ON MULTIGRID METHODS FOR PARABOLIC PROBLEMS^∗

S. Larsson^1, V. Thomée^1, and S. Z. Zhou^2

Abstract. Multigrid methods with nested subspaces and inherited forms are analyzed in an abstract framework that permits application to linear systems of the type that have to be solved at each time level in time-stepping methods for finite element approximations of parabolic problems. Convergence rates that are independent of the space and time steps are obtained in an appropriate time step dependent norm.

1. Introduction

In this article we discuss the solution of linear systems of equations

(1.1) Au = f

by iterative methods of multigrid type. We are particularly interested in equations of the kind that arise when a parabolic problem, such as (1.2) U_t(x, t) − ΔU(x, t) = g(x, t), x ∈ Ω, t > 0, together with initial and boundary conditions, is discretized with respect to the time variable by a time-stepping method, and with respect to the spatial variable by a finite element method. The operator A is then typically of the form A = zI − kΔ_h, where z is a complex number with Re z > 0, k is a small positive parameter (the local time step) and Δ_h is a discrete version of the Laplacian generated by a finite element method with spatial mesh size h. For instance, if the backward Euler method with time step k is used, then (1.2) is first replaced by (U_n − U_{n−1})/k − ΔU_n = g_n, U_n ≈ U(nk), or (I − kΔ)U_n = U_{n−1} + kg_n, and the finite element discretization of this elliptic problem has the form (1.1) with A = I−kΔ_h. Analogous equations are obtained in connection with other time-stepping methods such as A-stable onestep or multistep methods, see Section 3 below.

1991 Mathematics Subject Classification. 65M55, 65M60.

Key words and phrases. multigrid method, finite element method, parabolic problem. 1Partly supported by the Swedish Research Council for Engineering Sciences (TFR). �Published in J. Comput. Math. 13 (1995), 193–205.

Typeset by AMS-TEX 1

We first formulate iterative methods of multigrid type for solving (1.1), and demonstrate convergence results within an abstract framework that permits application to the situation described above, where the special feature is the presence of the small parameter k. The framework is essentially that used in [3], where applications to elliptic problems are analyzed under weak assumptions, and our results and their proofs are close to those of earlier work, e.g., [1], [2], [4], and [7]. We restrict our discussion here to the case of nested subspaces and inherited forms, and we make regularity assumptions that are satisfied for convex polygonal domains Ω. This makes it possible to organize the theory in straightforward and compact manner, basing it on three simple assumptions, and to make our paper selfcontained.

Our convergence results for parabolic problems are expressed in a certain k-dependent energy norm and show rates of convergence that are uniform with respect to h and k. They are of the form required in the analysis of incomplete iterations in [10] and [5]. By combining our results with those of [10] and [5] one may obtain estimates of the total error caused both by the discretization and the iterative solution of the algebraic equations.

Various issues concerning multigrid methods for parabolic problems have been addressed in earlier work, for example, in [1], [8], [9], [12], [13], [14], [16], but in most cases (except [1] and [16]) the convergence analysis is restricted to model problems with a uniform mesh, where Fourier methods can be applied.

2. Abstract multigrid analysis

In the first subsection we define the multigrid algorithm and prove some convergence results in the context of symmetric equations in an abstract framework. In the second subsection we extend the analysis to a non-symmetric equation with a special structure.

2.1. Symmetric equations. Let M be a finite dimensional Hilbert space with inner product (·, ·) and norm ‖ · ‖ = (·, ·)^{1/2} and let A(·, ·) be a symmetric, positive definite bilinear form on M. With the linear operator A : M → M defined by (2.1) (Au, v) = A(u, v), ∀u, v ∈ M, our concern is to solve the equation

(2.2) Au = f, for f ∈ M.

Our multigrid method for (2.2) is then the iterative method (2.3) u^l = u^{l−1} − B(Au^{l−1} − f), l = 1, 2, . . . , where B : M → M is defined as follows. We assume that we are given a nested sequence of subspaces M_1 ⊂ . . . ⊂ M_j ⊂ M_{j+1} ⊂ . . . ⊂ M_J = M, and define the local version A_j : M_j → M_j of A by (2.4) (A_j u, v) = A(u, v), ∀u, v ∈ M_j .

The algorithm then defines B_j : M_j → M_j recursively for j = 1, . . . , J, starting with B_1 = A^{−1}_1 , and finally sets B = B_J .

Assuming that B_{j−1} is at our disposal and g ∈ M_j , we define B_j g ∈ M_j in three steps, referred to as pre-smoothing, correction, and post-smoothing. The basic ingredient in the first and third steps is a so-called smoothing operator R_j : M_j → M_j , which has the property that the corresponding operator I − R_j A_j reduces particularly well the error components with high frequencies. In the middle step the lower frequencies are reduced by projecting the residual onto M_{j−1} and iterating with the aid of B_{j−1}. With R^{(l)}_j = R_j, if l is odd, R^{(l)}_j = R^t_j , if l is even, where R^t_j is the adjoint of R_j , and denoting by Q_j : M → M_j the orthogonal projection, the algorithm is defined more precisely as follows.

