Percolation on Transitive Graphs as a Coalescent Process: Relentless Merging Followed by Simultaneous Uniqueness

Olle Häggström^∗ Yuval Peres^† Roberto Schonmann^‡

July 27, 1998

Dedicated to Harry Kesten

Abstract Consider i.i.d. percolation with retention parameter p on an infinite graph G. There is a well known critical parameter p_c ∈ [0, 1] for the existence of infinite open clusters. Recently, it has been shown that when G is quasi-transitive, there is another critical value p_u ∈ [p_c, 1] such that the number of infinite clusters is a.s. ∞ for p ∈ (p_c, p_u), and there is a unique infinite cluster for p > p_u. We prove a simultaneous version of this result in the canonical coupling of the percolation processes for all p ∈ [0, 1]; in particular, a.s. simultaneous uniqueness holds for all p > p_u. Simultaneously for all p ∈ (p_c, p_u), we also prove that each infinite cluster has uncountably many ends. For p > p_c we prove that all infinite clusters are indistinguishable by robust properties. Under the additional assumption that G is unimodular, we prove that a.s. for all p_1 < p_2 in (p_c, p_u), every infinite cluster at level p_2 contains infinitely many infinite clusters at level p_1. We also show that any product G of d infinite connected graphs of bounded degree satisfies p_u(G) ≤ p_c(Z^d).

∗Research supported by a grant from the Swedish Natural Science Research Council †Research partially supported by NSF grant # DMS-9803597 ‡Research partially supported by NSF grant # DMS-9703814

1 Introduction

We consider i.i.d. bond percolation with retention parameter p ∈ [0, 1] on an infinite locally finite connected graph G = (V, E). This means that each edge is independently assigned the value 1 (open) with probability p, and the value 0 (closed) with probability 1 − p. We write P^G_p for the resulting probability measure on {0, 1}^E . All our results and proofs may be adapted to site percolation as well.

Percolation theory deals with the structure of the connected components of open edges, especially infinite connected components (clusters). By Kolmogorov’s zero-one law, the existence of at least one infinite cluster has probability 0 or 1, and one defines

p_c(G) = inf{p ∈ [0, 1] : P^G_p (∃ an infinite cluster) = 1}.

Following Benjamini and Schramm [9], we also define

p_u(G) = inf{p ∈ [0, 1] : P^G_p (∃ a unique infinite cluster) = 1}.

For G = Z^d, Aizenman, Kesten and Newman [1] showed that whenever an infinite cluster exists, it is a.s. unique, so that p_c = p_u; subsequently, shorter proofs were given in [14] and [11]. (With the usual abuse of notation, we write Z^d for the graph whose vertex set is Z^d and whose edge set consists of the pairs of Euclidean nearest neighbors.) For general graphs uniqueness no longer holds, but for a large class of graphs, including the quasi-transitive ones, (see Definition 1.1 below), the number of infinite clusters is an a.s. constant (depending on p) which may be either 0, 1 or ∞. As noted independently by several authors, this follows from the arguments of Newman and Schulman [27].

The pioneering paper of Grimmett and Newman [16] revealed that surprising new phenomena appear when one goes beyond lattices in Euclidean space, and Benjamini and Schramm [9] indicated the right level of generality to study these phenomena. Nevertheless, as we shall see in Section 8, certain deep results for percolation in Z^d (uniqueness in orthants, and estimates of p_c) have significant implications beyond the Euclidean setting.

Write Aut(G) for the group of graph automorphisms of the graph G.

Definition 1.1 A graph G = (V, E) is called transitive if for any x, y ∈ V there exists a γ ∈ Aut(G) which maps x to y. The graph G is called quasi-transitive if V can be partitioned into finitely many sets (orbits) V_1, . . . , V_k, so that for x ∈ V_i and y ∈ V_j, there exists γ ∈ Aut(G) mapping x to y iff i = j.

Clearly, a transitive graph is quasi-transitive.

Benjamini and Schramm [9] conjectured that for quasi-transitive graphs, a.s. uniqueness of the infinite cluster holds for all p > p_u. This was proved for Cayley graphs (and, more generally, for quasi-transitive unimodular graphs; see Definition 6.1) by Häggström and Peres [18], and in full generality by Schonmann [29].

Theorem 1.2 ([18], [29]) Consider bond percolation on a connected, infinite, locally finite, quasi-transitive graph G. Then P^G_p -a.s., the number N of infinite clusters satisfies

N = 0 if p ∈ [0, p_c) ∞ if p ∈ (p_c, p_u) 1 if p ∈ (p_u, 1] .

The parameter space [0, 1] is thus split into three qualitatively different intervals, separated by the two critical values p_c and p_u. Some of the intervals may be degenerate or empty (e.g., for Z^d we have p_c = p_u, and for trees we have p_u = 1). Grimmett and Newman [16] presented the first example of a transitive graph where all three regimes are nondegenerate: the product of a regular tree and Z. Other examples were given by Benjamini and Schramm [9] and Lalley [22].

There is a natural way to couple the percolation processes for all p simultaneously. Equip the edges of G with i.i.d. random variables {U(e)}_{e∈E} , uniform in [0, 1], and write Ψ^G for the resulting product measure on [0, 1]^E . For each p, the edge set {e ∈ E : U(e) ≤ p} has the same distribution as the set of open edges under P^G_p . This yields a coalescent process which has turned out to be a fruitful object of study in Erdős–Rényi random graph theory (see e.g. [19, 2]) and which has recently attracted more attention also in percolation theory (e.g. [10]): When p = 0 every vertex is its own connected component. As the parameter p is increased, more and more edges become open, causing connected components to coalesce, until finally, when p = 1 all edges are open.

By Theorem 1.2 and Fubini’s Theorem, we have Ψ^G-a.s. that the number of infinite clusters is ∞ for (Lebesgue-)a.e. p ∈ (p_c, p_u), and 1 for a.e. p ∈ (p_u, 1]. However, it is not obvious that the quantifier “a.e.” can be strengthened to “every” in these statements. Alexander [3] demonstrated that this strengthening holds for G = Z^d and other Euclidean lattices, and Häggström and Peres [18] handled the case where G is quasi-transitive and unimodular. Here we prove the simultaneous version of Theorem 1.2 for all quasi-transitive graphs.

Theorem 1.3 Let G be an infinite, locally finite, connected, quasi-transitive graph, and let p_c and p_u be as in Theorem 1.2. Consider the coupling Ψ^G of the percolation processes on G for all p ∈ [0, 1] simultaneously, and let N(p) be the number of infinite clusters determined by the edge set {e ∈ E : U(e) ≤ p}. With Ψ^G-probability 1, we then have

N(p) = 0 for all p ∈ [0, p_c) ∞ for all p ∈ (p_c, p_u) 1 for all p ∈ (p_u, 1] .

This is an immediate consequence of the following result.

Theorem 1.4 Let G be an infinite, locally finite, connected, quasi-transitive graph, With Ψ^Gprobability 1, for all p_1 < p_2 in (p_c, 1], every infinite p_2-cluster contains an infinite p_1-cluster.

This sharpens a result of Schonmann [29], which gives the same assertion except that the order of the quantifiers “with Ψ^G-probability 1” and “for all p_1 < p_2” is interchanged.

