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A FINITE ELEMENT METHOD FOR THE NEUTRON TRANSPORT
EQUATION IN AN INFINITE CYLINDRICAL DOMAIN*

MOHAMMAD ASADZADEHT

Abstract. We study the spatial discretization, in a fully discrete scheme, for the numerical
solution of a model problem for the neutron transport equation in an infinite cylindrical domain.
Based on using an interpolation technique in the discontinuous Galerkin finite element procedure,
we derive an almost optimal error estimate for the scalar flux in the Lo-norm. Combining a duality
argument applied to the above result together with the previous semidiscrete error estimates for the
velocity discretizations, we also obtain globally optimal error bounds for the critical eigenvalues.
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1. Introduction. We consider a fully discrete scheme for the numerical solution
of the stationary, isotropic, one-velocity neutron transport equation in an infinite
cylindrical domain in R? with a polygonal cross section . The restriction to the
one-velocity case means that the velocity domain is assumed to be the unit sphere
S? € R3. The cylindrical symmetry reduces the problem to R? by projecting along
the axis of the cylinder. Thus we study the neutron transport equation in a bounded
polygonal domain Q C R? with the velocity space being the unit disc D C R?.

We analyze the discontinuous Galerkin finite element method, with piecewise
linear trial functions, for the space discretization, by means of a quasi-uniform trian-
gulation of the space domain 2 with the mesh size h. In order to obtain sharp error
bounds, we use embedding relations between Sobolev and Besov spaces and interpo-
late up to the maximal available regularity of the exact solution. For this method we
give an Ly error estimate for the scalar flux of order h'~¢ and a globally optimal error
bound for the largest (critical) eigenvalue of order h3~¢. Our motivation has been to
improve the previous convergence rates of [1]. For the approximate solutions of the
hyperbolic problems with the discontinuous Galerkin method, an Lo error estimate
of the form

(1.1) lo = @nll Ly < 7210l e (o

is optimal; see [7]. This requires that the exact solution ¢ is in H*(Q2) (where
H?(Q), s > 0 is the usual Sobolev space and for noninteger s, H*(Q2) is defined
by the interpolation; see [5]). Loosely speaking, this means that ¢ has s derivatives
in Lo(€2). Since, for the neutron transport equation the exact scalar flux is at most
in H3/27¢(Q) (see [9]), by (1.1) a convergence rate of order O(h'~¢) is sharp. How-
ever, as a consequence of embeddings, our final rate of convergence will be of order
O(h'~") with & > e. As a completion of the semidiscrete analysis of [4] we continue
using the Besov space norms in here, although it might be possible to obtain exact
optimal rate of convergence O(h'~¢) by using Hélder space techniques of [9].
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As for the fully discrete eigenvalue estimates, we combine our results here with the
semidiscrete error estimates of [1] and [4] for the discretization of the velocity domain
D by the discrete ordinates method. The latter method is based on using an N-point
Gaussian quadrature in the radial variable and a uniform M-point quadrature rule
in the angular variable. For the fully discrete scheme, we obtain an error estimate of
order (N4 4+ M~2+e1) 4 p3=¢ for the largest (critical) eigenvalue.

Problems of this type have been studied in various settings by several authors.
The slab geometry Q C R and velocity space [—1, 1] were considered by Pitkéranta
and Scott [10], where L, and eigenvalue error estimates have been carried out for
both semidiscrete and fully discrete schemes. The two-dimensional geometry, 2 C R?
and velocities in the unit circle S were considered by Johnson and Pitkiranta [8]
and Asadzadeh [2]. In [8] semidiscrete and fully discrete schemes were analyzed in
Ly, whereas [2] contains L,,1 < p < oo, and eigenvalue estimates for the discrete
ordinates method.

In Asadzadeh [3] the discrete ordinates method was studied, in Lo, in a fully three-
dimensional setting  C R? and velocity space S2. In Asadzadeh [1] and Asadzadeh,
Kumlin, and Larsson [4] the geometry is the same as in the present work. In [1], as in
[8], Lo error estimates are proved for both semidiscrete and fully discrete problems. In
[4] the semidiscrete problem is studied in the Lj-norm, which is the most relevant norm
from a physical point of view, since the scalar flux represents a particle density. Also,
because of the limited regularity of the exact solution, error estimates in the L; norm
for eigenfunctions yield the sharpest error bound for the eigenvalues. However, in
our case here, i.e., for the spatial discretization, based on the finite element method,
the Lo-norm is more suitable. For instance, in estimations in Lo, using a duality
argument, the error introduced by the interpolant of the exact solution coincides with
the Lo-projection which, in combination with the error for the scalar flux, gives error
estimates for the critical eigenvalues sharper than that of the optimal L, case. This
improves the convergence rate for the eigenvalues (which, in general, is the same as
that for the scalar flux) more than three times (O(h3~<")) as that we obtain for the
pointwise scalar flux (O(h!=¢")).

The remainder of the paper is organized as follows: in section 2 we introduce the
model problem and drive the governing integral equation. Section 3 contains some
previously known error estimates for the velocity discretizations and the embedding
relations which are relevant to our purpose. In section 4 we give error estimates for the
space discretization and prove the main result, Theorem 4.1. Our concluding section
5 is devoted to a duality argument leading to globally optimal eigenvalue estimates.

2. A model problem. We shall consider the following model problem for mono-
energetic transport of neutrons in an infinite cylindrical media 2 C R3: given the
source function f and the coefficient A, find u(z, 1) such that for y € S?,

w Vau(z, p) +u(z, p) = A/ u(z, n)dn + f(x) forz €,
SZ

u(z,p) =0 forx € f‘;,

(2.1)

where -V, = Z?:1 1i(0/0x;). The problem corresponds to the case of an infinite
cylindrical domain with the isotropic source and scattering. Here A is a real parameter
and u(z, p) is the density of neutrons at the point = € Q moving in the direction
p € S*={ueR: |ul =1}. The boundary condition is specified on the inflow
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boundary:
I, ={zel:p a(zx) <0},

where I is the boundary of Q and fi(x) is the outward unit normal to Tatzel.

We assume that the cross section Q of the cylinder Q is a bounded convex polyg-
onal domain in R? with the boundary I'. Assuming also that the source term f
is constant along the axial direction of the cylinder we may project the integro-
differential equation (2.1) on the cross section € to obtain for p in the unit disc
D = {peR?: |y <1},

Ve, ) +ulep) = A [ ale)(1 =) R+ 1) v,

u(z,p) =0 forxel, :={z el =00:pu n(zx) <0},

(2.2)

where I' is the inflow boundary of 2 with respect to p, with fu(x), this time, being

the outward unit normal toT" at z € T and p -V, = Zle 1i(0/0x;).
We introduce the scalar flux U defined by

(2.3) U) = [ a1~ 10) g

Now consider the following hyperbolic partial differential equation: given g €
L,(2),1 <p < oo, find w(x, ) such that for x € D\ {0},

-Vw+w= in €,
(2.4) ! ’ i
w=20 on 1"#.

The solution of this problem is given by

d(z,pm)/|pl
(2.5) wle.) = Tugta) = [ e~*g(x — spu)ds,
0

where T}, is the solution operator and d(z, 1) is the distance from z € Q to the inflow
boundary in the direction —pu:

d(, p) = inf{s > 0 (x —sp/|ul) & Q.

Let g = AU + f; then, using equations (2.4) and (2.5), our model problem (2.2) has
a solution of the form

(2.6) u(z, p) =T, (AU + f)(z), z €, andpe€D;
consequently, we have the following integral equation, for the scalar flux U:
(2.7) (I - XU =T,

where
Ty(z) = /D T,g()(1 — )/ 2dp.

T is an integral operator with weakly singular kernel, i.e., T : L,(Q) — WI} (Q),1<
p < oo (see [1, Lemma 1.1] or [6]). In particular, T : L,(Q) — L,(Q) is compact. Thus
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(2.7) is a Fredholm integral equation of the second kind, hence if A™! ¢ o(T), where
o is the spectrum of the operator T, then there is a unique U € L,(92),1 < p < oo,
satisfying (2.7).

Remark 2.1. Here are some restrictions strongly affecting the error analysis.

i) We know that the scalar flux U (no matter how smooth the given data f is)
has a limited regularity; in fact, we have at most U € H?/?7¢(Q),0 < ¢ << 1; see,
e.g., [9].

ii) In the error analysis it appears that singularities arise from small r = |u]
values as well as from the closeness of the directions of the velocity variable u to the
directions of the sides of the polygonal domain €. Therefore we split the discrete
velocity directions into the so-called “good ones” (many) and “bad ones” (a few) so
that each split part contributes to the same order of convergence.

Throughout the paper ||.|| will denote the Ly(2)-norm and C' is a positive con-
stant not necessarily the same at each occurrence and independent of all the involved
parameters, unless otherwise explicitly stated.

3. The preliminaries.

3.1. The semidiscrete problem. We introduce the semidiscrete analogue of
the model problem (2.6): given a function f, find u, (z, ) such that for p € D,

(3.1) un(z, 1) = Tu(AUp + f)(x) for z € Q,
where U, is the quadrature approximation of the scalar flux U, i.e.,
Un(o) = 3 (oo = [ ular, (1= laf’) /% d
HEA D

with A = {u!, 2, ..., u"} being a discrete set of quadrature points u* € D, i = 1,...,n,
with the corresponding positive weights w,,,n € A. We assume that A has an even
number of points by letting both p and —p € A. We have n = M N, where M is
an even number of (equidistributed) discrete points on the unit circle and N is the
number of Gauss points on [0, 1], chosen according to the special quadrature structure
below. Using (3.1), we obtain the following semidiscrete analogue of (2.7): find U,
such that

(3.2) (I — \T)U, = Tpf,
where T,,g(x) = > ,ca wuTyug(z). For convenience we introduce the notation
7 = min(M, N).

If \=! ¢ o(T) and 7 is sufficiently large, then (I — A\T},) is invertible and (3.2) has a
unique solution U,, € Ly(2); see [1, section 4]. We construct a quadrature rule

2\ — ~
(3.3) Lo =) du = 3 ol

HEA

where we use the polar coordinates pu = rji(p), fi(p) = (cos ¢, sin ), and rewrite the
discrete set A as

A= {Tkﬂ(%)}{cv:lf\ilv wrj = AgWj,
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with
21y s
Pj = SV j
r, = sin O, Ay = a(sk) — a(sg—1), k=1,...,N,

where a(r) = —v/1 — r? and 0 and s; are certain points satisfying

2k —-1)m  2knw

9
FE AN T2 TAN 12

] , Sk € (PkyTrt1), So=0, sy=1;

for further details, see [1]. Then we have the following semidiscrete error estimates.
PROPOSITION 3.1. Assume that A\™' is not an eigenvalue of T. For each &1 > 0
there is a constant C' such that, for sufficiently large 1,

1 1
BY 0= Unloe <€ |53+ 37| (100 + W)

and for e, := (T —T,) (AU + f), there is a constant C' such that for M ~ N,
(3.5) lenlly) < Cn™2INU + fll g1 -

The estimate (3.4) is the main result of [4] and (3.5) is the matter of Lemma 4.3
in [1].

3.2. Some function spaces. Below, for the convenience of the reader, we re-
call the definitions of some function spaces and also include the embedding relations
between them which are frequently used in our error analysis.

For k£ a nonnegative integer, HZ’f(Q) is the usual Sobolev space with the norm
||f||H5(Q) and the corresponding seminorm |f|H5(Q):

||fH;l;I§(Q) = Z HDO‘fH]E,,(Q)v ‘f|T]){1§(Q) = Z HDQJE”I];)(Q)v p>1.

la| <k la|=k

For s € R, consider the generalized Sobolev space H;(R™) with the norm

1l = IF~H@+ 1 ) 2F S,

where F denotes the Fourier transform. By Hj (Q), s € R, we simply mean the
following restriction of Hy(R™) to §:

£l = 06 Mgl G = € Hy(R™) s gla = F).

In what follows and if necessary, we think of a function in L,(Q2), p > 1, Q C R",
as being defined on R" (extended by 0 on R™ \ Q). We write L, = L,(R"), B, , =
B, ,(R™), etc., although the final results refer to L,(Q2), B, ,(£2). The justification for
this is the existence of continuous linear extension operators

Hy(Q) — H,(R"), seN, 1<p<oo

for the bounded Lipschitz domains €2, see Stein [11, Theorems 5 and 5’, p. 181]. For
p = 2, the notation || - ||,, s € R, is the usual H*-norm over the domain Q or R",
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which is obvious from the context. We shall use embedding relations and interpolation
properties between the generalized Sobolev spaces Hp, s € R, and Besov spaces
B seR, 1<p,q< oo, with the norm

p,q°
1 B a4 dt 1/q
s = L 10,0+ X ([ (- w0m0n) )
]

e <[s] leel=[s

(3.6) gl

for ¢ € [1,00] and s > 0, where [s] denotes the integer part of s and

l

pl)0) = 3 o) = 6Oy 0, Ooa = (Vs n € 2),
n=

j=0

where [ = [s], and with the usual modification for ¢ = co; see [5] and [12]. In our
case we have [s] = 1 and we shall concisely denote 2, 1 by €,. The definition (3.6)
remains true for both bounded and unbounded domains of the cone type, and €2 being
a convex polygonal domain satisfies this property. For simplicity, we may drop 2 from
the relations below knowing that they hold for both R™ and the Lipschitz domains 2
in our case, i.e., for p =2 > 1. Besov spaces are interpolation spaces satisfying

(3.7) (Hp' H3?), = By

82(1—0)81+982, 0<f<1
for s1 < s9, ng C H;l, and
(3.8) H? CB,, CH), s <s5<ss.

(3.6)—(3.8) hold for weighted norms as well. We recall the Sobolev embeddings

n n
39 BS CL 5 5_72_77
( ) p,1 P1 P m
(3.10) H;CB;p, S—BZt—ﬁ, 1<p<qg< .
’ p q

Moreover, for s e R, >0, 1<p<oo, 1<q¢ <g <oo,wehave

(3.11) By CB,,CB,, CB;

S S—¢€
Psq1 P,q2 - Bp,oo - Bp,l :

Finally, for arbitrary domain @ C R” and if 1 < p < 00, 1 < ¢ < 00,5 > 1/p, then
we have the trace inequality

(3.12) I

B:MP(T) <[- HB;’(](Q)‘

For further details, see [5] and [12]. We shall use the above relations for the parameters
n=1,2, ¢g=1, and p = 2 except when applying (3.10), where ¢ is replaced by p > 1.

4. The fully discrete problem. We denote by {C,} a family of quasi-uniform
triangulation C;, = {K} of Q indexed by the parameter h, the maximum diameter of
triangles K € C. We introduce the finite element space

Vi, ={v € La(Q) : v|k is linear, K € Cp,}

and define a discrete solution operator Tlib : Ly(Q2) — Vj, approximating 7T}, by the
following discontinuous Galerkin finite element method for (2.4):

41 > [(M-Vuh—&—uh,v);(—i—/a [u"]vy |u~fz|d0} :/ngdm Yo € Ly(Q),

KecCy -
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with
(u,v)K:/ uvdz, 0K~ ={x € 0K : p-n(x) <0},
[v] :vff’u_, vy (z) :Sl_i%liv(ersu), x € 0K,

where 7 = f(z) is the outward unit normal to K at = € 9K and u" =0 on r,.
Now, let us formulate the following fully discrete analogue of (2.6): given f, find
ul (-, ) € Vj, such that

(-, p)wy. Equation (4.2)

where U/ is the totally discretized scalar flux, U = ZueA Uy
is equivalent to the problem of finding U" € V}, such that

(4.3) (I =AU =Ty f,

where T : Ly(Q2) — Vj, is defined by T = > oA Thwy.

For A= ¢ o(T) and max(h,1/n) sufficiently small, (4.3) has a unique solution
Ul € V,; see [1, section 5]. In this section our main concern will be the estimates
of the La-error for the scalar flux for the fully discrete problem (4.3), i.e., |U — U/|.
This error, as a result of combining the semidiscrete Lo-error (3.5) with our estimates
of this section, is of order O(hl_e/ +n~1/2). The parameters h and n will be related

according to the following compatibility conditions:
(4.4) h=Y(n) ~vn=+vVMN, and M ~ N.

As we shall see in the proof of Lemma 4.1 below, without this condition the contri-
bution of the “bad directions” (cf. Remark 2.1 and also splitting (4.9) below) to the
spatial error will not be of the desired order of ~ h. Otherwise we could, instead of
(3.5), use improved semidiscrete Lo-estimates similar to (3.4) of the L; case in [4]
and, for more consistent estimates, make the contribution to the Ls-error from the
spatial and velocity discretizations both of the same order of magnitude O(h!~¢).

Our main result is the following theorem.

THEOREM 4.1. Assume that \=% ¢ o(T). Let U and U satisfy (2.7) and (4.3),
respectively. Then there is a constant C such that for sufficiently small h (large 1)
satisfying (4.4), for any small € and €' satisfying 0 < e < €', and for g € H3/?>7¢(Q),

|7 = Ukl < Cllog bR~ llgll srs/2--

where g = AU + f.
To derive the relevant estimates we shall use the following two results.
PROPOSITION 4.1 (cf. [7]). Given g € Ly(Q), there is a unique u” (-, n) = Tlig(-) €
Vi satisfying (4.1). Moreover, there is a constant C independent of g, p, h, and 2 such
that

(4.5) (T, = T2l < CR*~2(Tgl,,  s=1,2,
(4.6) T gll. < Cligll,
where

1/2
(4.7) ol = ||v||2+hZ||u‘Vvlli+Z/ I[v]2|u~ﬁld81 :
% = JOK



1306 MOHAMMAD ASADZADEH

1/2
o]l = (v,0) .

PROPOSITION 4.2 (stability; cf. [1]). For g € La(Q2) we have

1/2
(4.8) - VTugll + | Tugll + {/F(Tug)Qu-ﬁldo} <Clgll-

We shall also need the following splitting of A in two sets:

1
Js = {u €A y(p) = mkin(| sin(u, Sp)|) > 6~ —, k=1,2, ...,Po} ,

(4.9) M
Js={neA:p¢Js}

where {S;}1°, are the directions of the sides of Q and P, is the number of sides of
Q. Note that, because of our special radial quadrature rule, we have |u| < 1/N for all
€ A. Now, we show by the following two lemmas that, since the number of elements
in Js is very few when compared with those in J§, the weighted sum over p € Js, the
“bad directions,” is not worse than the one over p € J§, the “good directions.”

Finally, the proof of Theorem 4.1 is based on these lemmas.

LEMMA 4.1. There is a constant C such that for g € La(Q),

> wull(T = Tgll < Chllgll 1,0
neds

Proof. By the Ly-stability estimate resulting from (4.6)—(4.8), we have that

C
Z wull(Ty, — T,’Z)QII <c Z W ||9HL2(Q) < WPONHQHLQ(Q) < hllgHLz(Q)’
HEJs HEJs

where we use the compatibility condition (4.4) and the fact that for v(u) < {7, Js
contains at most N Py elements, where Py is the number of sides of 2. a

LEMMA 4.2. For any € and ' satisfying 0 < € < & << 1, there is a constant C
such that for g € H3/?7¢(Q),

Z WullTugll gasa-er () < Cllog 8l|gll ga/a—< (-
HEJ

Let us postpone the proof of this lemma and first show that Theorem 4.1 follows
from Lemmas 4.1 and 4.2.
Proof of Theorem 4.1. We have, using (2.7) and (4.3), that

(I=ATHU =U}) = (T =T,)NU + f) + (Tn = T2)AU + f) := en + €.
According to a stability estimate (see [1, Theorem 5.1]), if A™! ¢ o(T), then for

sufficiently large n, (I — AT?)™1 : Ly(Q) — Lo(Q) exists and is uniformly bounded.
Thus we have

1T = Uzl < Cx (llenll + llenll) -
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Now, we replace, on the right-hand side of (4.5), |T,g[, by || T.g|, and interpolate

using § =1 —¢/, 0<e<ée<e <<1, €= (e+¢')/2, in a weighted form of (3.7),
which also interpolates in powers of h, to obtain

||62H = ZWM(TM_T:)Q < Z wul[(Ty _TS)QH + Z wpl[(Ty _TZZ)QH

neA HeEJs neJ}

< Chllgll+Ch' ™= Y wullTugll /e
HEJ ’

< Chllgll + Ch'" 3 wulTuglly o < Cllog hlA llgl sra/2-- (c-
HEJ

where we have also used (3.8) and Lemmas 4.1 and 4.2. Thus (3.5), with the com-
patibility condition (4.4), gives the desired result. |

In the proof of Lemma 4.2 we use the following result.

LEMMA 4.3. There is a constant C such that for g € H*(Q2),s = 3/2 — ¢, and for
any €' satisfying 0 < e < &', we have

. 9 a C 1
4.10 /tHw (T >t§- coy,  1=1,2,
(4.10) i 2 g @i9) ) OF < 75 e lgllieon

where s’ = 3/2 — &', v(p) = min; |sin(u, Sj)|, and S; are the directions of the sides
of Q.

Proof of Lemma 4.2. Since we have at most g = (\U + f) € H*/?7¢(Q), therefore
s is at most 3/2 — ¢ and it suffices to show that for any ¢” satisfying 0 < ¢ < e” < &',

(4.11) > wul Tugll yssz-on < Cl10g 8[|l oo,
nEJ}S 2 2
since then, by the embedding relation (3.8),
> Wl Tugllsyp oo <Y wullTuglly g2 < Clloglllgll gy o-cr < Cllog lllgllso—
HEJ; nEJ;

To prove (4.11) we use the definition (3.6) of Besov space norm with ¢ = 1 and write

Toallyye = 3 10T+ 3 ([ 20 @man o)

la|<1 la|=1
! 1—s' dt
= Tugll + ID(Tug)ll + ; 7 w2 (D(Tog)) (6)
1 C 1 C 1
§C<g +g>+~g s@) = 77 Ty 9l @)

where in the first inequality above we use the stability estimate (4.8) and Lemma 4.3.
Now multiplying both sides by the positive weights w,, and summing over all y € Jg,
and using the fact that by our choice of the quadrature rule |p1| = mingea || > 1/N,

SNV AL < O (see [1, proof of Lemma 6.1]),

i=1 Juy]
i Z — Z L ~ Cllogé|
\ul () ~ qu M v() ’

neJ; y(p)>6
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and we obtain the desired result. |
Remark 4.1. i) Below we consider the first partial derivatives of T),g. Recall that

d(x,p)/r s
(4.12) T.9(z) = /0 e *g(x — sp)ds, g—z =r, and % = r: : Z,
where v € S! is any unit vector which is not parallel to the direction of y; see [1]. By
an orthogonal coordinate transformation we may assume that g = (u1,0), |u| = r, and
v L p. This is for notational convenience in wg(a%i(Tug(x))), 1 = 1,2, and singles
out the most singular term, i.e., the one corresponding to ¢ = 2; see below. Using
(4.12), since p is parallel to the direction of the z1-axis, we have

(4.13) i(T (z)) = Lo (x)+/d/re—sa (z — sp)ds
. B, L19(®)) = " g ; 92, Y p)ds,

where = (v — d%) € I'. Further, 24 = sin(un) o a(ad/r) = ) hence for the
2 n-n T2 Hnen

partial derivative of T),g(x) with respect to x2, we have that

B) _ _ sin(fi,7) i
4.14 — (T, =" —_— / S — — sp)ds.
(@) g Tg) =@ g [T e g (e — suas
The geometry of the domain imposes singularities in ¢ (Z) := % stopping further

differentiations, (v € H v 2=¢(I")). Besov spaces are employed to perform fractional
derivatives. The cost, as we saw in the proof of Lemma 4.2, is that in the embedding
procedures between Sobolev and Besov spaces we lose a small power of h of order
O(he'~¢). The same result is obtained using the K-method of interpolation based
on a splitting of ¥(Z). Since the whole calculation can concisely be done by Besov
space techniques, we skip the tedious task of finding the appropriate splits in using
the K-method.

ii) Recalling (4.13) and (4.14), we observe that ws (%Tug) (t), i = 1,2, contains
differences of translations in g, d, and . Below, in the proof of Lemma 4.3, we
estimate some of these terms gaining a factor of |n|” < tP, p ~ 1, in order to make
the integration in (4.10) possible, whereas some other terms, integrated as in (4.10),
will be in the form of a Besov norm for g.

Proof of Lemma 4.3. To begin with, we use the same coordinate transformation
as in Remark 4.1. It suffices to estimate the contribution from the less regular term,
ie.,

)

wa (;@EM(‘)) (t) = Sup % (Tﬂg) ( + 77) - % (T“ ) ()

[n|<t

Lo ()

sin(;l:ﬁ)
- R
by ¥(Z) = ¢(x2) in (4.14), and using the notation 8%2[@],7 = %cp(x +n)— 3%290(36),
we get

since the other term will be similar and dominated by this one. Now denoting

o (T @), = (e GGz ) — g ) )

d(z+n,p)/r b d(z,pu)/r o
+ /O € oy 9@ 1 — ) ds — /0 ¢ oI s ds

=F+J.
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Further, we can write F and J as

F =l g @) [l + o) — )]+ €T (0) [o@FT) — 9(@)
[ttt/ — e D] g(ayp(an) = Fi+ o+ F

and
d(z+n,u1)/ 9
J = / e‘saf l9(z +n—sp) — g(xz — sp)] ds
T2
(z+m,u)/r 9
+/ e '—g(xr —sp)ds =T + Jo.
d

() Bz
Below we shall estimate each of the terms F;, i = 1,2,3, and [J;, [ = 1,2, separately.
Now we use a new transformation of coordinates
r=Pj+ &+ &7, 0<&§ <Bj(é), 0<& < Ly,
where P; is an endpoint of S; and 7; = (cos?;, sin ¥;) is tangent to S;. Thus d(z, p) =
&, dx+n, ) = & +m1, and since the area element is dr = |sin¥;|d§ = %df, thus

we have, using the Holder inequality, with p = 1+ 7, for 7 being small and % + % =1,
that

[P PR /” W g2 (T[] da

diam$ ~
< C’/ 6*2(§1+771)/T d§1 / g2(7z ¥ 77)”1/)”2 |:UJIU/F dfz
0 r

C diamQ ~ 1/p ~ 1/q
e ( Jwre m) ( [ o m) ,
T Jo r r

where [¢)] denotes the jump 1 (xy + 72) — ¥ (x2), which is zero except on a finite
number of intervals of length < 2|n|, and we have used x +7n € I'. Thus, using
Sobolev embedding (3.9), the trace theorem (3.12), and the relation (3.8), we obtain

C
1F1ll 2 0,y < TH[w]HLZﬁ(F)”gHL%(F \fll[ J{[F ”9”32 )

< \[H[ Mz 9l Bt \[H[ Loy 19121 0

For the corresponding estimate for Fy, we have, using a similar argument as above,
that

diam$2
_ , 2
Fell iy < [ e ag [ o@D - gl

S / 9 @FT) — 9@ -7

|l minj |- 7

< “ /\gx+77 (@)l 7 déa.
T’Y

2 N
-1
|

sin(u, )

o

d&2

For the estimate of F5 we note that, by the geometry, for a convex polygonal region
Q C R2 |d(z+n,pn) —d(z,p) is larger when Z and x + 7 belong to the same side
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S; of Q and the maximum occurs for x 4+ n being the tangent point of one of the two
lines parallel to S;, with the circle of radius || centered at the point . This implies
that, on each side S,

|| |n]
(4.15) ld(z+n,p) —dx,p)| < — ==
|sin(p, S5)| [ -7y

where 71 is the outward unit normal to the side S;. Moreover, using the identity

—la—b| — min(a,b)

7

le™® —e P =|e —1]xe
with a = d(z +n,p) and b = d(z, n), and letting p; := r|sin(u,S;)|, since we have
that |e~1"l/rs — 1| < CL”—,', then by (4.15) and a similar argument as in the estimate

for F1, we may write

175l 0 < €3 /

| \
oM
= r2y(p)? HgHL4(F) ||7/’||L4(r)

diam

— *%min(ﬁwnl,sl)d&/ g2¢2|ﬂ.ﬁj|d§2
7’2|H il S

Further, using (3.9), (3.12) with p = 2 and (3.8),

o061 < Clloll ooy < Oy < Clllin
Wls.qey < CIl gy < Cllosase ey
and since 1) € H'/27¢(T), then

< Chnl
||-7:3||L2(Q ) = (1 )”g“Hl(Q)

Now it remains to consider the contributions from the J-terms. For J; we use the
definition of w,(-) and thus have the estimate

o, SO (5ms)) 0

To estimate J, we use a similar technique as in the estimate of F; and write, using
also the estimates (4.8) and (4.15),

) d(wtn.m) /T 2
17211 2o 02, S/Q /d e *|Vg(x —sp)|ds| dx

(@) /7

0 0
< -
90, = € st + ) = s

Clnl®
—rAy(p)

Clyl?
SIVal7, @ < o )2||g||H1<Q)
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Thus, summing up, we have that, for ¢ = 1,
[ oo < O ([ o s i ¥
2 : - = 1
0 . t — ry(p) \Jo In|< ()
1
_ dt
(/ 7 sup ||[¢ Ul L, ) >|9|H1
0 In|<t
C / . (/ . V2
+ s’ sup gz +1n) z)|"dl —
T’Y(/“‘L) |n|<t | ( )| t

v [ 1 (g0) 0%

Now let s ="—1,i.e.,§=3/2—¢'—1=1/2—¢'; then by the definition of the Besov
norm,

+

Sla

(4.16)

1
/ s sup ||[v ]Hsz(F) ; ||¢HB< L(D) < H1/’||B;’f§(r) < ||7/)||H1/2—5(F)7
0 Inl<t "

where the first inequality is based on the Besov embeddings (3.11) and the second
one on the embedding (3.10), since here s — 2+ >t — 2 of (3.10) is equivalent to
s—% >5+&— ,whlchglves with § = 7—5 and l/p— 1-25,(p=14+71), a
regularity requirement for 9 of order s > 3 L _ ¢/ 4+ &+ & Thus taking, for instance,
E=€E= %5’, we need to have ¢ € H%*%EI, Which is the case. Similarly,

[ ([ o o)
/t[s (/an (a:)|2dr>1/2d:

<19l ry < Nlpze172y < Nollin oy

Finally, by the definition of the Besov norms, the last integral in (4.16) is dominated
by llgll sz - Thus

dt C
— <
t = ry(p)

1
/0 1 s (Tg() (1)

||g||B;/12*5' Q)’

and the result is followed by using the embedding relation (3.8). 1]

5. Duality and eigenvalue estimates. In studies of the transport equation,
the criticality condition of a multiplying system is specified by the largest eigenvalue,
A7L) that makes (I — AT)~! singular. Therefore, in the solution of the transport
equation, the eigenvalue, as a global quantity, is of interest. Below we shall see, by
means of a weak norm estimate of the scalar flux, that the eigenvalue can be found
more accurately than the pointwise scalar flux. Observe that the kernel of the integral
operator T is symmetric and positive; see the representation of T in [1, relation (1.9)].
Hence T is self-adjoint (on Lo(€2)) and thus has only real eigenvalues. Furthermore,
by the Krien—Rutman theory, its largest eigenvalue is positive and simple. Our main
result in this section is the following theorem.
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THEOREM 5.1. Let  and k! be the largest eigenvalues of the operators T and
T, respectively. Then for any e > 0 and g1 > 0 there are constants C = C(e1, k) and

C(Q) = C(e, k, Q) such that, for sufficiently large N and M and sufficiently small h,
we have

(5.1) k -kl <C (1 + L > +C(Q)h37¢,

where @Q is an arbitrary quadrature set.

The first term on the right-hand side of (5.1) follows from a semidiscrete result
of [4].

PROPOSITION 5.1. Assume that M is even and let k and K, be the largest eigen-
values of T and T, respectively. Then, for any €1 > 0, there is C = C(e1, k) such
that, for N and M sufficiently large, we have

1 1

The above assumption on the number of angular quadrature points M (even)
makes the quadrature set A symmetric in the sense that y € A implies that —u €
A. Then it follows that T, is self-adjoint (see, e.g., [2, Lemma 2.1]), and thus its
eigenvalues are real, which is crucial in the proof of (5.2).

Proof of Theorem 5.1. It remains to estimate |x, — x"|. Let us consider the
discrete ordinates method to be exact and the fully discrete method, i.e., the space
discretization, to be approximate. We have discrete ordinates

U= wpu,  wh(z) = ult(a, ),
HEQ
and the fully discrete approximation
h
Up = wah, () = upy(x, ),
HneQ

where @) C D is an arbitrary n-point quadrature set. The fully discrete scalar flux is
found by solution of the following bilinear finite element equation: find

UreV,={v:vlg e P(K) VK €C)}, Q=UK,
such that
B, (ulf,v) — MU, v) = (f,v) Yv € V,

where B,,(ul,v) is the usual bilinear form associated with the fully discrete transport
equation

pe Vb (z) + ub () = A Z wyuh (z) + f(z).
HeQ
Now for p € @, let ¥*(x) be the solution of the corresponding dual problem:
VR (@) + () = AU (2) 4 o(2) QX D,
Pt =0 onTh={zel:p- a(x) >0},
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where o is a given data and

V() = 3wt (a).

HEQ

The solution ¥* may be found by solving the bilinear equation
(5.3) B, (w, ") — MNw, ¥,,) = (w,0) Yw € V.

Substituting u* — ul’ by w and using (5.3), we compute

(Un - UrizL’o-) = Z wu(u“ - UZ’O-) = Z wu(w,a)

HEQ HEQ
= > wu [Bu(w, ) = A(w, ¥,)].
neQ
Replacing w with u# — u} we obtain

(Un = Uk o) =D wy [ Bu(uh —uff ") = X [ wb =, > w,p

HEQ veQ
= 3" o [Bul¥ — ) = AU — UL 0#)].
HEQ

Now replace ¥* by 9 — 1;”, where 1&“ € V}, is the interpolant of ¥*. Then we will
have

(Un = Uly0) = > wp [ Bulw = ufs = §#) = A(Un = Ul 0% — ).
HEQ

Observe that we have not limited the quadrature set to just “good” directions. Thus
the constant used below is a function of the quadrature set itself, so that, using
Theorem 4.1,

(U, — Uk, o) < CQ)[h' ™' h? — An1=%'h?] < C(Q)R*~%.

If, for example, 0 = 1, then

/

(U, —U" o) = / (U, — UMy de < CQH,
ie.,
(5.4) 1Un = Ul () < C(Qh*=,

which is almost optimal, since h'=¢" is almost optimal for the scalar flux and h? is
optimal for the interpolant. (5.4) can be compared with

(5'5) ”Un - UJZHL2(Q) < Chlis )

confirming our remark on suitability of the L-estimates for the scalar flux.
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A similar estimate can be found for the eigenvalue k,, using the same technique
as in the proof of Theorem 6.1 in [4] or an estimate of the form

2 1/2 75/
(56)  lrn— il < C (@ - TH2.0)| + (T, - T2l )] < @

where @ is the (normalized) eigenfunction corresponding to the largest eigenvalue k,,
(see [10]), and (5.1) will follow from (5.2) and (5.6). O
Remark 5.1. We have, using Theorem 4.1, that

(5.7) |k — k1| < CRYF,

where k, and k" are the largest eigenvalues of T, and T, respectively, n is the
number of discrete points on the unit disc, and the constant C' is independent of the
quadrature set. Combination of (5.2) and (5.7) gives

1 1 .
(5.8) |/€—/€Z|<C’<N4+N[2_sl+hl 8>.

Comparing (5.1) with (5.8), we see that, in order to have the contributions from
the spatial and angular errors to the global eigenvalue error be of the same order of
magnitude, it is necessary to choose different compatibility relations h = h(N) and
M = M(N) in these two approximations. Similar results hold for a two-dimensional
problem with the cylindrical domain © replaced by © € R? and the velocity space D
replaced by S = {u € R? : |u| = 1}.
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