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Abstract

This work is in Differential Geometry and Analysis. The geometric setting is a
family of smooth Riemannian metrics that degenerate to have an isolated conic
singularity. This degeneration will be known as asymptotically conic (ac) conver-
gence. The definition involves: a family of smooth metrics on a compact manifold,
a conic metric on a compact manifold, and an asymptotically conic metric, also
known as a scattering metric. In the geometric setting of ac convergence, we prove

the following analytic results.

e Preliminary Result: The convergence of the spectrum and eigenfunctions of

the scalar Laplacian.

e Main Result: The convergence of the heat kernels for geometric Laplacians

and precise asymptotic behavior.

These results are obtained using pseudodifferential techniques and manifolds
with corners constructed by a new type of blow up procedure called resolution

blow up.
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Chapter 1

Spectral Convergence

1.1 Introduction

The spectrum of the Laplacian on a Riemannian manifold provides rich information
on the geometry and topology of the manifold. The Laplacian has nice analytic
properties; it is a second order elliptic partial differential operator. Associated to
the Laplacian is a parabolic heat operator and the Schwartz kernel of its inverse,
the heat kernel. This work focuses on the spectral geometry of manifolds with
isolated conic singularities. We consider a smooth family of Riemannian metrics
which converge asymptotically conically to a manifold with isolated conic singular-
ity. We analyze the behavior of the Laplacian and its heat kernel as the smooth
metrics converge to the conic metric to better understand the spectral geometry
of manifolds with isolated conic singularities.

Before describing the degenerating family of metrics and the way in which they
converge to a conic metric,! we briefly discuss results obtained by other authors

in similar contexts.

!By which we mean a smooth, incomplete manifold with an isolated conic singularity, compact
when completed as a metric space by adding the cone point.
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1.1.1 Background

Cheeger and Colding wrote a series of three papers between 1997 and 2000 on the
Gromov-Hausdorff limits of families of smooth, connected Riemannian manifolds
with lower Ricci curvature bounds [4], [5], [6]. They proved Fukaya’s conjecture
of 1987 [8]: that on any pointed Gromov-Hausdorff limit space M, of a family
{M]'} of connected Riemannian manifolds with Ricci curvature bounded below, a
self adjoint extension of the scalar Laplacian on M., can be defined with discrete
spectrum. They also proved that the the eigenvalues and eigenfunctions of the
scalar Laplacians A; converge to those on M,,. An example, provided by Perelman,
showed that the results of Cheeger and Colding could not be extended to the
Laplacian on forms or to more general geometric Laplacians. In 2002, Ding proved
convergence of the heat kernels and Green’s functions in the same setting. The
estimates are uniform for time bounded strictly away from zero. These results are
impressive in that the only hypothesis on the manifolds is the lower Ricci curvature
bound. It would be useful to prove a more general spectral convergence result for
the geometric Laplacian and to obtain uniform estimates on the heat kernels for
all time. In order to obtain such results, it becomes necessary to impose more
structure on the manifolds and the way in which they converge to a singular limit
space.

In the 1990 thesis of McDonald [23] strong analytic results were proven for
manifolds converging to a singular metric in a restrictive manner. Let M be a
fixed compact manifold with a Riemannian metric and H an embedded orientable
hypersurface with defining function x and smooth metric gg. The family of degen-

erating metrics on M being considered is
(€ +2H gy +dz* ec|0,1).
Here, as ¢ — 0, the metric converges to
Jo = T’gy + da’,

which has an isolated conic singularity at £ = 0. Geometrically, the manifold is
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being pinched along the hypersurface H and the resulting manifold has a conic
singularity as  — 0. McDonald constructed a parameter (¢) dependent operator
calculus and studied the behavior of the Laplacian and heat kernel as € — 0.

In 1995, Mazzeo and Melrose developed pseudodifferential techniques to de-
scribe the behavior of the spectrum under another specific type of metric collapse,
known as analytic surgery, similar to the conic collapse considered by McDonald.
Let (M, h) be an odd dimensional compact spin manifold in which H is an em-
bedded hypersurface with quadratic defining function 2> € C°°(M). Let O, be the
Dirac operator associated to the metric

ge = o] + h,

2 + €2

where € > 0 is a parameter. The limiting metric gy with € = 0, is an exact b-metric
on the compact manifold with boundary M obtained by cutting M along H and
compactifying as a manifold with boundary, hence the name, analytic surgery. In
other words, it gives M — H asymptotically cylindrical ends with cross section M,
a double cover of H, and has the form

B |dz|?

9o
1;2

+ h.

Under the assumption that the induced Dirac operator on this double cover is

invertible, Mazzeo and Melrose showed that

1n(0e) = np(Onz) + 11(€) + 12(€) log € + 7j(e),

where n,(057) is the b-version of the eta invariant introduced by Melrose, r; are
smooth and vanish at e = 0 and are integrals of local geometric data, and where
7(€) is the finite dimensional eta invariant or signature for the small eigenvalues
of 0. If Oy; is invertible, then 7(¢) = 0 and

lim () = my(9xz)

e—0
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Even if Oy is not invertible, this holds in R/Z. The hypotheses on the Dirac
operator on the double cover were later removed in a collaboration of Hassell,
Mazzeo, Melrose [13]. Their results were proven by analyzing the resolvent family
of O, uniformly near zero. This led to a precise description of the behaviour of the
small eigenvalues. They also constructed the corresponding heat calculus which
contains and describes precisely the heat kernel for §? uniformly as ¢ — 0. Our
goal here is to obtain precise analytic results like those of [13].

The convergence considered in this paper is more restrictive than that of
Cheeger, Colding and Ding, but it is more general than the conic degeneration of
McDonald. This convergence will be called asymptotically conic (ac) convergence.
We note, however, that ac convergence does not require Ricci curvature bounds.
The conic collapse of McDonald, the analogous smooth collapse of a higher codi-
mension submanifold and the collapse of an open neighborhood of the manifold
with some restrictions on the local geometry all fit this new definition. The au-
thor’s hope is that this definition and the convergence results proven here for the
scalar Laplacian’s spectrum and geometric Laplacian’s heat kernel will be useful
in understanding both manifolds with isolated conic singularities and families of

metrics with a singular limit.

1.2 Geometric Preliminaries

The definition of asymptotically conic convergence involves three geometries: a
family of smooth metrics on a compact manifold, a conic metric on a compact
manifold, and an asymptotically conic or ac metric?. In this work, we assume the
dimension is always greater than or equal to three.

First, we define ac metric.

Definition 1.3 An ac metric, also known as a scattering metric, is a smooth met-

ric gz on a complete manifold Z with a product decomposition outside a compact

2Note that this definition is sometimes also called “asymptotically locally Euclidean,” or ALE.
However, that term is often used for the more restrictive class of spaces that are asymptotic at
infinity to a cone over a quotient of the sphere by a finite group, so to avoid confusion, we use
the term asymptotically conic.
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set K so that Z — K = [py,00), X Y, for some py > 0 and as p — o0, gz has the
form
9:\z-r = dp® + p*h(p).

Here, (Y, h) is a smooth, compact, n — 1 manifold with a smooth family of metrics
{h(p)}, such that as p — oo, h(p) — h, in other words, h extends to a C* tensor
on (pg,00) x Y.

The definition is recast by defining r = % and adding a copy of (Y,h) at the
boundary defined by r = 0. With this compactification of Z which we call Z, the

metric takes the form
dr? N h(1/r)

rd r2

on a neighborhood of 0Z diffeomorphic to [0,71), x Y.

Next, we define a compact Riemannian manifold with isolated conic singularity.

Definition 1.4 Let M be a compact metric space with Riemannian metric g.

Then, (M, g) has an isolated conic singularity at the point p if the following hold.
1. (M —{p}, g) is a smooth, open manifold.

2. There is a neighborhood N of p and a function x : N — {p} — (0,z,] for
some x1 > 0, such that N — {p} is diffeomorphic to (0,z1], X Y with metric
g = dz* + z?h(x) where (Y,h) is a compact, smooth n — 1 manifold and
{h(x)} is a smooth family of metrics on'Y converging to h as x — 0, in

other words, h extends to a C*® tensor on [0, 1), X Y.

Associated to a manifold with isolated conic singularity is the manifold with
boundary obtained by blowing up the cone point, adding a copy of (Y,h) at this
point. Then, x is a boundary defining function for the boundary, (Y,h).

We use MY to denote the smooth incomplete conic manifold, M, to denote
the metric space closure of MY, and My to denote the associated manifold with

boundary.

One familiar example of a manifold with isolated conic singularity is R™ with

the Euclidean metric in polar coordinates, dr?+4r2df?, which has a conic singularity
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cone point at x=0

(Y, h) at x=0

«>

Figure 1.1: Manifold with isolated conic singuarity and associated manifold with
boundary.

at the origin. In this example the singularity is a feature of the coordinate system,
not the underlying manifold. In polar coordinates, R™ decomposes as the product
R* x S*~! with metric dr? + r2df. The metric on the S"~! cross sections shrinks
as 7 — 0. A conic singularity generalizes this idea.

The new resolution blow up is a nonstandard blow up that resolves an isolated
conic singularity in a compact manifold using an asymptotically conic space. In
this definition we use the notation M U, N for a smooth manifold constructed from
the smooth manifolds M and N with a diffeomorphism ¢ from VC N to U C M
that gives the equivalence relation, V' 3 p ~ ¢(p) € U. M Uy N is the disjoint
union of M and N modulo the equivalence relation of ¢. The smooth structure on
M Uy N and the topology is induced by that of M and N. We now define the new

resolution blow up.

Definition 1.5 Let (Mg, go) be a compact n manifold with isolated conic singu-
larity. Let (Z,g,) be an asymptotically conic space of dimension n with compact-

ification Z. Assume the cross sections of My and Z converge at the boundary to
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(Y, h), a smooth, compact n — 1 manifold. By the definition of conic manifold we

decompose My as a union of overlapping open sets,
My = Ko UV,
where Vy is diffeomorphic to (0,r1), x Y. With this diffeomorphism
go = dr® +r2h(r,y)  on (0,7) X Y,

where h(r,y) converges smoothly to h asr — 0. We identify (Vy, go) with ((0,71), X
Y, dr? + r%(r, y)) and assume the boundary of Ky in M{ is of the form

OKy={r=r} =Y
Similarly, decompose Z as a union of overlapping sets,
Z =K, UV,
where V, is diffeomorphic to (p1,00), x Y. With this diffeomorphism
9: = dp* + p*h(p,y)  on (p1,00) x Y,

with h(p,y) converging smoothly to h as p — co. We identify (V., g.) with ((p1,00),X
Y, dp* + p*h(p,y)) and assume that OK, is of the form

K.={p=p} =Y.
Let My, be the following subset of My,
Mo, = ({(r,y) € Vo : 7 > e} U Kp).
Similarly, let Zr C Z be defined as follows

Zr={py) eV.:p< R}UK,).
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The resolution blow up of (My, go) by (Z, g.) is the patched manifold,
Me = MO,e U¢ Zl/€7
where the patching map ¢ s defined for each € by

¢e : MO,e - MO,’/‘1 - Zl/s - an ¢€(T, y) - (T/G,y).

For ri > € > € > 0, the manifolds M. and M. are diffeomorphic, and so the

resolution blow up of My by Z is unique up to diffeomorphism.

We call the resolution blow up a “patched manifold” because a neighborhood
of the singularity in M, has been replaced by a rescaled patch of the ac space.
In the case that Z is a disk, the resolution blow up is a standard radial blow up.
The definition of ac convergence uses another new geometric construction related
to the resolution blow up, called the asymptotically conic convergence (acc) single

space.

Definition 1.6 Let (My, go) be as in the definition of resolution blow up. We
may write My = Vo U Ky with Vo = (0,21], x Y and similarly Z = V, U K, with
Vz 20,71), x Y. Let 6 = min{xy,r1}. Then the asymptotically conic convergence

(acc) single space, S, is
S = My x [0,6], Uy Z x [0,6],,
where the joining map 1 is defined on Vi by

(Y, 1) = (1, Yy, ).

This induces a smooth structure on S. We extend x on My to be identically equal
to & on the complement of the set diffeomorphic to (0,4], X Y, and we similarly
extend r on Z —[0,6], x Y. Define € = xp = rv and let M, = {e = constant}. This

18 the same as the M, in the definition of resolution blow up.
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Resolution Blow Up: Patching at each epsilon slice z
M_0

rho= 1/epsilon

M_0,epsilon
Z_1/epsilon

r = epsilon tho=1

Figure 1.2: Resolution blow up patching.
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The acc single space has two hypersurface boundary faces at p =0 and v = 0
that we call Fy =2 My and Fy = Z. These meet in a codimension 2 corner, Cy =
Y. Note that any compact subset of MY embeds into S by p + (p,ex(p)), and

similarly, any compact subset of Z embeds into S by z +— (z,er(2)).
Now we may define asymptotically conic convergence.

Definition 1.7 Let (Mo, go), (Z,9.), Z be as above. Let S be the associated acc
single space. Then the family of metrics {g.} converge to (Mo, go), (Z, g.) asymp-
totically conically if there is a symmetric 2 cotensor G on S that restricts to a
smooth compact metric g. on each M, slice for 0 < € < § and restricts to go, g, at

Fy, Fy, respectively. Moreover, we require G to be polyhomogeneous at the corner
Ch.

For each 0 < € < 4, (M, g.) is diffeomorphic to the resolution blow up of M
by Z so we may equivalently identify { M.} with a family of metrics {g.} on a fixed
smooth compact manifold, M. For each € > 0 the definition gives a diffeomorphism
¢e from Z /e to a fixed open proper subset U of M such that E%((be)* gely converges
smoothly to gz. Moreover, on M — U, g. must converge smoothly to gg.

A simple example of asymptotically conic convergence is one nape of an exact
cone in R"™ resolved by a single sheet hyperboloid of revolution. The family of
diffeomorphic resolution blow ups are also single sheet hyperboloids. Let R™ =

R* x R"* with coordinates x = (y, z). The hyperboloids are defined by
|y’2 - |Z|2 - 627 with Yy = (y17"'7yk) and Y1, Yk > 0.

The cone is
Mo ={(y,2z) e RF x R"*: Jy|* — |2|* = 0}.

The ac metric is induced by the Euclidean metric on R”. Let
Ty = |y" r= ‘2‘7

and let

y=ry0, 2 =rw,
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where § € S*~1, w € S* %=1 Then on the ¢ hyperboloid,

7‘5 =T2+€2.

The Euclidean metric on R” is dy?+dz%. On R" % away from r = 0 we may express

dz? in polar coordinates as
dz* = dr® + r’h,_p(w),
where h,,_j, is the standard metric on the sphere S*~*~1. Similarly, we have
dy? = dri + rzhk(e)

where hy, is the standard metric on the sphere S*~!. Using the relation for r, in

terms of r the metric g, is

2

ge = (1 +— 2) dr® 4+ 1 (hp_1(0,w)) + €hy_1(0).
+ €

r2

The metric gy on the cone is
go = 2dr* + r’h,_;.

It is clear that (Hy, g.) are all diffeomorphic for € > 0. To verify that (Hi, g.) is
a resolution blow up of My by H; defineU C Hy by U = {r < 1}, Zy) = {r < 1/¢}
and let ¢. : Z;,c — U be defined by

Ge(r,0,w) = (er,0,w).
Clearly ¢, is a diffeomorphism from H; — H; and moreover, for coordinates

(r,0,w) on (Hy,g.) with

2

g, = (1 —+ T2T+ 1) er + 7’2hn,1((9,W) + hkfl(e),
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Hyperboloids of Revolution: Example of ac convergence
N RAk

(M_0,9_0)

(M, g_epsilon

RAN-k

Figure 1.3: Ac convergence example: hyperboloids of revolution

we have for coordinates (s,60,w) = ¢.(r,0,w)

2
ge =€ ((1 + i ) ds® + s*hy_1 (w, 0) + hk—l(e)) = (1)

s2+1

12

Moreover, on H; — U the metrics g. converge smoothly to gy and (Hj, gc) is dif-

feomorphic to the patched manifold M, — {r < 2} U, H; where for each €, ¢ is

defined above.

In this example the acc single space is

S=[((R" x S"*F 1 x 81 x (0,1]) U(RT x S" 1 xS 1);0].

The notation here indicates a standard radial blow up at the origin that creates

the codimension 2 corner in the acc single space, C; which here is diffeomorphic

to S"R-1 x Sk-L

In the hyperboloid example, the submanifold S¥=! x S"=*~1 is collapsing to a

cone point, however the definition of ac convergence handles more general collapse.
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Acc Single Space: Hyperboloid Example
N

epsilon-axis

epsilon =0 /

blow up

epsilon =1

N\

Figure 1.4: Acc single space: hyperboloid example

13
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For example, in algebraic geometry spaces C"/I" where I is a finite subgroup of
SU(n) fixing only the origin have a conic singularity at the origin. Blowing up
the singularity at the origin results in a smooth ac space, Z, which is asymptotic
to C"/T" at infinity. We may resolve the singular space using the resolution space
and construct the acc single space to obtain a family of smooth spaces converging

asymptotically conically to the singular limit space.

1.8 Analytic Preliminaries

Having described the geometry of ac convergence, we give a brief review of the

analysis in this setting.

Conic Differential Operators and the b-Calculus

Let (Xo, go) be a Riemannian manifold with isolated conic singularity, defined by
x = 0, such that in a neighborhood of the singularity, X, has a product decompo-
sition, Xy = (0,27) X Y, and with this decomposition the metric has the following
form

go = dx* + 2*h(z).