Theorems 1.3 and 1.4 imply that as the parameter p increases, infinite clusters are “born” only at, or immediately after, level p_c. For larger p, infinite clusters grow and merge, but no new ones are formed from finite clusters. Our next result shows that infinite clusters “merge relentlessly” in the intermediate regime (p_c, p_u). We can only prove this result for quasi-transitive graphs under the additional assumption of unimodularity (see Definition 6.1), but we believe it holds for all quasi-transitive graphs.

Theorem 1.5 Let G be an infinite, locally finite, connected, quasi-transitive unimodular graph, and let p_c and p_u be as in Theorem 1.2. Then, with Ψ^G-probability 1, for any p_1 < p_2 in (p_c, p_u), any infinite cluster at level p_2 contains infinitely many infinite clusters at level p_1.

The next result also concerns the intermediate regime (p_c, p_u). Say that two infinite selfavoiding paths ξ_1 and ξ_2 in the same infinite cluster C are equivalent if for any finite set {e_1, . . . , e_n} of edges in C, both paths are eventually in the same connected component of C \ {e_1, . . . , e_n}. Equivalence classes of self-avoiding paths in C are called ends of C. The following theorem is proved in Section 4.

Theorem 1.6 Let G be an infinite, locally finite, connected, quasi-transitive graph. Then, Ψ^G-a.s., for all p ∈ (p_c, p_u) every infinite p-cluster has precisely 2^{ℵ0} many ends.

The proof extends to the case p = p_u if there are multiple infinite clusters at that level; thus, this theorem confirms Conjecture 5 of Benjamini and Schramm [9] (except for the case p = p_c, if infinitely many infinite clusters can exist there). The fixed-p unimodular case was proved in the original version of [18].

When there are infinitely many infinite clusters, can they be qualitatively different? To make this question precise, we need some definitions.

Definition 1.7 Let G = (V, E) be a quasi-transitive graph. By a subgraph of G, we mean a collection of edges. A set Q of subgraphs of G is called a property if for every p ∈ (0, 1) and every vertex x, the event that the open cluster of x at level p belongs to Q is P_p-measurable.

• Q is an invariant property if for every γ ∈ Aut(G) and E_0 ∈ Q, necessarily γ(E_0) ∈ Q.

• Q is monotone if whenever E_1 ∈ Q and E_1 ⊂ E_2, then also E_2 ∈ Q.

• Q is robust if for for every infinite connected subgraph C of G and every edge e ∈ C, we have the equivalence: C ∈ Q iff there is an infinite connected component of C \ {e} that satisfies Q.

Suppose that Q is a robust property and C is an infinite cluster satisfying Q. If an edge adjacent to C is opened, then the resulting cluster will satisfy Q, and if an edge in C is closed, then at least one of the resulting infinite clusters will satisfy Q.

Transience (for simple random walk) is a robust, monotone, invariant property of subgraphs that has been studied extensively. An invariant property of interest, that is robust but not monotone, is {C : ∃ infinitely many encounter points in C} (see [11], [8], or the end of the present paper for the definition and significance of encounter points). A monotone invariant property for which robustness is not known is {C : p_c(C × Z) < p_0}, where p_0 < 1 is fixed.

Following a question of O. Schramm (personal communication), Häggström and Peres [18] showed that for G quasi-transitive and unimodular, if Q is any monotone invariant property, then P_p-a.s, infinite clusters with and without Q cannot coexist, except possibly at one value of p. This result was substantially improved by Lyons and Schramm [24], who showed there is no exceptional p, and the monotonicity assumption on Q can be dropped. Thus on quasitransitive unimodular graphs, [24] shows that infinite clusters are indistinguishable by invariant properties. as noted there, this strong result fails without unimodularity; see Section 6.

Nevertheless, on any quasi-transitive graph, infinite clusters cannot be distinguished by robust invariant properties. The following theorem is proved in Section 5.

Theorem 1.8 Let G be an infinite, locally finite, connected, quasi-transitive graph, and let p ∈ (p_c, p_u]. If Q is a robust invariant property of subgraphs of G such that P_p(∃ an infinite cluster satisfying Q) > 0, then P_p-a.s., all infinite clusters in G satisfy Q.

Next, we present an upper bound on p_u for products of infinite graphs. For d graphs {G_i = (V_i, E_i)}^d_{i=1}, define the product graph G = G_1 × · · · × G_d as the graph with vertex set V = V_1 × · · · × V_d, and edge set E consisting of pairs (x_1, . . . , x_d) and (y_1, . . . , y_d) such that x_i and y_i are neighbors in G_i for exactly one coordinate i ∈ {1, . . . , d}, and x_j = y_j for all other coordinates j. Clearly, a product of two or more quasi-transitive graphs is quasi-transitive. Some of the most natural examples (such as the Grimmett–Newman example) arise this way.

Theorem 1.9 Let G_1, . . . , G_d be infinite connected graphs with bounded degree, and let G be their product G_1 × · · · × G_d. Then, for bond percolation on G with parameter p > p_c(Z^d), we have P^G_p -a.s. that the number of infinite clusters is exactly 1. Moreover, in the coupling Ψ^G, uniqueness of the infinite cluster holds a.s. simultaneously for all p > p_c(Z^d).

In particular, if G_1, . . . , G_d are infinite connected graphs with bounded degree, then

p_u(G_1 × · · · × G_d) ≤ p_c(Z^d).

The rest of the paper is organized as follows. In the next section we state an extension of Theorem 1.4. We prove this extension in Section 3, by combining the approach of Schonmann [29] with invasion percolation ideas. Theorem 1.6 on ends is established by similar means in Section 4. We prove Theorem 1.8 (indistinguishability by robust properties) in Section 5. In Section 6, we define unimodularity and recall a technique known as the mass-transport method, which we then use in Section 7 to prove Theorem 1.5. In Section 8 we prove Theorem 1.9, building on classical results for percolation in Z^d, and a result in [29]. Lower bounds on p_u are also discussed there. Section 9 contains examples, remarks, and unsolved problems.

2 Uniform percolation and semi-transitive graphs

In this section we will extend Theorem 1.4. To state this extension, we will need the notion of uniform percolation from [29]. The ball B(x, R) of radius R centered at x ∈ V , is defined as the set of edges in G which have both endpoints within (graph-theoretic) distance R from x.

Definition 2.1 A graph G = (V, E) exhibits uniform percolation at level p if

lim_{R→∞} inf_{x∈V} P_p(some infinite p-cluster intersects B(x, R)) = 1 . (1)

It is easy to see that any quasi-transitive graph exhibits uniform percolation at all levels p > p_c. In fact, this holds in the larger class of semi-transitive graphs.

Definition 2.2 A graph G = (V, E) is called semi-transitive if there is a finite set V_F ⊂ V such that for any vertex x ∈ V , there is a vertex y ∈ V_F and an injective graph homomorphism of G that maps y to x.

The simplest examples of semi-transitive graph that are not quasi-transitive are the nearestneighbor graph on the positive integers Z_+, and d-ary trees where the root has degree d and all other vertices have degree d + 1. More generally, the “super-periodic” trees that discussed in Lyons and Peres [23] are semi-transitive; an example is the subtree of the binary tree consisting of all vertices such that the path from the root to v has at least as many left turns as right turns. These trees are closely related to the “super self-similar” sets studied by Falconer [13]. A class of graphs, mentioned in [29], which are semi-transitive but not quasi-transitive, are products G × Z_+, where G is quasi-transitive.

The next result extends Theorem 1.4.

