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Abstract.

Completely discrete numerical methods for a nonlinear elliptic-parabolic system, the
time-dependent Joule heating problem, are introduced and analyzed. The equations
are discretized in space by a standard finite element method, and in time by combi-
nations of rational implicit and explicit multistep schemes. The schemes are linearly
implicit in the sense that they require, at each time level, the solution of linear sys-
tems of equations. Optimal order error estimates are proved under the assumption of
sufficiently regular solutions.
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1 Introduction

In this paper we construct and analyze high-order numerical methods for the
time-dependent Joule heating problem. In space we discretize by the finite el-
ement method; for the time stepping we use a combination of rational implicit
and explicit multistep schemes.

We consider the following nonlinear elliptic-parabolic system: Given T' > 0,
a bounded interval, convex polygonal or polyhedral domain in R? for d = 1,2 or
3, respectively, o : R — [k, K], with two positive constants £ and K, a globally
Lipschitz continuous function, g : Q x [0,7] — R, and u" : Q — R, we seek two
functions u, p : Q@ x [0,T] — R, satisfying

uy — Au = o(u)|Ve|?, in Qx[0,7],
—V-(o(uw)Ve) =0, inQx][0,T],
u=0, ¢p=uyg, on 02 x [0,T7,
u(+,0) = u°, in .

(1.1)
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This system models the electric heating of a conductive body, with u being the
temperature, ¢ the electric potential, and o the temperature-dependent electric
conductivity.

The existence and uniqueness of global weak solutions in two space dimensions,
d = 2, was shown in [4]. The regularity of these solutions was further studied in
[7], where regularity estimates involving, essentially, space and time derivatives
of first and second order were proved. We are not aware of any existence and
regularity result in the three-dimensional case. In the present work we need
regularity of high order and we simply assume that problem (1.1) possesses a
unique, sufficiently regular solution.

To motivate the definition of the finite element method for problem (1.1),
we give a weak formulation of it: Find wu(-,t) € H} and ¢(-,t) € H!, with
(-, t) —g(-,t) € H}, such that

(ug,v) + (Vu, Vo) = (o(u)|Ve|?,v) Yo e Hy, t€[0,T],
'LL(-, 0) = uO’
and
(0(u)Vp, Vo) =0 Yo <€ Hy, t€[0,T].

Here we use standard notation: H! = H(Q) and H} = H(2) are Sobolev
spaces, and (-,-) denotes both the L? inner product and the duality pairing
between H~! and H}.

Space discretization

Let {Sh} o<n<1 be a family of finite dimensional subspaces of H 1 consisting
of continuous piecewise polynomials of degree r —1 > 1 with respect to a quasi-
uniform family of triangulations of 2, and set Sy, := SpNH}. Let 7, : C(Q) — S,
be a linear interpolation operator such that m,v|sq = 0 when v|gq = 0, and such
that

(12) v =mpvllyse < CRTI74E=1)

[vllgr, s €[2,00], j=0,1.

We consider the following semidiscrete problem: Find uy(-,t) € Sy and @y, (-, 1) €
Sy, with (-, t) — mhg(-, t) € Sy, satisfying

(1.3) (une, X) + (Vun, Vx) = (0(un)|[Von|*, x)  Vx € Sy, t €[0,T],
. uh('»o) = u(})w

and

(1.4) (0(un) Vi, VX) =0 Vx € Sy, t €[0,T],
where u% € §h is an approximation to u" such that

(1.5) [u® —uj | < OB,

with || - || denoting the norm of L?((2).
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Fully discrete schemes

We discretize (1.3) in time by a class of linearly implicit schemes expressed in
terms of bounded rational functions «;, 8; : [0,00] = R, i =0,...,¢, with ay =
1,8, =0, and the functions f§; vanishing at infinity, 8;(c0) =0, =0,...,¢—1;
these schemes were recently introduced and analyzed for nonlinear parabolic
equations in (1], [2], [3].

To write the schemes in compact form, we introduce the discrete Laplacian
Ay, 1 S, — S), and the L2-projection P, : H=! — S, by

—(An, x) = (V,VX), (Poo—v,x)=0 Vi),x€Sp, ve H L.