Above, {h(z)} is a smoothly varying family of metrics on Y, with h(z) converging
smoothly to a fixed smooth metric h, where (Y, h) is a smooth, n — 1 dimensional
compact manifold. A conic differential operator of order m is a smooth differential
operator on X, such that in a neighborhood of the singularity it can be expressed

as
m

A=z By(z)(—z0,)"

k=0
with By, € C>((0,1), Diff"*(Y)), where Dift/(Y) denotes the space of differential
operators of order 7 € Ny on Y with smooth coefficients. The scalar Laplacian is

an example of an order 2 conic operator because it is of the form

o {(—20,) + (—n+ 1+ zH (0, H)(—20;)) + Apay }
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where in local coordinates (z,y) = (2,41, -, Yn_1),
1
H(z,y) =|det (h(x)(ayi,ayj) 2.

We may consider on X the b-tangent bundle *T'X, (cf. [24]). For a differential
cone operator as above, there is a function o7, (A) € C*("T* Xj) such that in local

coordinates near the cone point

oTy(A) . p.€) = "o (A9, ..

where o7" (A) is the usual homogeneous principal symbol of A on X. *T* X denotes
the dual of *T' X and (p,€) € R x R™ are the covariables to (z,y). The cone

differential operator is elliptic if
ay(A) # 0 on T X.

The cone differential operators are elements of the cone operator calculus; for
a detailed description, see [17]. These cone operators are closely related to b-

operators. First, we define a b-manifold.

Definition 1.9 Let (X,, g») be a smooth Riemannian manifold with boundary (Y, h)
and boundary defining function x such that in a collared neighborhood, N, of the

boundary Xy, has a product decomposition N = [0,21), XY and in this neighborhood

where h(zx) is a smoothly varying family of metrics on'Y that converges smoothly

toh as x — 0.

Equivalently, a b-manifold is a complete manifold with asymptotically cylin-

drical ends. A b-operator of order m is a smooth differential operator on X, such
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that near the boundary of Xj, it can be expressed as

m

A=Y By(x)(—0,)"
k=0
with By, € C*®((0,1), Diff " *(Y")). We see that a cone differential operator of order
m is equal to a rescaled b-differential operator of order m. In other words, if A is an
order m cone differential operator then x™A is a b-differential operator. In terms
of the local coordinates near the boundary of Xy, (x,41,...,Yn_1), a b-operator

may be expressed as

A=) ayala,y)(—20,)(3)).

jtlal<m

Then the b-symbol of A can be written as

bom(A) = Z a; oz, y)Nn*.

j+lal=m

Here )\ and 7 are linear functions on *7* X, defined by the coordinates and a generic

element of *T*X, is written as

n

dx
A— s dy; .
- +i21n y

The b-operator is b-elliptic if the symbol ®o,,(A) # 0 on *T* X, — {0}.

To use the relationship between b-operators and conic operators, we associate
a b-manifold (M,, g,) to the conic manifold (M, go). In a collared neighborhood
of the boundary of the form U = {0 < z < 1}, g, has the form dl%? + h(x). Using
a smooth cutoff function, we may extend g, to agree with go on M, — U. The
Schwartz kernels of b-differential operators are naturally defined on the b-double
space. Recall, the b-double space is defined to be M, x M, radially blown up along
the submanifold OM, x OM, =Y x Y and is written [M;, x My; OM, x OM,]. For

a complete description of the b-calculus and the b-double space, see [24].
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The b-Double Space

M_b

\Blowup of YxY

Figure 1.5: The b—double space
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The Laplacian on M,, Ay, is equal to
e {(—20,)° + (—n+ 1+ aH (0, H)(—20,)) + Apy } = 2Ly,

where L is an elliptic order 2 b-operator. The Schwartz kernel of L, is a distribu-
tion on the b-double space. By the b-calculus theory, (see [24]) L, has a parametrix
Gy, such that Gy is a b-operator with

GbLb:[—R

where [ is the identity operator and R is a b-operator with polyhomogeneous
Schwartz kernel on the b-double space. Then, for any u € L2(2" 'dxdy) with
Aou = f € L2(a™ Tdady)

(22Gy) (x 2 Lyu) = (2°Gy)f =u— Ru = u=2Gyf + Ru=a+ 3.

The first term, o € x?H? C x*L*(2" 'dxdy). Then u € L*(z" 'dzdy) implies
B € L*(x" tdxdy) and has a polyhomogeneous expansion as x — 0,

N;

B> N aithe(y).

j=0 k=0

Above v; is an indicial root for the operator L, and ¢; is an eigenfunction on
(Y, h). Then,

u:oz—l—zzj:ﬁﬁk@j(y) (1.1)

j=0 k=0

where a € 22 L% (2" dxdy).

The Domain of the Laplacian on manifolds with isolated conic singular-
ity.

The Laplacian A for the conic manifold (Mg, go) is an unbounded operator on

L?(M,y). Tt can be extended to various domains in £2. The smallest domain
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considered is denoted D,,;, and is obtained by taking the C§® closure of the graph
of Ay in L2

Definition 1.10 The minimal domain of g, denoted D,,;, is defined to be:
Dmm = {U € EQ(M()) . Eluj € CSO(M()), 'LL]' — u, Aouj — f} (12)

The convergence here is in L? and Agu is defined to be f. We denote by Ain the

Laplacian on D,;,.

The largest domain considered is called Dy, and is obtained by taking the £2
closure of the graph of Ag in £2.

Definition 1.11 The maximal domain of Ag, is defined to be:
Donae = {u € L2(My) : Au € L*(My)}. (1.3)
We denote by A4z the Laplacian on Dz

Both of the preceding domains are dense in £?(M;), and with either extension
the Laplacian is a closed operator. On complete manifolds these domains would
be equal by the Gaffney-Stokes Theorem [9]. However, M, is incomplete and so
in general these domains will not be equal. We choose a domain that lies between
these, namely the Friedrich’s domain, and work with the Freidrich’s extension of
the Laplacian. The Friedrich’s domain, Dp, is the closure of the graph of A in

L£? with respect to the densely defined Hermitian form,

Q(u,v) = VuVuv dVy.

My

This extension preserves the lower bound of the operator, so for the scalar Lapla-

cian, the Friedrich’s extension is positive and essentially self adjoint.
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For elements of D,,,,, with u € £2 and Agu = f € L2, we have the expansion

(1.1) from the preceding section,

oo Nj
U=+ Ziﬂ%gpj(y).

=0 k=0

The volume form on M near the conic tip is asymptotic to 2" 'dxdy. Therefore,
the exponents v; must all be strictly greater than —3. For v € Dy C Dipee the
above decomposition and the definition of D,;, imply that Dy, C 22£2. The
equality of Dyin and Dy then depends on the indicial roots of Ly = 22A. For

further discussion of domains of the conic Laplacian, see [11], whose results include:
Dp={feLl’:Aof€L?and f = C’)(x%;ﬂ) as x — 0, for some § > 0}.

We will use this characterization of the domain of the (Friedrich’s extension of the)

Laplacian in the proof of the theorem.

1.12 Spectral Convergence

First we define the spectral convergence that will be proven here. Let A, be the
Laplacian for (M, g.), Ag be the (Friedrich’s extension of the) Laplacian on the
conic metric (My, go), and let o(A) be the spectrum of A.

Definition 1.13 o (A,) converges to o (A,) if the set of accumulation points of
{0 (A} at e =0 is 0 (A,), with correct multiplicities.

We now have all the ingredients for the preliminary result.

Theorem 1.14 Let {g.} be a family of smooth metrics on a compact Riemannian
n-manifold, M, with n > 3. Let (My, go) be a compact Riemannian n-manifold
with isolated conic singularity and let (Z,g,) be an ac space. Assume (M, g.)
converges asymptotically conically to (My, go),(Z,gz). Let A be the scalar Lapla-
cian on (M, g.) and let Ay be the Friedrich’s extension of the scalar Laplacian on
(Mo, go). Then o (Ac) — o (Ag).
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The proof requires three steps: the inclusion accumulation o(A.) C o(Ap),

the reverse inclusion accumulation o(A.) D 0(Ay), and correct multiplicities.

1.15 Proof Step 1: Accumulation o(A.) C o(Ay)

To prove this inclusion, we extract a smoothly convergent sequence of eigenfunc-
tions corresponding to a converging sequence of eigenvalues as € — 0. We then
show that the limit function of this sequence is an eigenfunction for the conic met-
ric and its eigenvalue is the accumulation point. For this argument, we work with
sequences of metrics {g.,} which we abbreviate {g;} with Laplacians A;.

Let A(e;) be an eigenvalue of A;, with eigenfunction f;. Assume that A(e;) — A.
Over any compact set K C M, the metric g; = ge, converges smoothly to go, thus
so do the coefficients of A; — A(¢;). Hence, normalizing f; by sup,, |f;| = 1, it
follows using standard elliptic estimates and the Arzela-Ascoli theorem that f;
converges in C* on any compact subset of MJ. Furthermore the limit function f
satisfies the limiting equation

Aof = \f.
However, we do not know yet that f % 0, nor, even if this limit is nontrivial, that
it lies in the domain of the Friedrichs extension of Ay. This is the content of the

arguments below.

Weight Functions

Using the diffeomorphisms ¢, we pull back the radial function p on Z to U — K,
rescale by € and then extend to the rest of M. Explicitly,

1 on M —U.
we=1< e H*p onU—K.
€ on K.
We write w; for w,. For some ¢ > 0 to be chosen later, replace f; by W
3J3llo

We may then assume the supremum of | fjw?| is 1 on M. As M is compact, |f;|
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attains a maximum at some point p; € M, and we may assume p; converges to
some p € M. The argument splits into three cases depending on how and where

p; accumulates in M.

1.15.1 Case 1: w;(p;) = c>0 as j — oc.

In this case, the points {p,} are accumulating in a compact subset of M at some

point p # p (the cone point). The maximum of |fjw;-5| on M is 1 and occurs at p;.

§

|fil <w;® on M for each j = |f;(p;)| > ¢ as j — oc.

The locally uniform C* convergence of f; to f implies that | f| satisfies a similar
bound,
If] < 27% on My,

and clearly |f(p)| = ¢ # 0. By the assumption that the dimension of M and
My is greater than or equal to three and the characterization of the Friedrich’s

Domain of the Laplacian, we may choose d so that

2—n
— < -0 <0.
2

Then f blows up slower than 73" asx — 0, and so f lies in the Friedrich’s domain

of the Laplacian. It satisfies the equation,
AOf_ = S\f_7
so A is an eigenvalue of A and the proof of the first step is complete in this case.

1.15.2 Case 2: w;(p;) = O(e;) as j — oo.

This case leads to a contradiction using the ac space, Z. Let ¢; = ¢, according
to the definition of the acc single space. Let fj = ¢;f; and w; = ¢jw;. Then
w; = €;p, where p is the radial variable on Z. Define p globally on Z by extending
it to be identically 1 on the complement of the set {p > po} in Z. Let p; = ¢;(p;).
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Because |f;w| attains its maximum value of 1 at pj, 1£i(p))| = e;‘s.

Rescale
f; and fj, replacing them respectively with e‘; f; and e? f] so that the maximum
of |f;p°| occurs at the point p; € Z; and is equal to 1. Since w;(p;) = O(¢;),
p(p;) = € 'w;(p;) stays bounded for all j, and so we assume p; converges to
p € Z. By the definition of ac convergence, (Z;, 6]-_2gz5;fgj|U) converges smoothly to

(Z;,gz). This implies the following equation is satisfied by fj on Zj,
Azf; = €M) +0(e).
Since the A(e;) are converging to A and |f;p’| <1 on Z;, we have
Azfj — (0 as 7 — oo on any compact subset of Z.

This implies f; — f on M and correspondingly, fj — f , locally uniformly C* on
Z and f satisfies the equation,
Ayf=0.

Moreover, | f p°| <1 with equality at the point 5. This implies f is not identically
zero and decays like p~% as p — oco. There are no such harmonic functions on Z,

which leads to a contradiction.

1.15.3 Case 3: —%2- — (0 as j — oo.

w;(p;)
This case also leads to a contradiction. The analysis is on the complete cone over
(Y, h). Consider the coordinates (p,y), defined for p > 1. In these coordinates the
metric on Z has the form dp? 4+ p*h(p). Let r; = w;(p;)p. Consider the family of
metrics {g;} on Z; defined by

95 = w;(p;)*9z-
On Z; where p is defined, g; takes the form

drj + r3h(rw;i(p;) ) for r; € (pow;(ps), w;(ps) )
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Then, as j — oo, the metric h(rjw;(p;) ') converges smoothly to h, and the metric
g; converges to

go = dr* +r*h

on the exact cone over (Y,h), which we call C. Let f; = w;(p;)?(¢;)*f;. Since
|fjw?| <1 with equality at p;,

|fjr?| <1 on (Z;, g;) with equality at p; = wj(pj)§¢;1(pj).

Moreover, the Laplacian, A~j on Z; with respect to the metric g;, satisfies

SO
2
~ ~ € ~ ~
Ajfj= wj(;j)gA(ﬁj)fj + O(¢;) on (Zj, gj)-
& .
In this case, wj(—;j)z)\(ej)fj + O(e;) goes to 0 as j — oo, and so we have a locally

uniform C* limit of { fj}, fo defined on C satisfying
|for’] < 1on C,

Acfc =0 on C.

Since the points p; stay at a bounded radial distance with respect to the radial
variable 7; on Z;, we may assume p; — pc for some po € C. At this point,
|fo(pe)r(pe)®] = 1 so feo is not identically zero. By separation of variables (see,

for example, [20]), fc has an expansion in an orthonormal eigenbasis of £2(Y, h),
fo=> a1 di(y) + aj_r ¢(y)
j=0

where 7,/ are indicial roots corresponding to ¢; and a;,,~ € C. In order
for |f.r’] < 1 globally on C, we must have only one term in this expansion,

fo =ajr¢;(y). Because the indicial roots are discrete, we may choose § so that
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—0 is not an indicial root. This is a contradiction and completes Step One.

1.16 Proof Step 2: 0(Ay) C Accumulation o(A,)

Here we show the reverse inclusion of Step 1. We use the Rayleigh-Ritz character-

ization of the eigenvalues. Let A;(¢;) be the I eigenvalue of A;. Let
(VI V1)
Ry(f) = LYl
’ (f, 1)

The subscript j denotes that the inner product is taken with respect to the £2
norm on M with the g; metric. The eigenvalues are characterized using Mini-Max
by

Ai(€5) = infaim £ =1, Leeran supser Bi(f).
Similarly this characterization holds for the eigenvalues of the (Friedrich’s exten-
sion of the) conic Laplacian which are known to be discrete (see [3], for example).

Because C5°(My) is dense in L£2(M,) we may restrict to subspaces contained in
C3°(My). Then, the [ eigenvalue of Ay is

A = infyi 1 = 1, Leege(Mo) SuPger Ro(f)

Let \; be the I'" eigenvalue in the spectrum of Ay. Fix € > 0. Then there exists
L C C° with dim(L) =1 and

supsep, Ro(f) < M + e

Since any f € L is also in C§°(M) and because L is finite dimensional, by the

convergence of g; to go, for large j we have

[R,(f) = Ro(f)] < c for any f € L.
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Since A;(€;) is the infimum we have
M(ej) < N+ 2e.

This implies that {\(€;)} is bounded in j and so we extract a convergent subse-

quence. Then from Step One, for each [
Ai(eg) = < N

fin — w,  Dow = .

We now show that these limit eigenfunctions u; are orthogonal to one another.
Fix I, k, with f;x — uy and fj; — w;. Since C§°(My) is dense in £?(M,) we may
choose a smooth cutoff function x vanishing identically near the conic tip of M,

such that

[Ixue — w2y <€
[Ixw — w2 <é
Vol;(M — support(x)) < e.

Then on the support of x, g; — go uniformly and so for large 7,
[, ur)o — (xun, Xuro| < €,

| (ks xun)o — (xur, Xur)j| < €,
|, xur); — (Oxuw, X fia)| < e,

|Oxun, X fi0)5 — ik X i)l < e

Finally for large j, because the eigenfunctions for A; were chosen to be orthonormal

and the volume of M — support (x) is small with respect to g;,

[(X fies X fi0)i] < 2e.
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This shows that (uy, u;)o can be made arbitrarily small and so these eigenfunctions
are orthogonal. We then complete this basis to form an eigenbasis of £L*(Mj). Let
fi be an arbitrary element of this eigenbasis, with eigenvalue );. We wish to show
that this f; is actually the u; above, defined to be the limit of (a subsequence of)
{f;.}, and hence the corresponding s is equal to A. Again, assume the smooth

cut-off function yx is chosen so that

||Xfl - fl||L2(M0) < €.

For each j we expand x f; in eigenfunctions of A;,

(e}
xSi = Zaj,kfj,ka where a;x = (X f1, fik);-
k=0
Now, fix k and choose y such that

| xur — w2200y < €.

Then,
| fis Fimdo — O Fiadil < e

’<Xfl,fj,k>j - <Xflauk>j’ <€,
(O ur); — (i ur)ol < e,
| fis udo — (fis undol < e.

We have shown above (fi,ur)o = 0 if f; # wuy, and otherwise is 1. This implies
that for each k, a;, — 0 since j — oo for all k with u, # fi. Because f; is
not identically zero there must be some k with u; = f;. This shows that every
eigenfunction of Ay is the limit of (a subsequence of) {f;} and the corresponding
eigenvalue \; is the corresponding limit of eigenvalues. This completes Step Two

of the proof.
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1.17 Proof Step 3: Correct Multiplicities

Let X be an eigenvalue for Ay with k dimensional eigenspace spanned by uy, . . ., ug.
First, we show that the multiplicity of A as an accumulation point is at least k. As-
sume the multiplicity is k—1. The Rayleigh-Ritz characterization of the eigenvalues
in Step Two shows that wuy, ..., u,_; are limits of (subsequences of) fj1,..., fjr—1-
Moreover, as shown in Step Two, the limit of f;, fi has eigenvalue A < \. Since
the limit of f;x_1, ur—1 has eigenvalue A\, A < \. Therefore, A\ = \ and the limit
of fjx, [ is orthogonal to {uy,...,u; 1}, which implies that the multiplicity of A
as an accumulation point is at least k, the dimension of its eigenspace.

Conversely, we show that the multiplicity of an accumulation point cannot be
larger than the dimension of the eigenspace. Assume the multiplicity is k& + 1.
Then, f;i1,..., fjr+1 converges to uy,...,ur+1, all with eigenvalue A. However,
as we showed in Step Two, these limit eigenfunctions are all orthogonal, which
implies that the dimension of the eigenspace of A must be at least k + 1. Hence,
the multiplicity of A as an accumulation point is at most the dimension of its
eigenspace.

Altogether this shows that the eigenvalues of A, are achieved with the correct
multiplicities as accumulation points of {o(A(e€))} as € — 0. This completes the

proof of the theorem.



Chapter 2

Heat Kernels

For each of the geometries of asymptotically conic convergence we construct the
heat space and on this space define a heat operator calculus that contains the heat
kernel. We describe the asymptotic behavior of each of these heat kernels on the
corresponding heat space. These constructions are key ingredients in the proof of

the main result in chapter three.

2.1 Heat Kernel for a Smooth, Compact Mani-
fold

While a summary for the case of a smooth, compact manifold is provided here,
the full details are in [24]. Let (M, g) be a smooth, compact Riemannian manifold
with Hermitian vector bundle (E, V). Let A be a geometric Laplacian® associated

to (M, g, E,V). The associated heat operator is

O + A.

LA geometric Laplacian is an operator of the form V*V + R such that R is a self adjoint
endomorphism of E. Note that the square of the Dirac operator is a geometric Laplacian as is
the Hodge Laplacian on k-forms, by the Bochner Theorem (cf. [26]).

29



CHAPTER 2. HEAT KERNELS 30
The Schwartz kernel H for the solution operator is called the heat kernel. It is a
tempered distributional section of M x M x R* that satisfies

(0 + AYH(z,2',t) =0,¢t >0,

H(z,2',0)=0(z—2'),

where (z, z’) are coordinates on M x M and t is the time variable on R*. The heat

operator is self-adjoint and consequently has symmetry in the space variables
H(z,2't)= H(, z,t)*

A parametrix for the heat operator on a smooth compact manifold is constructed
from the Euclidean heat kernel (cf. [26]). Recall the Euclidean heat kernel

2
G(z, 2, t) = (4nt)"% exp (_|Z 2;' )

This kernel is smooth away from the diagonal {z = 2’} at t = 0. Similarly, the
heat kernel for (M, g) is smooth on M x M x R™ away from the diagonal at ¢ = 0.

2.1.1 The Heat Space for a Smooth, Compact Manifold

The heat space, M7, is a manifold with boundary obtained from M x M xRt = M?

by performing a t-parabolic blow up along the submanifold,
S ={z=272,t=0}

The resulting face, Fys is the inward pointing t-parabolic normal bundle of Sy, with
defining function pg. The subscript indicates that Fy, is the diagonal blow up at
which the scalar variable ¢ vanishes to order 2. There is another boundary face at
t = 0, F} with defining function p;. When the coordinate t on M x M x R™ is lifted

to the interior of M7, it is no longer a defining function for Fy. Let 3* : M2 — M}
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be the blow-up map and f, : M7 — M? be the blow-down map. Then,

B(t) = P1(Pd,2)2-

The F; face is diffeomorphic to M x M — A where A is the diagonal in M x M.

2.1.2 The Smooth, Compact Heat Calculus

We construct the heat kernel using a heat operator calculus. One may also con-
struct the heat kernel locally as in [26]. The heat calculus consists of the Schwartz
kernels of operators which lift to the heat space, M7, to have polyhomogeneous
expansions up to each boundary face. For normalization purposes, we define cal-
culus elements using half densities. Each element is the product of a distributional
section and a half density on M?. We fix a half density on M?, for example,
= |dzdz dt|%, where dz and dz’ represent the smooth measure induced by ¢ on
each copy of M. Any other smooth half density on M? differs from this one by
conjugation with a smooth nonvanishing function. Due to the use of half densities,
the definition of the heat calculus includes certain normalizing factors to facilitate

the composition rule.

Definition 2.2 The k' order heat calculus on a smooth, compact manifold, (M, g),
written WY, consists of distributional section half densities of M? that lift to M}
to satisfy three properties. Let A be such a distribution section half density of M?.
Then, A € Uk if the following hold.

1. The lift of A to M} is smooth on the interior of M?.
2. A wvanishes to infinite order at F}.
3. A€ (par) 2 HITHC* (Fip).

The action of an element A € U¥ on a smooth section half density f is

Af(z.t) = /M (A2, 2. 1), F())d2.
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We require elements of % to act as convolution in the time variable, so for a

smooth section of M x R*,

t
Af(z,t) = / / (A(z,2' t — s)f(2,5))dZds.
0o Jum
Two elements of the heat calculus compose as follows.

Theorem 2.3 Let A be an element of \If]}} and B be an element of \Iﬂ;f Then, the

composition Ao B is an element of Witk

For the proof of this composition rule, see [24]. Since the heat operator d; + A
is of order 2 we expect the heat kernel to be an element of ¥*. To construct the
heat kernel, take the lift of the Euclidean heat kernel as a first approximation.

Call this H;. Applying the heat operator to H; one has
(0 + A)Hy = Kj,

where K vanishes to one order higher on the boundary faces of M?. Let Hy =
H, — H, o K. H, satisfies
(@ ‘l— A)HQ - KQ,

where the error term K, vanishes to yet one order higher on the M? boundary

faces. This process is repeated to obtain H,, satisfying
(at + A)I—Ioo - Kom

where K, € V3; K, vanishes to infinite order on the boundary faces of M, }% This
is achieved using Borel summation to construct a sum whose asymptotic expansion
is Hy, Hy, Hs, .. .. For details on this construction, see [28].

Formally, it is known that a tempered distribution satisfying
(0 + A)H(z,2',t) =0, t >0,

H(z,72,0) =6d(z —2),
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exists. We call this H. By construction, H,, satisfies the same initial condition,
Hy(z,2',0) = d(z — 2').
The difference, H,, — H = K then satisfies
Kli= =0,

(0; + A)K vanishes to infinite order on all boundary faces of M}.

By parabolic regularity K € W%, consequently, H,, + K € \11;12 with the above

asymptotic expansion and moreover, H,, + K = H.

2.4 b-Heat Kernel

The geometries of ac convergence are closely related to the b-geometry of [24].
Consequently, the operators studied in ac convergence are closely related to b-
operators. Here is a brief summary of the geometry of b-manifolds and the b-heat

kernel.

2.4.1 b-Geometry and b-Operators

A b-manifold (M, g) is a complete manifold with asymptotically cylindrical ends.
It is compactified as a manifold with boundary having a product decomposition
near the boundary such that, if z is a boundary defining function,

d2
g="" 4 hx).

Above, {Y,h(z)} is a smoothly varying family of metrics on Y, a compact n —
1 manifold and h(x) converge to (Y,h) as © — 0; equivalently, h extends to a

symmetric 2 cotensor on [0,z1), X Y for some z; > 0. In a neighborhood of the
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boundary define the b-vector fields,
Vb == {x@x, 8y},
which form a basis for the b-tangent bundle, *T'M. The co-vectors,
dx
—.,d
{—dy},

form a basis for the b-cotangent bundle, *T* M.
A b-operator, L, on (M, g) is a partial differential operator on the interior of

M that can be expressed using the b-vector fields in a neighborhood of OM as,

L= 3 ale)(@0:)(9,)°

jtlal<m

where « is a multi-index and a;,(z) € C*([0,2,)) for some z; > 0. A b-operator
is b-elliptic if it is elliptic in the usual sense on the interior of M and is an elliptic
combination of the b-vector fields in a neighborhood of the boundary of M. An
example of an elliptic b-operator is a geometric Laplacian, A, associated to a
Hermitian vector bundle (F, V) over (M, g) such that E retracts onto a Hermitian

bundle (E,, V,) over (Y,h). Such a geometric Laplacian is of the form
A= (20,)* + A, + lot

where A, is the induced Laplacian on (Y, h) and lot are lower order terms. A conic

geometric Laplacian, Ag, is a re-scaled b-Laplacian,
Ao = (0,)* +27%(A, + lot)

where © = 0 defines the singularity and Y is the cross section. Factoring out the
-2
X )

Ag=27%((20,)* + A, +lot) = 2721,

where A, is a b-geometric Laplacian. Similarly, we may express an asymptotically
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conic geometric Laplacian as a re-scaled b-Laplacian. Let z = 0 define the bound-
ary, (Y,h), of the compactified ac space, Z. Then, a geometric Laplacian on Z,
A., near 0Z has the form

A, =202 + 2*(A, +lot) = 2°((20,)* + A, + lot) = 2°A,

where A, is a b-geometric Laplacian.

2.4.2 The b-Heat Kernel

We construct the b-heat kernel by first constructing the b-heat space, then defining
the b-heat calculus, and finally using a first approximate model operator together

with the composition rule of the calculus to produce the b-heat kernel.

The b-heat space

The b-heat space is a manifold with corners constructed from M x M x R*. First
we take M x M and blow up radially at M x dM. This is the b-double space,

M? = [M x M;0M x OM],

see also figure 1.5.
We now include the time variable and blow up t-parabolically the diagonal in

M x M at t = 0. The resulting manifold with corners is the b-heat space,

MbQ,h = |:M132 X R:’ A(M X M) X {t = 0}j| t-parabolic ’

where A(M x M) is the diagonal.

The b-heat space has five boundary faces as follows.?

2The subscript notation used throughout indicates the order to which each of the scalar
variables vanish at that face. For example, at F1q the first two scalar variables, z and z’, vanish
to first order while the third scalar variable, ¢t does not vanish (vanishes to 0 order).
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The b Heat Space

\_/ T tto infinity
]

]

F_110

x'=0
F_010

Figure 2.1: The b-heat space.
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Face | Blow up of/locally defined by | Defining Function
Fiio | S1i0= {ZIT =0,2"= O} P110
Fgp | Sie ={2z=272,t=0} P2
Fiyo | {x =0} — Fiyo £100
Foio | {2 =0} — Fiyo Po10
Foor | {t =0} — Fd2 Po01

The b-heat calculus consists of distributional section half density kernels on the

b-heat space, My,

Definition 2.5 For any k € R and index set E119, A is an element of the b-heat

calculus, Wy w™", if the following hold.

_1
1A A2 (Fry).

2. A wvanishes to infinite order at Fyo1, Fioo, and Foo.
_nt3_ g
3. A€pp? C®(Fa).

Because the heat calculus is defined with half densities, the normalizing factors

at Fi19 and Fj, simplify the composition rule.

Theorem 2.6 Let A € \IJ];};,A and let B € \Illgf’f. Then the composition, Ao B is

ka+kb,A+B
an element of V% .

The b-heat kernel asymptotics on the b-heat space

The construction of the b-heat kernel is similar to the construction of the smooth
compact heat kernel. The b-heat kernel behaves like the Euclidean heat kernel
on the interior of M? and near Fj. To determine an appropriate model kernel
at Flio, the heat operator 0; + A, is lifted to the b-heat space and restricted to
Fi19. This restriction is called the normal operator of 0; + Ay. The model kernel
at Fiy9 is the kernel of a first order parametrix of this normal operator and is
smooth at this face. At Figy, Foi9, and Fyy; the model kernel vanishes to infinite
order. The approximations at each face are smoothly extended to the interior.

As in the smooth case, the composition rule is used to solve away the error and
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the model kernel determines the asymptotic behavior of the b-heat kernel on M.

This behavior is summarized here and concludes our study of the b-heat kernel.

Face | Leading order

Fiio | 0; as t — oo, decays like 3
Fp | -2 —(-2)

Fioo | 00
Forp | 00
Foor | o0

2.7 The Conic Heat Kernel

Let (My, go) be a compact manifold with isolated conic singularity and let (Ey, Vo)
be a Hermitian vector bundle over (M, go). Let Aq be the Friedrich’s extension of a
geometric Laplacian on (My, go). Associated to Ay is the heat operator 9, + Ay and
the corresponding heat kernel which we call the conic heat kernel. The conic heat
kernel is smooth on the interior of My x My x RT = M3 by parabolic regularity (cf.
[28]); away from the conic singularity it behaves like the heat kernel for a smooth,
compact manifold. Near the conic singularity, however, the behavior of this heat

kernel is more subtle.

2.7.1 The Conic Heat Space

This construction comes from [25]. The conic heat space is a manifold with corners
obtained from M x My x RT = M2 by blowing up along two submanifolds. In a
neighborhood of the conic singularity, M, has a product structure with coordinates
z = (z,y) where z € (0,71] and y = (y',...,y" ') are coordinates on (Y,h). In
terms of the local coordinates (z,2',t) = (x,y,2’,y',t) on M? the two submanifolds
are

5112{13 = 0, LC/ = O,t = 0},

Sao = {(2,2,0) : z € MJ}.
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S112 is the codimension 3 corner at ¢ = 0 at the intersection of the singularity
in each copy of My. Sy is the singular set for the initial data, the diagonal of
My x My at time t = 0. These submanifolds are blown up parabolically in the
direction of the conormal bundle, dt, replacing each submanifold by its inward
pointing t-parabolic normal bundle. The boundary faces created by these blow
ups are Fijo and Fjo, respectively. The resulting manifold with corners is the
conic heat space and denoted Mg,

In the local coordinates, (x,y,2’,y/,t,), the defining function for Fiq, is
1
pP112 = ($4 + (l’/)4 + t2>4 .

In a neighborhood of this face, we have coordinates (6,6, r,y,y', 7), where x = r#,
2’ =7, and t = r?>7. We do not actually need the ¢’ coordinate because 0, §', 7
satisfy

0*+ (0 + 12 =1.

The second blown up face, Fj,, has defining function
par = (|2 = | +12)7.
There are three additional boundary faces in the conic heat space,
Fioo = {z =0} — Fg,

Foro = {xl = 0} — I,
Foor ={t =0} — (F112 U Fyp).

The defining functions for these faces are respectively pioo, po10, Poo1- Using stan-

dard blow-up notation the conic heat space is
M&h = [MO X MO X R+7 5112; SdQ]t— parabolic.

The blow up construction of Mg, from M? induces blow up and blow down
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M_0 x M_0 x R+ : First Step in construction of conic heat space

A

t-axis

x=0 face x'=0 face

1IN

\

T
I
I
I
I
t=0 flace
I
I

Figure 2.2: Construction of the conic heat space: M?.
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maps, §* @ M2 — M&h and (3, : M&h — M2, which are isomorphisms on the

interiors of these spaces. The coordinates (x, 2’,t) lift via 5* to

(B°)(x) = proopr2;

(ﬁ*)(xl) = Po1opP112;
(B%)(t) = poor (p112)°.

The boundary faces of M, are defined in terms of 3* by

Figo = cl{* ((Y x My x [0,00);) — S112) },
Foio = Cl{ﬁ* (( [ )t) - 5112)};
Foo1 = cl{ 3" (5112 — Sa2) }s

Fap = cl{3*(Sa2) },

Fiio = c{B*((My x My x {0}) — Sa2) }.

In the above ¢/{.} denotes the closure in Mg,

2.7.2 Conic Heat Kernel First Approximation

We construct the conic heat kernel by building its Taylor expansion at each bound-
ary face of M& ;- First, an approximate solution to the heat equation at each face is
chosen so that the error term vanishes to some positive order. We then use the heat
calculus to iterate this process, constructing a parametrix with error term vanish-
ing to infinite order at the Fii5, Fyo, and Fpo; boundary faces of M&h. Finally,
Duhamel’s Principle is used to construct the full heat kernel from this parametrix.

Away from the conic singularity the Euclidean heat kernel is a good first ap-
proximation, so this is our first approximation on the interior of M&h and at the
Fyo and Fjy, faces. Near the Figg, Fo1o and Fio faces, however, this is not a good
first approximation. Instead, we take the heat kernel for the exact cone over (Y, h)
and transplant it to Fjio. This kernel is then extended to the Figg and Fyio faces.

Convenient local coordinates on Fjp5 are the projective coordinates, (s, s',y, vy, 7)
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The Conic Heat Space
A

t-axis
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>
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Figure 2.3: The conic heat space, Mg,
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with s = &, 5" =2/, and 7 = ﬁ These are valid away from Fjo. Since we are us-

ing the Friedrich’s extension of Ay the heat kernel satisfies H(z, 2/, t) = H(2', z,t)*.
This symmetry allows us to study the heat kernel using these projective coordi-
nates because the leading orders at Fy19 and Fjgy are the same. In projective
coordinates, the variable s’ is a defining function for Fij;5 and the heat kernel

becomes
at + AO = (8,)72(87- + AO,S) + F. (21)

Here, Ay s is a geometric Laplacian for the exact cone over (Y, h) and E is an error
term with leading order (s')~! at Fy1o. We express the heat kernel as an expansion

near Fq, as follows

H(z, 2, 8) ~ D () hys, 8, y,9/7)

J20

where the exponents «; € C depend on the eigenvalues of the induced geometric

Laplacian on the cross section (Y, k). The heat kernel H must satisfy
(O +Ag)H =0,t>0.
In the projective coordinates this becomes
(s) 720, + Ao )H + EH =0, t > 0.
Applying the heat operator to the Taylor expansion of H gives

Z(s’)af?(& + Aos)hi(s, ' y,y',7) + ()9 Ehi(s, s, y,y,7) = 0.