Theorem 2.3 Let G be an infinite connected graph with bounded degree, that exhibits uniform percolation at level p_∗. With Ψ^G-probability 1, for all p_1 < p_2 in (p_∗, 1], every infinite p_2-cluster contains some infinite p_1-cluster. In particular, there is Ψ^G-a.s. a unique infinite cluster at level p for all p > max(p_u, p_∗).

This will be proved in the next section using invasion percolation. Here, we show how it implies a generalization of Theorem 1.4.

Proof of Theorem 1.4, generalized to semi-transitive G: Let p > p_c(G). Since the existence of an infinite cluster has P_p-probability 1, we have for each fixed x ∈ V that

lim_{R→∞} P_p(some infinite p_1-cluster intersects B(x, R)) = 1 .

The infimum in (1) is attained for some y in the finite set V_F specified in Definition 2.2, and it follows that (1) holds for any p > p_c(G). Invoking Theorem 2.3 completes the proof.

Theorem 1.3 may fail in the semi-transitive setting, because there exist semi-transitive graphs where with positive probability, the number of infinite clusters is finite but greater than one. (An example of this, due to O. Schramm, is described in the final section.) Nevertheless,

Theorem 1.3 does extend to semi-transitive graphs G where Aut(G) has an infinite orbit (e.g. G = G_1 × G_2 where G_1 is quasi transitive and G_2 is semi-transitive), since a standard argument shows that in such graphs G, for each parameter p the number of infinite clusters is 0, 1 or ∞ a.s.

3 Invasion clusters hit infinite percolation clusters

A key idea in proving Theorem 2.3 is to use invasion percolation, which is a sequential construction based on the same uniform random variables {U(e)}_{e∈E} as the canonical coupling of the ordinary percolation processes. Here we give only a brief description of invasion percolation; we refer to Chayes, Chayes and Newman [12] for a general introduction to the model, and to [25, 28] for some interesting recent applications in statistical mechanics.

The invasion cluster of a vertex x ∈ V is built up sequentially by constructing an increasing sequence of edge sets I^x_1 ⊂ I^x_2 ⊂ · · · as follows. Let I^x_1 consist of the single edge e which minimizes U(e) among all edges incident to x. When I^x_i is constructed, I^x_{i+1} is taken to be I^x_i ∪ {e}, where e is the edge which minimizes U(e) among all edges e that are not in I^x_i but are adjacent to some edge in I^x_i . The invasion cluster of x is the edge set

I^x_∞ = ∞⋃ i=1 I^x_i . Proposition 3.1 Let G = (V, E) be an infinite, connected graph with bounded degrees. If G exhibits uniform percolation at level p_∗, then Ψ^G-a.s. for any p > p_∗ and any x ∈ V , the invasion cluster I^x_∞ intersects some infinite p-cluster.

This proposition was proved by Chayes, Chayes and Newman [12] for Z^d, by Alexander [4] for other Euclidean graphs, and by O. Schramm (personal communication) for transitive unimodular graphs. Before proving Proposition 3.1, we explain how it implies Theorem 2.3. Proof of Theorem 2.3: For p ∈ [0, 1] and a vertex x, let C(x, p) denote the cluster at level p containing x. Also let Ω_{x,p} denote the event that (i) all the edges in G are assigned distinct labels U(e), and (ii) the invasion cluster I^x_∞ hits some infinite p-cluster. Fix p > p_∗ and an edge labeling {U(e)}_{e∈E} in Ω_{x,p}. For any parameter p_2 > p such that the cluster C(x, p_2) is infinite, it must contain the invasion cluster I^x_∞, and hence C(x, p_2) must intersect some infinite p-cluster C(y, p). Obviously, C(x, p_2) then intersects some infinite p_1-cluster for any p_1 ∈ [p, p_2). Proposition 3.1 ensures that Ψ^G(∩_{x,p}Ω_{x,p}) = 1, where the intersection ranges over all x ∈ V and all rational p > p_∗, and this proves the theorem.

The proof of Proposition 3.1 is based on an adaptation to invasion percolation of the proof of the main result in [29]. The following lemma is needed.

Lemma 3.2 Let G = (V, E) be an infinite, connected graph with bounded degrees, and let R > 0 be an integer. With Ψ^G-probability 1, the invasion cluster I^x_∞ contains a ball of radius R.

Proof: Denote by D the maximum degree of vertices in G. The standard inequality p_c(G) ≥ 1 D − 1 > 0 (2)

(see, e.g., [15]), will be used at the end of the proof. Let (v_1, v_2, . . .) be an arbitrary enumeration of the vertex set V . For n = 1, 2, . . ., set L_n = n(2R + 1), and define

τ_n := min{k : I^x_k comes within distance R from some y ∈ V \ B(x, L_n)} .

Since the invasion cluster I^x_∞ is infinite, τ_n is a.s. finite for every n. For each n, define y_n to be the vertex in V \ B(x, L_n) at minimal distance from I^x_{τn} (in case of a tie, y_n is the one with minimal index in the above enumeration). Finally, consider the events A_n = {U(e) < p_c for all e ∈ B(y_n, R)} . Since there are a.s. no infinite p-clusters for p < p_c, on A_n the invasion cluster I^x_∞ must contain the ball B(y_n, R). Thus it suffices to prove that Ψ^G ( ∩^∞_{i=1} A^c_i ) = 0. The conditional probability of A_n given A^c_1, . . . , A^c_{n−1} and the invasion process up to time τ_n , is at least p^{DR+1}_c . Therefore

Ψ^G ( ∩^n_{i=1} A^c_i ) ≤ ( 1 − p^{DR+1}_c )n , and the right-hand side tends to 0 as n → ∞ by (2).

Proof of Proposition 3.1: Fix p_∗, p and x as in the proposition. Define the random variable ξ^x_{p∗} as the number of edges that have one endpoint in I^x_∞ and the other in some infinite p_∗-cluster. Our proof consists of first showing that Ψ^G(ξ^x_{p∗} = ∞) = 1 (3) and then showing that for p > p_∗, Ψ^G(I^x_∞ intersects some infinite p-cluster | ξ^x_{p∗} = ∞) = 1 . (4) Letting p ↓ p_∗ through a countable sequence then proves the proposition.

By the uniform percolation assumption, we can, for any ε > 0, pick an R so large that inf_{y∈V} Ψ^G(some infinite p_∗-cluster intersects B(y, R)) ≥ 1 − ε . (5) Let τ denote the smallest k for which I^x_k contains a ball of radius R; by Lemma 3.2, τ < ∞ a.s.

For an edge set E_0 ⊂ E, set V (E_0) = {y ∈ V : y is an endpoint of some e ∈ E_0} .

If E_0 is finite and contains some ball of radius R, then by (5) we have with probability at least 1 − ε that some vertex in V (E_0)^c at distance 1 from V (E_0) has an open path to infinity at level p_∗ via vertices in V (E_0)^c only. Since the invasion cluster up to time τ gives no information about the set of edges not adjacent to I^x_τ , we may apply the above reasoning with E_0 = I^x_τ to deduce that the conditional probability that there is some infinite p_∗-cluster within distance 1 from I^x_τ is at least 1 − ε. This shows that Ψ^G(ξ^x_{p∗} = 0) ≤ ε, and since ε was arbitrary we have Ψ^G(ξ^x_{p∗} = 0) = 0 . (6) The next step is to rule out the possibility of having ξ^x_{p∗} = n for any finite n. Note that on the event (ξ^x_{p∗} = n) we can move into the event (ξ^x_{p∗} = 0) by changing the status of finitely many edges. It is easy to see that this implies that if Ψ^G(ξ^x_{p∗} = n) > 0, then Ψ^G(ξ^x_{p∗} = 0) > 0 holds as well. But this would contradict (6), so we have Ψ^G(ξ^x_{p∗} = n) = 0 (7) for any n < ∞, and (3) is established.

To prove (4), consider the following “coloring followed by invasion percolation” procedure. First mark every edge blue which is in some infinite p_∗-cluster. Then mark every edge red which is not blue but is adjacent to some blue edge. Given the coloring information, start to build the invasion cluster at x in the usual way. For the event (ξ^x_{p∗} = ∞) to happen, the invasion cluster has to meet (become adjacent to) infinitely many colored edges. If the invasion cluster ever meets any of the blue edges, then we are done (i.e. the invasion cluster intersects some infinite p-cluster). Otherwise (still on the event (ξ^x_{p∗} = ∞)) the invasion cluster has to meet infinitely many red edges. Suppose now that a given red edge e is met for the first time. Then the conditional distribution of U(e) (given the coloring information and the invasion cluster so far) is uniform on (p_∗, 1]. Thus the event that U(e) < p (which obviously implies that I^x_∞ intersects some infinite p-cluster) has conditional probability^{p−p∗}_{1−p∗} > 0. Since this conditional probability is the same every time a red edge is encountered by the invasion cluster for the first time, we have (4), and the proof is complete.

4 Uncountably many ends

Proof of Theorem 1.6: We shall prove that for any p_1 < p_2 in (p_c, p_u) we have

Ψ^G(∀p ∈ [p_1, p_2], all infinite p-clusters have 2^{ℵ0} ends) = 1 . (8)

Sending p_1 ↓ p_c and p_2 ↑ p_u through countable sequences then proves the theorem.

Fix p_1 and p_2 as above, and set p_0 =^{pc+p1}_2 . To prove (8), it is (due to Theorem 1.4) enough to show, for any x_0 ∈ V , that Ψ^G(H^{x0}_{p0,p1,p2} ) = 0 (9)

where H^{x0}_{p0,p1,p2} is the event that x_0 is in an infinite p_0-cluster and for some p ∈ [p_1, p_2] it is in an infinite p-cluster with less than 2^{ℵ0} ends. Also define H̃^{x0}_{p0,p1,p2} as the event that x_0 is in an infinite p_0-cluster and for some p ∈ [p_1, p_2] it is in an infinite p-cluster with just one end. If a given realization η ∈ [0, 1]^E of the variables {U(e)}_{e∈E} is in H^{x0}_{p0,p1,p2}, then (arguing as in

Benjamini and Schramm [9], p. 76) one can change finitely many of the variables to obtain a realization η^′ which is in H̃^{x0}_{p0,p1,p2} . Thus, (9) follows easily once we show

Ψ^G(H̃^{x0}_{p0,p1,p2} ) = 0 . (10)

Fix k ≥ 1. Since p_2 ∈ (p_c, p_u), and each infinite p_2-cluster contains some infinite p_1-cluster Ψ_G-a.s., for every x ∈ V we have

lim_{R→∞} Ψ^G ( # { p_2-clusters containing infinite p_1-clusters that intersect B(x, R) } ≥ k ) = 1 ,

Thus given ε > 0, for every x ∈ V there is an R such that

Ψ^G ( # { p_2-clusters containing infinite p_1-clusters that intersect B(x, R) } ≥ k ) ≥ 1−ε. (11) Since G is quasi-transitive, there exists an R that satisfies (11) for all x ∈ V . (R may depend on p_1, p_2, k and ε, but not on x.) Fix such an R, and grow the invasion cluster of x_0 until the first time τ for which I^{x0}_τ contains some ball of radius R; Lemma 3.2 ensures that this happens a.s. for some finite τ. Let ∂I^{x0}_τ be the set of edges in E \ I^{x0}_τ that are adjacent to I^{x0}_τ . Using (11) and arguing as in the proof of Proposition 3.1, we have that

Ψ^G(A^{x0}_k | the invasion process up to time τ) ≥ 1 − ε ,

where A^{x0}_k is the event that the percolation process restricted to the edge set E \ (I^{x0}_τ ∪ ∂I^{x0}_τ ) has at least k infinite p_1-clusters that

(i) are contained in separate p_2-clusters, and

(ii) contain some vertex at distance 1 from I^{x0}_τ .

If x_0 is in an infinite p_0-cluster, then

U(e) ≤ p_0 for every e ∈ I^{x0}_τ . (12)

Given (12) and the invasion process up to time τ, each e ∈ ∂I^{x0}_τ is open at level p_1 independently with conditional probability at least^{p1−p0}_{1−p0} . If A^{x0}_k happens, we may pick e_1, . . . e_k ∈ ∂I^{x0}_τ adjacent to k different p_1-clusters with the properties (i), (ii) above. These properties guarantee that if x_0 is in an infinite p_0-cluster and at least two of the edges e_1, . . . , e_k are open at level p_1, then x_0 is in an infinite p-cluster with at least two ends for all p ∈ [p_1, p_2]. Hence

Ψ^G(H̃^{x0}_{p0,p1,p2} ) ≤ ε + ( 1 − p_1 1 − p_0 )k + k ( p_1 − p_0 1 − p_0 ) ( 1 − p_1 1 − p_0 )k−1 . Sending ε → 0 and k → ∞ proves (10), and thus also (9) and (8), so the proof is complete.

We end this section by noting the following very simple corollary to Theorem 1.4. It is the natural analogue for the uniqueness regime (p_u, 1) of Theorem 1.6.

Corollary 4.1 Let G be an infinite, locally finite, connected, semi-transitive graph. Then, Ψ^G-a.s., for all p ∈ (p_u, 1) the (unique) infinite p-cluster has a single end.

Proof: Suppose for contradiction that with positive Ψ^G-probability, there exists some p ∈ (p_u, 1) for which the infinite cluster has more than one end. Any realization η ∈ [0, 1]^E of the {U(e)}_{e∈E} variables for which this happens at level p can be modified into a configuration η^′ in which uniqueness of the infinite cluster fails at level p, by changing the status of just finitely many edges. It follows that with positive Ψ^G-probability, there is some p ∈ (p_u, 1) for which uniqueness of the infinite cluster fails, contradicting Theorem 1.4.

5 Indistinguishability by Robust Properties

Proof of Theorem 1.8: Fix p_0 ∈ (p_c, p). Since, by Theorem 1.4, Ψ^G-a.s. any infinite p-cluster contains an infinite p_0-cluster, it suffices to show that for all x ∈ V ,

Ψ^G[C(x, p_0) is infinite and C(x, p) /∈ Q] = 0 . (13)

Define the random variable ξ^x as the number of edges that are adjacent to, or contained in, I^x_∞ and are also adjacent to, or contained in, some infinite p-cluster which satisfies Q. We will establish (13) by proving the following two statements:

Ψ^G[ξ^x < ∞] = 0 , (14) and Ψ^G[C(x, p_0) is infinite, ξ^x = ∞ and C(x, p) /∈ Q] = 0 . (15)

We first prove (14). By the 0-1 law for automorphism-invariant events,

Ψ^G[∃ an infinite p-cluster satisfying Q] = 1 .