Letting N € N, kK = T/N be the time step, and t" = nk,n = 0,...,N, we
= u(-,1")

define a sequence of approximations U™ and ®" to u" nd "
(-, t™), respectively, as follows: Find U™ € Sh, P € §), with ®" — g™ € Sh,
such that, for 0 <n < N — g,
q q—1 ‘ ‘
(1.6) > (kAU =k Bi(—kAR) Py (a(U™T) | VO ]?),
=0 i=0
(1.7) (U™ )V Vy) =0 VyeS,.
Given U™, .. LUl ¢ §and o, @t Sh, it is easily seen that
Untd € Sy, is well defined by (1.6); then, given U4 € Sj,, &9 is well defined

by (1.7).

The scheme (1.6)—(1.7) is linearly implicit; the implementation of (1.6) re-
quires, at every time level, the solution of several linear systems of dimension
dim(é’h) with the same matrices for all time levels, while for the implementation
of (1.7) a linear system with matrix varying with time has to be solved. The
scheme (1.6)—(1.7) can be easily modified to allow partially parallel implemen-
tation, in the sense that U1 is not required for the computation of ®"19, see
Remark 3.3.

Stability assumptions

For z € [0, 00] we introduce the polynomial a(z,-) by

a(e,¢) = 3 @)’
=0

We order the roots ¢;(x), j =0,...,q, of a(z,-) in such a way that the functions
(; are continuous in [0, co] and the roots §; := ¢;(0), j =1,...,s, satisfy |{;| =
1; these unimodular roots are the principal roots of «(0,-) and the complex
01(0,&;)

= 020(0))
first varlable) are the growth factors of &;. We assume throughout that the

implicit method described by the rational functions ay, ..., a4 is strongly A(0)-
stable in the sense that for all 0 < z < oo and for all j = 0,...,q, there

numbers \; (with 9 denoting differentiation with respect to the
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holds |(;(z)] < 1, and the principal roots of «(0,-) are simple and their growth

factors have positive real parts, ReA; > 0, 7 =0,...,s, see [1]. An additional
hypothesis, namely that aq, ..., aq—1 vanish at infinity,
(H) ag(00) = -+ = ag-1(c0) =0,

will be used in Theorem 3.4 and will allow us to derive error estimates under
weaker approximation assumptions on the starting approximations.

Consistency assumptions

Let p > 1, and the functions @y : [0,00) = R, £=0,...,p, be defined by

po(x) := [ieai(sc) — (Eif_l + m'e)ﬁi(a:)], £=0,...,p—1,

pp() = ) [Paq(x) —pi ' Bi(w)].

M- 1M

I
=3

K3
We assume that the order of the time-stepping scheme is p, i.e.,
@o(x) = 0P as 2 — 0+, £=0,...,p,
and its polynomial order is p — 1, i.e.,
pe=0,£=0,....,p—2;
if, in addition, ¢,_1 = 0, then the polynomial order is p, see [1].
For examples of linearly implicit schemes, including implicit-explicit multistep
schemes as well as the combination of Runge-Kutta schemes and extrapolation,

satisfying our conditions, we refer to [1]. )
We introduce the elliptic projection Ry, : H} — Sj, by

(VRuv,Vx) = (Vv,VX) Vx € Sp,

and let W(t) = Rpu(-,t) for t € [0,T], W" = W(t") and W) = D{WW. Assum-
ing that the starting approximations U?,...,UP~! are such that

max (W7 = U7|| + K2V (W7~ 09)||) < Mi(k? + B7),

0<j<q—
which, in case assumption (H) is satisfied, can be relaxed to

max W9 — U7 || < My (kP + R"),

0<y<q—
and that k = O(h%/?P), we will establish the error estimate

[u(t™) = U™ + [lp(t") — || < C(K” + A7), " €[0,T].
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Finite element methods for (1.1) have been analyzed in [7]. Both spatially
semidiscrete schemes, as well as a first order time-stepping scheme, based on a
combination of the backward and the forward Euler methods, have been con-
sidered. Optimal order error estimates have been derived under the weak mesh
condition k = O(h%®). For a finite element analysis of the heating problem with
more general boundary conditions see [8]. A similar system of equations arising
in fluid mechanics is studied in [5], [6].