The Multigrid Algorithm. Let p, r, s be integers with p ≥ 1 and r + s ≥ 1. Set B_1 = A^{−1}_1 and let 2 ≤ j ≤ J. Assume that B_{j−1} : M_{j−1} → M_{j−1} has been defined, and let g ∈ M_j . Then B_j g ∈ M_j is defined by

(i) r pre-smoothing iterations: set x^0 = 0 and

x^l = x^{l−1} − R^{(l+r)}_j (A_j x^{l−1} − g), for l = 1, . . . , r,

(ii) p correction iterations: set q^0 = 0 and q^i = q^{i−1} − B_{j−1} ( A_{j−1}q^{i−1} − Q_{j−1}(A_j x^r − g) ) , for i = 1, . . . , p, (iii) s post-smoothing iterations: set y^0 = x^r − q^p and

y^l = y^{l−1} − R^{(l)}_j (A_j y^{l−1} − g), for l = 1, . . . , s.

Finally, set B_j g = y^s.

If instead of x^0 = 0 we set x^0 = w in step (i) of the algorithm, then we obtain y^s = w − B_j(A_j w − g), which is of the form required in step (ii) and in (2.3).

Note thus that in the second step we first project onto M_{j−1} the residual ρ = A_j x^r − g of the error remaining after the pre-smoothing in M_j , and then apply the analog of the iteration (2.3) in M_{j−1} to the equation A_{j−1}q = Q_{j−1}ρ to solve for a correction q^p, which in the final step is interpreted as an element of M_j .

The reduction of error in each step of the iteration (2.3) is determined by the operator D = I − BA, and the purpose of the convergence analysis is thus to estimate some norm of D. In order to do so we introduce some more notation. Since A(·, ·) is symmetric, positive definite we may define an inner product [·, ·] = A(·, ·) and a corresponding norm | · | = [·, ·]^{1/2}. We use the same notation for the induced operator norm, and let T^∗ denote the adjoint of a linear operator T with respect to [·, ·]. Moreover, we let P_j : M → M_j denote the orthogonal projection with respect to [·, ·] and λ_j = λ_{max}(A_j ) the largest eigenvalue of A_j .

Noting that the error reduction operators of the smoothing iterations alternate between K_j = I − R_jA_j and K^∗_j = I − R^t_j A_j , we now show that D_j = I − B_jA_j satisfies the recursion (2.5) D_j = K^∗_{j,s}(I − P_{j−1} + D^p_{j−1}P_{j−1})K_{j,r} , j = 2, . . . , J, where

(2.6) K_{j,m} = { (K^∗_j K_j )^n, if m = 2n, K^∗_j (K_j K^∗_j )^n, if m = 2n + 1.

In fact, with g = A_j w in the definition of B_j , we have by (iii)

D_j w = w − B_j A_j w = w − y^s = (I − R^{(s)}_j A_j )(w − y^{s−1}) = · · · = K^∗_{j,s}(w − y^0),

where w − y^0 = q^p + w − x^r . Using the fact that Q_{j−1}A_j = A_{j−1}P_{j−1}, we get from (ii) q^p = D_{j−1}q^{p−1} + B_{j−1}Q_{j−1}A_j (x^r − w) = D_{j−1}q^{p−1} − B_{j−1}A_{j−1}P_{j−1}(w − x^r), and hence, since q^0 = 0,

q^p + P_{j−1}(w − x^r) = D_{j−1}(q^{p−1} + P_{j−1}(w − x^r)) = · · · = D^p_{j−1}P_{j−1}(w − x^r),

so that w − y^0 = (I − P_{j−1} + D^p_{j−1}P_{j−1})(w − x^r). Finally, by (i) w − x^r = K_{j,r}(w − x^0) = K_{j,r}w, which completes the proof of (2.5).

Our analysis is based on the following three assumptions: there are positive constants C_1, C_2, C_3 such that ‖(I − P_j )v‖ ≤ C_1λ^{−1/2}_j |(I − P_j )v|, v ∈ M, j = 1, . . . , J, (H_1) λ_j /λ_{j−1} ≤ C_2, j = 2, . . . , J, (H_2) |K_j v|^2 ≤ |v|^2 − C_3λ^{−1}_j ‖A_j v‖^2, v ∈ M_j , j = 2, . . . , J. (H_3)

The assumption (H_1) is an error estimate. In typical finite element applications it is proved by means of the Aubin-Nitsche duality argument and expresses the fact that the error in the elliptic projection P_j is smaller in the L_2 norm than in the energy norm. Assumption (H_2) means that the change from M_{j−1} to M_j is not too rapid. Assumption (H_3) expresses the smoothing action of K_j : if v is an eigenvector of A_j with eigenvalue λ, then (H_3) implies |K_j v|^2 ≤ (1 − C_3λ/λ_j )|v|^2. High frequency eigenmodes are thus attenuated more by K_j than low frequency modes. Note that C_3 ≤ 1 with C_3 = 1 for the “perfect smoother” R_j = A^{−1}_j and for R_j = λ^{−1}_j I, cf. Lemma 2 below. Assumption (H_3) is satisfied in finite element applications by other smoothers of practical interest, for example, the point and block Jacobi and Gauss-Seidel iterations, cf. [3].

By a spectral argument it follows from (H_3) that |K_j | ≤ (1 − C_3/κ(A_j ))^{1/2}, where in typical applications the condition number κ(A_j ) = λ_{max}(A_j )/λ_{min}(A_j ) → ∞ as j → ∞. The convergence rate of the smoothing iteration may thus deteriorate as j grows large. By contrast we shall show that |D_j | ≤ δ < 1 independently of j. Hence the multigrid iteration (2.3) has a uniform rate of convergence.

The assumptions (H_1), (H_2), and (H_3) enter our analysis combined into the inequality

(2.7) |(I − P_{j−1})v|^2 ≤ C ( |v|^2 − |K_j v|^2 ) , v ∈ M_j , C = C^2_1 C_2/C_3.

To prove this inequality we first use (H_1) to get |(I − P_{j−1})v|^2 = [(I − P_{j−1})v, v] = ((I − P_{j−1})v, A_j v) ≤ ‖(I − P_{j−1})v‖ ‖A_j v‖ ≤ C_1λ^{−1/2}_{j−1} |(I − P_{j−1})v| ‖A_j v‖, and hence |(I − P_{j−1})v|^2 ≤ C^2_1 λ^{−1}_{j−1}‖A_j v‖^2, from which (2.7) follows in view of (H_2) and (H_3).

We begin by stating and proving a convergence result for the so-called V-cycle algorithm, i.e., for p = 1, with one pre- and/or one post-smoothing iteration. Its proof may be considered as an adaptation to our simple situation of an argument in [4]. Theorem 1. Assume that (H_1), (H_2), and (H_3) hold. If r = s = p = 1 then |I − BA| ≤ δ_0 = 1 − 1/C, where C = C^2_1 C_2/C_3.

If p = 1 and r + s = 1 then |I − BA| ≤ √ δ_0.

Proof. If r = s = p = 1 then the recursion (2.5) becomes (2.8) D_j = K_j (I − P_{j−1} + D_{j−1}P_{j−1})K^∗_j .

This is an identity in M_j for j = 2, . . . , J. We extend its scope to all of M by setting D̃_j = I − P_j + D_j P_j = I − B_j A_j P_j , K̃_j = I − P_j + K_j P_j = I − R_j A_j P_j , K̃^∗_j = I − P_j + K^∗_j P_j = I − R^t_j A_j P_j ,

and find that D̃_j = K̃_jD̃_{j−1}K̃^∗_j .

In fact, restricted to M_j this is the same as (2.8), and restricted to the orthogonal complement of M_j with respect to [·, ·] its left and right sides reduce to the identity operator. Since D̃_1 = I − P_1, we hence have D̃_J = K̃_J · · · K̃_2(I − P_1)^2K̃^∗_2 · · · K̃^∗_J ,

and with E_1 = I − P_1, and E_j = K̃_j E_{j−1} for j = 2, . . . , J, this yields (2.9) I − BA = D̃_J = E_J E^∗_J .

Note that E^∗_J and E_J are the error reduction operators of the non-symmetric algorithms with r = 1, s = 0, and r = 0, s = 1, respectively. Since |I − BA| = |E_J E^∗_J | = |E^∗_J |^2 and

|E^∗_J | = |E_J | it therefore suffices, in all the cases considered, to estimate the latter norm. In order to do so we take v ∈ M and consider the expressions |E_{j−1}v|^2 − |E_jv|^2 = |E_{j−1}v|^2 − |K̃_j E_{j−1}v|^2, for j = 2, . . . , J. From the definition of K̃_j and (2.7) it follows that

|K̃_j w|^2 = |(I − P_j )w|^2 + |K_j P_j w|^2 ≤ |(I − P_j )w|^2 + |P_j w|^2 − C^{−1}|(I − P_{j−1})P_j w|^2 = |w|^2 − C^{−1}|(P_j − P_{j−1})w|^2, for w ∈ M, j = 2, . . . , J. Hence, setting w = E_{j−1}v, C(|E_{j−1}v|^2 − |E_j v|^2) ≥ |(P_j − P_{j−1})E_{j−1}v|^2 = |(P_j − P_{j−1})v|^2, where in the last step we used the fact that (I − E_{j−1})v ∈ M_{j−1} so that (P_j − P_{j−1})(I − E_{j−1})v = 0. This follows by induction and the recursion relation I − E_1 = P_1, I − E_j = I − E_{j−1} + R_j A_j P_j E_{j−1} for j = 2, . . . , J. Hence, by summation,

C(|E_1v|^2 − |E_J v|^2) ≥ J∑ j=2 ( |P_j v|^2 − |P_{j−1}v|^2 ) = |v|^2 − |P_1v|^2 = |(I − P_1)v|^2,

which, since E_1v = (I − P_1)v, yields |E_J v|^2 ≤ δ_0|(I − P_1)v|^2 ≤ δ_0|v|^2.

