could assume, instead, that we have v;(-z0) = v.(20) = 0) and
consequently since a and b are even and b’ is an odd function of z we get

1 Vo
I= G(Zo)b;(lo)b(zo)/ dx/ e(z, v)[v*(z, y, 20) + v*(z,y, ~20)] dy
0 ~¥o
2
=3z0(1+ z§)3|61/2v|r*m .

Hence
3.6 Ty = —(cAv.bv) = | 1€/22 (bo)] a() dx — 14 12,2
(3.6) s = —(eav,b) = [ €25 ()] az)dx = 3AGoeV M,

Finally, using the inverse inequality and interpreting the (-,-) as a sum of integrals over
the elements

(e Av, xug)| < ( / |eAv|2) v ( / xm-,,ﬁ) 7 (h"’ / ]ea(:)a%(bv)lz)m lIxvs]

1 a z £ _o. 2
< 3 [ 1675 Gl ole) + A~ Ramadls 205l
where @y = maxa(z) = 1 + z2. Thus,
1 12 8 z £, _2 172, 12
Ty = —(eAv, kvg) > —-/ [€/2-2-(bv)] a(z) dx = =A™ Ramaxl|s ' 2ugll .
2 /g dz 2
Moreover

1 : 1 1 1
T +Ts = 3 <vbu>-<vybu>_= 3 < v, bv >, -&-—2— <v,bv>_. —<v,bu>_= EMZ’

and -1, + T = %Ts. Hence, summing up we get
1 E. o 2z 1 2 1 8 2
B(v,v) 2 5lvly+ (1= 5A 7 Raman) I/ gl + 5 Alz0)le "l +3 [1 let/?=—(bu)] a(z).

Now assuming éh~?Ramax < 1, i.e., for Cih < Rk < C;.:_.. and & < h, we have the desired
stability estimate. 0O

We recall that, the presence of the constant C(Q2) in Lemma 3.1 is to emphasize the
! dependence in the definition of the parameter x. We define the trial function space
Vi c ML, as

Vi = {v € V} : v satisfies the angular balance condition (1.21)}.

The finite element formulation of our variational problem, this time, would be: Find
J* € V¥ such that with B defined as in (3.3),

(3.7 B(J*v) = - < f,bu>_ + < feA(z0)v >ry,,,  VWEVP

Subtracting (3.7) from its continuous counterpart (3.4) we get the equation for the error
e=J-Jh
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(3.8) B(e,v) =0, Yv € V7o

Our convergence theorem is as follows:

Theorem 3.1. There is a constant C = C(§2) such that for J € HII! satisfying (1.13)-
(1.15) and solving (3.1) and J* € V;® solving (3.7), we have

I = I*, 5 < COOR 2|,y

Proof. Let J" be an interpolant of J satisfying (1.21) and (2.13)-(2.15), (i.e., in particular,

Jhe V,7®), where the Fermi solution is replaced by the Fol_cker-Planck solution. We write

as in the previous section n* = J — J* and e* = J* — J*. Using (1.14) we have that
z=29 =0

el;22,, =0, thus, [, <I, z;‘a(z)b—(be)(bn")[z= = 3 < e,eA(20)7" >r,,, - Hence, using
Lemma 3.1,

(3.9)
llells 5 < B(e,€) = B(e,n") ~ B(e,e*) = Ble,n*)

8 8 1
= (eg, bn") + (nep,nfs‘) + (ea(z)éz(be), -é-z-(bn")) -3 < e,eA(zo)n* b
— (kede, )~ < e, by >_ + < e,eA(z0)n” >ry,, -

Thus, by a similar argument as in the proof of Theorem 2.1, using the inverse estimate
and combining some of the terms we have

1 2 = 2 1 2 _ 2
lellz.5 < glin*2eqll” + 25 M lbm*” + glis* esll” + 2&{ln ]
1 129 : -/ KA : 1 /2,2
+3 [ 00l a0+ 22 [ 15 0n)] o) + Al el
1 a2 2.2, 2 1 2
+ =n"" + 2k 2~26/ g a(z) + ~lel2 + 7™y,
4 o 4
where k = ming, x. Hiding the e terms from the right hand side in |]e||: 5 we get

el o < C@) x [~ I + Rl + el + ellal* +en=2R bl + 1o}

where C(Q) = C max(bq,bb'a). Thus, for Ch < s < —“ and € < h and using the
interpolation errors (2.13)-(2.15), we get the desired error estimate. a

Recall that the crucial step in this argument is that we have considered the problem in
a bounded domain especially in the 2-direction. In the remaining Sections: 4 and 5, some
analyses similar to those in [1] are not carried out in full details. Interested reader is asked
to see Sections 3 and 4 in [1).