The outline of the paper is as follows: Section 2 is devoted to the consistency
of the scheme (1.6)—(1.7) for the elliptic projection of the solution u of (1.1). In
Section 3 optimal order error estimates are derived.

2 Consistency

Our main concern in this paper is to analyze the approximation properties of
the sequences {U™}, {®"}. As a preliminary step, we show counsistency of the
time-stepping scheme for the elliptic projection W of the solution wu.

Let Ej(t) € Sp,t € [0, 7], denote the consistency error of the spatially discrete
scheme for the elliptic projection W = Rpu, i.e.,

(2.1) Ep(t) == Wy(t) — AW () — P (c(W ()| Ve(t)]?), te[0,T].

Let || - [[-1 denote the norm of H—', [[v]—1 := sup,ep; %. Using the rela-

tion Ap Ry, = P,A and (1.1), the well-known L? error estimate for W, a global
Lipschitz condition for o, and a W*°-bound for ©", we obtain

< < r
(22) i (1B (0)]-1 < C max [|Ea(0)] < O
We let Wi = Wi, Jj=0,...,¢g—1, and apply the linearly implicit scheme (1.6)
0 (2.1) to define W™, m =gq,..., N, by the equations

Eq:ai(—kAh)W"“

(2.3) =0 .

= kZﬁi(—kAh) [Ph(U(WnH)W(anF) i Eh(tn+i):| ’
=0

forn =0,...,N —q. We define the consistency error E", n =0,..., N — ¢, of
(2.3) by

q
k(I — kAp) T E™ = ai(—kA,) W

i=0
(2.4) o
— k3 B~ [P (o (W) V") 4 By (¢7)]
i=0
forn =0,..., N —q. In this section we will derive an optimal order estimate for

the consistency error E™, see (2.10) below, assuming that the polynomial order
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of the scheme is p. We will also derive some preliminary consistency estimates
for polynomial order p — 1, which will be used in Section 3 to establish optimal
order error estimates.

First, we use (2.1) to rewrite (2.4) in the form

q
B(I = kAR E" =) ai(—kA,) W

=0
(2.5) -
— kY Bi(—kA) (We(t™) — AW .
1=0
Letting
P kz '
EY =Y Zpu(—kA) WO ()
=0
1 q tn+i
By = > o) / (7 — P (5) ds
" i=0 e
k q—1 gttt
E} = e Zﬂi(kah)/ (T — )P (WD — kAW P)) (s) ds,
pP— T =0 L2

and Taylor expanding the right-hand side of (2.5), we easily see that
(2.6) k(I —kAy) 'E™ = E} + Ey + EY.

Using the boundedness of o, 3; and f;, Bz(x) := z0;(x), we easily obtain

tn+q
27) I = kAR)E -1 < Ck”/ (IWED ()| -1 + K[| VW P (s)]]) ds,
ttn+q—1
(2.8) (I = kAR)EY| -1 < Ckp/ (IW @D ()| -1 + VWP (5)])) ds.

t’V'L
In the sequel we will distinguish two cases. First, assuming that the polynomial
order is p, we have E} = kPp,(—kAp)ul® (1) /pl, i.e.,

kp+1

(I —kAL)ET = — o [(—kAR) " op(—kAR) + pp(—kAR) | AW P (t™).

Using then the fact that ¢, and @,, @¢,(x) := pp(x)/x, are bounded, we easily
conclude

(2.9) I(I = kAR)E} ||y < CEPHH VI P (7).

Under obvious regularity hypotheses, from (2.6) and (2.7)—(2.9) we immediately
obtain the desired consistency estimate

(2.10) max ||E"|_; < CkP.
0<n<N-—gq
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Next we will consider the case of polynomial order p — 1. Let a(z) :=
ap(x)+ - - -+ aq(x). Using the fact that the function n, n(z) = ¢,—1(x)/[z p(x)],
is bounded in [0, o0], see [1], we will prove in Lemma 3.2 optimal order error
estimates. As a preparation for Lemma 3.2, let us note that in this case there is
an additional term in E7', which can be written as

e
= —(plipl)! n(=kAp) p(—kAp) AW P=D (™)
= k(] _ k’Ah)_lE”
% n(—kAh) Zpi(_kAh) Ay [W(P—l)(tn) . V[/(p—l)(tn.t,_i)]7
' i=0

with E™ such that

% n(—kAp) Z a;(—kAR) AhW(p_l)(t"‘*‘i).