This implies the desired result. �

We now consider a more general case of the multigrid algorithm with an arbitrary but equal number of pre- and post-smoothings, and an arbitrary number of corrections. The result is a generalization of a result of [2] and may be seen as a special case of a more general result in [7].

Theorem 2. Let r = s = m ≥ 1, p ≥ 1. Assume that (H_1), (H_2), and (H_3) hold. Then |I − BA| ≤ δ_m = C C + m , where C = C^2_1 C_2/C_3.

Note that the result of Theorem 1 is slightly better than that of Theorem 2 in the case r = s = p = 1 because δ_0 = 1 − 1/C < C/(1 + C) = δ_1. Note also that the convergence is faster if m > 1, but the present argument does not show that the performance is better for p > 1.

Proof. We shall prove, by induction on j, that |D_j | ≤ δ_m, for j = 1, . . . , J. Since D_1 = 0 this is clearly true for j = 1. For j ≥ 2 we use the recursion (2.5) which now takes the form D_j = K^∗_{j,m}(I − P_{j−1} + D^p_{j−1}P_{j−1})K_{j,m}.

Taking v ∈ M_j , setting temporarily u = K_{j,m}v, we have [D_j v, v] = |(I − P_{j−1})u|^2 + [D^p_{j−1}P_{j−1}u, P_{j−1}u]. It follows by induction that D_j is selfadjoint and positive semidefinite with respect to [·, ·] so that |D_j | = sup_{v∈Mj} [D_j v, v]/|v|^2. Moreover, assuming that |D_{j−1}| ≤ δ_m < 1 we have [D_j v, v] ≤ |(I − P_{j−1})u|^2 + δ_m|P_{j−1}u|^2 = (1 − δ_m)|(I − P_{j−1})u|^2 + δ_m|u|^2.

The desired result then follows from the following lemma. � Lemma 1. Assume that K_j satisfies (2.7). Let m ≥ 1 and δ_m = C/(C + m). Then (1 − δ_m)|(I − P_{j−1})K_{j,m}v|^2 + δ_m|K_{j,m}v|^2 ≤ δ_m|v|^2, v ∈ M_j . Proof. Let δ ∈ [0, 1]. Setting u = K_{j,m}v we first use (2.7) to obtain (1 − δ)|(I − P_{j−1})u|^2 + δ|u|^2 ≤ C(1 − δ)(|u|^2 − |K_j u|^2) + δ|u|^2. We now want to express the norms on the right in terms of v. Recalling the definition of K_{j,m} in (2.6) we find that

K^∗_{j,m}K_{j,m} = { (K^∗_j K_j )^{2n} = (K^∗_j K_j )^m, if m = 2n, (K_j K^∗_j )^nK_j K^∗_j (K_j K^∗_j )^n = (K_j K^∗_j )^m, if m = 2n + 1, and, similarly,

(K_j K_{j,m})^∗(K_j K_{j,m}) = { (K^∗_j K_j )^{m+1}, if m is even, (K_j K^∗_j )^{m+1}, if m is odd, so that with K̂_j = { K^∗_j K_j , if m is even, K_j K^∗_j , if m is odd, we have |u|^2 = [K̂^m_j v, v], and |K_j u|^2 = [K̂^{m+1}_j v, v]. Hence (1 − δ)|(I − P_{j−1})u|^2 + δ|u|^2 ≤ |C(1 − δ)(I − K̂_j )K̂^m_j + δK̂^m_j | |v|^2. The operator K̂_j is selfadjoint and positive semidefinite. Moreover, (2.7) implies that |K_j | ≤ 1 so that |K̂_j | ≤ |K^∗_j ||K_j | = |K_j |^2 ≤ 1 and the largest eigenvalue of K̂_j is therefore ≤ 1. Hence, by the spectral theorem we have

|C(1 − δ)(I − K̂_j )K̂^m_j + δK̂^m_j | ≤ max_{x∈[0,1]}(C(1 − δ)(1 − x)x^m + δx^m).

Since (1 − x)x^m ≤ m^{−1}(1 − x^m) for x ∈ [0, 1], we have

0 ≤ C(1 − δ)(1 − x)x^m + δx^m ≤ C m (1 − δ)(1 − x^m) + δx^m = δ,

provided that C(1 − δ)/m = δ, that is, δ = δ_m = C/(C + m). This proves the lemma.

This choice of δ is optimal. In fact, the above maximum is

f(δ) = C(1 − δ)(1 − x(δ))x(δ)^m + δx(δ)^m, where x(δ) = m m + 1 C(1 − δ) + δ C(1 − δ) , and it can be shown that δ_m = C/(C + m) is the smallest fixed point of f. � Next we discuss the non-symmetric multigrid algorithms without pre-smoothing or without post-smoothing.

Theorem 3. Let p ≥ 1, r + s = m ≥ 1 and either s = 0 or r = 0 and assume that (H_1), (H_2), and (H_3) hold. Then |I − BA| ≤ √ δ_m, where δ_m = C/(C + m) with C = C^2_1 C_2/C_3.

Proof. We first consider the case when r = m ≥ 1, s = 0. The recurrence relation (2.5) then becomes D_j = (I − P_{j−1} + D^p_{j−1}P_{j−1})K_{j,m}, and D_j is no longer selfadjoint. But, if |D_{j−1}| ≤ √ δ_m < 1, then we have for u = K_{j,m}v |D_j v|^2 = |(I − P_{j−1})u|^2 + |D^p_{j−1}P_{j−1}u|^2 ≤ |(I − P_{j−1})u|^2 + δ_m|P_{j−1}u|^2 = (1 − δ_m)|(I − P_{j−1})u|^2 + δ_m|u|^2.

Hence Lemma 1 implies |D_j | ≤ √ δ_m, which is the desired result in this case.

Finally when r = 0, s = m ≥ 1 the recursion (2.5) is D_j = K^∗_{j,m}(I − P_{j−1} + D^p_{j−1}P_{j−1}). Taking adjoints we obtain

D^∗_j = (I − P_{j−1} + (D^∗_{j−1})^pP_{j−1})K_{j,m},

and since |D_j | = |D^∗_j | the desired result follows from the above. �

Finally we remark that when p = 1 we have I − B^S A = (I − B^N A)^∗(I − B^N A), where B^S and B^N , respectively, are the operators associated with the symmetric algorithm considered in Theorem 2, and the non-symmetric algorithm considered in the first part of Theorem 3, see (2.9). Hence |I − B^S A| = |I − B^N A|^2 when p = 1. Moreover, the convergence rate for p > 1 is always bounded by the convergence rate for p = 1, see [6]. Thus it actually suffices to prove either Theorem 2 or Theorem 3 for p = 1 in order to obtain the results of this subsection.

2.2. A non-symmetric equation. In this subsection we assume that M is a complex Hilbert space of finite dimension and consider a special non-symmetric bilinear form A(u, v) = S(u, v) + iβ(u, v), u, v ∈ M, where i^2 = −1, β ∈ R and S(·, ·) is Hermitian, positive definite with (2.10) S(u, u) ≥ α‖u‖^2, α > 0. Defining again the operators A, A_j by (2.1), (2.4) we want to solve equation (2.2) by the iteration (2.3) defined by the multigrid algorithm described in the previous subsection.

In order to analyze this algorithm we now use the inner product [·, ·] = S(·, ·) and corresponding norm | · | = [·, ·]^{1/2}. We also define operators S_j : M_j → M_j and P_j : M → M_j by the equations (S_ju, v) = S(u, v), ∀u, v ∈ M_j , A(P_j u, v) = A(u, v), ∀u ∈ M, v ∈ M_j , (2.11)

and let λ_j denote the largest eigenvalue of S_j. Note that A_j is invertible so that P_j exists with P_j = A^{−1}_j Q_j A. Note also that A_j = S_j + iβI, where S_j is Hermitian and thus A_j is normal with respect to [·, ·], and that λ_j is the largest of the real parts of the eigenvalues of A_j .

We still want to use the assumptions (H_1), (H_2), and (H_3) for P_j , λ_j , and K_j . Concerning K_j we note that it is no longer true in general that I − R^t_j A_j is equal to K^∗_j , so that alternating products of factors K_j and K^∗_j would not occur as in (2.5). We therefore restrict our discussion now to operators of the form K_j = I − μA_j , corresponding to smoothing operators R_j = μI, where μ is a positive parameter. In this case K_j is a normal operator with respect to [·, ·] and, as we shall see in the convergence proof below, the spectral argument in Lemma 1 can still be applied. In the following lemma we first show that (H_3) and (2.7) are satisfied with the proper choice of μ.

Lemma 2. Let R_j = μI and γ = (1 + β^2/α^2)^{−1}. If |μλ_j − γ| ≤ ϵ < γ, then (H_3) holds with C_3 = γ^2 − ϵ^2. If, in addition, (H_1) and (H_2) hold, then (2.7) follows.

The optimal choice ϵ = 0 gives μ = γλ^{−1}_j , C_3 = γ^2 and, in particular, μ = λ^{−1}_j , C_3 = 1 if A(·, ·) is symmetric. This is difficult to achieve exactly because λ_j is unknown, but the lemma permits λ_j to be replaced by an estimate.

Proof. We have |v|^2 − |K_j v|^2 = 2μ Re[A_j v, v] − μ^2|A_j v|^2.

Here |A_j v|^2 ≤ λ_j ‖A_j v‖^2 and Re[A_j v, v] = ‖S_j v‖^2. Since

‖A_j v‖^2 = ‖S_j v‖^2 + β^2‖v‖^2 ≤ (1 + β^2/α^2)‖S_j v‖^2,

we conclude

|v|^2 − |K_j v|^2 ≥ (2γμ − μ^2λ_j )‖A_j v‖^2 = (2γμλ_j − (μλ_j )^2)λ^{−1}_j ‖A_j v‖^2.

Here 2γμλ_j − (μλ_j )^2 = γ^2 − (μλ_j − γ)^2 ≥ γ^2 − ϵ^2 from which the first part of the lemma follows. In order to prove (2.7) we first use the definitions of P_j , A_j in (2.11), (2.4) together with (H_1) to get

|(I − P_{j−1})v|^2 = Re ( A((I − P_{j−1})v, (I − P_{j−1})v) − iβ((I − P_{j−1})v, (I − P_{j−1})v) ) = Re A((I − P_{j−1})v, v) = Re((I − P_{j−1})v, A^t_j v) ≤ ‖(I − P_{j−1})v‖ ‖A^t_j v‖ ≤ C_1λ^{−1/2}_{j−1} |(I − P_{j−1})v| ‖A_j v‖, since A^t_j = S_j −iβI, so that ‖A^t_j v‖ = ‖A_j v‖. Using also (H_2) and (H_3) we obtain (2.7). �

We now show, using an argument of [1], that if the number of correction iterations p is greater than 1, and the number of smoothing iterations is sufficiently large, then we have a uniform rate of convergence.

Theorem 4. Assume that (H_1), (H_2) hold and that R_j = μI with μ chosen according to the condition in Lemma 2. Let p ≥ 2, r = m ≥ 1, s = 0, C = C^2_1 C_2/C_3, and σ = 1+|β|/α. Then |I − BA| ≤ 2 √ C m , if m ≥ 4C(2σ)^{2/(p−1)}.

Proof. We argue by induction as in the proof of Theorem 3. The recurrence relation for D_j is now D_j = (I − P_{j−1} + D^p_{j−1}P_{j−1})K^m_j ,

which is proved in the same way as (2.5). If |D_{j−1}| ≤ δ < 1, then since, as is easily seen, |P_{j−1}| ≤ 1 + |β|/α = σ and, by (H_3), |K_j | ≤ 1, we have |D_j v| ≤ |(I − P_{j−1})K^m_j v| + σδ^p|v|. Using (2.7) and the fact that K_j is normal we get with K̂_j = K^∗_j K_j |(I − P_{j−1})K^m_j v|^2 ≤ C ( |K^m_j v|^2 − |K^{m+1}_j v|^2 ) = C[(I − K̂_j )K̂^m_j v, v]. Since K̂_j is selfadjoint, and since by (H_3) its spectrum lies in the interval [0, 1], we conclude as in Lemma 1, using the inequality (1 − x)x^m ≤ 1/m for x ∈ [0, 1], that |(I − P_{j−1})K^m_j v|^2 ≤ C m |v|^2. Hence |D_j | ≤ √ C m + σδ^p ≤ δ, if, for example, we choose δ = 2 √ C/m and m so large that σδ^p ≤^1_2 δ, which is the desired result. �

3. Application to parabolic problems

In this section we illustrate how the abstract results of the previous section can be applied to parabolic problems by considering the heat equation (1.2) with homogeneous Dirichlet boundary conditions written in weak form: find U(t) ∈ H^1_0 (Ω) for t ≥ 0 such that U(0) = U_0 and

(3.1) (U_t, v) + (∇U, ∇v) = (g, v), ∀v ∈ H^1_0 (Ω), t > 0,

where (·, ·) denotes the standard inner product in L_2(Ω). We assume that Ω ⊂ R^2 is a bounded convex polygonal domain. For the approximation of (3.1) with respect to the spatial variable we introduce a nested sequence M_1 ⊂ . . . ⊂ M_{j−1} ⊂ M_j ⊂ . . . ⊂ H^1_0 (Ω) of piecewise polynomial finite element spaces. Defining first M_1 by means of a coarse triangulation of Ω, we assume that the triangulation defining M_j with mesh-size h_j is obtained by subdividing each triangle corresponding to M_{j−1} into a fixed finite number N^2 of congruent triangles so that h_{j−1} = Nh_j .

We now consider the discretization of the time variable. Let Δ_j : M_j → M_j denote the discrete Laplacian defined by −(Δ_j u, v) = (∇u, ∇v), ∀u, v ∈ M_j . In an A-stable linear multistep method with time step k one has to solve an equation in M_J of the form

(3.2) ( (α + iβ)I − kΔ_J ) u = F, with α > 0, β ∈ R,

on each time level, cf. [15]. For the backward Euler method we have α = 1, β = 0, and for the second order backward differentiation method α = 3/2, β = 0, cf. [5]. F depends on g, k and on the approximate solution at one or more previous time levels.

In a onestep method based on an A-stable rational approximation r(z) = p(z)/q(z) of e^{−z}, such as certain Padé approximations, one similarly has to solve the equation

(3.3) q(−kΔ_J )u_n = p(−kΔ_J )u_{n−1} + F,

where F depends on g and k. After factorization of the denominator q(z) this reduces to a sequence of equations of the form (3.2), since, by A-stability, r(z) has all its poles in the left half-plane. For the Crank-Nicolson method we have α = 2, β = 0. At the end of this section we present an example where β ≠ 0.

Setting A(v, w) = k(∇v, ∇w) + (α + iβ)(v, w), with α > 0, β ∈ R, our aim is now to check that the assumptions of the previous section are satisfied with constants that are independent of j and k. With [v, w] = S(v, w) = k(∇v, ∇w) + α(v, w), |v| = ( k‖∇v‖^2 + α‖v‖^2 )_{1/2} , it is first of all clear that S(·, ·) is symmetric, positive definite and that (2.10) holds.

Let μ_j be the largest eigenvalue of −Δ_j. Then the largest eigenvalue of S_j is λ_j = α + kμ_j, where μ_j is bounded above and below by positive multiples of h^{−2}_j . Since h_{j−1} = Nh_j we thus have λ_j λ_{j−1} ≤ 1 + c_2kh^{−2}_j 1 + c_1kh^{−2}_{j−1} = 1 + c_2kh^{−2}_j 1 + N^2c_1kh^{−2}_j ≤ C, which is (H_2).

We next consider (H_1) in the case k ≤ h^2_j . Here λ_j ≤ 1 + c_2kh^{−2}_j ≤ C and hence ‖(I − P_j )v‖ ≤ α^{−1/2}|(I − P_j )v| ≤ Cλ^{−1/2}_j |(I − P_j )v|. For k ≥ h^2_j we use an adaptation of the standard duality argument. Let ψ ∈ L_2 and let w ∈ H^1_0 (Ω) be the solution of (3.4) A(ϕ, w) = (ϕ, ψ), ∀ϕ ∈ H^1_0 (Ω). Then, for any χ ∈ M_j , and with C = 1 + |β|/α, (3.5) ((I − P_j )v, ψ) = A((I − P_j )v, w) = A((I − P_j )v, w − χ) ≤ C|(I − P_j )v| |w − χ|. Here, with suitable χ,

|w − χ|^2 = k‖∇(w − χ)‖^2 + α‖w − χ‖^2 ≤ C(kh^2_j + h^4_j )‖w‖^2_H2_{(Ω)} ≤ Ckh^2_j ‖w‖^2_H2_{(Ω)}. We now show that k‖w‖_H2_{(Ω)} ≤ C‖ψ‖ uniformly in k. In fact, since −Δw = k^{−1}(ψ − (α + iβ)w), we have by the standard regularity estimate for elliptic problems k‖w‖_H2_{(Ω)} ≤ C(‖w‖ + ‖ψ‖). But choosing ϕ = w in (3.4) we have α‖w‖^2 ≤ |w|^2 = Re A(w, w) = Re(w, ψ) ≤ ‖w‖ ‖ψ‖, so that ‖w‖ ≤ C‖ψ‖, which completes the proof. Thus, for χ ∈ M_j suitable, |w − χ|^2 ≤ Ck^{−1}h^2_j ‖ψ‖^2 ≤ Cλ^{−1}_j ‖ψ‖^2, since λ_j ≤ Ckh^{−2}_j . Together with (3.5) this shows ‖(I − P_j )v‖ ≤ Cλ^{−1/2}_j |(I − P_j )v|, and thus completes the proof of (H_1).

For R_j = μI, with μ appropriately chosen, we have thus checked the assumptions of Theorem 4, and if β = 0 the assumptions of Theorems 1, 2, and 3. In the latter (symmetric) case we may also use smoothing iterations of Jacobi and Gauss-Seidel type, see Chapter 5 of [3], where proofs of A.4, which is equivalent to our (H_3), may be directly adapted to our situation to show that the constant C_3 is independent of the time step k.

In these situations we thus conclude that the multigrid iteration (2.3) has a rate of convergence which is independent of J and k. Since our results are expressed in the kdependent norm | · | they may be combined with the results of [10] and [5] on incomplete iterations to obtain estimates of the total error caused both by the discretization and the iterative solution of the algebraic equations.

We finish by presenting a detailed example: the piecewise linear discontinuous Galerkin method, which is related to the (2,1)-Padé approximation of the exponential, cf. [11]. In this method the approximate solution of (3.1) is sought in the space of discontinuous, piecewise linear functions of t with coefficients in M_J corresponding to a subdivision of the t-axis into small intervals not necessarily of the same lengths. If I = (t_1, t_2) is such an interval of length k = t_2 − t_1, then we introduce

Π_1(I; M_J ) = { v : v(t) = v_1 t_2 − t k + v_2 t − t_1 k , v_1, v_2 ∈ M_J } , and represent functions v ∈ Π_1(I; M_J ) by their left and right nodal values v_1, v_2 ∈ M_J . The approximation is determined on I as the solution of the variational problem: find u ∈ Π_1(I; M_J ) such that

(u_1, v_1) + ∫ I ( (u_t, v) + (∇u, ∇v) ) dt = (u_0, v_1) + ∫ I (g, v) dt, ∀v ∈ Π_1(I; M_J ), where u_0 is the right nodal value from the previous time interval. In order to be able to progress in time we need to compute the right nodal value u_2 on the present time interval. Simple calculations show that ( − k 6 Δ_J [ 2 1 1 2 ] + 1 2 [ 1 1 −1 1 ]) [ u_1 u_2 ] = [ F_1 F_2 ] , where F_1 = Q_J (u_0 + ∫ I g(t)(t_2 − t) dt/k) and F_2 = Q_J ∫ I g(t)(t − t_1) dt/k. By elimination of u_1 we obtain

((−kΔ_J )^2 + 4(−kΔ_J ) + 6)u_2 = −(2(−kΔ_J ) + 6)F_1 + (4(−kΔ_J ) + 6)F_2,

which is of the form (3.3). Dividing the solution into partial fractions we find

u_2 = Re (( −kΔ_J + 2 + i √ 2 )_{−1}( (−2 + i5 √ 2)F_1 + (4 − i √ 2)F_2 )) , so that u_2 = Re w, where

(3.6) (−kΔ_J + 2 + i √ 2)w = (−2 + i5 √ 2)F_1 + (4 − i √ 2)F_2,

which is of the form (3.2).

Acknowledgment. The authors are indebted to Professor J. H. Bramble for useful comments on an earlier version of the manuscript.

References

1. R. E. Bank and T. Dupont, An optimal order process for solving finite element equations, Math.

Comp. 36 (1981), 35–51.

2. D. Braess and W. Hackbusch, A new convergence proof for the multigrid method including the V -cycle, SIAM J. Numer. Anal. 20 (1983), 967–975.

3. J. H. Bramble, Multigrid Methods, Pitman, 1993.

4. J. H. Bramble and J. E. Pasciak, New estimates for multilevel algorithms including the V-cycle, Math.

Comp. 60 (1993), 447–471.

5. J. H. Bramble, J. E. Pasciak, P. H. Sammon and V. Thomée, Incomplete iterations in multistep backward difference methods for parabolic problems with smooth and nonsmooth data, Math. Comp. 52 (1989), 339–367.

6. J. H. Bramble, J. E. Pasciak, J. Wang and J. Xu, Convergence estimates for multigrid algorithms without regularity assumptions, Math. Comp. 57 (1991), 23–45.

7. J. H. Bramble, J. E. Pasciak and J. Xu, The analysis of multigrid algorithms with nonnested spaces or noninherited quadratic forms, Math. Comp. 56 (1991), 1–34.

8. A. Brandt, Multi-level adaptive finite-element methods. I. Variational problems, Special Topics of Applied Mathematics (J. Frehse, D. Pallaschke and U. Trottenberg, eds.), North-Holland, 1980, pp. 91– 128.

9. J. Burmeister and Rainer Paul, Schrittweitensteurerung für ein zeitparalleles Mehrgitterverfahren, Bericht Nr. 9314, Institut für Informatik und Praktische Mathematik, Christian-Albrechts-Universität zu Kiel, 1993.

10. J. Douglas, Jr., T. Dupont and R. Ewing, Incomplete iterations for time-stepping a Galerkin method for a quasilinear parabolic problem, SIAM J. Numer. Anal. 16 (1979), 503–522.

11. K. Eriksson, C. Johnson and V. Thomée, Time discretization of parabolic problems by the discontinuous Galerkin method, RAIRO Modél. Math. Anal. Numér. 19 (1985), 611–643.

12. W. Hackbusch, Parabolic multi-grid methods, Computing Methods in Applied Sciences and Engineering, VI (R. Glowinski and J.-L. Lions, eds.), North-Holland, 1984, pp. 189–197.

13. J. Janssen and S. Vandewalle, Multigrid waveform relaxation on spatial finite element meshes: the discrete-time case, Preprint CRPC–94–8, California institute of technology, 1994.

14. Ch. Lubich and A. Ostermann, Multi-grid dynamic iteration for parabolic equations, BIT 27 (1987), 216–234.

15. G. Savaré, A(θ)-stable approximations of abstract Cauchy problems, Numer. Math. 65 (1993), 319–335. 16. S. Z. Zhou and C. B. Wen, Multigrid method for P1-nonconforming finite element approximation of a parabolic problem, Chinese Numer. Math. (to appear).

1Department of Mathematics, Chalmers University of Technology and Göteborg University, S–412 96 Göteborg, Sweden

E-mail address: stig@math.chalmers.se, thomee@math.chalmers.se

2Department of Applied Mathematics, Hunan University, Changsha, Hunan 410082, People’s Republic of China