320

The first term gives the equation

(S,)a0_2<8‘r + AO)h'O(Sa 3,7 Y, y/a 7—) =0.
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Therefore, hy should be some power of (s’) times the heat kernel Hy for 0, + A s,
ho = (')’ H,.
Recall the initial conditions that H must satisfy
H(z,2',y,y,0) = 8(z — 2")d(y — ') = (s)7'o(s = 1)a(y — ¥/).
The heat kernel for the exact cone, Hy, satisfies
Ho(s,1,y,y',0) = 6(s = 1)o(y — o).
So the first term in the expansion of H should be
(s') " Ho(s, Ly, y', 7).
This shows that the leading order term of H at F}i5 is
Hy(z,y,2",y',t) = (pri2) " Ho(s, 1,9,y 7),
where Hj is the heat kernel for the exact cone over (Y, h).

The Heat Kernel on the Exact Cone

Let (X, g.) be the exact cone over (Y, h) with coordinates (z,y) and metric
gr = dz* + z°h.

For the existence and construction of the heat kernel for (X, g,) we refer to [20].
The heat kernel Hy for (X, g,) has a polyhomogeneous conormal expansion on
X ﬁ with leading orders at Fgg, Foi0 and Fiio given by a complicated expression
involving the eigenvalues of the induced geometric Laplacian on (Y, h), the rank of
the bundle, and the dimension of X. For a detailed description of this dependence
see [2].
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A direct calculation on the exact cone gives the homogeneity property for Hy,
Hy(cx,cx',y,y, c*t) = "Hy(z, 2", y, v, t).
The homogeneity of Hy and symmetry in z, 2’ imply
Hy(z,y,2",y',t) = (p112) ™ (prooporo) " Ho(z, 2, y, 4/, ).

The following table shows the leading orders of H; on the boundary faces of Mg,h.

Boundary Face of Mg, | Leading order
Fiia -1+

Fioo —n + o

Foio —n+ fo

Fao —n

Foor 00

Above, vy and py are the leading terms in the polyhomogeneous conormal
expansion of Hy at Fj15 and Fjgg, respectively. The following is a brief review of

polyhomogeneity.

Polyhomogeneous Expansions

On manifolds with boundary having a product structure near the boundary, a
natural class of functions (or sections) with good regularity near the boundary
are the polyhomogeneous conormal functions (or sections). For a more complete
reference on polyhomogeneity, see [21]. In a neighborhood of the boundary of
My, or equivalently, in a neighborhood of the conic singularity of M,, we have

coordinates (x,y) with the metric gy expressed in these coordinates as
go = dz* + *h(z).

The b-tangent bundle, V,, in a neighborhood of the singularity, is spanned by the
vector fields,

{20, 0}

T Yy
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The basic conormal space of sections is
AY(My) ={¢ : V1..Vi¢p € L= (My),VV; €V, and V1}.
Let o and p be multi indices with a;; € C and p; € Ny. Then we define
AP (My) = 2*(log 2)P A°.

The space A" is the union of all these spaces, for all a and p. The space A3, (M)
consists of all conormal distributional sections which have an expansion of the
form
P;
o D D at(loga)a,(a,y). asp € C.
Re(aj)—o0 p=0

We define an index set to be a discrete subset £ C C x Ny such that
(aj,p;) € E,[(aj,p;)| = 00 = Re(a;) — o0.

Then, the space A%, (Mo) consists of those distributional sections ¢ € A%, having

polyhomogeneous expansions with (a;,p;) € E.

2.7.3 The Conic Heat Calculus

The construction of the conic heat calculus is originally due to [25]. This calculus
gives a rule for composing kernels that are smooth on the interior of Mg, with
specified regularity, vanishing, or polyhomogeneous expansions at each boundary
face.

The heat calculus is defined using half densities. Let u be a conic half density

on My x My x RT. We may assume

1= (z2')"7 Vdzdzdt = /dV.dt.

Any other choice of conic half density on My x My x R* is obtained from p by con-

jugation with a nonvanishing smooth function. We also fix a smooth, nonvanishing
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half density, v, on Mg,,.

Definition 2.8 Let k € R and FEiog Eoio F112 be index sets. A distributional
section half density, A, of M2 is an element of the heat calculus \IJISZEIIOO’EMO’E“Q if
its lift to M&h, which we also call A, has the following behavior at the five boundary

faces of Mg,

1. A€ AElOO (Fwo).

phg

2. A€ AZ0(Fyp).

phg

3. A€ A2 (Fp).

4. A vanishes to infinite order at Foo;.

+3

5. A€p,® C(Fp).

With this normalization the conic heat kernel has order £ = —2 and the compo-
sition rule works out nicely. To prove the composition rule we must first construct

the conic triple heat space, M&h.

The Conic Triple Heat Space

The conic triple heat space, M&h, is a manifold with corners obtained by perform-
ing a series of blow ups on My x My x My x Rt x R*. To each copy of M, we
associate a copy of the Hermitian vector bundle, (E,V). We refer to the three
copies of My as My, M, and M and the corresponding three copies of E as F,
E’', and E”. Given two kernels, A and B, of the conic heat calculus, A induces
an operator taking sections of E to sections of E' x R™, while B takes sections of
E’ x R+ to sections of E” x R*. For example, if f is a smooth half density section
of M, then A acts on f by

A(f) (1) = / (BA) (2,2 1), () d2

Mo
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where 3, is the blow down map from Mg, to M7. These kernels act in another

way, by convolution in the ¢ variable,

A(f)(z.1) = /M / (B).A(z, 2, 5), F(2' st — ))dsd"

Because of the special action of elements of the heat calculus on the time variable
as convolution operators, the triple heat space construction involves only 2 copies
of RT.

Formally, the composition of two elements of the conic heat calculus is obtained
by lifting both elements to the triple heat space, taking their product and pushing
forward to the heat space. It is then necessary for the triple heat space to have
partial blow-down/projection maps to three identical copies of Mg, and full blow-
down maps to three identical copies of M7. The three copies of Mg, and M? will
be called the left, right and center and the blow up or down maps corresponding
to each are Gy, Bgr, 08.. An upper * denotes the lift to the triple heat space and the
lower * denotes the push forward to the heat space. In other words, (8g)* is the
lift of the right heat space to the triple heat space. In the composition of A and
B, the kernel A is lifted from the left copy of M&h to the triple heat space while
the kernel B is lifted from the right copy of M&h where their product is taken and
pushed forward to the center copy of M()2,h' We would like the maps, (., Or, 0. to
preserve polyhomogeneity so that the lifted product of A and B on the triple heat
space pushed forward under ((¢). is again an element of the conic heat calculus
with expansions determined by those of A and B. Such maps on manifolds with

corners which preserve polyhomogeneity are called b-fibrations.

b-Maps and b-Fibrations

For a complete reference, see [21]. The maps (1 g ¢ from Mg’vh to the three copies
of Mg’h must be a special kind of map, known as a b-fibration, in order to preserve
polyhomogeneity and prove the composition rule for the conic heat calculus. The

first definition is a more general class of maps, of which a b-fibration is one specific

type.
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Definition 2.9 Let M; be a manifold with boundary hypersurfaces, {Nj}le, and
defining functions r;. Let My be a manifold with boundary hypersurfaces, {L;}}_;,
and defining functions p;. Then f: My — My is called a b-map if for every i there
exist nonnegative integers e(i, j) and a smooth nonvanishing function h such that
(i) = hIIr§™,

The image under a b-map of the interior of each boundary hypersurface of
M is either contained in or disjoint from each boundary hypersurface of My and
the order of vanishing of the differential of f is constant along each boundary
hypersurface of M;. The matrix (e(7, 7)) is called the lifting matrix for f.

In order for the map, f, to preserve polyhomogeneity, stronger conditions are
required. Associated to a manifold with corners are the b-tangent and cotangent
bundles, *TM and *T*M.? The map f may be extended to induce the map °f, :
TM, —° TM,.

Definition 2.10 The b-map, F' : My — Ms, is called a b-fibration if the associated
maps °f,. at each p € OM, are surjective at each p € OM; and the lifting matriz
(e(i,7)) has the property that for each j there is at most one i such that (e(i, j)) # 0.
In other words, f does not map any boundary hypersurface of My to a corner of
M.

These conditions guarantee that pushforward by f preserves polyhomogeneity.
We proceed with the construction of the triple heat space so that the blow down
maps, (61)s, (Br)+ and (fc)., to Mg, will be b-fibrations.

In a neighborhood of the conic singularity in each copy of M we have the local
coordinates (z,y, 2.y, 2", y",s,8) on (M x M’ x M" x R* x RT). In general when
performing blow ups, if one has several submanifolds to blow up symmetrically,
the corner where these submanifolds intersect is blown up first. This separates the
submanifolds so that when each of them is subsequently blown up, the order of
blow up does not matter and symmetry is preserved. With this in mind, we first

blow up the codimension 5 submanifold,

S ={z=10=2"=s=5=0}.

3These are also called the totally characteristic tangent and cotangent bundles.
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We blow up parabolically in the s, s’ directions, and radially in the x, 2’, 2” direc-

tions. The defining function is
P11122 = ([L’4 + (93'/)4 + ($,/)4 + 32 + (S/)Q)%.

We call this face Fiq129. After performing this blow up we have the following radial

coordinates

(97 9/7 9//7 Y, ylv y/la g, 0-/7 )011122)

where

T = (,011122)9, s = (P11122)2U,

and the coordinates 2/, 2", o’ satisfy analogous relations.

Next we consider the time variables. The three b-fibration maps onto three
identical copies of M&h each require a time variable, but there are only two copies
of R*. The three maps down to M&h will have time variables, s, s’, s”, where the

coordinates (s, s’) are on RT x R* and
"= —s.

In order to have b-fibrations to the three copies of M&h we must blow up the
submanifold
Fooorr = {U =0,0' = 0} — Fiio.

This blow up is radial in both directions with defining function
o = (0_2 + (0,/)2>%_

Different notation is used for the defining function of this face because it plays the
role of the third time variable.

The next step in the construction of Mg, is to blow up the three codimension 3
corners corresponding to Fiqo in each of the three copies of M(ih. If (2,2,7",s,5)
are local coordinates on M _?;, then the interior of the left ngh has local coordi-

nates (z, 2, s), the right has coordinates (z/, 2", s'), and the center has coordinates
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(z,2",8") with s = s — §’. The next three blow ups are parabolic in the time

directions and create the following faces.

Face | Submanifold to be blown up Defining Function

Fii020 | S11010 ={0=10,0"=0,5 =0} — Fi1122 £11020 = (94 + (9,)4 + 02)i

For102 | Sor02 = {0 = 0,0" = 0,0’ = 0} — Fi1122 | porroz = ((0")* + (0")* + (o

/)2)i

Fioi22 | Sio111 = {9 =0, 0" = 0, o’ = 0} — Fii2 P10122 = (94 + (9//)4 + (0”)2)i

These three faces meet at Fjj199 and share edges with each other. By blowing
up the codimension 5 corner first, the order of blow up of these three faces does
not matter.

Next we blow up the codimension 2n + 2 submanifold at which the lifts of the

three diagonals meet and the time variables vanish. Let
Siz={z=2,2=2"0=0,0"=0,0" =0} — (Fi1122 U Fi1020 U For102 U Fio111).

Sgz is blown up parabolically in o, ¢/, and ¢” creating the face Fy3 with defining
function

Pz = (‘Z . Z/|4 + |Z/ . Z”‘4 + o2 + <0/>2 + (O_//>2)i.

Now we blow up the diagonal faces corresponding to Fy, in the left, right and

center copies of MZ,. These are as follows.

Face | Submanifold to be blown up Defining Function

Fpo | Sapo={2=2",0=0} — (Fi1120 U Fl1020), | pazo = (|2 — 2'|* + 02)%

Faozo | Saoe = {2 = 2",0' =0} — (Fi1122 U Forio2) | paoz = (|2 — Z”|4 + (0')?)

Fao Saze = {Z = Z”7 o = 0} - (F11122 U F10122) Pd22 = (|Z - Z”‘4 + (0”)2)

1
1
1
1

The conic heat triple space has five additional boundary submanifolds.

Face | Local defining set away from blow ups | Defining Function
Flo000 {z =0} £100000
Fo1000 {2" =0} £010000
Foo100 {2" =0} P00100
Fooo1o {s =0} £00010
Foooor {s'=0} 00001

Now we are ready to state and prove the composition rule for the conic heat

calculus.
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Theorem 2.11 Let A € Wiodooduzhe - gng B e glooBowBuzke yup the leqd-

ing index terms satisfying
Briz2 + aoio > 0, aq12 + Broo > 0, —ka >0, —ky >0, Bioo + o0 > —1.

. : A100,Bo10,T112,k
Then, the composition Bo A is an element of Wy 3" """ "% with I'1yp = Aja+

Bll2 and k = (ka + kb)

Proof

Let v be a smooth half density on M. Then we may write A = kv and B = kpv.

The composition of A and B is formally given by

fpoa = (Bc)« ((Br)* (kav)(BL)" (kpv)) - (2.2)

In verifying the composition theorem, we will refer to (2.2) often. First, we

multiply both sides of (2.2) by v. Using the fact that (3.).(06.)*(v) = v we have

kipoar” = (Bc)+ ((Br)" (kav)(BL)" (k5v) (5e)" (V). (2.3)

Now we calculate the lift to Mgih of the smooth, nonvanishing half density v
on M&h. First, we determine the relationship between v and the conic half density
pon M?. Recall the conic heat space Mg, has five boundary faces with defining

functions p1o0, Po10, P112, Pa2, and pgor. In terms of these,

1—n 2n+1 n+1

v=(0n)" ((01000010)7@112)7 2 (Pd2)7TN) :

Next, we compute the lifts of the defining functions on Mozyh to the triple heat

space.
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Lifting map | Defining function on M? | Lift to M}

(BL)” P100 £10000£10122

(BL)* Po1o £01000£01102

(5L)* P112 11122011020

(Br)* Pa2 Pd3Pd20

(BL)” Poo1 £00010£00011Ld22 010122
(Br)* P100 £01000£01102

(Br)* Po1o £00100010122

(Br)* P112 P11122P01102

(Br)* Pd2 Pd3Pdo2

(Br)* Poo1 £00001 200011 Ld22 010122
(Be)* P100 £10000011020

(Beo)* Po1o £001000£01102

(Beo)* P112 P11122010122

(Beo)* Pd2 Pd3Pd22

(Be)* Poo1 £00022£00011Ld22 010122

We will use the fact that

(Br)* (1) (Br)* (1) (Be)* (1) = 3.

Here, p2 is the smooth conic density on My x My x My x RT x RT, so we may
assume

ps = dV.dtdt’ = (z2'2")" 'dzdz'dz"dtdt.

A calculation of Jacobians gives the lift of p3 to the triple heat space. First

note

(53)*(1') = P11122011020£1012210000;
(ﬁ?,)*(x/) = P11122P11020£01102£01000

(ﬁ:’,)*(xﬂ) = P11122£10122£11020£00100-

In the Jacobian calculations we observe that the exponent of each defining function

is —14 the number of space dimensions + twice the number of time dimensions
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in that defining function. This is because the blow ups in the t-directions are
parabolic while the other directions are blown up radially.

p3 lifts to Mg, as follows

2n+1 )2n+3

(53)*@%) = (P11122)3n73((011020)(P011o2)(/)10122)) (pas

((Pa20)(pdoz) (Pdm))n+1 ((10000) (P10000) (P10000) )n71 (p00022)1/§-

Here, 12 is a smooth, nonvanishing density on Mg,. These calculations show

(6.)* () (Br)* () (Be)"(v) =

n+3 n+1

((P11122)(Pnozo)(ﬂonw)(P10122))%(pd3) 2 ((Pd20)(ﬂd02)(ﬂd22)) 2 pooo22V§‘

We use this result in to obtain

N|w

HBoAVQ = (50)*((5R)*(/‘€A)(ﬁL)*(KB)((,011122)(P11020)(001102)(P10122)) (2'4)

n+3 n+1

(paz) 2 ((pa20)(paoz)(paz2)) 2 (pOOOQZ)Vg)'

To use the push forward theorem of [21], we must write this as a b-density. On

the center copy of M&h

b2 — (ploopowpuzpdzpom)71’/2’

Then, we have

= (@:)* (ﬁc)* (P100P010p112pd2,0001)_11/2).

We observe

(Be) ((P100P0100112Pd2ﬂ001)71) =

((Ploooo) (P10000)”(P11020) (P01102) (pro122) (011122) (Pd3) (Pd22)ﬂooo11)_1 .

So now in (2.4) we must multiply both sides by (8.)«(3:)* ((p100p0100112Pd20001) )

to obtain

kpoa 'V = (Bc)«[Kaks((pr0000) " ((P10000)) " (2.5)
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n+1 n—1

(p11122) (P11020) (Por102) (P10122)) 2 ((pa3)(paz0)(pdoz)) 2 (paz2) 2 7/3?] .

Here, we are using K4 and kg to denote the lifts of k4 and kg, respectively, to the
triple heat space, M.
To use the push forward theorem, we must also change the density v2 to a

b-density. We observe

bV?? = ((lez)(/011020)(/001102)(/)10122)(Ploooo)%eg(PzB)(PdQO)(Pdm)(,Od22)700006)71 Vg‘

So, we now have

N

Kpoa 'V = (Bc)«[Karks ((pr1122) (P11020) (Por102) (P10122)) (2.6)

n+3 n+1

((paz)(paz0)(paoz)) 2 (paz2) 2

(010000)000670 bVQ]-

Now, we may use the push forward theorem. The boundary faces Fi1920, Fo1102,
Fy00, Fao2, and Fpig00 are all mapped to the interior of MO% » by (Bc)«. The theorem
demands the quantity to be pushed forward be integrable with respect to the b-
density at these boundary faces. By hypothesis k4 is smooth in the interior of

M§,, and has the following expansions on the boundary faces of Mg,

Face | k4 Index Set/Leading Order
Fiz | Az

Fioo | Aioo

Foio | Aoto

Fao 23 _

Foor | 00

Then, by the previous calculations determining the lifts of the defining func-

tions of Mg, under (3.)* we have the following orders of K4 on M,
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Face

K Index Set/Leading Order

Fi1122, Fiio20

Fo1102, Foio00

Fio122, Fazz, Foooio, Fooorn
Fy3, Faoo

Flo000

FOOIOO

The expansions and leading order terms of xp on M2, are as follows.

Face | kp Index Set/Leading Order
Fiiz | Bz

Figo | Bioo

Foio | Boio

Fp | -2 —k

Foor | 00

Similarly, for k5 we have orders as follows.

Face

Kp Index Set/Leading Order

Fi1122, Fiioio
Foi102, Foio00
Fio122, Fa22, Foooor, Fooorn

Fas, Faoz

FlOOOO

FOOIOO

Bll2

Now, recalling the formula,

Kpoa 'V = (Be)«[KarB((p11122) (p11020) (Po1102) (P10122) ) : ((pa3)(paz0)(pdoz))

n+1

(pd22) 2 (,010000)/)00010 bV§]>

o6

we see that the quantity on the right hand side to be pushed forward by (3.). has

the following behavior on the boundary faces.
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Face Index Set/Leading Order
Fii122 —% + A2 + Biio
Fi1020 A1z + Bioo
Fo1102 Aoro + B2
Fio122, Faza; Foooro, Foooor, Fooorr | 00

Fy3 —2 (ko + k)
Fazo —kq

Faoa —ky

Fio000 Ao

Fo1000 Aoo + Bigo +1
Foo100 Boo

57

The following table shows the leading order of the quantity to be pushed for-

ward and where the boundary faces of Mg, are pushed forward by (G¢). in M,

Mg, Face Mg, Face or Interior | Leading Order of Composition
Fii122 Fiia —% + anz + B2
Fi1020 Interior a112 + Bioo

For102 Interior 6112 4+ o
Fio122 Fiiz o0

Fys Fao —”T% — (ko + k)
F0 Interior —k,

Fli00 Interior —ky

Faaz Fao 00

F1o000 Fioo 100

Fo1000 Interior Broo + oo + 1
Foo100 Foio Bo1o

Fooo10, Foooo1 | Interior 00

Fooo11 Foo oo

Note that by hypotheses of the theorem,
aq12 + 5100 > 0, 5112 + agp > 0, —k, > 0, —k, > 0, and 6100 + apig > —1.

Therefore, the quantity to be pushed forward is integrable with respect to *v2 at
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Foi102, Fiio20, Faoe, Fyoo, and Fpioeo- This allows us to apply the push forward
theorem using (B¢ ).. The kernel of the composition k.4 then pushes forward to
Mgvh to have the following index sets and leading orders.

Face | Index Set/Leading Order
Fiip —% + A2 + B

Fioo | Aioo
Foio | Bowo
Fao 23— (kq + ks)
Foor | 00
This completes the proof of the composition rule. We conclude that the com-
position B o A is an element of \113}30’3010’“12’]“ with T'y1p = —2 + Ay15 + Bipz and
k= (ko + k).
@

Parametrix Construction of Conic Heat Kernel

Since the first approximation to the conic heat kernel is an element of the calculus
we can use the composition rule to produce a parametrix for the heat operator with
error term vanishing to infinite order on Fiis, Fyo, and Fyp;. As seen previously, the
first approximation for the heat kernel is of the form (p112) ™ (p1000p10) " Ho(z, ', 3,9/, t).

It has leading orders on Mg, as follows.

Boundary Face of Mg, | Leading order
Fi1o -1+
Floo —n+ fio
Foio —N + fio
Fyo —n
Foo 00
The density factor has not yet been included. The lift of the conic half density

n—1 2n+1

to the heat Space 1S (ﬁh)*(ﬂ/) = (0100;0010) 2 <p112) 2 (de)

heat space the model operator is

n+1

2 v. Therefore, on the

—n—1 2n—1 n+1

(Pr00po10) 2 (pr12) 2 (paz) = Hov.
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As an element of the heat calculus the kernel xy of the first parametrix has the

following leading orders at the boundary faces of MOQ’ B

Face | Leading Order
Fip | =24+ 2H 4+
Fioo | =%+ o

Foio 771271 + Ho

Fpp | -2 —(-2)

Foor | o0

Theorem 2.12 Let (Mo, go) be a compact manifold with isolated conic singularity,
with geometric Laplacian A associated to the Hermitian vector bundle (E, V) over
(Mo, go). Assume the bundle retracts onto a bundle over the cross section, (Y, h).

Then there exists H € @5}?“1201&&1%72 satisfying

(0, + A)H(z,2',t) =0,t >0,
H(z,2',0)=0(z—2'),

where A is the Friedrich’s extension of this geometric Laplacian. The index

sets Fioo, Foio have leading order _12_"

2"2_1 + vy. Here, po and vy are determined by the eigenvalues of the induced

+ po and the index set Ei15 has leading

order
geometric Laplacian on the cross section of M, the dimension n of M, and the
rank of the bundle.

Proof

The first order approximation is defined locally near the boundary faces of Mg,
as above and on the interior by the lift of the Euclidean heat kernel to M& h, Using
smooth cut-off functions to patch these approximations together. The result is an

element of the heat calculus, Hy. Applying (0, + A) to Hy gives

(8t+A)H1 == EH1 = Kl.
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Here, E is the error term seen previously. As an element of the heat calculus, K;

has leading orders

Face | Leading Order
Fiio —% + 2n2_ !
Fioo | ="+ 10

Fowo | 5" + 1o

Fp | -3 —(-2)
Foor | 00

Motivated by Duhamel’s Principle, let

By the composition formula, Hs has leading orders

HQ - Hl - HlKl-

Face | Leading Order
Fus | —3+ 250 + 2
Fioo | 5" + 1o

Foo | =5+ 1o

Fp | -2 —(-2-2)
Foor | o0

Continuing this construction, let

The last term in the sum has leading orders

HgZHl—Hl*K1+H1*K1*Kl,

J
Hj=Hi+ Y (-1)'Hi(K)"
=1

Face

Index Set/Order of Vanishing

3t 2
S
S

—m3 425+ 1)

(0.9]
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Borel summation gives existence of H,, with asymptotic expansion such that

H, = ]hl?o H;.
H, solves the heat equation up to infinite order on M&h. Let H be the full conic
heat kernel. Then, H — H,, = K vanishes to infinite order at the Fii5, Fjs, and
Foo1 boundary faces of M&h, has a polyhomogeneous expansion up to Figy and
Fy10 and vanishes to infinite order at t = 0. Parabolic regularity implies that K is
smooth on the interior of M&h and consequently is an element of the conic heat

calculus. The full heat kernel is
H=H, +K.

By construction, H is an element of the heat calculus, H = sv with s having

leading orders

Face | k Leading Order
Fua | -3+ 551

Fio0 _12_n + 1

Foio _12_n + 1

Fpp | —"2 —(=2)
Foor | o0

This completes our construction of the conic heat kernel. For a detailed study
of the special case of the scalar heat kernel on the exact cone over (Y, h), see

appendix A.

2.13 AC Heat Kernel

Let Z be a compactified ac space with boundary defined by {x = 0} and local
coordinates (z,y) near the boundary. Let A, be the Friedrich’s extension of a
geometric Laplacian on Z. The heat kernel for (0, + A,) has the usual behavior

away from the boundary of Z and at ¢ = 0. The interesting behavior occurs near
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the boundary of Z. Our first approximation for the ac heat is the Euclidean heat
kernel lifted to a neighborhood of the boundary in Z x Z x R*. Recall the Euclidean
heat kernel for R",

_ |Z_Z/‘2

G(z, 2 t) = (4mt) 2 =

Here the coordinate z = (r,y) has not been compactified. With the compacti-
fication of Z, x = % and in the local coordinates, (z,y,’,y’,t) on Z2 near the

boundary of Z the Euclidean heat kernel has the following form

(12 -5+ !y—y’P))

2t

G(‘T’ Y, 33/7 yla t) = (47Tt>_% exp (—
This motivates blowing up
Sti0 = {(Iayvxlyylat) T = O,JZI = 0}

In the projective coordinates s = £, s’ = 2’ the Euclidean heat kernel is

(=P 4y — y’P)) |

2t

G(s,y,s,y,t) = (47rt)_% exp (—

This motivates a second blow up at s = 1, along the submanifold where the

diagonal in Z x Z meets the first blown up face
5220 = {(:E,y,.’ﬂ,,y,,t) P = 0,517 = an = y/}

2.13.1 The AC Heat Space

As motivated above, the ac heat space is constructed from Z x Z xR* by performing
three blow ups.

First we construct the ac double space, Z2..* This construction comes from [12].
We take Z x Z and blow up the codimension two corner {z = 0,2’ = 0} = (02)%.
This is the b-blow up of Z x Z, Z2. The new face created by this blow up is Fio

¢ 2

4The subscript “sc” in Z2, is for scattering because ac spaces are also called scattering spaces.
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The AC Double Space

x=0 7
F_100 7

x'=0 F_010
Figure 2.4: The ac double space.
with defining function

prio = (2 + (2)%)2.

We have new coordinates (pi10,6,0,y,y’) near the blow up with = = (p110)0,
' = (p110)¢, where 6,0 € S' and 62 + (0')*> = 1. Next we blow up the intersection

of the diagonal with this face, creating the face Fhyy with defining function
pm = ((pro)* + (0 = 0 + |y — /)2,
The result of these two blow ups is the ac double space,
72 = Z;;0diagy) = [[Z x Z;0Z x 0Z); A(Z x Z) N Fiy)] -

Finally, we take Z2, x R* and blow up the diagonal at ¢ = 0, creating the face Fp

with defining function
Pd2 = (|Z - Z/|4 + t2)i for Z, Z/ ¢ FllO; FQQO.

The ac heat space, Z2, has six boundary faces described in the following table.
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The AC Heat Space

T t to infinity

G dd
NEANEANENAN

-
N
N
o

aas

X= U x'=0
F_100 F_110 F_010
N
t=0 t=0
F_001 m F_001
Fd2
Figure 2.5: The ac heat space.
Boundary face of Z? | Blow up of/ Locally defined by
Fio Blowup of {z = 0,2" =0}
F9 Blowup of {y =y} N Fi1o
Fioo {x =0} = Fi10, Foxo
Foio {2’ = 0} = Fi1o, Fago
Fyo Blowup of {x =2’y = ¢/, t = 0} — Fay
Foo {t=0} — Fyp

64
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2.13.2 AC Heat Calculus

Elements of the ac heat calculus are distributional section half densities of Z with
polyhomogeneous expansions up to the boundary faces of the ac heat space and
specified leading order at each boundary face. Let pu be a smooth, non-vanishing
half density on Z x Z x R and let v be a smooth, non-vanishing half density on

the ac heat space.

Definition 2.14 For any k € R and index sets Fq19, Fagg, A is an element of the

ac heat calculus \I/g}f}’Em’k if the following hold.

—%-&-Eno

1. Ae phg (FHO)-

_nt2, @

2. Ac A, T ().

3. A wvanishes to infinite order at Fyo1, Fioo, and Foo.
_nt3_ g

4. A€ py? C®(Fgp).

As with the conic heat calculus, we view elements of the ac heat calculus
as Schwartz kernels of operators acting on sections of Z. To prove the com-
position rule we must construct the ac triple heat space to have partial blow
down/projection maps to three identical copies of the ac heat space as well as full

blow down/projection maps to identical copies of Zi.

The AC Triple Heat Space

As with the construction of the ac double space, we begin with three copies of
Z and include the time variables after performing a sequence of blow ups. In a
neighborhood of the boundary in each copy of Z we have the local coordinates
(x,3), which provide the local coordinates (z,y, ',y 2", y") on Z3. First we blow
up the codimension three corner defined by {x = 0,2' = 0,2” = 0}. We call this

face Fi1100 with defining function

pritoo = (2% + ()% + (ZUN)Q)%-
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Next, we blow up the three codimension two corners corresponding to the Fiq

faces in each of the three copies of the ac heat space. These faces are as follows.

Face | Submanifold to be blown up Defining Function
Fi1000 | St1000 = {fﬂ =0, r = 0} — Fi1100 P11000 = (iU2 + (95')2)%
For100 | Sot100 = {33/ = 0793// = 0} — Fi1100 | poiioo = (($')2 + (3?//)2)%

1
Fio100 | Sio100 = {7z = 0,2" = 0} — Fi1100 | pro1o0 = ((SB)2 + ($/I)2)5
The next step in constructing the ac triple heat space is to blow up the codi-

mension 2n + 1 corner where the diagonals meet Fiq199. After the Fii199 blow up,

we have coordinates (6,6,0",y,vy',y", p11100), with
T = (/)11100)9, r = (p11100)9l7 a" = (/)11100)9”7 (9)2 + (‘9/)2 + (‘9”>2 =1
Using these coordinates, we next blow up
Sozaoo = {0 =0 =0",y =y =y", ro =0}
The face created by this blow up is called Fys999 with defining function
paro = (0 =0+ (0 =02 + |y —y/P+ 1y — " +r2)2.

After this we blow up the three codimension n corners corresponding to the

F590 faces in the three copies of the double heat space. These are as follows.

Face | Submanifold to be blown up Defining Function

Fo000 | Sa2000 ={0=0,0' =0,y =y} pazooo = (02 + (0")* + |y — y’|2)%

Foosoo | So2200 =1{0' =0,0" =0,y =y"} | pozsco = ((0")> + (0")* + |y — y”|2)%

Fhoo00 | Sa0200 =0 =0,0" =0,y =y"} | paoeoo = ((0)* + (0")* + |y — ?J”|2)%

We have now constructed the ac triple space, Z2.. We next introduce the time
variables and perform the parabolic temporal diagonal blow ups. We must first

blow up the codimension 2 corner of R* x R* to preserve symmetry. Let
T2 =Rt xR t =t =0,

where this is a standard radial blow up. The defining function for the blow up of
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{t =t = 0} is pooo11, which we call " because it plays the role of the third time

variable. We now take Z3, x 77 and blow up the temporal diagonal faces. First,

we blow up the codimension 2n + 3 triple diagonal, Sy3, defined by

{z=2=2"1t"=0}

The defining function of this face is pys,

pas = (|2 — 2'[* + |z — 2| + (#"))1.

Next, we blow up the three temporal diagonals corresponding to the diagonal faces

in the three copies of the double heat space. These are as follows.

Face | Submanifold to be blown up | Defining Function

Fioo | Sazo = {2 = 2'} pazo = (|2 — 2'[* + 121
Faoz | Sao2 = {2 = 2"} pao2 = (|2" — Z”‘4 + (?5/)2)i
Fago | Saz2 = {Z = Z”} Pd22 = (|Z - Z”|4 + (t”)z)%

This completes our construction of the ac triple heat space.

Theorem 2.15 Let A € Wtk qnd B € Whig ok,

\IIA110+BI 10,A220+B220,ka+kp

Then, the composition B o A is an element of ¥,y

Proof

To prove this theorem, as with the conic case, we work with the equation,

KBoaV = (Bc)« ((Br)" (kav)(Br) (kpv)) .

(2.7)

Multiplying both sides of (2.7) by v and using the fact that (G.).(6.)*(v) = v

we have

kipoar” = (Bc)s ((Br)" (kav)(BL)" (kpv)(B.)"(v))

(2.8)

We next calculate the lifts of the defining functions and half densities from the

heat space to the triple heat space. A calculation gives the half density on the

heat space, v, in terms of the half density, u, on Zi
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|3

v = (6n)" ((pr0) 2 (p220) (o) F 1)

As with the conic triple heat space, the ac triple heat space has partial blow
down /projection maps 31, Br, and (¢ to three identical copies of Z?. If we denote
the three copies of Z by Z, Z', Z", and the three time variables (¢,#,¢") where t”

is from the blow up of R* x R* then the three copies of Z2 are as follows.

Copy of Z} | Associated to in Z}
Left Z x 7Z'x Rf
Right 7' x 7" x R
Center Z x 7" x R,

Next, we compute the lifts of the defining functions for the boundary faces of

the heat space to the triple heat space.

Lifting map | Defining function on Z? | Lift to Z}

k
BL) £100 £10000£10100
Po10 0100001100
P110 £11100£11000
P220 2220022000
Pd2 Pd3Ld20

£oo1 £00010£00011Pd22

(

(6r)

)

(6)

(Be)

(BL)

(Br) P100 £01000£01100
(Br) Po1o £00100£10100
(Br) P110 P11100£01100
(Br)* P220 2220002200
(Br) Pd2 Pd3Ldo2
(Br)

(Bc)

(Be)

(Be)

(Be)

(Bc)

(Bc)

Poo1 0000100011 Pd22

P100 £10000£11000
Po10 £001000£01100
P110 1110010100
P220 2220020200
Pd2 Pd3Pd22

Poo1 0002200011 Pd22
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Then, we have

n+1

(Br)* (V) = (B)*((p110) "% (p220) "2 (pa2) "% 1)

Next, we will use the fact that

(BL)* (1) (Br)" (1) (Be)" (1) = pi3.