Therefore, for any ε > 0, we can pick an R so that

inf_{y∈V} Ψ^G ( no infinite p-cluster with property Q intersects B(y, R) ) < ε . (16)

Let τ be the smallest m for which I^x_m contains a ball of radius R; by Lemma 3.2, τ < ∞ a.s.

For an edge set E_0 ⊂ E, let ∂E_0 be the set of edges outside E_0 that are adjacent to E_0, and denote by S(E_0) the set of edges in ∂E_0 that are adjacent to an infinite connected component of {e /∈ ∂E_0 : U(e) ≤ p} which has property Q.

If a finite edge set E_0 intersects an infinite p-cluster that has property Q, then robustness of Q implies that S(E_0) ≠ ∅. Therefore, any finite edge set E_0 that contains a ball of radius R, satisfies Ψ^G ( S(E_0) = ∅ ) < ε by (16).

Since the invasion cluster I^x_τ gives no information about the labels on edges not in I^x_τ ∪ ∂I^x_τ , we may apply the above reasoning with E_0 = I^x_τ to deduce that Ψ^G ( S(I^x_τ ) = ∅ ) < ε. In particular, Ψ^G(ξ^x = 0) < ε, and since ε was arbitrary, Ψ^G(ξ^x = 0) = 0 . On the event (ξ^x = n), we can move into the event (ξ^x = 0) by changing the labels U(e) on finitely many edges to be greater than p; it follows that Ψ^G(ξ^x = n) = 0 for any n < ∞, and (14) is established.

To prove (15), observe that if C(x, p_0) is infinite, then I^x_∞ ⊂ C(x, p_0). Therefore, if also ξ^x = ∞ and C(x, p) /∈ Q, then the following event, which we call F , must happen: C(x, p) /∈ Q but there are infinitely many edges in ∂C(x, p_0) which are adjacent to p-clusters C ∈ Q such that C ∩ C(x, p_0) = ∅. (Note that these p-clusters C are connected components in G.) To establish (15), it suffices to show that Ψ^G(F ) = 0. To prove this, write C_ℓ(x, p_0) for the collection of edges that can be reached from x by a path which is open at level p_0 and is contained in the ball B(x, ℓ). Consider the event F_{ℓ,k} that C(x, p) /∈ Q and ∂C_ℓ(x, p_0) contains at least k edges that are adjacent to infinite p-clusters C ∈ Q such that C ∩ C(x, p_0) = ∅. Clearly, for every k,

F ⊂ ∪^∞_{ℓ=1}F_{ℓ,k} , whence Ψ^G(F ) ≤ lim_{ℓ→∞} Ψ^G(F_{ℓ,k}) .

The proof will therefore be complete once we establish that for any ℓ, k, Ψ^G(F_{ℓ,k}) ≤ ( 1 − p 1 − p_0 )k . (17)

Clearly, F_{ℓ,k} ⊂ { C(x, p) /∈ Q and |S(C_ℓ(x, p_0))| ≥ k } . (In fact these events coincide, but we do not need this.) Therefore, by robustness of Q, F_{ℓ,k} ⊂ { |S(C_ℓ(x, p_0))| ≥ k and ∀e ∈ S(C_ℓ(x, p_0)) U(e) ≥ p } . (18)

Denote by F_ℓ the σ-field generated by C_ℓ(x, p_0) and the labels {U(e) : e /∈ ∂C_ℓ(x, p_0)}. Then S(C_ℓ(x, p_0)) is F_ℓ-measurable, and the remaining labels {U(e) : e ∈ ∂C_ℓ(x, p_0)} are conditionally independent and uniform on [p_0, 1] given F_ℓ. Thus (17) follows from (18).

6 Unimodularity and the Mass-Transport Principle

For x ∈ V , define the stabilizer S(x) = {γ ∈ Aut(G) : γ(x) = x}, and for y ∈ V , define S(x)y = {γ(y) : γ ∈ S(x)}. Let |A| denote the cardinality of a set A.

Definition 6.1 A quasi-transitive graph G is called unimodular if for any two vertices x, y in the same orbit, we have |S(x)y| = |S(y)x|.

For equivalent definitions of unimodularity, see Trofimov [31] and Benjamini, Lyons, Peres and Schramm [7]. Most quasi-transitive graphs that come up naturally are unimodular. In particular, the Cayley graph of any finitely generated group is transitive and unimodular. A transitive graph ^T_d which is not unimodular can be constructed by considering a regular tree T_d with degree d ≥ 3, fixing an end ξ of T_d, and for each vertex x adding an edge between x and its ξ-grandparent; see [31] or [7]. In this example, p_u = 1, and for p ∈ (p_c, 1) every infinite cluster C has a unique vertex v(C, ξ) that is “closest” to ξ. Thus, as noted in [24], the invariant property {C : v(C, ξ) has degree 1 in C} distinguishes some infinite clusters in ^T_d from others. By utilizing more of the local structure of a cluster C as seen from v(C, ξ), any two infinite clusters in ^T_d may be invariantly distinguished.

The significance of unimodularity for us is that it allows a certain mass-transport technique, which was introduced in percolation theory in [17] and systematically developed in [7]. Central to the mass-transport method is Theorem 6.2 below, which was proved (in a more general setting) in [7]. For any graph G, every automorphism in Aut(G) acts as a measure-preserving transformation on the probability space ({0, 1}^E , P^G_p ). Let m(x, y, ω) be a nonnegative function of three variables: two vertices x, y in the same orbit of Aut(G), and ω ∈ {0, 1}^E . Intuitively, m(x, y, ω) represents the mass transported from x to y given the configuration ω. We suppose that m(·, ·, ·) is invariant under the diagonal action of Aut(G), i.e., m(x, y, ω) = m(γx, γy, γω) for all x, y, ω and γ ∈ Aut(G).

Theorem 6.2 (The Mass-Transport Principle) Suppose that G = (V, E) is unimodular and quasi-transitive. Given m(·, ·, ·) as above, let M(x, y) = ∫ {0,1}^E m(x, y, ω) dP^G_p (ω) . Then the expected total mass transported out of any vertex x equals the expected total mass transported into x, i.e., ∀x ∈ V ∑ y∈V M(x, y) = ∑ y∈V M(y, x) . (19)

We remark that (19) fails in the nonunimodular case; see [7]. The key element in a successful application of the mass-transport method is to make a suitable choice of the transport function m(·, ·, ·); examples can be found e.g. in [17, 7, 8, 18], and also in Section 7 below.

7 Relentless merging

The main step in proving Theorem 1.5 is showing that for p ∈ (p_c, p_u), any infinite p-cluster will a.s. come within distance 1 from other infinite p-clusters in infinitely many places, as stated in the following proposition. The result assumes quasi-transitivity and unimodularity; we conjecture the latter condition to be removable.

Proposition 7.1 Consider bond percolation on an infinite, locally finite, connected, quasitransitive unimodular graph G with retention parameter p ∈ (p_c, p_u). Then, P^G_p -a.s., for any infinite cluster C there exist infinitely many closed edges e with one endpoint in C and the other endpoint in some other infinite cluster (which may depend on e).