=0

k(I — kA, E" = —

Thus, in this case, since 7, 7(x) := (14 z)n(z), is bounded, (2.10) is replaced by

(2.11) max ||E" — E"||_; < CkP.
0<n<N—q

3 Error estimates

_In this section we shall derive optimal order error estimates. Let (" := W™ —
W™ and " :=W" —U", n=20,...,N. Then

(3.1) ut =U" = (u"—-W")+ "+ 0",
Here u™ — W™ = (I — Rp)u" can be easily estimated,

(3.2) max_|[u" —W"|| < Ch".
0<n<N
Hence, it remains to estimate " and ™. We will estimate ("™ in Lemmas 3.1 and
3.2 for polynomial order p and p—1, respectively. Estimates for " will be derived
in Theorem 3.3 for all methods under consideration, and in Theorem 3.4 for
methods satisfying (H) under weaker approximation hypotheses on the starting
approximations.
LEMMA 3.1. Assume that the polynomial order is p. Then

n _ yni2 L 1r7ey12 2p
(3.3) OglgN(llW i +k;||v<w W) < crr.
=q
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PROOF. Let b" := Py[(a(W") — o(W™))|V¢"|?],n = 0,...,N. Subtracting
(2.3) from (2.4), we obtain

q q—1
> ai(—kANCT =k Bi(—kAR)DT 4+ k(I — kA,) T E™,
=0 7=0

n=20,...,N —q. Then, we have, see [1],

IS + kY Iv¢h)?

l=q
(3.4) 1 .
< S U1+ RIVEIR) + 8> (1592, + B2, ) },
J=0 =0
n = q,...,N. Using here (2.10) and the fact that (* = --- = ("' = 0 and
16¢] -1 < C||¢Y|, a discrete Gronwall argument leads to (3.3) and the proof is
complete. o

Next we relax the polynomial order hypothesis.

LEMMA 3.2. Assume that the polynomial order is P 1. Then (3.3) is valid.

PROOF. Let <2 and(Q,j =0,...,N, be such that C2 C2 =0,7=0,...,9—1,
and

ai(—kAR) T = k(I — kAR)~H(E™ — EM),

-

=0

i (kAR = k(I — kAR)TTE™,

'MQ

@
I
=

n=20,...,N —q. Let further (" :sz—@”f@",m:O,...,N. Then

q q—1

D ai(—kANGT =k Bi(—kAR)D,

i=0 =0

n=0,...,N—gq. Now (" and, in view of (2.11), also CAS, can be easily estimated
in the desired form, see (3.4). Further, (§ can be estimated as in the proof of
Theorem 4.2 in [1]. a
Next we estimate " = W™ — U™ and obtain a bound for the total error.
THEOREM 3.3. Assume thatr > 3,d <3. Let U™, ®" and W™ be solutions of
(1.6)~(1.7) and (2.3), respectively, with starting approzimations Uo,...,Uu e
Sh such that

(35)  max ([W7 U7+ KV VOV — 07)]) < Mk + 1),

Let k = O(h%/?). Then, for k and h small enough,
(3.6) [u(t™) = U™ + llo(t") — 27| < C(K” + A7), " €0,T7,
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with a constant C independent of k and h.
PRrROOF. We first recall an argument which is based on an inverse inequality
and the interpolation error bounds in (1.2). Let s € [2,00]. Then, for v, € S,
o = wvnllwrs < lo = mpollwes + llmn(v = on)lwe.s
< v = mvllwre + Ch™E =Dy (0 — vp) w2
(3.7) < v = mpvflwes
+ Ch= 9 (o — myvllwrz + [l — valwz)
<ChW GOl gr + CR (59

| — vpllwr.

We have ||[V| o (0,1],0) < My for some constant M. In order to prove
a preliminary error estimate, we replace the nonlinearity (u,¢) — o(u)|Vep|?
by (u,¢) — o(u)f(Ve), where f : R? — R is a globally Lipschitz continuous
function such that

f(z) = |z|> forxze R? with |z| < Ma + 2.

This does not affect the solution of (1.1), since |Vy| < My implies f(Vp) =
V|2, We begin by proving a preliminary error bound, see (3.13) and (3.11)
below, for the solution of the modified equation (1.6)—(1.7), still denoted U™, ®".
By the inverse inequality argument (3.7), applied with v = @™, v, = ®", s = o0,
using k = O(h¥/?P), r > 3, d < 3, we may then show a posteriori that

(3.8) sup ||[VO"|pe < My +1,
tn€[0,7)

if k and h are small enough, so that o(U")f(V®") = ¢(U™)|V®"|?> and hence
U™, ®" is identical to the solution of the original equation (1.6)—(1.7).

We now turn to 6" = W™ —U", which by (1.6) and (2.3), satisfies the equation:

qg—1
Qi(—kAR)0™ T = kY Bi(—kAL) (Pub" + En(t"1)), n=0,...,N —q,

i=0 i=0
where, since f(V¢') = |[Vt|?,
b= o (WO (V') — o(U") F(VD).

Using the fact that ||Pyv||—1 < Cljv||-1 for v € H™!, it easily follows from
Lemma 2.1 of [1] that

n qg—1
0712+ k3 9812 < (D (16712 + kIIVe|12)
l=q 7=0
(3.9) . -
TR I R Y IEEI2),

14

I
=)

£=0
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for n =y¢q,..., N, and thus, in view of (2.2) and (3.5),

n n—q
(810)  [0"2+ K DOIVOYR < C((R + B+ B Y 612, ).
l=q £=0

Now ¢’ — ®¢ can, in view also of (3.3) and the fact that k = O(h¥/%P), be
estimated in terms of ¢ as follows:

(3.11) V(" = @) < C(h " + k7 + ]|6])),
(3.12) gt — | < C(h" + kP + [|6°]| + h=5[|6°]%),

see Lemma 3.2 in [7].
We use this to show a preliminary low order estimate,

(3.13) 67 < C(KP +n"1).
We have, since f(Vp') = |[V!|?,
b = (o(W") = o (U))IV']* + o (U) (F(V§) = (V).
Hence, by (3.11) and the boundedness of o and V¢*,
6% -1 < Clo"]|
< CO NIV 12 + Cllo (Ul IV (" — @)l
< C(hh+ kP +6°)).

Together with (3.10) and Gronwall’s lemma this proves (3.13).

From this point on we will not use f, since we now know that ®" satisfies
(3.8).

In order to prove the optimal order estimate (3.6), using the relation

[V'? = [VOI2 = 2V’ - V(p! — @) — [V (p" — )P,
we can split b¢ as b* = RY + RS + RS with
Ry = [o(W") — o (U)]IVe' | +2[0(U") — o(u)] V" - V(" — @),
Ry = 20(u")Ve" - V(p' — @),
Ry = —o(UN)|V(p" — @)
First, obviously, in view of (3.2), (3.3), and the Lipschitz continuity of o,
[REll-1 < C(]|6°]] + k” + h7).
Further, for v € Hg,
(Rg,v) = 2(V(p" = @), 0(u) V')
= —2(¢" = 0", V- (a(u") V')
= —2(p" = @, o (u") Ve - V),
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since V - (o(u*)Vt) = 0 by (1.1). Hence
IRS]|-1 < Clle* — @°l,
and thus, in view of (3.12), (3.13), and the assumption that k = O(h%/%?),
IRall -1 < C (A + 7+ 16°) + % 6°])
<O(W + k4 (1+h 78 £ k20 8))10°)) < C (" + kP + 16°]).
Finally, concerning Ré, we first note that
IR5]-1 < CIRsll Lovs,
which follows from Holder’s and Sobolev’s inequalities (for d < 3):
(R5,v) < || RSl oss o]l o < ClIRS||poss [Vl Vo € Hg.
Thus, using (1.2), (3.7) with s = 12/5, and (3.11),
IRS] -1 < CIIRS|l o5
< ClloU)z=IV(#" = )|[F22/s < CIV(@" = )| F12/5
< ChZ =28 ! e + