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We study a finite element method applied to a system of coupled wave equations in a
bounded smooth domain in RY, d = 1,2,3, associated with a locally distributed damping
function. We start with a spatially continuous finite element formulation allowing jump
discontinuities in time. This approach yields, La(Lo) and Loo(L2), a posteriori error
estimates in terms of weighted residuals of the system. The proof of the a posteriori
error estimates is based on the strong stability estimates for the corresponding adjoint
equations. Optimal convergence rates are derived upon the mazimal available reqularity
of the exact solution and justified through numerical examples. Bibliography: 14 titles.
Hllustrations: 4 figures.

1 Introduction

The finite element study for the system of one dimensional damped wave equation was considered
by several authors in various settings (cf., for example, [1, 2] and the references therein). The
corresponding study for the multi-dimensional wave equation system is more involved, and a
reasonable numerical analysis is possible only in very restrictive cases. Hence the approximate
solution of the wave propagation in an arbitrary domain of higher dimensions, especially in
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the system form, and with a rigorous error analysis is of a vital interest. The advantages of a
posteriori error bounds were based on the fact that they are expressed in terms of the residual of
the computed (and therefore, known) approximate solutions, rather than norms of the unknown
exact solution, which is the matter of the a priori error estimates. There are various approaches
to a posteriori error estimates applied to a number of problems (cf., for example, [3]-[9]).

In this paper, we consider a system of coupled, multidimensional, wave equations associated
with locally damping terms. Introducing vector quantities related to the solution, we reformu-
late this hyperbolic system as an elliptic system of equations. We also formulate a streamline
diffusion method adequate for the finite element solution to the hyperbolic type partial differen-
tial equations. However, this will not be our main concern. We focus on a spatially continuous
finite element scheme (with a streamline-diffusion type structure, but without the streamline-
diffusion term) for a new elliptic system of equations, where jump discontinuities over certain
time levels are allowed. For this system we derive a posteriori error estimates in the Lo(Lg)—
and Lo (Lg)—norms. In our numerical examples, we do insert the streamline diffusion term into
the scheme.

Studies of this type were considered by Gergoulus and co-workers [6], where, using the
Galerkin finite element method for the linear wave equation without damping term, they ob-
tained a posteriori error estimates in the Lo (L2)-norm. Johnson [10] established the existence
of a solution to the second order hyperbolic problem. He used the discontinues Galerkin method
to obtain a priori and a posteriori error Lo—estimates.

We consider the following model problem which is of interest in computational fluid mechan-
ics and plasma physics (cf. [11]): construct an algorithm for numerical solving a coupled wave
system with energy decay such that the error between the exact and computed solutions, in a
given norm, may be guaranteed to be below a given tolerance such that the computational work
is nearly minimal. More specifically, we consider the following system of linear coupled wave
equations:

ugt — A+ a(@)(ug —v) =0 in Qx [0,00),
v — Av+ a(z)(vy —ug) =0 in Qx [0,00),

u=v=0 in 99 x [0,00), (1.1)
u(z,0) = up(z), v(z,0) =vo(x) in Q,

ut(z,0) = ur(z), ve(z,0) =vi(x) in Q, (u:=0u/ot),

where Q € R%, d = 1,2,3, is a bounded domain with the smooth boundary 99 (for d = 2,3)
and a € Wh*°(Q) is a damping term such that a(x) > 0 in  and

ap = /a(:c) dx > 0.

Q

Hence «(x) may vanish at some points of the domain 2, but its support is of positive measure.
Here, A denotes the Laplace operator in the spatial variable x.

For the existence and uniqueness of a solution to the continuous problem (1.1) we refer to
[12]. As was proved in [13], the solution to the problem (1.1) has an exponentially decaying
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energy associated with a locally distributed damping in a bounded smooth multidimensional
domain. We use the vector form and reformulate the system (1.1) as the following abstract
elliptic system of partial differential equations:

ZLu:=u+Au=0 in Q x[0,00),
(1.2)

u(0) =up in
where u(z,t) = (u(z,t), ¢(z,t),v(z,t),¥(x,t))T, ¢ = us, 1 = vy, and the operator A is defined

by the formula
A [Hf x Lo)* — [H x Ly]?

with the domain
D(A) = [(Hy N H?) x Hy)?,

and the matrix-operator form

0 —s 0 0 |

A -A ax)s 0 —a(x)s
0 0 0o -7 |

i 0 —oafz) -A o) |

where . is the identity operator. We also introduce the initial data

up(x) = (uo(@), ur(x), vo(x), vi (2))".

Let Lo(2x [0,00)) := H°(€2 x [0,00)) be the usual Sobolev spaces of Lebesgue square integrable
functions defined in  x [0,00). By H}(€ x [0,00)) we mean a subspace of H'(Q x [0,0))
consisting of functions vanishing on 9 x [0, 00), where H{(Q2 x [0,00)) consists of all functions
in H°(Q x [0,00)) possessing all first order partial derivatives in H°(Q x [0, 00)).

The paper is organized as follows. Section 2 contains preliminaries and a formulation of the
finite element method for (1.2), considering space—time slabs: S,, := QxI,,, where I,, = (t,,—1, 1),
n = 1,2,...,n, are subintervals of the time domain. In Subsection 3.1, we study a posteriori
error estimates for (1.2) and derive the optimal La(Ly)— and Lo (Lg)—norm error bounds. The
main ingredients of the proof are through a duality argument. In Subsection 3.2, we introduce
projection operators and, again using duality, derive the interpolation estimates and complete
the proof of the a posteriori error bounds. In Section 4, we prove the strong stability estimates
for the dual problems. Some computational results are given in Section 5.

2 Notation and Preliminaries

In this section, we consider a time discontinuous Galerkin method for solving the problem
(1.2) which is based on the use of finite elements over the space-time domain Q x [0,7]. To
describe this method, we consider a subdivision

0:t0<t1<...<tN:T
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of the time interval [0, T'] into the subintervals I,, = (¢, t,+1), with the time steps k,, = t;,+1 —tn,
n=20,1,...,N — 1, and introduce the corresponding space—time slabs

Sp={(z,t):x€Q, t, <t <tpt1}, n=0,1,...,N—1 (2.1)

For notational convenience we denote by k = k(t) the mesh function for the time discretiza-
tion, where k(t) = k, for t € (t,,t,+1). We also assume that €2 is a bounded open interval in
the one-dimensional case or an open bounded subset of R? with the piecewise smooth boundary
0f) in the case d > 2. We use the standard procedure partitioning €2 into subintervals for d = 1,
quasiuniform triangular elements for d = 2, or tetrahedrons (with the corresponding minimal
vertex angle conditions) for d = 3.

2.1 The time discontinuous Galerkin scheme

For every n we denote by U™ a finite element subspace of [H}(S,) x La(Sy)]?. On each slab
S, we formulate the following spatially continuous problem: for every n = 0,...,N — 1 find
u” € U" such that

(u? + Aunvg)n + <117}r7g+>n = <u7i7g+>n v gc Una (22)

where

(w.g)n = [ W o,

Sn
(W) = [ W (at) - gl ),
Q
wy(z,t) = lim w(z,t+ s).
s—0*

The (-, -)-term yields a jump which imposes a weakly enforced continuity condition across the
slab interfaces at each time level ¢ = ¢,: a mechanism which governs the flow of information
from one slab to adjacent one in the positive time direction. Note that we defined the inner
product of u; = (uj,¢j,vj,¢j)T, j = 1,2, in the space [H}(S,) x L2(S,)]%, n=0,1,...,N — 1,
by the formula

(ul, u2)n = /(Vu1 - Vuo + Vv - Vg + @109 + ¢1¢2) dx dt. (2.3)
Sn

Summing over n, we get the function space

N-1
U := H U
n=0
Thus we can write (2.2) in a more concise form as follows: find u € U such that

B(u,g) = L(g) VgeU, (2.4)

where the bilinear form B(-,-) and the linear form L(-) are defined by the formulas
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N-1 N-1

B(u,g) = Z(U? + Au”, g)n + Z_: ([u"], 84+ )n + (U, &81)0 (2.5)
n=0 n=1
and
L(g) = (uo,8+)o (2.6)

respectively. The corresponding weak variational formulation for the continuous problem (1.2)
is as follows:

B(u,g) = L(g) Vg € [Hy(Q) x L2(Q)], (2.7)

where we replace U in (2.5) by u and put the jumps [u] = 0. We set u” = (u”, ¢",v", ")’ and
introduce the jump [u"] = ([u™], [¢"], [v"], [¥"])T, where [¢] = ¢ — q_ for ¢ = u™, ¢", V"™, Y".
Finally, let .7, be a partition of  into quasiuniform triangular (d = 2) or tetrahedral (d = 3)
domains of the maximal diameter h (the mesh size). We introduce

m={u" € [Hj(Sy) x La(Sn))? : u"|k € [Po(K) x P(K))? for K € T},

where Py(K) denotes the set of polynomials in K of degree less than or equal to ¢ and define
the discrete function space Uy by the formula

N-1
U, =[] U
n=0
Thus, the problem (2.4) can be reformulated as follows: find u;, € Uy, such that

B(uy,g) = L(g) Vg€ Uy (2.8)

Finally, subtracting (2.8) from (2.7), for g € U, we end up with the Galerkin orthogonality
relation

B(e,g) =0 Vge Uy, (2.9)

where e = u — uy, stands for the error.

3 A Posteriori Error Analysis

In this section, we estimate the error of a particular approximation of solution, in some
weighted norms, by using the information from computation. The procedure is split in the
following two steps.

3.1 Dual problem, stability, and error representation formula in Ly(Ls)

In this subsection, we state the dual problem for the weak (variational) formulation of the
continuous problem (1.2) with jump discontinuities across time levels t = t,,: find uy € Uy, such
that forn=0,1,...,N —1

N-1 N-1
Z (u;;t + Au27 g)n =+ Z <[LIZ], g+>n + <uz7+a g+>0 = <u07 g+>07 (31)

n=0 n=1
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where g € U;, and ug _ = ug. To obtain a representation of the error, we consider the dual
problem: find ® € [H(Q x [0,00)) x La(Q x [0,00))]? such that

L*d= -0, + ATO=T"te in Qx[0,00),
(3.2)
O(x,t) . 0, ze€q,

where Z* is the adjoint of the differential operator .# describing the left-hand side of the first
equation in (1.2) and ¥ is a positive weight function. Note that this problem is computed
”backward”, but with the corresponding change in sign. We introduce the weighted Lo-norm:

|l )= (u Tu)g. (33)

Multiplying (3.2) by e and integrating by parts over €, we obtain the following error repre-

sentation formula:
N—1 N—1

lo g0 (¥ n=(0.2"Da= S (et (A @ (34
Further partial integration in ¢ yields
T t=tn41
(e, —®;), = —/ (e (1) - q)(x,t)’tit ) dz + (e, ). (3.5)

Q

We recall that e = e(x,t) = (e1,e2,e3,e4)” and & = ®(x,t) = (¢1, pa, B3, ¢4)’; moreover for
n=0,1,..., N—1

0 —A 0 0 o1
(e, AT®), = /eT —f ela)s 0 ~ale)s #2 dxdt
K 0 0 0 —A o)
’ 0 —a@)s —F a@)s 4
—Ads
_ / e epeneg | T OOz ma@on) (3.6)
J —Ad¢y
—a(x)py — ¢3+ a(x)ds
Hence
(e, AT®), = /(—61A¢2) + ea(—¢1 + a(x) (P2 — ¢4)) — e3Ads + es(—p3 + a(x)(ps — ¢2))dxdt

Sn

= /(Vel Voo — ea¢1 + a(x)(eapo — eads — e4da + eaps) + Ves - Voyu — eqp3)dadt
Sn

= /(—A€1¢2 — a1 + ax)(eada — ey — esp2 + e404) — Aezpy — es¢3)dxdl
Sn

= / (Ae)! - ®dxdt = (Ae, @),,.
Sn
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Now, we compute the sum of the jumps on the right-hand side of (3.5):

J = Z / (T, tnr1) - (2, tny1) — € (x,ty) - ®(z,ty)) da

n= OQ

= ((e—, @)1 — (e4, P4 )o) + ((e—, P_)2 — (e4, Py )1) + ...

+ ((e—, @_)n-1—(e4, P4)N-2) + ({e—, )N — (e}, P4 )N-1).

We rearrange the above sum by writing @ = " — % + ¢, n=1,...,N — 1. Then we can
write
N-1
—J={e_, 2 )N+ (e}, D)o+ > (e, B )n + Z (e_,
n=0

According to (3.2), ®(-,ty = T) = 0. Since e” = [ug] = 0, we get
N-1
T = ([up], ®4)n. (3.7)
n=0

Substituting (3.5)—(3.7) into (3.4), we find

N-— N-1 N-1
ey, Z e, ©)+ Y (Ae, @)y — D ([up], ®1)n
n=0 n=0
N-1 N-1
=Y (u—wp)+ Aa =), @), — Y (W], &1),
n=0 n=0
N-1 N-1
= (—upg — Aup, @) — > ([up], &4 ).
n=0 n=0

Recalling (3.1) and using the Galerkin orthogonality (2.9), we obtain the final form of the
error representation formula

N-1 N-1
e l2ys gy = 2 (et Aun, & = 0+ 3 ([, (& = ©)1)n
n=0 n=0
=1+1I, (3.8)

where ® € Uy, is an interpolant of ®. The idea is now to estimate ® — & in terms of U le by
using strong stability estimates for the solution ® to the dual problem (3.2).

3.2 A posteriori error estimates for the dual solution in Ly(L5)

In this subsection, for the interpolant d e Uy, in (3.8), we consider a certain space—time
Lo-projection of ®. For this purpose, we define the projections

P, : [H} x Ly)? = U}
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and the local time averages
T [La(Sp)]* — Mo = {u € [L2(S,)]* s u(x,.) is constant on I,,, = € Q}
such that

/(Pni))T-udx:/@T-udx Vu € Uy,
Q Q

1
& /u(-,t)dt Vueﬂom.

ol |g, =

In

Then we define @ |g, € U} as
D |g, = Pomn® = m, P,® € U},
where ® = & |g, . Further, introducing P and 7 by the formulas
(P®) |s,= Pu(® [s,)

and
(@) [5,= ™ (P [s,)

respectively, we can choose P e Uy, such that ® = Prd = 7Po.

Now, we define the residuals for the computed solution uy by the formula
Ry =up; + Auy,
Ry = (uy , —uy _)/k, on Sy,
Ry = (P, — S)uy [k, on Sy,

where .# is the identity operator. Below, in our a posteriori approach, we will see how these
residuals appear in a natural way.

To estimate I and I, we use stability estimates based on the following interpolation estimate
for the projection operator P.

Lemma 3.1. There is a constant C' such that for a given residual R € Lo(2)
[(R,® — P®)o |< C | 1S~ P)R | g1 0| ® 20, (3.9)
where || - || g2.v is the W-weighted seminorm.
We omit the proof since the arguments generalize the proof in the case of one spatial dimen-

sion presented in [9] (cf. also [11]).

Now, we prove the a posteriori error estimates by bounding the terms I and I in the error
representation formula (3.8). For this purpose, we introduce the stability factors (cf. [1] and
[14]) associated with discretization in time and spatial variables and defined by the formulas

. ey

= (3.10)

H e ||L511*1 Q)
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and

(P .
o % lizvio (3.11)

respectively. Combining (3.8), the interpolation estimate (3.9), the strong stability factors (3.10),
and (3.11), we derive the La(L2) a posteriori error estimates for the finite element scheme (3.1).

Theorem 3.2. Let u be the solution to the continuous problem (1.2), and let uy, be its finite
element approzimation given by formula (3.1). Then the error e := u—wy, satisfies the estimate

|| e HL%’_I(Q) < nyg || hQ(j - P)RO HL%’_I(Q) +07(t3 H kn Ry HL%’_I(Q)

T 2 t
+’Ye H h R2 HL%’_I(Q) —f—'ye || k‘nRz HLg’_l(Q) . (3.12)

Proof. Using the above notation, from (3.8) we have

N-1 N-1
n=0 n=0

We estimate I and I1 separately. Writing
®—O=0— PO+ PO—d

and using the equality @n =1, P®, we find

N—-1
I=Y (Ry,®, — PO+ PP — @),
n=0
N—-1 N-1
= (Ro, (70 — F)P®), + > _(Ro, PO — ),
n=0 n=0

2
<O RS~ P)Ro |l gt oyl @ oo
where we used the fact that Ry is constant in time and, by the definition of the projections, the
contribution of the first term in the first sum is zero. To estimate I1, we use (3.9) and

@ﬂ@:®@ﬂ—/§¢@ﬁﬂr

T
tn

Integrating over I,, we find

¢
kn @Y (z) = /@(Ijt)dt - //(I)T(Iﬂ')det, (3.13)
In In tn
0P ~ ~ .
where &, = 9 and ®,, = ®(-,t,). Now, we write I] as follows:
T
~/, ] s =, s
1= ;} <kn PERICE <1>)+>n - ;} <kn b (B = PO PO~ <I>)+>n
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N-1 [u ] R

= Z <kn kh ) ((I)n_P(I))+>
n=0 n

=111 + 1.

To estimate 111, we use (3.13) and get

N—-1 N-1
I = Z(kan (@) — PO, = Z<R1 , kn®, — Pk,® )y,
n=0 n=0
N-1 R ¢
= <R1, kn®,, —/P(I)(-,t)dt+//P<I>T(-,T)drdt>
n=0 In In tn "

:]Vzl//t<Rl,Pq>T(-,T)>ndrdt

n=0 I, tn
g” kan ||L2‘I‘_1(QT)H P, HL‘QI’(QT)
Sl B -1 ol @t llLy g

were Q7 := Q x [0,T]. As for the Is-terms, we can write

N—1 N-1 u?  —u?
Il = Z<kn[zh} ’ (P(I)_q))+> = Z< h7+k h,*’ (Pn_I)kn(I)+>
n=0 n " n=0 n "
N-l Pyuy uy _ /
= (P —1) O(-,t)dt — O (-, 7)drdt
SR (focon | [aoma)
SE (e
- NZI//t<(Pn - DUk , (Pn — I)<I>T(-,t)> drdt
= ko n

<l kRl gy | @ Div gy + | B2 st gyl @ g

The final estimate is obtained by collecting the terms and using the definition of the stability
factors (3.10) and (3.11). ||
3.3 A posteriori error estimates in L. (L)

We derive a posteriori error bounds in the Lo (L2)-norm for the scheme (3.1). For this
purpose, we introduce the dual problem
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L'é¢=-3,+AT®=0 in Q, 0<t<T,

(3.14)
Oz, T)=FE, z€q,
where E satisfies the Poisson equation
—AE =e, e(z)=u(z)—u(z), zeQ., (3.15)

We introduce the energy norm
/2.
lellzo) = (VE(T), VE(T))g
Using (3.15) and integrating by parts, we get
HGH%Q(Q) = HVxEHQLQ Q)

(e_, @ N—i—ZeL* (e_, ® N+Z ,—0, 4+ ATD),

N-1
(e_, ® N—Ze <I>|t"+1+z (er, @ n+Z(Ae,<I>)n
n=0

N-1 N-1

= (e, D) + Z Ae, ®)y — > {[uy], 4 )y
n=0 n=0
N-1 N-1

= (_uh,t — Auy,, (I))n - Z <[uh} ) (I)+>n-
n=0 n=0

Using the Galerkin orthogonality (2.3), we can subtract de Uy, from @ on the right-hand side
without changing the norm:

N-1 N-1
lell, @ = > (une+ Aup, @ = @) + > ([u], (B = D)4 )n. (3.16)
= n=0

Here, we again need to introduce the stability factors (cf. (3.10)—(3.11)), but this time in
modified norms, adequate in the study of the fully discrete (space—time discretization) problem
in the Loo-norm:

1@ 2y (L2(2))

3.17)
le o (

Ve =

and
F® 11, (722
| e HLz(Q) '

Using the interpolation estimates (3.9) and arguing in a similar way as in the proof of Theorem
3.2, we get the following L, (Lo )—estimate.

(3.18)

S
Il

Y

Theorem 3.3. Let u and uy, be the same as in Theorem 3.2. Then the error e : u — uy,
satisfies the estimate

ez < CvE | B*(F = P)Ro || (za(2)) TCVE | BnR1 1o, (o(22)

+ 95 | PRy (|1 (a(9)) H7E | BnRR2 |10 (22(2))5 (3.19)
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where

19112 za@y = sup 1180 8)llLac,
o<t<T
T

191, o) = / 1B, )|y .
0

The proof of this theorem is a modification of that of Theorem 3.2 and, therefore, is omitted.
The only difference consists in the use of the Hélder inequality || fgll, < [[fll,llgll,, 1 <p.q <
00, 1/p+1/g=1 (p=¢q=2in Theorem 3.2, whereas p = 1, ¢ = 0o in Theorem 3.3).

4 Analytical Strong Stability Estimates in Ly(Ls)

We need to estimate the strong stability factors used in the previous sections. Let us consider
an a posteriori error estimate of type (3.12) in Theorem 3.2 which is based on the dual problem

L'd=—-0,+ATd=0"1e in Q,
(4.1)
O(x,T)=0, zel.

We prove a strong stability estimate for the dual problem (4.1).

Theorem 4.1. For a given positive weight function V(x,t) the solution ® to the dual problem
(4.1) satisfies the estimate

1912(@, — AT®)l o = [lel| g1 g

Proof. We multiply the equation in (4.1) by —¥(®; — AT®) and integrate over {2 to get

1 1
[ w@ - A6 = [ (v ATR) < | el 4 W@ - ATD),
Q Q

This yields
[072(@ — AT®)| [ < (|97 e[, (4.2)

Similarly, multiplying the equation in (4.1) by e and integrating over €2, we get

_ B 1. 1
/eQ\I' Yo = || 02| = —/e(<1>t — AT®)2de < 2\|\11 12¢]12, + 2\|\111/2(<1>t — AT®)|3,
Q Q

which yields
(w1 2e|lg < [|012(®, — AT®)|3. (4.3)

Combining (4.2) and (4.3), we complete the proof. ||
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Theorem 4.2. If ¥(x,t) is a positive weight function such that
U, + ATO > -0 in Q, (4.4)
then the solution ® to the problem (4.1) satisfies the estimate

10120 < Crllel] g1,y Cr=c¢".

)’

Proof. Multiplying the equation in (4.1) by W® and integrating over {2, we get the equality
—(®;, WO(t)) + (AT D, Ud(1)) = (e, D(t))

which can be written as

1d

1
— PRI + (9, 82(1)) + (ATD, 9D (1)) = (e, @(1).

Integrating by parts in the spatial variables and then using (4.1) together with the Cauchy—
Schwarz inequality, we get

1d 1 1 1
— g gt 1¥ PRI+, (T + AT, @%(1)) < [0 e[| T2 <[0T el 2 + || 01/222.

Using (4.4), we find

1d

—, e -

1 1. 1
LU, B2(1) < W22 4|20

Integrating in the time variable over (¢,7) and using the equality ¥(-,7) = 0, we get
T
[020()]]* < |82, + 2/ 102D (t)||*ds.
t

By the Gronwall inequality, we arrive at the desired result
T —
[U120(8)]] < || 2el[f, .
The theorem is proved. [
The proof for the analytical strong stability estimates in Lo, (L2) is similar to the Lo(Lo)
case.

5 Numerical Experiments

In this section, we consider a general numerical scheme — the streamline diffusion method
introduced and developed by Hughes and Brooks (cf., for example, [7]). The streamline diffusion
method is a modification of the Galerkin method designed, basically, for numerical investiga-
tions of hyperbolic type problems (the system (1.1) rather than the system (1.2)). Roughly
speaking, compared to the standard Galerkin method, the streamline diffusion method is a
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Petrov—Galerkin type method, with modified test functions, that combines high accuracy and
good stability properties. Generally, the convergence rate for the streamline diffusion method
in the case of hyperbolic problems is of one order lower than that in the elliptic and parabolic
cases. In the streamline diffusion scheme, an appropriate choice of the test functions gives rise to
a weakly imposed diffusion term which improves the convergence rate of the streamline diffusion
method for hyperbolic problems by ~ ¢ (h'/?).

We implement a general scheme (both with and without a streamline diffusion modification)
applied to solve a one-dimensional time dependent coupling of two hyperbolic equations. For
the sake of simplicity, we denote

YT = (1,1,1,1), U := (ui,ug,u3,ug)’, V := (v1,vo,v3,04)7.
For an arbitrary operator I we introduce the vector and componentwise products by the formulas
LU ®T)=TU = (Tuy, Tug, Tuz, Tug) T
and
UGV = (uv1, ugvy, uzvs, ugvy)’

respectively. Below, we will discuss computational aspects of the approximate solution to the
system (1.1) by using the streamline diffusion method for (1.2): for n = 0,...,N — 1 find
u” € U" such that

(up, + Auy s gn + 6(8ne + A8h))n + (Uh 1y 8ht)n = (Uh _, 8ht)ns (5.1)

where ¢ is the streamline diffusion parameter (usually ,0 ~ h). Since (1.2) is a parabolic problem,
the improving potential of the J-term (6 # 0in (5.1)) is rather minimal. Nevertheless, the scheme
removes the oscillatory behavior near the boundary layers. We use finite element approximation
on a space—time slab with the trial functions that are piecewise polynomial in spatial variables
and piecewise linear in time, i.e., for (z,t) € S,. We look for the approximate solution

Z{Soz +92( n+1 }®T

M
up(@,t) = > i(@) (0L ()T} + o (t)ul ™)
=1
on(z,t) =Y 0i(@)(01(t)d} + () o))
= i (5.2)

vp (a,t) = Z%( )(O1L()T} + (o)

Ui (x,t) Zsoz (Y] + 02ty ™)

where @;(x;) = 0;; (j = 1,..., M) is the spatial shape function at node i (i = 1,..., M) and
01(t), O2(t) are the piecewise linear basis functions for the subinterval (t,,t,+1] in the time

discretization: ; ; ; ;
tns1 — tn k
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and
t—t,  t—ty

05(t) = =
2() tn+1_tn k

Also, the nodal value of u for node i at (t,)+ and (t,41)— are denoted by a7 and u}*! re-
spectively. Then, on each slab S, the test function gj is defined as a linear combination of
©;(x)01(t) and @j(x)b2(t) for j =1,..., M. Then (5.1) is equivalent to the following system of
equations with the unknowns u}’ and u?“: forn=0,1,...,.N—1and all  =0,1,... M find
u? and u?“ such that

M un—"l —ur
> [{[w@™ T en +a@eo + aou o 1)

izlsn

o[ @nOT + GCHEEIT + A @neD| o @an feT -0 63

and

al wtt
> [{le@™ T e r @0 + o o )

izlsn

o[s@a (BT +5((, )i + Al (@)a(0T)] © (doaeT) | T

M
+3° [ @e)@ - ul) o (Tdo)} & T =0, (5.4)

i=1g

For ¢; we take the hat-function (such functions form a basis for piecewise linear functions)

T —Ti—1, X E [Ti—1,),
1
pi(x) = h Tit1 — T, X € [xiaxi—f—l]a

0 elsewhere

defined on a uniform partition .7, of 2 = [a, b], with the mesh size h := ;11 — z;. Thus, we can
compute the entries of the coefficient matrices as follows:

4, j=1i,
h
Mij=</soi(w)<ﬁj(w)dx>T=6T 1, j=i+1,j=14—1,

& 0  elsewhere ,

By = [ (Alpie/D) 0 @) 0T = [{(eT) 0 A T) @ (T} o T,
Q Q

Fy = [ 1A @ Al D) @ (@aT)} 0 1.
Q
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Further, using the trivial identities

tn+1 k

O (0)a(t)it =
tn
tn+1

2 k

ez(t)dt: 3, 22172,
tn
tn+1

k.
Oi(t)dt: 2, 12172,

in

we can write (5.3) and (5.4) in the following equivalent form:

i (; y )My + By + ‘5’%47}%1

2 g2 6 6 i
+§ [(:2 = ;)Mij-i- (§+5)Bij+k35Fij}Tﬁ?:0 (5.5)
i=1
and
g} [(; + ;Q)Mij + (g +5)Bij n ?Fijru?“
) HENA TR SRLL) S SV M
i=1 i=1
We write these equations in the matrix form: forn =0,1,... , N — 1
(G )y g Grlu e [(G = )ue (4)m+ rlr =0 6)
and

(O R L L (R NS LR

where
U" = [uf,...,u}, )", U=t ut), Ut =[ay,. .., ulyl

5.1 Test problem

We carried out experimental computations to solve (5.7) and (5.8) by using an AMD Opteron
computer with 15 Gigabytes RAM memory with 2.2 GHz CPU. For each slab S,, we choose a
partition of the spatial interval into the subinterval J" = (2" ,z?) with Al = 2 —z]' ;. For
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small » > 0 we denote by 1}' a triangulation of the slab S, into quasiuniform space-time
triangular elements K (cf. Figure 1) satisfying the minimum angle condition. The triangulation
for S, may be chosen independently of that of S,,_1. Then a projection (from one face to the
other) is necessary. For the sake of simplicity we assume the same quasiuniformity in all slabs
and small shape variations. We use finite element approximations on space and time with trial
functions that are piecewise polynomial in the spatial variables and piecewise linear in time.
First, we compute a numerical solution for a given § with Az := h = 0.01, At := k£ = 0.0005,

and discretize (1.1) by assuming that Q = [~1,1] and a(z) = 2%

(

0, |lz| > 1,
x(z+1)

Up=TV0=14 9, -1<2z<0,
@ —1) 0<x<1
\ 2+12 ST

Figure 1. Slabs on a rectangle.

Figure 2 shows the results of our numeric computations of the rate of convergence of the
error, in the Lo-norm, for v and v, i.e, for ||u — up|| and ||[v — vp||. The results are shown in even
time steps at ¢; = j X At and a uniform partition of the spatial domain Q = [—1, 1], namely,
the partition xg = —1.00, xz; = x9 + i X Az. For example, under the above choice, the time is
between tg = 0 and ty = 200 x At = 10~. We plot the absolute error for

wij = u(iAz, jAL), v;; = v(iAx, jAL)
in a grid with the discrete times
t=0x At 1073 =2x At,..., 1071 =200 x At
and the spatial nodes

Trog = —1.00, Tl = —0.99, cea, TN = 0, TM+1 = 0.01, DY 1.00.
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Error of u

5=0 Error of v
ey 1 5 T T T T T T T T ]
o RN ol
W s [oToomoa o
[
(@]
(@]
- 45 1 1 | I 1 1 | 1 1
0 20 40 60 80 100 120 140 160 180 200
Time step
1 5 T T T T 6:IO 1 T T T T
S
t " et f«/vvw"\_\ MM
L 20 o HW_WMH_M_W_ﬁ
[
()]
o
40 1 1 1 | | | | 1 1
0 20 40 60 80 100 120 140 160 180 200
Time step
1 0 I T T I 5=I‘O . 2 I T I 1
S
1 M
B g feetsooen e e M e s
8
30 | 1 1 | 1 | 1 | |
0 20 40 60 80 100 120 140 160 180 200
Time step

Figure 2. The behavior of error in time step for u and v.
Here, x = —1.00, —0.99,...,0,0.01,..., 1.00.

Finally, in Tables 1 and 2, we show the error for the approximate solution to the problem
(5.1). The order of error is computed by using the logarithmic division:

Ehi (w)
Ehi+1 (w) ’

Order of error for w =~ In w = u,v,

where
Ep,(w) = ||w(z,0) —wp,(2,0)|lcc;, w=wu,v, i=12,34,5.

The small values for the errors are indicating the efficiency of the method. We may also observe
the behavior in initial error (the error made by the approximation in the initial data u(z,0) and
v(x,0)) in two independent variables = and ¢ (cf. Figures 3 and 4).
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Table 1. E},(u) and order of error for u obtained by the streamline
diffusion method at 6 = 0.1 and k = 0.01.

x hi =0.15 he =0.10 hs =0.05 hy =0.01 hs = 0.005
-1.0 0.481e-5 0.362e-6 0.431e-8 0.701e-8 0.401e-9
0.0 0.436e-6 0.911e-8 0.454e-7 0.983e-9 0.932e-12
1.0 0.734e-6 0.743e-7 0.713e-10 0.801e-9 0.210e-9
order - 2.587 2.076 1.868 3.508
Table 2. E}, (u) and order of error for v obtained by the streamline
diffusion method at § = 0.1 and k£ = 0.01.
x hi =0.15 he =0.10 hs =0.05 hy =0.01 hs = 0.005
-1.0 0.4231e-5 0.362e-5 0.913e-7 0.634e-9 0.421e-9
0.0 0.206e-4 0.201e-6 0.934e-8 0.785e-9 0.762e-9
1.0 0.134e-6 0.176e-7 0.903e-8 0.701e-8 0.401e-10
order - 1.739 3.680 2.569 2.812

Ln (Error of u(x,0))
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0.05

1.00

Figure 3: The error of the streamline diffusion method for u(zx,0).



Ln(Error of v(x,0))

0.05

Figure 4: The error of the streamline diffusion method for v(z,0).
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