Proof: Assume for contradiction that with positive P^G_p -probability there is some infinite cluster C which comes within distance exactly 1 from the set of other infinite clusters in at most finitely many locations. As in the argument for (7) in the proof of Proposition 3.1, it follows that with positive probability there is some infinite cluster C in which exactly one vertex x is at distance 1 from the set of other infinite clusters. Call such an infinite cluster C a kingdom, call x its king, and consider the following mass transport. If a vertex y is in a kingdom, and its king is in the same orbit as y (recall Definition 1.1), then y sends unit mass to its king. If y is in a kingdom but not in the same orbit as the king, then y sends unit mass which it distributes equally among the vertices in its orbit which are closest in G to the king. Otherwise, no mass is sent from y. The expected mass sent from each vertex is then at most 1, whereas the expected mass received has to be ∞ for some vertices. By the Mass-Transport Principle (Theorem 6.2) we have the desired contradiction.

Proof of Theorem 1.5: We first prove the assertion of the theorem with the quantifiers interchanged, i.e. that

for all p_1 < p_2 in (p_c, p_u), we have Ψ^G-a.s. that any infinite p_2-cluster contains infinitely many infinite p_1-clusters.

(20)

We know from Theorem 1.2 that any infinite p_2-cluster contains some infinite p_1-cluster. Hence, it suffices to show that any infinite p_1-cluster C gets connected to infinitely many infinite p_1- clusters disjoint from C as we raise the percolation level to p_2. Fix a vertex x, let C(x, p_1) be the p_1-cluster containing x, and assume that C(x, p_1) is infinite. Call an edge e pivotal if it is closed at level p_1, has one endpoint in C and the other endpoint in some other infinite p_1-cluster. By

Proposition 7.1, there are Ψ^G-a.s. infinitely many pivotal edges. As we raise the level to p_2, each pivotal edge gets turned on independently with probability^{p2−p1}_{1−p1} , whence at least one of them gets turned on a.s., so that C(x, p_1) gets connected to at least one other infinite cluster a.s.

Now pick k ≥ 2 and q_1, . . . , q_k such that p_1 = q_1 < q_2 < · · · < q_k = p_2. The above reasoning shows that the infinite cluster C(x, p_1) gets connected to at least one additional infinite p_1- cluster for each interval (q_i, q_{i+1}), so that C(x, p_2) contains at least k − 1 infinite p_1-clusters. Since k was arbitrary, we have established (20).

It remains to change the order of the quantifiers “for all p_1 < p_2” and “Ψ^G-a.s.” in (20). To do this, note first that we can apply (20) to all rational p_1 < p_2 in (p_c, p_u) simultaneously. The assertion of the theorem now follows easily using Theorem 1.3 and the observation that for any p_1 < p_2, we can find two distinct rational numbers between p_1 and p_2.

8 Product graphs and estimates on p_u

Let us collect the results from the literature that are needed to prove Theorem 1.9. The first one concerns percolation on the orthant Z^d_+. For d = 2, it follows from the work of Kesten [20], while for general d it was first obtained by Barsky, Grimmett and Newman [6].

Theorem 8.1 ([20], [6]) For bond percolation on Z^d_+, d ≥ 2, we have

(a) p_c(Z^d_+) = p_c(Z^d), and

(b) for p > p_c(Z^d_+), there is P Z^{d+}_p -a.s. a unique infinite cluster.

The following result is due to Schonmann [29]. There it was formulated in the setting of quasi-transitive graphs, but that proof goes through unchanged in the generality stated here.

Theorem 8.2 ([29]) Let G be any bounded degree graph, and pick p ∈ [0, 1]. If

lim_{R→∞} inf_{x,y∈V} P^G_p (B(x, R) ↔ B(y, R)) = 1 , (21) then for all p^′ > p, there is P^G_p′ -a.s. exactly one infinite cluster.

Remark: The conclusion of this theorem can now be strengthened to “ Ψ^G-a.s. there is exactly one infinite cluster at each level p^′ > p ”. Indeed, (21) implies uniform percolation at level p, so Theorem 2.3 applies.

In the following proof, we shall work with more than one graph, and therefore write B_G(x, R) for B(x, R) to indicate in which graph the ball sits.

Proof of Theorem 1.9: We first prove uniqueness of the infinite cluster on G for fixed p > p_c(Z^d). By Theorem 8.2, it is sufficient to show that (21) holds for all p > p_c(Z^d). Fix such a p. Theorem 8.1 implies that

lim_{R→∞} PZ^{d+}p (BZd_+ (0, R) ↔ ∞) = 1 , (22)

where (BZd_+ (0, R) ↔ ∞) is the event that there is an infinite open cluster intersecting BZd_+(0, R). Pick ε > 0, and R large enough so that

PZ^{d+}p (BZd_+ (0, R) ↔ ∞) ≥ 1 − ε .

Now let x = (x_1, . . . , x_d) and y = (y_1, . . . , y_d) be arbitrary vertices of G. For i = 1, . . . , d, let T^i_x be some infinite self-avoiding path in G_i starting in x_i. Also let T^i_y be some infinite self-avoiding path in G_i from y_i which eventually coincides with T^i_x. Such a path is easily seen to exist: just take a path from y_i to x_i, concatenate it with T^i_x, and erase any circuits. Finally, let z_i be the first vertex on T^i_x with the property that T^i_x and T^i_y coincide from z_i to infinity, and define T^i_z to be the self-avoiding path starting at z_i that is contained in T^i_x. Define the product graph G^∗_x = T^1_x × · · · T^d_x , and define G^∗_y and G^∗_z analogously. Note that G^∗_x, G^∗_y and G^∗_z are all isomorphic to Z^d_+, and furthermore that they are all subgraphs of G and that G^∗_z is a subgraph both of G^∗_x and of G^∗_y.

Let D_{R,x} be the event that some vertex in B_G∗_x (x, R) has an open path to infinity in G^∗_x. Define D_{R,y} analogously, and set D_{R,x,y} = D_{R,x} ∩ D_{R,y}. Using (22), we get P^G_p (D_{R,x,y}) ≥ 1 − 2ε .

By Theorem 8.1, we have P^G_p -a.s. that G^∗_x and G^∗_y each have a unique infinite cluster, and that both these infinite clusters contain the unique infinite cluster of G^∗_z. Hence, we have P^G_p -a.s. on the event D_{R,x,y} that there is an open path in G connecting B_G(x, R) and B_G(y, R), so that P^G_p (B_G(x, R) ↔ B_G(y, R)) ≥ 1 − 2ε . Note that this is a uniform bound for all vertices x and y in G. Since ε was arbitrary we have (21), so the proof for fixed p is complete.

The asserted simultaneous uniqueness is implied by the remark following Theorem 8.2. Next, we discuss lower bounds for p_u. Benjamini and Schramm [9, Theorem 4] proved that any quasi-transitive graph G satisfies p_u(G) ≥ (Dρ_G)^{−1}, where D is the maximal degree in G, and ρ_G is the spectral radius for simple random walk on G. Their proof was based on coupling the percolation process with a branching random walk. In fact, a simple counting argument yields a slightly better bound.

Given a locally finite connected graph G, let A^n_{x,y} denote the number of paths of length n which connect x to y. It is easy to see that

λ_G := lim sup n→∞ (A^n_{x,y})^{1/n} does not depend on x and y.

Proposition 8.3 Let G be an infinite, locally finite, connected graph. Then for p < λ^{−1}_G , for any x, y ∈ V , P^G_p [x ↔ y] ≤ (pλ_G)^{d(x,y)} 1 − pλ_G . If G is also quasi-transitive, then p_u(G) ≥ λ^{−1}_G .