Here, 2 is a smooth density on Z x Z x Z x RT x RT| so we may assume
pi = dzd2/d2"dtdt’.
A Jacobian calculation gives the lift of p3 to the triple heat space. First note

(ﬁg)*(w) = (P11100)(,011000)(010100)(/710000)7

(ﬁs)* (xl) = (Plnoo) (,011000) (Ponoo) (POlooo);

(53)*(93”) = (p11100)(Po1100) (P10100) (Lo0100)-

This implies

(53)* (u%) = (/)11100)2 (011000/)01100/)10100) (/)22000[?02200020200)"

)2n+1 ( n+1 2n+3 (t//) V2

(22200 Pa20Pdo2Pa22)"" P 3

Here, v2 is a smooth, nonvanishing density on the triple heat space, Z3. Com-

bining this with the above lifts, we arrive at the following formula

(5L)* (V) (5}2)* (V) (ﬂc)* (V) = (Pnloo) > (P10100,001100/)10100)%

n n+1 n+3 nt1
(,022000P02200020200)2(P22200) 2 (Pd3) 2 (PdQOPd02pd22) 2 (t”)v§-

To use the push forward theorem, we need to write each of these in terms of
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b-densities. First, we have on the center copy of Z?

"V = (prooporopriopazopoot paz) V.

Then, we have

= (ﬁc)*(ﬁc)*((P1000010,01100220P001Pd2)_1V2)-
We observe
(Be) ((Ploopompl1002200001%2)_1) =
(Ploooopoowopl1000ﬂ01100010100ﬂ11100022200P02200P2o2oopdspd22P00011)71-

So now we multiply both sides of (2.8) by (5.).(8)*(P100P010P110022000010d2) ")
and inside the right side of (2.8) we have

n—2

_1 n
(p11100,011000/)01100/910100) 2(/)22000,002200/?22200)2(;020200) 2,

n+l ntl n —
(Pd3) 2 (pdzopdoz) 2 (pd22)2(P10000000100) 1V§-

To use the push forward theorem, we must change the density 2 to a b-density.

We observe

)
Vg = (/011100;011000001100,010100P22200P22000P02200P20200

~1.2
PlOOOOpOlOOOpOO100pd3pd20pd02/0d22P00011POOOlOPOOOOl) V3.

So, we now have for the composition formula

n+2

I 1
(50)*(FJAHB(/)11100/)11000/)01100010100) 2 (p22200/)22000/)02200) 2

n n+3 nt1
(p20200)2(/0d3,0d20pd02) 2 (,Od22) 2 P01000P00011P00010P00001(bl/g))-

We observe the following orders of K4 on Zj.
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Face K Index Set/Leading Order
Fi1100 —% + A11o

Fi1000 —% + Az

Fo1100, Fio100, Fo2200, F20200, Fazz | 00

F22200, F22000 —nTJrQ + Aago

Fus, Fano g,

F10000, Fo1000, Fo0100, Fooo10, Fooor1 | 00

Similarly, for kg we have orders as follows.

Face Kp Index Set/Leading Order
Fi1100 —% + Bi1o

Fo1100 —3 + Bago

Fi1000, F1o100, F22000, Fa0200, Fazz | 00

F2200, Foz200 —HTH + Bao

Fuas, Fuaoz —n5

F10000, Fo1000, Foo100, Fooo10, Fooor1 | 00

Now, recalling the formula:

- -~ 1
(@)*(HA/‘éB(011100P11000001100P10100) 2 (P22200P22000002200) 2

n+3

(;020200) 2 (Pds szopcm)

n+2

il
2 (pd22)n2 /101000000011;000010000001(ng?))

71

We see that the quantity on the right hand side to be pushed forward by (/3,).

has the following indices on the boundary faces.

Face

Index Set/Leading Order

FlllOO

F52200
Fys
Fao, Faoz2, Fao

—% + A110 + Bio

F110007 FOllOOa FlOlOO; F220007 F022007 F20200 oo

—HTH + Agao + Bago
_nT—H)) - (ka + kb)

0

F100007 F010007 FOOlOO; FOOOIO; FOOOOI; FOOOII o0

The push forward under (3.)* sends the boundary faces of Z; to Z2 as follows.
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73 Face Boundary face of Z? or Interior
Fii100 Fiio

Fio100 Fiio

Fa2200, F20200 Fao

Fy3, Faon Fya

F1o000 Fioo

Foo100 Foo

Fooort Foor

F11000, For100 F22000, Fo2200, Interior

Faz0, Faoz, Foro00, Foooto, Foooor | Interior

The quantity to be pushed forward is integrable with respect to °v2 at the faces
that are mapped to the interior, so we may apply the push forward theorem (cf
[21]) to arrive at the result of the composition rule. The kernel, kg4 will have the

following polyhomogeneous index sets and leading orders on Z?.

Face of Z} | Index Set/Leading Order
Fiio —% + Ai10 + Brio

Faag —HTH + Agz0 + Baoo

Fy —28 (ko + k)

Fioo 00

Foio o0

Foor o0

This concludes the proof of the composition rule: B o A is an element of

\IjAnoJrBl 10,4220+ B220,ka+kp
ac,H .

@

Now, we may give a precise description of the full heat kernel for the ac space.

Theorem 2.16 Let (Z,g.) be an asymptotically conic manifold with cross section
(Y, h) at infinity. Let (E,V) be a Hermitian vector bundle over (Z,g.) that retracts
to a bundle over (Y,h). Let A be a geometric Laplacian on (Z,g,) associated to
the bundle (E,V). Then there exists H € \I/fct}g’Em’J satisfying:

(O + AVH (2,2, 1) =0, t > 0,
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H(z,2',0) =0(z — 2').
Moreover, H vanishes to infinite order at Fi19 and is smooth up to Fyoq.

The proof of this theorem is identical to that in the conic case; we begin with
the first approximation, use Duhamel’s principle and the composition formula to
construct a parametrix up to infinite order. We then solve away the error obtaining
the ac heat kernel whose leading orders on the boundary faces of the ac heat space

are given by those of the first approximation.



Chapter 3

Heat Kernel Convergence

3.1 Introduction

The preliminary result in the first chapter was convergence of the spectrum of the
scalar Laplacian under asymptotically conic convergence. In this chapter we prove
the main result: the asymptotic behavior under ac convergence of the heat kernels
for the geometric Laplacians. We construct the asymptotically conic convergence
(acc) heat space and acc heat calculus. The acc heat space contains as boundary
faces and submanifolds the heat spaces studied in chapter two, while the acc heat
calculus is constructed using the corresponding heat calculi from chapter two. We
lift the heat operators 0; + A, to the acc heat space and construct the acc model
heat kernel as an element of the acc heat calculus. The acc model heat kernel
describes the asymptotic behavior of the heat kernels under ac convergence up to

an error term of order O(et™) as €,t — 0.

3.2 Preliminary Geometric Constructions

3.2.1 The ACC Single Space Revisited

The construction of the acc single space here is equivalent to the definition in chap-

ter one. The construction of the more complicated acc double space and acc heat

74
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ACC Single Space Construction Step 1

epsilon =1

epsilon=0

Figure 3.1: Construction of the acc single space: S,

space are modeled after this construction of the single space as a compactification
of M x M x (0, 1], using resolution blow ups.
Let
So = (M. u Mg,

e>0
where for each € > 0, M, is the resolution blow up of My by Z as in chapter one.
Sy is a smooth manifold with metric g. on each fixed € slice induced by the metrics
on My and Z. The completion with respect to the metric de? + g, is a singular
space which we call S., having one singular point P at ¢ = 0 at the cone point
p € M.

We write S, — { P} as a union of open sets,

S.—{P}=AUB,
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where

A= UMO’E and B = UZ1/6 x {€}.

e>0 e>0
These sets overlap:
ANB =\ (21 - Zv).

>0

The acc single space S is the compactification of S, — {P} :
S =2 x[0,1), Uy (S.— {P})

where 1) is a patching map from Z x (0,1) — Sy defined as follows.

First, we write Z as an overlapping union of open sets, Z = Z, U (Z — Z,),
where Z; and Z; were defined above as Zi for R = 1,2 respectively. For z € Z
and 7 € (0,1) define

Y(z,7) = (z,e=71) € JMc x {e} C A.
>0
For z ¢ Z; and 7 € (0,1) we may write z = (x,y) withy € Y and 2 = 1/p < 1 for
p > 1, then

w(mayﬂ—) = (('TX<3;> + (1 - X(%))T,y,TLU) = (T,y, E) S UMO,E = B,

e>0

where Y is a smooth cutoff function with

1, z>1
x(x) =
0, z<1/2

Note that z = 0 defines the boundary Y of Z and when x < 1/2, r = 7 and
e = 7x. With this construction § is a manifold with one corner of codimension
two having two hypersurface boundary faces Fy = M, and F; = Z that meet
at the codimension two corner Y. The hypersurface boundary faces have defining

functions pg = x, p1 = 7. The radial distance r on M, and the parameter € are
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Asymptotically Conic Convergence Single Space

e=0 oy

Figure 3.2: Acc single space

related by

r=T7T,€=TI.

For 7 > 0, 1 is a diffeomorphism and in the region x < 1, 1 is a standard radial
blowdown map.

One of the key features of the acc single space is that it contains a submanifold
diffeomorphic to a truncated cone over Z. The map 1) identifies the interior of Z
with slices of S at € > 0, and the boundary of Z with slices of the Fy boundary face.
In the conic submanifold 7 acts as the radial variable and F} is the boundary of this

submanifold at 7 = 0. The more complicated acc double space and acc heat space
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ACC Single Space: Resolution Blow Up

Conic Submanifold: Cone over Z

e=0 oy

Figure 3.3: Acc single space: submanifold diffeomorphic to truncated cone over Z.

are modeled after the single space and also contain submanifolds diffeomorphic to

a truncated cone over a manifold with corners.

3.2.2 The ACC Double Space

We take
(M x M x (0,1]c) U (My x My x {e=0})

and perform a resolution blow up at € = 0 along the singular set in each copy of

M, and at the intersection of these. This is analogous to the resolution blow up
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used to create the acc single space. The result is a manifold with four hypersurface
boundary faces at € = 0 called the acc double space D. The boundary faces are
described in the following table. Note that in the case Z is a disk, these are
standard radial blow ups with the first at the intersection of the singular sets and

the next two at the single set in each copy of M.

Face | Geometry of Face Defining Function
F 72 =[Zx Z;(0Z x 87)) P1
Fy | M} = [Myx My;{z=0,2" =0} | po
Fio | Z x M, P10
Fou | Myx Z Po1

The edges of these boundary faces meet in corners described in the following

table. Below SN*(X) is the inward pointing spherical normal bundle of X.

Corner | Geometry of Corner | Defining Function | Contained in Faces
Cin Nt (Y xY) P11 Fy and Fy
Chio Y xZ P110 Fy and Fiy
Ciol ZxY P1o1 Fy and Fyg
Coot My xY Poo1 Fy and Fiy
Coro Y x My Po10 Fy and Fy

In figure 3.4, F} looks like an igloo attached to tubes Fy; and F above Fy. The
boundary faces are color coded. In the picture there appear to be four distinct Fy
but this is a dimensional artifact.

Like the single space, the double space contains a submanifold diffeomorphic

to a truncated cone over a manifold with corners. In this case, the link of the cone
is Z2, the b-blow up of Z. Recall the b-blow up of Z,

Zp =12 x 7Z;(07) x (07)).

Boundary face of Z2 | Geometry of Face
Zn SNT(Y xY)

Z1o Y x 7

Zn ZxY

The acc double space contains for each € > 0 a submanifold diffeomorphic to
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The ACC Double Space

epsilon axis
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Figure 3.4: The acc double space.
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the interior of Z x Z in M x M x {e}. The interior of the link of the cone lies in the
region of D with € > 0. The boundary faces of the link of the cone are contained
in Fy near the corners of this face. The Z;; boundary of ZbQ lies in a neighborhood
at € = 0 of the C1; corner. The Z;y and Zy; boundary faces of Zf lie respectively
in Fy in a neighborhood of the Cy19 and C}g; corners.

Due to the different geometries there are no global coordinates on D. Instead
we consider local coordinates in different regions of D. For each (M, g.) we may
in a neighborhood V' C U define the coordinate z = ¢/(¢.!)*r where r = 0
defines the boundary of Z. Note that these coordinates are only valid on the
neighborhood V' and that in this neighborhood, ¢ < & < x7. These coordinates
induce local coordinates (x,y,2’,y/,€) on a neighborhood in D. From these we

define the following projective coordinates

xT €
/ / . . ! / o
(573/7379777>~ 5_;75_:6777_;'

These coordinates are valid away from Fpy;. In these coordinates, n = 0 at Fy and
Fio. F1 is defined by s = 0. It will be useful to express the geometric Laplacians
for (M, g.), (Z,gz), and (My, go) in these projective coordinates. We denote these

geometric Laplacians respectively by A, Az, and Ay. In projective coordinates,
A, = (8)72(0% + s7*(A, + lot)).

Here, we have used A, to denote the induced geometric Laplacian on (Y, h) and

lot for lower order terms. Similarly, we have
Ay =)0+ s2(A, +lot) = ()22 + s 2(A, + lot)).
Finally, for the conic Laplacian we have
Ag = (8)72(92 + s72(A, + lot)).

These calculations and the construction of the acc double space will be helpful

in understanding the acc heat space, which we now introduce.
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3.3 The Asymptotically Conic Convergence (ACC)
Heat Space

Analogous to the acc single and double spaces, the acc heat space is a compactifi-

cation of M x M x R™ x (0, 1] as a manifold with corners. We take
(M x M xR x (0,1]) U (My x My x R* x {e = 0})

and perform a resolution blow up along the singular set in each copy of M, and at
the intersection of these at t = 0, where the ¢ direction is parabolically blown up.
This is analogous to the resolution blow up in the acc double space construction.
This creates the faces Fy; & PNT(Z x Z), Fyy & My x Z, and Fyg = Z x My. We
next perform standard radial and parabolic blow ups. Inside F1; = PN*(Z x Z)
we perform a standard radial blow up at the codimension two corner 97 x 07
creating the corner Ci11; =2 SNT(Y x Y). Next, we blow up the diagonal in Fi;.
Let o = t/(e?). We blow up the diagonal in Z x Z at o = 0 parabolically in the o
direction. The resulting corner we call C'4 and is diffeomorphic to the parabolic
normal bundle of the diagonal in Z x Z.

For each ¢ > 0, we blow up t parabolically the diagonal in M x M x R;.
The corners created by these blow ups are C.4. Finally, at ¢ = 0 we blow up
t parabolically the diagonal at ¢t = 0 away from the previously blown up faces.
This final blow up creates the corner Cyyo which is diffeomorphic to the parabolic
normal bundle of the diagonal in My x M, and completes our construction of the
acc heat space.

The boundary faces of the acc heat space are described in the following table.
A(X) is the diagonal in X x X. Z7, is the b-heat space of Z, Mg, is the conic
heat space for My, and M 2h is the heat space for (M, g.). The first four boundary
faces occur at € = 0, while the last two occur at t = 0. The face Fyy; is the acc

double space in which the diagonal has been blown up t-parabolically.
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Face | Geometry of Face Defining Function
Fiy Zl?,h P11

Foo M&h Poo

Fio | Z x My x R* plo

Fy, | My x Z xRt po1

Foor | D—A(D)UPNT(A(D)) | poor

Fe MeQ,h Pe

83

The boundary faces of the acc heat space meet in corners described in the
following table. We use X7 to denote the b-blowup of X.

Corner

Geometry of Corner

Contained in ‘H boundary faces

C(1110
Cllll
C’1d2

Cﬁl

PN*(Y xY)
72— A(2)
PN*(A(Z))
ZxY xR

Y x Z x R

Y x My x RS
My x Y x Rf
PN*(A(Mp))
(Mo)? — A(Mo)
PN*(A(M))
M x M — A(M)

Fi1, Foo, Foo
Fi1, Foor
Fi1, Foor
Fi1, Foi, Foo
Fi1, Fio, Fom
Foo, Fio
Foo, For
Foo, Foor
Foo, Foor
Fe, Foor
Fe, Fom

As with the acc single and double spaces, the acc heat space contains a sub-

manifold diffeomorphic to the truncated cone over a manifold with corners; in this

case the link of the cone is Zl?,h' The conic submanifold of H has radial variable

p = p11, the defining function for Fj;, the boundary of the conic submanifold.

Note that e lifts to the acc heat space via

as

¥ M x M xR x (0,1]. UMy x My x Rt x {e =0}

Bre = £11P00P10L01 -
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ACC Heat Space: Epsilon = 0 faces Sketch

\ . .
time axis

epsilon axis

F10

Co01

Figure 3.5: Schematic diagram of acc heat space ¢ = 0 faces and corners.
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The Asymptotically Conic b-Heat Space

\_/ Ttto infinity
N

]
]

x=0 X'=
7 100 z_110 Z.010

.

DIDEDE

Z d2

Figure 3.6: The ac b-heat space, Z},.
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So € is not a defining function for any of these faces in the acc heat space. The
interior of the link of the cone is at € > 0, while the boundary faces of the link of
the cone each correspond to a corner in Fyy. vah has five boundary faces described

below with the corresponding F{, corners.