4. Streamline diffusion with discontinuity in x. In order to study the distribution
of the particle beams in a certain depth, e.g., £ = z4, a reasonable initial guess would
be obtained using the information in some previous distinct depths z = z;, 1 = 1,...,n
with z; < z;,1. One may assume having various filters instalated in different depths in
order to control or adjust the beam intensity. This corresponds considering discontinuities
in z-direction. {Observe that, to deal with the diffusion term —eJ,;, the trial functions
should be continuous in the z-variable). In this section we consider a method where the
trial functions are continuous in y and z-directions and discontinuous in the z-direction,
based on a “triangulation” of each phase-space slab, with quasiuniform triangular bases
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in yz and heights h, = z,4., — z,, being equal to the corresponding slab’s width. We
let also the maximum of the sides of the triangular bases of the elements in yz in all slab
levels to be A ~ maxy, h,. To define such a method let 0 = 20 < 21 < ... < sy = L,
be a quasiuniform subdivision of the interval [0, L], (scaling in x—variable, we may choose
L =1), and introduce the strips

So=IxIyxI;, n=12,.,N,

IE={z:zp,1<z<zn}, n=12,.,N.
For each n, let W™ be a finite element subspace of H!(S,) based on the triangulation
Cy, of the strip S, with the elements of size b > ¢. (Because of the relation between the
parameters h and n, in this Section, we only include the index h in the discrete function

spaces and hence in our discrete functions.) Let 73 be a triangulation of I, x I, with
elements 7 € Ty, and define

N
Wh = {u € HY, : uly € Pe(r) x Pe(IZ);VK =7 x IZ € Cn}, here, H} =[] #i (Sn).

n=1

If we now apply the streamline diffusion method successively on each strip S,, for the Fermi
problem given by (1.14)-(1.18) and impose the boundary conditions at the points & = z,,_,
weakly, we obtain the following method: Find J" € Wy, such that forn=1,2,..., N,

(vt wgdt (TP unn = [ eZ[IZY, = (el va)a

axly

F<Ih vy =< IR ve >po=< Ih o >al, YWEW,,

where the term with J? is again interpreted after that a partial integration on z is per-
formed and where we have used the following notation:

0 —_ F
=1
(v, wln = vw,
S’l
Vo X0
<v,wW >, =/ / v(xn)yyz)w(xnvy)z)7
=%¥0 v —Zp
<YW >p= =< YV, W >r~ngs,,

v:l:(zy y,Z) = uﬁ%li u(:c +39 Z),

[l=vs —v-.

The suitable continuous bilinear form for this methed is:

(4.1)
N .
B(J,v) = }: (Jg, v + Kg)n + (€T3, Ve)n — /1 . eJv;o2,, — (eKJTez, V)
n=1 axIy
N N-1
- Z < Jy,v4 >ro + E < [JJ,‘U+ >n + < J4,v4 o,
n=1 n=1

with the discrete counterpart, where all J’s are replaced by J*. The corresponding linear
form is:
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L(v) =< f,v; >o=‘/1: fvds.

Thus, we have

(4.2) B(J,v) = L(v), Vv € Wh.
‘We shall use a stability estimate for (4.1) in a norm ||| - || defined by
1, 2 2 = 2 2 172, 2
ol = Sllvly + lolo + }:1 Iflln + lls*2ugll” + Nl uall” + 121 20lp,, 1,
where

L z0 1/2
[tln = v(@a+) ~ v(za=), and xwlrﬂ.,=(/° /[ [w2<—yo)+w2(yo)1) ,

with w(Zyo) =: w(z, +yo, 2), we use similar convention for the other variables.
Lemma 4.1. We have that

B(v,v) 2 [}, VveH,.
Proof. We use the definition of B in (4.1) and write
2 2
(4.3) B(v,v) = & ug|" + |le*?0,11" — (emvss, vg) = < v, v4 >r-

N N-1
+ 3 (g v)at D <[] vs >n + <vsv4 >0,
n=1 n=1

where we have used the angular balance condition (1.21) which leads, after summation, to
the elimination of the third term in the first sum in (4.1). Integrating by parts we have