This bound on p_u coincides with the bound in [9] for quasi-transitive graphs with constant degree, and improves upon it if the degree is nonconstant. Proof: Clearly, A^{m+n}_{x,x} ≥ A^m_{x,y}A^n_{y,x} (23) for any two sites x, y, and any non-negative integers m, n. Since A^{2k}_{x,x} > 0, it follows (see, e.g., Section 8 of [21]) that lim_{k→∞}(A^{2k}_{x,x})^{12k} = λ̃_G = sup_{k≥1} (A^{2k}_{x,x})^{12k} .

Using symmetry and (23), we obtain ∀x, y ∈ V ∀k ≥ 1 A^k_{x,y} ≤ ( A^{2k}_{x,x} )1/2 ≤ λ̃^k_G . (24)

Note that (24) implies that λ_G = λ̃_G. Denote by [x ↔ y] the event that there is an open path connecting the sites x and y, and let [x ↔ ∞] denote the event that x belongs to an infinite p-cluster. Let N^{(k)}x,y be the number of self-avoiding paths of length k which connect x to y. Then P_p[x ↔ y] ≤ ∞∑ k=d(x,y) N^{(k)}_{x,y} p^k ≤ ∞∑ k=d(x,y) p^kA^k_{x,y} ≤ ∞∑ k=d(x,y) (pλ_G)^k = (pλ_G)^{d(x,y)} 1 − pλ_G , (25)

provided p < λ^{−1}_G .

Suppose now that G is quasi-transitive. In this case θ(p) = inf_{z∈V} P_p[z ↔ ∞] > 0 for any p > p_c. If p > p_u, then for all x, y ∈ V ,

P_p[x ↔ y] ≥ P_p[x ↔ ∞, y ↔ ∞] ≥ P_p[x ↔ ∞]P_p[y ↔ ∞] = θ(p)^2 > 0 , (26)

where the second inequality is an instance of the Harris inequality. Comparing (25) to (26) gives p_u ≥ λ^{−1}_G .

Remark. O. Schramm (personal communication) has obtained a sharper lower bound for p_u. He showed that p_u ≥ γ^{−1}_G , where γ_G := sup_{x∈V} lim sup_{k→∞} ( N^k_x ) 1_k and N^k_x is the number of self-avoiding cycles that start and end at x.

The final topic of this section is the relation between the number of ends of a quasi-transitive graph and the critical parameters p_c and p_u. It is well known that a quasi-transitive graph G can only have 1, 2 or uncountably many ends (see, e.g., Section 6 in [26]). In case the number of ends is more than 1, one can use the converse of Theorem 8.2 to show that p_u = 1. This converse states that for quasi-transitive graphs, ∀p > p_u lim_{R→∞} inf_{x,y∈V} P^G_p ( B(x, R) ↔ B(y, R) ) = 1 . (27)

(This is a consequence of the Harris inequality, see Theorem 3.1 of [29]). The removal of an appropriate finite set of sites and edges from a graph G which has more than 1 end breaks the graph into more than one infinite connected component. Therefore the limit in (27) cannot be 1 when p < 1, and we must have p_u = 1. If the number of ends of G is uncountable, then p_c(G) < 1, since then G has a positive Cheeger constant (see Proposition 6.2 in [26] and Theorem 2 in [9]). If G has 2 ends, then G is just a “finite extension” of Z, so p_c(G) = 1. More precisely, by the proof of Proposition 6.1 in [26], there is a doubly infinite sequence (..., A_{−2}, A_{−1}, A_0, A_1, A_2, ...) of pairwise disjoint and isomorphic finite subgraphs of G, such that any infinite self-avoiding path in G must intersect either all the graphs A_j with large enough j, or all the graphs A_{−j} with large enough j.

The case of a single end is more delicate. Babson and Benjamini [5] proved that p_u(G) < 1 if G is the Cayley graph of a finitely presented group with one end. The question stated in [9], whether p_u(G) < 1 whenever G is a quasi transitive graph with one end, is still unsolved.

9 Examples and questions

A variant of the following example was shown to us by O. Schramm.

Example: A semi-transitive graph where exactly 2 infinite clusters can coexist. Let T be a binary tree with root ρ, i.e. T is the tree in which ρ is incident to exactly two edges, and all other vertices are incident to exactly three edges. Let H be the product graph T × Z with an additional distinguished vertex v^∗ joined by a single edge to the vertex (ρ, 0) of T × Z. Theorem 1.9 implies that p_u(H) = p_u(T × Z) < 1. Finally, let G consist of two copies H_1, H_2 of H, glued together at their distinguished vertices (so these vertices v^∗_1 and v^∗_2 are identified, and the resulting vertex of G is denoted w^∗). It is easy to see that G is semi-transitive, with V_F consisting of the distinguished vertex w^∗ only. For all p > p_u(H), it follows that bond percolation on G can have one or two infinite clusters with positive probability: If at least one of the two edges incident to w^∗ is closed, then a.s. there are exactly two infinite clusters, one contained in H_1 and the other in H_2. On the other hand, clearly the infinite clusters of H_1 and H_2 can connect to each other with positive probability.

Next, we discuss briefly yet another phase transition. Let G be a nonunimodular quasitransitive graph, and denote by μ the left Haar measure on Aut(G). Recall the definition of stabilizer S(x) from Section 6. Say that a cluster C with vertex set V (C) is heavy if ∑ x∈V (C) μ[S(x)] = ∞; otherwise, we say that C is light. Theorem 1.8 implies that heavy and

light infinite clusters cannot coexist at any fixed level p, so it is natural to define

p_h := inf { p : P_p[ there is a heavy infinite cluster] > 0 } . (28)

The mass transport method can be used effectively in heavy clusters. For instance, Theorem 1.5 can be easily extended to nonunimodular graphs, provided that the parameters p_1, p_2 considered there are greater than p_h. For the nonunimodular example ^T_d mentioned in Section 6 (a tree with additional edges leading to ξ-grandparents) it is easy to see that p_c < p_h = p_u = 1. On the other hand, let T_k denote the k-regular tree. For any graph G_0 with bounded degrees, if k is large enough, then G = G_0 × T_k satisfies

p_h(G) < p_u(G) . (29)

The proof is similar to an argument in [9, Sect. 4]. Let D_0 be the maximal degree in G_0, and let ρ_G be the spectral radius for simple random walk on G. It is easy to see that if p > p_c(T_k), then any infinite p-cluster in G = G_0 × T_k is heavy. Therefore,

λ_G · p_h(G) ≤ (D_0 + k) · ρ_G · p_h(G) ≤ (D_0 + k) · ρ_G · p_c(T_k) =

D_0 + k k − 1 ρ_G . (30)

Since ρ_G = ρ_{G0×Tk} → 0 as k → ∞, it follows from [9, Theorem 4], or from Proposition 8.3 above, that for large enough k (when the right hand side of (30) is less than 1) we have (29). We expect that there exist transitive graphs where p_c < p_h < p_u < 1, but we do not have an explicit example.

We end the paper with some questions:

1. Is p_c < p_h for every nonunimodular quasi-transitive graph? (p_h is defined in (28).)

What geometric properties of G guarantee that p_h < p_u?

2. Can one drop the unimodularity assumption made in Theorem 1.5 and Proposition 7.1?

3. Let u, v be vertices of a transitive graph G, and denote by [u ↔ v] the event that there is some open path connecting u and v. Is the function p → P^G_p [u ↔ v] continuous on (p_c, p_u)? (By monotonicity, the set of points of discontinuity is at most countable.) Leftcontinuity of this function on (0, 1] and its continuity on (0, p_c) and on (p_u, 1] are easily established using well-known arguments (see Grimmett [15], p. 118). On the other hand, results in [30], where the Grimmett–Newman example is studied, imply that this function can be discontinuous at p_u.

4. A graph G is said to exhibit cluster repulsion at level p if, for i.i.d. percolation with retention parameter p on G, any two infinite clusters can come within unit distance from each other in at most finitely many places. Does a quasi-transitive graph necessarily exhibit cluster repulsion for any p ∈ [0, 1]? It is not hard to show that cluster repulsion at level p follows from continuity at p of the pair connectivity function discussed in Question 3; hence cluster repulsion can fail at most for countably many values of p. If cluster repulsion holds, then it follows that for every R, any two infinite clusters come within distance R from each other at most finitely often a.s. We have an example of a (nonsemi-transitive) graph for which cluster repulsion fails for certain p.

5. Let G be a quasi-transitive graph. A site x is an encounter point of the cluster C if removing the edges incident to x from C yields at least three infinite connected components. For p ∈ (p_c, p_u), is P_p[∃ an infinite cluster with infinitely many encounter points] > 0? By Theorem 1.8, this would imply that every infinite cluster has infinitely many encounter points P_p-a.s. This question has a positive answer in the unimodular case (see [8] or [24]), which readily extends to heavy clusters in the nonunimodular case. A general answer would be a significant step toward determining whether

P_{pc} [∃ infinite open clusters ] = 0 (31)

for quasi-transitive graphs with a nonamenable automorphism group. (Under the additional assumption of unimodularity, (31) is proved in [8].)

Acknowledgments. We thank Itai Benjamini, Russ Lyons and Jeff Steif for stimulating discussions. We are especially indebted to Oded Schramm for many helpful and insightful comments.

References

[1] Aizenman, M., Kesten H. and Newman, C. M. (1987) Uniqueness of the infinite cluster and continuity of connectivity functions for short- and long-range percolation, Commun. Math. Phys. 111, 505–532.

[2] Aldous, D. (1997) Brownian excursions, critical random graphs and the multiplicative coalescent, Ann. Probab. 25, 812–854.

[3] Alexander, K. (1995) Simultaneous uniqueness of infinite clusters in stationary random labeled graphs, Commun. Math. Phys. 168, 39–55.

[4] Alexander, K. (1995) Percolation and minimal spanning forests in infinite graphs. Ann.

Probab. 23, 87–104.

[5] Babson, E. and Benjamini, I. (1998) Cut sets and normed cohomology with application to percolation, Proc. Amer. Math. Soc., to appear.

[6] Barsky, D. J., Grimmett, G. R. and Newman, C. M. (1991) Dynamic renormalization and continuity of the percolation transition in orthants, Spatial Stochastic Processes, pp 37–55, Birkhäuser, Boston.

[7] Benjamini, I., Lyons, R., Peres, Y. and Schramm, O. (1997) Group-invariant percolation on graphs, preprint.

[8] Benjamini, I., Lyons, R., Peres, Y. and Schramm, O. (1998) Critical percolation on any nonamenable group has no infinite clusters, Ann. Probab., to appear.

[9] Benjamini, I. and Schramm, O. (1996) Percolation beyond Z^d: many questions and a few answers, Electr. Commun. Probab. 1, 71–82.

[10] Borgs, C., Chayes, J., Kesten, H. and Spencer, J. (1998) The birth of the infinite cluster:

finite-size scaling in percolation. In preparation.

[11] Burton, R. and Keane, M. (1989) Density and uniqueness in percolation, Commun.

Math. Phys. 121, 501–505.

[12] Chayes, J. T., Chayes, L. and Newman, C. M. (1985) The stochastic geometry of invasion percolation, Commun. Math. Phys. 101, 383–407.

[13] Falconer, K. (1997) Techniques in Fractal Geometry, Wiley.

[14] Gandolfi, A., Grimmett, G. R., and Russo, L. (1988) On the uniqueness of the infinite open cluster in the percolation model, Commun. Math. Phys. 114, 549–552.

[15] Grimmett, G. R. (1989) Percolation, Springer, New York.

[16] Grimmett, G. R. and Newman, C. M. (1990) Percolation in ∞ + 1 dimensions, Disorder in Physical Systems (G. R. Grimmett and D. J. A. Welsh, editors), 219–240, Clarendon Press, Oxford.

[17] Häggström, O. (1997) Infinite clusters in dependent automorphism invariant percolation on trees, Ann. Probab. 25, 1423–1436.

[18] Häggström, O. and Peres, Y. (1998) Monotonicity of uniqueness for percolation on Cayley graphs: all infinite clusters are born simultaneously, Probab. Th. Rel. Fields, to appear.

[19] Janson, S., Knuth, D. E., Luczak, T. and Pittel, B. (1993) The birth of the giant component, Rand. Struct. Alg. 4, 233–358.

[20] Kesten, H. (1980) The critical probability for bond percolation on the square lattice equals^1_2 , Commun. Math. Phys. 74, 41–59.

[21] Kingman, J. F. C. (1963) The ergodic decay of Markov transition probabilities, Proc.

London Math. Soc. 13, 337–358.

[22] Lalley, S. (1996) Percolation on Fuchsian groups, Ann. Inst. H. Poincaré, Probab. Stat.

34, 151–178.

[23] Lyons, R. and Peres, Y. (1998) Probability on Trees and Networks. Book in preparation, draft available at URL http://php.indiana.edu/~rdlyons

[24] Lyons, R. and Schramm, O. (1998) Indistinguishability of Percolation Clusters, in preparation.

[25] Machta, J., Choi, Y. S., Lucke, A., Schweizer, T. and Chayes, L. (1995) Invaded cluster algorithms for equilibrium critical points, Phys. Rev. Lett. 75, 2792–2795.

[26] Mohar, B. (1991) Some relations between analytic and geometric properties of infinite graphs, Discr. Math. 95, 193–219.

[27] Newman, C. M. and Schulman, L. S. (1981) Infinite clusters in percolation models, J.

Statist. Phys. 26, 613–628.

[28] Newman, C. M. and Stein, D. L. (1996) Ground-state structure in a highly disordered spin-glass model, J. Statist. Phys. 82, 1113–1132.

[29] Schonmann, R. H. (1998) Stability of infinite clusters in supercritical percolation, Probab.

Th. Rel. Fields, to appear.

[30] Schonmann, R. H. (1998) Percolation in ∞ + 1 dimensions at the uniqueness threshold, preprint.

[31] Trofimov, V. I. (1985) Automorphism groups of graphs as topological groups, Math.

Notes 38, 717–720.

Olle Häggström Mathematical Statistics, Chalmers University of Technology, Gothenburg.

olleh@math.chalmers.se

Yuval Peres Department of Statistics, University of California, Berkeley and Department of Mathematics, Hebrew University, Jerusalem. peres@stat.berkeley.edu

Roberto Schonmann Department of Mathematics, University of California, Los Angeles. rhs@math.ucla.edu