Boundary face of Z2, | Geometry of face | Corresponding H corner in Fyg
Z110 NT(Y xY) xRt | Cii10
Z100 Y x Z xR Coo10
Zo10 Z XY xR* Cooo1
Zoo1 Zx7Z—NAZ) Coor
Zao PNT(A(Z)) Coao

We are now equipped to introduce the acc heat calculus, a parameter dependent

heat operator calculus defined on the acc heat space.

3.4 The ACC Heat Calculus

The acc heat calculus incorporates the heat operator calculi studied in chapter two.
Let W%, be the heat calculus of order k for the smooth compact manifold (M, g.).
As defined in chapter two, \Ifl,f”fl“o is the b-heat calculus of order k consisting of
Schwartz kernels with index set Eqq1g at Fii9, and \IIISZ?IQ’ENO’EOIO is the conic heat
calculus of order k consisting of kernels with index sets Ei12, Eigo, Foio at Fiio,
Fioo, Foro, respectively. The acc heat calculus consists of kernels that restrict on
each e slice of H to an element of W¥ ,; and which have an expansion at the € = 0
faces of ‘H in terms of elements of \Illlf”flm and W§:§112,E100,E010.

Definition 3.5 The asymptotically conic convergence heat calculus of order k,

written \Il];i}}’EOO’EIO’EOl consists of kernels A such that the following hold.

1. For each € >0 A restricts to an element of W, .

2. In a neighborhood of Fi1, A has an asymptotic expansion in pi; with index

set Fyy such that the coefficients are elements of the b-heat calculus of order
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k. Such an expansion is of the form

A~ Z Z p11)% (log p11)PA;,

Jj=1 po<p<p;

with A; € \If ’ “0 . Above, if for some j there are no log terms then py = p; =
0.

3. In a neighborhood of Fyy, A has an asymptotic expansion in poy with index
set Eyy such that the coefficients are elements of the conic heat calculus of

order k. Such an expansion is of the form

A~ Z Z poo)™ (1og poo)” Bi,

1>1 po<p<p;
’U}Zth Bl e \Ijk E112’E1007E010

4. A has asymptotic expansion in p1g at Fyp with index set Eyy and asymptotic

expansion in poy at Foy with index set Fyy.

We next state the expected composition rule for this calculus.

. ka,A11,A00,A10,A
Conjecture 3.6 Let A be an element of W o ;70071070

ky,B11,B00,B10,801 . . k,E11,E00,E10,Eo1
of Woor ir Then the composition Ao B is an element of W,

and B be an element

with the following index sets and leading orders.

k:ka+kb7

Ey = Ay + B, Ego = Ago + Boo,

Eyy = Ay + Bio, Eo1 = A1 + Bor.
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Leading Orders Calculation

We use the composition rule on each of the heat calculi. For each € > 0, the

restrictions of A and B to the € slice of H compose to give
(Ao B)| c \Ijka'f‘kb.

At the e = 0 faces, we have the following.
At Fq, A is of the form

A~ Z Z p11)“ (log p11)PA;,

Jj>1 po<p<pj

with A; € \I/Zfl;[A{m and {a;,p;} = Ajq. Similarly, B is of the form

B~ Y (pn)?(log o) By,

I>1 po<q<pi

l
with B; € \I/]gbl’{B”O and {f;, ¢} = Bi1. At this face the composition A o B has the

form
Ao B ~ Z Z Z (Pll)ajJrﬁl(lOg(Pll))rAj o By.

m>1 j+l=m ro<r<ry,

l
By the composition rule for the b-heat calculus, A;0B; is an element of \Ilk @y, 110+B”°.

This shows that the composition A o B has expansion of the form

AoB~ Z Z (p11)"™ (log(p11))" Cn,
m2>1po<r<rm
with index set {vV,,, 7} = A11 + B and C,, is an element of the b-heat calculus
of order k, + k.

At the Fyg, A has an expansion of the form

A~ Z Z poo)™ (log(poo))" R;

j=1 ro<r<r;
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ka,Am,A Al

with index set {a;,7;} = Ag and R; is an element of ¥ 10077010 - Similarly,

at Iy, B has an expansion of the form

B ~ Z Z (Poo) 10% (Po0))*Si

1>1 s50<s<s;

kb,l3112,13 B}

with index set {b;, s;} = Byo and S is an element of ¥, 1007010 The compo-

sition A o B then has an expansion at Fy, as follows

AoB~ Z Z Z 0)“ " (log(poo) )P R; © Si.

m2>1 j+l=m po<p<p;

By the composition rule for the conic heat calculus, R; o S; is an element of the
. ka-+ky, A% o+ Bl Al +Bl AT 4Bl .
conic heat calculus, R; 0 S; € W7, » 712 n2 o tHo0 0102010 - Thig shows that

the composition A o B has an expansion of the form

AOBNZ Z (poo) ™ (log(poo) )P Gm

m2>1 po<p<pm

with index set {¢m,pm} = Ao + Boo and Gy, is an element of the conic heat
calculus of order k, + k.

Finally, at the Fio face A and B have expansions with index sets Ao and B,
respectively. The composition then has an expansion up to Fjy with index set
Aqg + Bjo. Similarly, at Fy; the composition has index set given by the sum of

those of A and B at this face, namely, Ay, + Boi.

3.7 ACC Heat Kernel Convergence

Main Theorem: ACC Heat Kernel Convergence 3.8 Let (M, g.) be a fam-
ily of smooth compact Riemannian n manifolds, (My, go) be a compact n manifold
with isolated conic singularity and (Z,g,) be an asymptotically conic space of di-
mension n. Assume that (M, g.) converges asymptotically conically to (Mo, go),
(Z,9z). Let (E, V) be a Hermitian vector bundle over (M, g.) for each €. Note that

by the definition of ac convergence, specifically by the structure of the acc single
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space, this induces bundles over (Z, g,) and (Mo, go). Assume that the induced bun-
dle over (My, go) retracts onto a bundle over the cross section (Y, h). Associated to
the bundle (E, V) let A¢, Ao, and Ay be geometric Laplacians on (M, g.), (Mo, go)
and (Z,g.), respectively. Assume that each of these operators of the form

V*V + R,

with R a positive self adjoint endomorphism of E.
Then the heat kernels H. have the following asymptotic behavior on the acc

heat space as € — Q0.

H.(z,2',t) — Ho(z,2',t) + O(et™) at Foo¥N >0
H.(2,2',t) — (p11)*Hy(2,2',7) + O(et™) at F1; YN > 0,
H, has leading order (p10)?, (po1)? at Fio, Fo1, respectively.

In the above, Hy is the heat kernel for Ay, Hy is the b-heat kernel associated to

A, and t' and T are rescaled time variables with

t t
(p11)? 7 (pr0po1)? '

Moreover, the error term in this approximation, E(z, 2 t,€) is O(et™) as € —

0, t — oo.

Proof

The first step is to determine the leading orders as € — 0 of 0; + A, lifted to the

acc heat space. We also require that 0, + A, restricts to d; + A, on Fj; and to
at + AO on F()().

First we compute d; + A, in the local coordinates (z,y,z’,y, t,€) for € > 0,

A= (02 +a272(A, + lot)).
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In projective coordinates this becomes
A, = (8)72(02 + s73(A, + lot)).

hence
at + As = 8t + (3,)_2(A0,8) = (3/>_2(8t’ + AQS)?

where t' = ﬁ and Ay is a conic Laplacian in the coordinates (s,y). Because s
is a defining function for Fiy, this calculation shows that 0; + A, has leading order

pit at Fip. It also shows the leading term of 0, + A, at Fy is

(p11)_2(5)t/ + Ags).

The use of rescaled time variables is a result of the compactification of Mg,,.
Next, we compute leading orders near Fj;. Define the rescaled time variable,

T = 7;—2 On Fj; we have the coordinates

(s,y,m,y',7),

where s, y, 7,y are the same projective coordinates as above. Note that n = 5 =1’

on Fi;. In the local coordinates (r,y, ', v/, t,¢€)
O+ Az =0 +17((rd,)" + &y + lot)),

where A, is the geometric Laplacian induced by Az on the cross section (Y, h)

and lot are lower order terms. Then, with respect to the projective coordinates

0+ 8, = (1) (@ + )

where A, = ((s95)* + A, + lot). Since we require 9; + A, to restrict to d; + A, on
F1; and because % is a boundary defining function for Fj,, by symmetry (which
follows because we are working with Friedrich’s extensions) d; + A, has leading

order —2 at Fjy and Fp;. These calculations are summarized in the following table.
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H Boundary Face/Region | 0; + A, Time Variable
Fiy (Plopm)_Q (0 + D) | 7= (pw;mf
€>0 (1) %0 + Do) | ¥ =Gl

Fuo ()20 + Do) | 1= Gl

We now have the leading order terms of 0; + A, at the ¢ = 0 boundary faces
of H and construct the acc model heat kernel H; to be an element of the acc heat
calculus that solves the heat equation at the boundary faces (and interior) of H

to at least first order.

The ACC Model Heat Kernel

At the Fy, let H; have expansion
Hl ~ HO(Za Zlvt/)7

where Hj is the heat kernel constructed in chapter two for the conic manifold

(Mo, go) and t’ is the rescaled time variable

At the I}, let H; have expansion
Hy ~ (p11)2Hb(Za 2/77-)’

where H, is the b heat kernel constructed in chapter two and 7 is the rescaled time

variable
t

(P10P01)2‘

Finally, let H; have expansions up to Fjy and Fj; with leading terms

T =

(p10)*, (por)?,

where the remaining terms in the expansion are determined by Hi|p, and Hi|p,.

Extend H; smoothly off these boundary faces so that for € > ¢g > 0, H; is the
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heat kernel for (M, g.). As t — 0 away from the corners of H we require that H;
vanishes to infinite order. At the diagonal where ¢t = 0, namely Coyge, Ci40 and
Ceq2 away from the corners of these faces a local construction with the Euclidean
heat kernel solves the heat equation up to O(t) and similar to the standard heat
parametrix construction this can be improved to solve to infinite order in ¢ as
t — 0 uniformly down to e = 0. Let E(z,2',t,e) = H(z,2',t) — Hi(z,2',t,€). Let
K be defined for each € > 0 by

(O + A)E(z, 7 t,e) = K(2,2',t,€).

The way we have defined Hy, K = O(et) as €,t — 0. Moreover, a local construction
similar to the standard heat parametrix construction improves this a priori O(et)
error to O(et*). This means that for anyN € N, there is C' > 0 such that for any
(2,2') € M x M, |K(z, 2t e)| < CetV.

For each € > 0 E is smooth on H for ¢,e¢ > 0 by parabolic regularity, applied
for each € > 0, since K is O(t>°). By construction F is smooth down to ¢ = 0, so
E(z,7,t,€) is smooth on the blown down space, M x M x R x (0,1].. We can
now use a maximum principle argument on M x [0, T]; that will show that E is
also O(et™) as €,t — 0 in the same sense as K.

Fix € > 0, 2/ € M. Since K = O(et™), fix C > 1 and N 3 N >> 1 such that
|K (2,2 t,€)]? < Ce*t?N for all z € M. Let u(z,t) = |E(z,2,t,¢)|>. Let A be the

scalar Laplacian for (M, g.). Then u satisfies
(0 + A)yu = 2((0, + V*V)E,E) — |VE|> = 2(K — RE,E) — |VE|?

< 2K, E) <2|K||E| < |K|* + |E]* = |[K]* +u.

Above we have used the positivity of R and the compatibility of the bundle con-

nection with the metric. Now, let @ = e ‘u. Then @ satisfies
(0, +A)a < e MK ? < Cet?N.

Let w = u — Ce*t*N 1. Since F and hence u and @ vanish at ¢ = 0, w|;—o = 0 and
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w satisfies

(0 + Mw < CE4*N — C(2N + 1)t < 0.

Fix T' > 0 and consider w on M x [0,T];. If w has a local maximum for z € M
and t € (0,7") then
(&g + A)w > 07

and this is a contradiction. If w has a maximum at ¢ = T then d,w > 0 at that
point and
(c% + A)w > 0,

which is again a contradiction. Therefore, the maximum of w occurs at ¢ = 0 and
SO

This implies

u < eTCethN,

which in turn implies that E = O(et") as ¢,t — 0, for any N € N. This completes
the proof of the theorem.

The leading orders and local behavior of the acc model heat kernel H; are
summarized in the following table. We have also shown that this is the behavior

of the heat kernels for (0, + A.) as € — 0 with error term £ = O(et™).

‘H Boundary Face/Region | ACC Heat Kernel Leading Term | Time Variable
Fyo Hy(z, 2, 1) V= @

Fiy (p11)?Hy(z, 2/, 7) T = (910;01)2
Foy (po1)?

Fio (Plo)2

Coaz (Poa2) ™

Clao (pra2)™"

Ceaz (Peaz) ™"

{t = 0} off Diagonal vanishes to infinite order
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Corollary: ACC Heat Kernel Asymptotics 3.9 Assume the hypotheses of The-
orem 1.8. Then the heat kernels H. have the following asymptotic behavior on the

corners acc heat space.

H Corner | Contained in H Boundary face | Leading order

Coot Foo vanishes to infinite order
Cod2 Foo leading order —n

Coo10; Cooor | Foo phg. conormal index set E
Chiio Foo phg. conormal index set F'
Chin Fyy vanishes to infinite order
Craz Fi leading order —n

Chior, Ciiio | Fia vanishes to infinite order
Chi10 Fiy smooth up to this face
Cean F. leading order —n

Cy F, vanishes to infinite order

First we consider ¢ > 0. At each of the C.4p the acc heat kernel has leading
order p_j;. At each of the C¢; faces the acc heat kernel vanishes to infinite order.

Next we consider the face Fyp. The acc heat kernel has leading term
HO(Z7 Zlv t/>

at Foo, where Hy(z, 2/, t') is the heat kernel for (Mg, go) with rescaled time variable
t = w. This rescaled variable vanishes at Cyo; and Cyge. The Cyg; is associated
to the Fpo; in the conic heat space on which H, vanishes to infinite order. At
Codz2, Ho has leading order py5. At Cyoio and Coygor the conic heat kernel has
polyhomogeneous expansion determined by the rank of the vector bundle, the
dimension n, and the eigenvalues of the Laplacian on (Y, h). Let E be the index
set for this expansion. The rescaled time variable does not vanish at C119. At this
face the conic heat kernel has polyhomogeneous expansion determined by E, and

we call the index set for this face F. These leading orders are summarized in the

following table.
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Corner in Fy, | Leading order of acc Heat Kernel
Foor (&8

Foaz -n

Fooro and Fooor | £

Fiiio F

Next we consider the face Fi;. The acc heat kernel has leading term

(P11)2Hb(27 Z/a 7_)7

with rescaled time variable
t

(;010001)2'

Then 7 vanishes at the Cig and Cj117 corners. At Clg, H has leading term

T =

(pra2)™" and at Cyy17 H vanishes to infinite order. The rescaled time variable
7 — 00 at the Cj101 and Cj119 corners. The behavior of H at these corners is that
of the b heat kernel as t — oo on the side faces Fg and Fpy; of the b heat space, so
H vanishes to infinite order at these faces. At the C}110 corner H has a smooth
expansion with leading order 0 and decays like 7! as 7 — oo. This behavior is

summarized in the following table.

Corner in Fi; Leading order of acc Heat Kernel

Ciin &)
Claz —n
01101 and 01110 oo

Ch110 0
Finally, at the Ig and Fy; faces H vanishes to order 2. The corners of these

faces are shared with those of the Fyg and F}; faces and the behavior of H at these

corners is determined by the expansion of H at Fyy and Fi;.

This completes the proof of the corollary.
@

The following is a summary of the heat kernel behavior as ¢ — 0 for the heat

kernels H, as (M, g.) converge asymptotically conically to (Mo, go), (Z, g.).
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Corner Leading Term | Boundary Face | Leading Term at Boundary Face
Chi10 C Foo, F11 | Fo Foo Hy(z,2',t')

Chi111 C Fiy 00 Fiq Hy(z,7',7)

Cra2 C I -n Fio (p10)?

Crio1 C Fuy, Fop | 00 Fo (po1)?

Cii10 C Fuip, Fig | 00
Coo10 C Foo, Fio | Eo
Cooo1 C Foo, Fo1 | Eo
Coa2 C Foo -n
Coo1 C Fio o0

To construct the full heat kernel the composition rule would be used as follows.
Let
H2 - H1 - Hl @] K

and

7j—1
Hj=H +Y (-1)'H o' K,
=1

where H, o' K is H; composed with K, [ times. By the composition formula H j
vanishes to one order higher than H;_; on the boundary faces of H. Then Borel
summation gives the existence of H which has expansion asymptotic to {H;} and

satisfies

(0 + A H = Koo(2,72,t,€),

H(z, 2 t,e)|t =0=0d(z — 2'),

where K, vanishes to infinite order on all boundary faces of H. The difference,
He - ]Z[7
H-H=K,

vanishes on all boundary faces of H and satisfies (9, + A.)K vanishes identically

on H, so by parabolic regularity, K is also an element of the acc heat calculus and

H =H+ K.
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This calculation would provide a full asymptotic expansion of H, as ¢ — 0 uni-
formly in t. The leading terms of the expansion at the boundary faces of H would

be given by the leading terms of the acc model heat kernel.



Appendix A

Scalar Heat Kernel on the Exact

Cone

The heat kernel for the scalar Laplacian on an exact cone has an expansion in

special functions which we study in detail here.

A.1 Geometric Preliminaries

Let (X, g) be the exact cone over (Y, g,), a smooth compact n — 1 manifold. Then
(X,9) 2RI x Y with coordinates (z,y) and metric

g =dz* + ngy.