1 - 1
(eva=g <0053 =5 [ [Hen)m-f) - vt )0
2 Tt 2 I,xI,
and since, forz =z, (n-f3) =1 while forz = 1':-17 (n-p) = -1, we get
1
(etl=3 [ 1)+l
I, %I

Thus, rearranging the terms we may write the last three terms in (4.3) as

N N-1
(4.4) Z(Uﬂ,v)n + E < [v),v4 >n + < v4, 04 Do
n=1 n=1
N 1 (N \ \
= Sy 0)n + 5 3 Ml + Il + 102 )
n=1 n=1

Further, using the equalities:
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o=y [ [ st%00) = ool

T 0 29
< Uy, Uy >1“;=/ dz (/ 292 (yo) dz +/ —202 (—yo) dz) ,
o

L2 T —Zo

it is easy to check that

(4.5) (zvy, ¥)n— < V4,4 >r=

1 [%n G 1 Ta 2o
= —‘5/ / 203 (o) + 5/ / 2v3 (~10)
Tp-1 V29 Tp-1 JO

B %/z,"_“ /_l_':o |zi[v} (vo) + vi(_yo)]_

To estimate the term involving v,, we use the same inverse estimate technique as in the
previous sections to obtain

N
1 2 1__ - 2
(4.6) > (mevz2,vg)n < 5”51/21;,1[ + 55&02}; 2kt /25",

n=1

Now (4.3)-(4.6) together with the fact that the parameters are chosen so that £8C2h~2 < 1,
will give us the desired result. O

Theorem 4.1. There is a constant C = C(Q) independent of the mesh size h and the
parameter € such that for € < h and with k and K satisfying the stability condition of Lemma
2.1, we have the following error estimate valid for the solution of the Fermi equation:

T = I < CR+12)L7Y) ;-

Proof. The proof is similar to that of Theorem 2.1. Here, we need to control some
additional jump and boundary terms. Let J* € W), be an interpolant of the exact solution

J so that .E‘Ii = Jely,and np=J - Jb. The error term can be written as
20

e=J-JP=(J-JN-(JF-T")=n-¢.
Now since £ € Wy, B(e,£) = 0. Thus, we have using Lemma 4.1, that

(a.7)
llEh® < B(£,€) = B(n—e,€) = B(n,€)

N
= Z (flﬂa £+ K&ﬁ)n + (Eﬂzafx)n - / 57]:6 ::?‘o - (557]::7 éﬁ)n

n=1 axly
N-1
~ <N4, &4 >r- z <hés >n+ <14, 64 >0
n=1

Integrating by parts we have

(4'8) (’7[5, E)n = "(771 Eﬁ)n‘l' < ’7—:6— >p — < 77+1E+ >p-1+ < 777& >I";UF:' .
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Inserting (4.8) in (4.7) we get

(4.9) B('ﬂa £ = —{(m fﬂ) + ("nﬁ:fﬂ) + (Enzsfz) - (5"7]:;,&6)
N-1
+ <N b >N = ) <o [6] >+ <0, >y
n=l

where, I'f. =T+ \ {(z,9,2) € I': £ = L}, is the outflow boundary except the top surface
for z = L. Thus using the same technique as in the proof of Lemma 4.1,

N
1 - 2, - 2, o 12, ea2p—
[B(m, &) < <lel* + [.'s Yinll* + &llngll® + &lln|* + €8%A 2|lfl:|I2+X:lfl—|,2.+|7llf~;_rc

n=1
Now by standard interpolation theory we have (see Ciarlet [5}, p. 123),

1/2

N
[hml%z‘ +[lnll* + B linsl® + ¥l + 2 Y In-l7| < CRMH gy
n=1
Thus
(4.10) Wel? < Cr?*+1,

and since [[7{|}, the interpolation error, is of the same order as [[|¢]|, we have the desired
result.

Remark 4.1. Once again, we emphasize that even in this Section, as in Section 2, the
stability Lemma 4.1 will not, explicitly, give a control of the Ly-norm. We could again use
a version of the Poincare-Friedricks inequality as in Lemma 2.2 and obtain an estimate
for the Lp-norm with the same coefficients as for the semi-norms involved in the weighted
stability norm, i.e., we could add a Ly-norm with a coefficient of order O(v/A) to the Jj - ||
norm in Lemma 4.1. However, a better approach would be through Lemma 4.2 below,
{see also Lemma 3.2 in [1]), in a situation where jump discontinuities are introduced and
included in the stability norm Jj|-f}|. This approach improves the Le-norm estimate regaining
the factor h1/2. Therefore, in all of the norms ||| - ||, in here and in the following Section,

we can insert the Ly-norm of the function without any small coefficients of order O(v/h).
O

Lemma 4.2. For any constant Cy > 0, we have for v € H!

207
”"“2 < =1 v ||2+ _;_N ) !2 +[2:1/2v|2 heC1P
- 01 4 f “in Tkyg N
n=

Proof. For z, < £ < z,41, we have using Green’s formula and a relation of the type
(4.5), that

Tl d
0@y = 0= = [ Sty

z

Tl 1
= lv—|,2;+1 —2/ [(‘U: +ZUU,U)Q-— < Uy, V4 >I‘,- —5/ zvzln.ﬁl]
E4
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1 T+l 2
2 2
Shooltgloali G [ (o), ds + 12200y,
Ed

where, for simplicity, we have used the notation Q, := I, x I, x {z}, T := 0, similar,

7 :=0Q7 and |- Ir; is defined as |- | 47 With the z-integration over I. = [zp, 2p41]
o

Thus, Gronwall’s inequality for z, < £ < Tp4+1 yields

1 2

2 2 2

(411) @R, < [l + oo Bps + 122007y cOon

Integrating over z, < £ < Tn41 and summing over n = 0,1,..., N — 1, we obtain the
desired result. 0

The Streamline Diffusion method for the Fokker-Planck equation is defined in an ana-
logue way: Find J* € W, such that

(4.12)
N
B(J*,v) =3 [(Jh,bu+ rvg)n — (eATH, by + vg)a] ~ < T4, buy >r-
n=1
N-1
+ z < [IM by >n + < TP eb(zo)v >ry, +< Jh buy >
n=1

=< f,buy >q+ < fieA(z)v >ry,. Vv € Wh,

where, I'} ;| == T'4,,|; . We introduce the norm
1 2 i} 3 2 2
Hllg =3 1x"2vsll” + li(ea)!/*5=(@o)ll + 6120l + 61/ 2ufq

N-1
2 3 2 1/2 2
+ 2 16Y/2[e]l, + Alzo)le 2l + =l ?vlr,, 1
n=
Then, our stability Lemma is:

Lemma 4.3. There is a constant C = C(Q) such that for v € Wy we have
B(v,v) 2 Cllvll3-

The convergence theorem is now:

Theorem 4.2. Let J and J* be the solutions of the continuous and discrete Fokker-Planck
equations satisfying (5.4) and (4.12), respectively, further assume that J and J* satisfy
the boundary conditions (1.18)-(1.15) and the angular balance condition (1.21), then there
is & constant C = C(Q) such that for sufficiently small h and for J € H**1(Q) we have

1T = T*ls < CER*3| Ty -
The proofs of Lemma 4.3 and Theorem 4.2 are lenghty, however, straightforward com-

binations of the proofs in here and the previous Section. We omit these tedious details.

5. Discontinuous Galerkin. Now we assume trial functions with discontinuities in
both z and y-directions (we cannot impose this condition in z-direction, because of the
presence of 82, in the operator A). We let C;, be a family of quasiuniform triangulation of
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Q and Vz € I, let 77 := Co N {z}. Then 77 is a family of quasiuniform triangulation of
I x Iy x {z} and we may define for 7 € 7,7,

0r+(B) = {(z,y) € 07 : n(z,y)- f' 2 0},
Wi = {v € Lo(2) : vx € Py(K), VK € Cy},
th = {‘U € LZ(QI) : Ul‘r € Pk(T)v Vr e 7?},

where # = (1,2). Now, consider the quasiuniform gridpoints z;,i == 1,...,m in the
z-direction, with m chosen so that the three dimensional triangulation Cj remains qua-
siuniform with the size h. Then supressing the superscript z of 77 and interpreting 7,
as triangulations in the z-direction, the discontinuous (in z, y) Galerkin finite element
method for Fermi equation can now be formulated as follows: Find J® € W, such that .
TH =y, EWRH,i=1,...m, and

(.1) (8,0 + rvg) + (€%, v;) = / (P2 = (ke 2, up)
T€Th T
+ Z / [(IMusln-8l =0, Yve W,
io7 Jor_(B)xL.
here, (-,-) = ZKEC,.( K, [Jh] - J? and

Ao 1 h - 1 h
Jd:—,l_x'réliJ ({z,y,2) + sB) agréli.f (z+ s,y + s2,2).

Recall that since 8 = (1, 2, 0) is divergent free, n - 8 is continuous across the inter-element
boundaries of 7, and thus dr4(8) is well defined. Problem (5.1) can be formulated as

(5-2)
B ) = (hyo-+ wog) + (eI 0s) = & [ (TP)[IE, - (et vp)
T€Th 7
-+ E / [J"]v+|n ﬂH‘ < J_’;, vy >o=< f, vy >o, Yv € Wh,
reT. Jor-(6)'xI.

where 97_(8)' = 87_(8) \ Q. Our stability Lemma for this problem is:
Lemma 5.1. We have for B as in (5.2) and x and € as in the proof of Lemma 2.1,

B(v,v) 2 [Ivll*, Vv e W) NHL(Q),

where

lloll? = SIK™2us® + /2] + 3 / oin-g+ [ _ in- Al

re7. Jor-(8y xI L, %I

Proof. The proof is similar to that of Lemma 4.1 and is a consequence of the inequality
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> [(vp,v),xf, o [v]v+ln-ﬂ|] +Iof?

reTh
1
2312 oltn -1+ | ’In-ﬂl],
reTy v 8- (A %1 T, xIx
‘We omit the details. O
Our next convergence result is:
Theorem 5.1. Let J and J* be as in Theorem 4.1, then for ||| - | defined as in Lemma

5.1, we have the following error estimate for the problem (5.1),

1T = J* < CE@R*Y2|| Tl

Proof. We use the same notation as in the proof of Theorem 4.1 and with B given by
(5.2), to write
ligl? < B(&,§) = B(n,¢),

where using the same technique as in the proof of Theorem 4.1 we finally need to control

a term of the form
r=% [ (€lsln- 4.
reT, Jor-(8Y X1

Using Cauchy’s inequality we have for A > 0, that

iri < € 2/ gin-p+r Y [ Ine 2l B1.
8r_(8) xIx

A [ Jer-rxr reTh

Here, the first sum can be hidden in ||€[||? and we estimate the last one as

J e Pl 1 < il / g+ [ ds
ar_(By x1, or_(BY X1, or_(8) X1,
< Cllnl o0 [CH M 1B, + 22007

summing over 7 and using the interpolation error

Illoe = 17 = Tlle € CR** 111,000
thus 1
IT] < SHEN? + OR300  [COR™ + B,
and hence 1
IT] < CR#+1 + Zllell?,
and the proof is complete 0

The analogue of this method is valid for the Fokker-Planck equation where the discrete
problem is: Find J* € W, such that Vv € W,
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B(I* v) =(J8, bv + kvg) ~ (AT, bv + rvg) + 3 / [JM(bvs)ln - A
reTh ar-(B) x1I,

+ < Ty, bug >0+ < JieA(Zg)y Sry, =< fibuy Do+ < f, eA(zo)v >ry,,

Introducing the norm

1 2 a8 2 2
oll = 3 (12001 + e 22 )]+ Aanle™ o, |

1. / 172,72 1 2
+- (B3] m- Bl + = bvéIn - 6],
2 -reZT,. _(BY'x1. 2Jrg, x1,

we have the following stability and convergence results for the Fokker-Planck equation:

Lemma 5.2. For B and || - s as above we have

B(v,v) 2 {lvlli-

Theorem 5.2. For the discontinuous Galerkin solution J* for the Fokker-Planck equation
we have the error estimate

I = Tl < CEOORF2 N,

The proofs are again straightforward, however, lenghty and similar to those of this and
the previous Sections and therefore are omitted.

Conclusion. Our analyses extend the results of [1] to a degenerate type convection-
dominated convection-diffusion problem with a small and variable diffusion coefficient. The
results in this paper are affected by the degenerate character of the equation and also by the
absence of a pure current term in the original problem characterizing the beam, therefore
the convergence rates are given in different weighted stability norms with no explicit L,-
norm control. As we mentioned earlier, either using a version of the Poincare’s inequality,
(Lemma 2.2), or a simple estimate as in Lemma 4.2, (relevant for the discontinuous cases),
we can include Lq-norms in our stability estimates. However, using Lemma 2.2, would not
lead to any better covergence rate for the Lo-norms than what we have for our weighted
semi-norms. Lemma 4.2 improves the L,-norm controls in much more involved weighted
norms. These results are of order O(h*+'/2) and sharp in the sense that omitting any
power of the diffusion coefficient on the left hand side of our stability norms will cause the
same amount of reduced convergence rate. ]
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