The scalar Laplacian, A on (X, g) is

—1 1
L0, + =A,.

T2

A=—0?—

Let (z,y, 2,4, t) be coordinates on X x X xR*. The scalar heat kernel, H(x,y, 2,y t),

is a tempered distribution on X x X x R* satisfying

(0 + A)H(z,y,2',y',t) =0, t >0,

99
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H(z,y,a',y',0) = 6(z —x)'6(y —y).

Here, as in chapter one, we use the Friedrich’s extension of the Laplacian so the

heat kernel has the following homogeneity and symmetry properties,
H(cz,y,ca',y,c*t) = c "H(x,y, o',y t), H(z,2',t) = H(, 2,t).

The conic heat kernel is smooth on the interior of X x X x R*. Away from the
conic singularity it behaves like the Euclidean heat kernel. To analyze its behavior
as t — 0, 00 and near the the conic singularity, we introduce the conic heat space,
a manifold with corners obtained from X x X x R* by blowing up along the two

submanifolds
St = {(z,y, 2"y, t) ;2 =0,2"=0,t =0,y,y € Y},

Sd2 = {(xayaxlayla()) T = xl7y = y/}

S112 is the product of the singular set from the two copies of X at the initial time
t = 0, and Sy, is the singular set for the initial data, the diagonal of X x X
at time t = 0. The submanifolds are blown up parabolically in the direction of
the conormal bundle dt. This blow up replaces Sii2 by the t-parabolic normal
bundle of Y x Y and we call this boundary face Fi;5 with defining function p;qs.
Similarly, the submanifold Sy is replaced by the ¢-parabolic normal bundle of the
diagonal at t = 0 away from the first blown up face. This second face is called F
with defining function pge. The resulting manifold with corners will be called X?
and is the conic heat space. When lifted to this space, the conic heat kernel is a
conormal function with polyhomogeneous expansions at each boundary face and
at the corners.

The projective coordinates, (s,y,s’,y',7) with s = &, s’ = 2/, and 7 = ﬁ are
convenient because of the symmetry and homogeneity of the heat kernel. In these

coordinates the heat kernel is

H(z,y, ',y t)=(s)"H(s,y, 1,9, 7).
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We will study H(s,y,1,y’,7) and use the symmetry and homogeneity properties

to describe the heat kernel on the heat space.

A.2 Analytic Preliminaries

The product structure of the manifold induces to a product decomposition of the

heat kernel. Let {¢;} be a complete orthonormal eigenbasis for £2(Y) such that

Ayoj = 195, 9sllezy =1,

where p; € o(A,). With respect to this basis H has the following expansion

H(I, Y, Ija qu t) = Z gbj (y)¢](y/>H](x7 xla t)
Jj=>1
In the above decomposition, the functions H; will be given in terms of special
(Bessel) functions. To construct the heat kernel and study its asymptotic behavior

on the conic heat space, X7, we require two technical lemmas.

A.2.1 Technical Lemmas

Operator Inequality Technical Lemma A.3 Let (X, g) be the exact cone over
(Y, g,) with scalar Laplacian A. Assume w;(z,t) and ug(x,t) are in the Friedrich’s
Domain of A for each t as a function of x. Let p; > p, >> 0 and let f(x) be a
non-negative, compactly supported distribution.

Then, if uj(x,t) and ug(x,t) satisfy

n—1

(0 — 07 —

//L,
Oy + x—;)uj(x, t) =0,

Uj(fE,O) = f(:L‘) >0,

—1
-0 " —0,+ %)uk(x,t) —0,

uk(z,0) = f(x) =0,
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the following conclusions hold.

Proof

This is a Maximum Principle argument. First we prove the Lemma for smooth
initial data. By the hypothesis that u; is in the Friedrich’s Domain of the conic
Laplacian,

2—n
uj = O(z"2 %) for some d > 0, as € — 0,

as in chapter one. Let a = “71. Then,

4p; + n* —4dn + 2)
42

-1 ,
P —0, + %)x*a _ gy .

This conjugation kills the linear 0, term. Let

_4,uj—|—n2—4n+2
= 1 .

G
From the hypothesis j1; >> 0, ¢; > 0. Let

’Uj =X 'LL]'.

Then, since 0; commutes with powers of x,

o 2 n—1 iy —a 2 Cj
x*(0y — 07 — " 8x—|—x—;)x v]-:(@t—ax—l—z—é)vjzo t,x > 0.
Note the initial condition satisfied by v; is

vj(x,0) =2%f > 0.

Since u; is in £2(z"'dx) and u; = O(z"2" ) as x — 0, v; is in £2(dx)
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and v; = O(x%“s) as * — 0. So the conjugation achieves two goals: it removes
the linear term so we may use energy estimates and it eliminates the possibility
that u; blows up as + — 0. We prove the lemma for v; and it will then follow
immediately for u;. Note that for smooth initial data parabolic regularity implies
that u; and v; are smooth.

Define the energy function

Differentiating with respect to t gives

Ei(t) = 2/>0 O (vj(x,t))v(x, t)de = 2/ (0%vj(z,t) — %vj(x,t))vj(x,t)dm.

x>0

An integration by parts gives
C.
B =-2 (T )+ Gy (o)

This is clearly non-positive. There are no boundary terms because v; decays as
x — 0. Therefore, the £? norm of v; is decreasing in ¢, so for large ¢, the pointwise
norm of v; is small because v; is a smooth function in £*(dz). This means that
for € > 0 there is some t, with |v;(z,t)| < € for all (z,t) with ¢ > t;. For each
t, v; € L*(dx) and is smooth so for 0 < ¢t < o there is zy with |v;(z,t)] < e for
all x > xg. Any strictly positive or negative extrema must then lie in a finite x, ¢
rectangle. Because v;(z,t) — 0 as  — 0 non-zero extrema must occur for z > 0,
but restricted to the rectangle z < xq, t < to.

The differential equation satisfied by v; is

C.
(0, — 07 + x—é)vj =0 (A.1)
At a local maximum (resp. minimum) dv; = 0, and 92v; < 0 (resp. > 0).

If the maximum or minimum is strictly positive (resp. negative), the left side

of A.1 will be strictly positive (resp. negative) while the right side is 0, giving a
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contradiction. Therefore, v; attains its maximum and minimum when ¢ = 0. Since
uj(x,t) = x~;(z,t), the same is true for w;(x,t). This shows that for positive
smooth initial data, u; > 0.

Now, assume we have u; and u; as in the statement of the Lemma. Let v;
and vy, be defined as above, with p; > p; >> 0 as in the hypothesis. The same

argument applied to v; shows v, > 0. Let v = vy, — v;. v satisfies

Gy %)v =9 %, (A.2)

xr2

v(z,0) = 0.

Note that p; > py implies ¢; —c¢; > 0. Since vj, vy, — 0 as o — 0 the same holds for
v. The energy argument shows that any strictly positive or negative extrema for
v occur in some finite z, ¢ rectangle. For strictly negative local minimum, d,v = 0,
92 > 0, and v < 0 would make the left side of A.2 strictly negative, whereas the

right side is non-negative. This is a contradiction. Therefore,
Vg 2V = U = Uj.

We have proven the Lemma under the assumption that the initial data was
smooth. To remove this restriction, let {f.} be a sequence of smooth, compactly
supported non-negative functions so that f. — f as distributions. Then, let ;.
be the solution with initial data f.. We have shown u;. > 0, and since u;. — u;
as distributions, this implies w; > 0. For the second conclusion, uy . — u; > 0 for
each € > 0 and ug — u; converges distributionally to ux — u;, so ur —u; > 0,

which gives the second conclusion: uy > u;.
@

We require one more technical lemma which will be used to control the tail of

the heat kernel expansion in special functions.
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Technical Estimate Lemma A.4

.l
Jn

Z G LT < Ce* Vx>0, (A.3)

7j=1
where the constant C' depends only on n.

First note, for n = 1, the sum is e — 1. This is the motivation for the estimate.
Define

=X Gy

.1
n

There are no more than C'j"~! terms between (—] and ’““ Where C depends

1)
only on n. This gives the following estimate,

-1

]

There is some fixed j, depending only on n such that for j > jo, 7772 < 2771, This

implies

o n 2

= 2z
Z j—l ;C Ce™*.

=1

A.4.1 Special Functions

Here we recall some useful identities and bounds on Bessel functions. These are
from [16] and [29].
We denote by J, and I, the Bessel functions of real and imaginary argument,

respectively, both of order v € C. These are defined as follows.

T (e) = <£>u§_": ‘(—1)1 (%)

2 JIT(v+j5+1)
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L(z) = (gyzj!F(V(i?j 1) (A-5)

J=0

The real and imaginary Bessel functions are related by

vim

2 J,(iz). (A.6)

I(z)=e"

The following asymptotics and bounds for the Bessel functions will be useful.

IV

W)~ ey PO (A7)

I(z) ~ m z — 0. (A.8)

() ~ \/gcos(x - % - %) z — 0. (A.9)
17,(2) Ll VzeC. (A.10)

’ S w 1 r 1
(v +3)I'(3)
From the representation of the imaginary Bessel function, (A.6), and the esti-
mate on the real Bessel function, (A.10), we have the following global estimate on
I,
|z |V el

<(C—"FF—— > 0. .
|1, ()] < CQ”F(V gy Ve >0 (A.11)

Finally, we will need a rough estimate on the Gamma function, essentially,

Stirling’s Formula:

I'(z) ~C— T — 00. (A.12)

xr2e’

The expansion of the conic heat kernel from [16] and [29] is,

H(z, o'y, y,0) = > H(w,2',1)6;(y)d; (y). (A.13)

J=0
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The H; are defined in terms of these special functions by (see [16], [29])

Hj(z,2',t) = (acx’)zf/ e_tAQJl,j()\x)J,,j()\x/)Ad)\. (A.14)
0

We also have three additional representations of H;.

H(z,2' t) ~ (z2)) 2" QtF(V(f—)l)F(l)‘ (A.15)
PTG

Hi(z, o' t) = (z2/) 2" exp (_(H—W) /0 " exp (M) sin” (6)d6.

4t 2t
(A.16)
Hj(iﬁ,x/,w — (xx/)gl%exp (_(]_—i;l—ixx,))) [V]($2_lt'/> (Al?)

We are now equipped to study the scalar heat kernel on the heat space for the

exact cone over Y.

A.5 Conic Heat Kernel Asymptotics

We first bound the sup norm of the eigenfunctions ¢; on the cross section, (Y, h).

The bound follows from elliptic regularity and Sobolev embedding.
—Ay¢p; = pj¢; on (Y,g,) dimension n — 1.
Then, ellipticity of A, on (Y, g,), a smooth compact manifold, gives the estimate
165112 < C (1185l ez + 165 1lo) < € (gl* +1).
The Sobolev Embedding Theorem gives

n+1

[|5lleo < Cllgsll  npr < Clag|
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We can also use Sobolev Embedding to estimate the norm of 9;¢; for a multi-

index « of order |a| = k,

n+1

k
10y dillco < Clldsll, pyngr < Clpgl2™ 7

So we now have the estimate on |¢;(y)®;(v')|,

n+1

10, () s (y')| < Clu| =

We also have, for multi-indices a and 3 of order k and 7, respectively, the following
estimates on \8;‘¢j(y)8yﬂ,¢j (v)]-

1096, (1)56,()] < Cluy| 55475,

Let v; = (p; + ("772)2)% One final observation is that by Weyl Asymptotics

for the compact smooth manifold (Y, g,), we have the estimate
2 2 .
vil* ~ gl ~ g7t — oo

Now we can examine the behavior at the boundary faces of the heat space.
There are five boundary faces which meet along edges and corners. The boundary

faces are as follows in terms of the coordinates (z, 2',t) = (z, 2", y,y/, ).

Face | Locally defined by/blowup of Local Defining Function
Fi12 | Blowup of Siis pri2 = (2% + ()4 + 2)1
F; | Blowup of Sy pa2 = (|2 = 2|1 + £2)1
Fioo | Locally defined by {x = 0} — Fi2 100

Foio | Locally defined by {2’ =0} — Fio 0010

Foo1 | Locally defined by {t = 0} — (Fgo U F112) | poot

Using the representation H;(x,2/,t) = (za’) 2" Jo7 exp(—tA%)Jy, (Ax)J,, (Ax")dA
and the asymptotics of J,; as x — 0, the leading order term of H at Fig is
(ploo)%TnJr”O and by symmetry at Fp;o the leading term is (p010)277n+”0.

Since the conic heat kernel behaves locally like the Euclidean heat kernel away

from the conic singularity, it must vanish to infinite order at Fyg; and have leading
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order (pg2)™™ at Fyps.
The interesting behavior of the conic heat kernel occurs at Fii5. The projective

coordinates (s, s',y,y’,7) with

are valid away from Fpjo. In these coordinates, s’ is a defining function for Fiqs

and the heat kernel becomes
H(z, o' y,y',t)=(s)""H(s,1,y,y,7).

We see that the heat kernel has leading order (p112)™" at Fijo. We now show
that the heat kernel is polyhomogeneous at the edges and corners of this face and
compute its leading orders.

Consider the corner of Fji5 and Figg away from ¢ = 0. This is locally given by
s — 0,7 - 0. Using the formula (A.15) for H; and the bound on ¢; we have the

following estimate for the tail of the series

()" ()" 2

I3 Hys, 1 7))o, 0)| < 3 e~

iz i>J

1
From the estimate on I' and v; ~ p? ~ jﬁ, for 7 > € >0, as s — 0, this

tail can be made arbitrarily small uniformly for s < 1. Therefore, H(s,1,y,y/,7)
has a polyhomogenous conormal expansion for s — 0 with leading order Q’T” + 1.
By symmetry, this is also the behavior of H(1,s’,y,v’,t) at the edge of Fj15 which
meets Fpip.

Next, we consider the corners of Fjio where t — 0 and t — oo. The represen-
tation (A.17) of H; gives
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The bound on [, gives the following estimate

e s\ (2)
’ZH]<57177—)¢J(y)¢]<y)‘ < C o7 eXp( At +Z> Z w; F(V2J—|—1>

Jj=1

Combining the terms in the exponential,

s 3" —(1 —5)? vt (2)”
H. 1 ) () < C J 27 .
2 Hy(s:1,7)8;(0)5(v)] < O —exp ( ir ) 2 T+ 1)
j=1 j>1
it
For j large —7~ is very small, so we can bound all these terms by one indepen-

dent constant, C'. Next, we use the Technical Estimate Lemma and the growth of

l/j,
1 1

2 Tn—1
V]N:LLJ N]n 1,

The Lemma lets us replace the sum with

2s
Cexp <Z> s

giving the final estimate

2—n

IH(s,l,y,y’,T)ISCS; exp< (1=5) +E>'

T 4T T

The roots of the quantity in the exponential are r, = (3 + 2\/5), and r_ =
(3 — 2v/2) both of which are positive. As s — 0, s > 0, we can assume § < 7_
and s < ry. Therefore, the exponential will have rapid decay as 7 — 0. So,
at the corner of Fj15 and Figp as 7 — oo and also as 7 — 0, the heat kernel
vanishes to infinite order. We can also see from the above estimates that H has
a polyhomogeneous conormal expansion at these corners because we may bound
the tail of the series in the same way. Note that by symmetry, this asymptotic
behavior is mirrored at the corner of Fii5 and Fy19 as 7 — 0, 0o.

Finally, we consider t — oco. Away from Fijgy and Fjio, the behavior of H

is locally that of the Euclidean heat kernel which decays like ()72 as t — oc.
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Therefore, the same is true for H.

For t — oo, x — 0, we use (A.15) to write H as the following sum

/ / o (JJZL’/)Q_Tn ¢j(y)¢j(y/) (xm')'/j
H' oy ) = 5= ) Gt (0, 2 DT (1)

Jj=1
For large 7, %‘ﬁj(y/) — 0. This gives
(ZE.%‘/)Q_TH (xg;’)”]
| ) Hj(z. 2, 1)¢;(y);(y)| < C — .
j>ZJ 2 i>J (T (v +3) T (3)

The Technical Lemma gives

IS Hy(a 2! D5 )5 ()] < O e (Qﬁx/) |

Jj=J

Above, C(J) is a constant that depends only on J and can be made arbitrarily
small for sufficiently large J. As ¢ — 0 and t — oo, the exponential term con-
verges to 1. The tail of the series can be made arbitrarily small and so there is a
polyhomogeneous conormal expansion at this corner with leading order Q_T” + 1
in z and leading order —1 in t. Similarly, as ’ — 0 and ¢ — oo the heat kernel
behaves like ¢t~(z/) 2" 0.

The following table summarizes the behavior of the heat kernel at the faces

and corners of the conic heat space.
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Face/Region/Corner of X7 Leading Term/Asymptotic Behavior
Fioo (Ploo)%TnH'O

Foio (/1010)2_771+”0

Foor vanishes to infinite order
Fiiz (pr12)™"

Fao (paz)™

Fi19, Flog corner, 7 - 0, 00 Leading order Q’T” + vy
Fl1a, Fo19 corner, 7 — 0, 00 Leading order 2_7” + 1
Fi1o, Figp corner, 7 — 0, 00 vanishes to infinite order
Fi1o, Foip corner, 7 — 0, 00 vanishes to infinite order
Fii9, 7 — 00 vanishes to infinite order
Fiio, 7—0 Leading order —n
Interior of X2 ast — 0 and z, 2/ — 0 | t~2(za’) 2" 20

This completes our study of the heat kernel for the scalar Laplacian on the

exact cone over (Y, h).
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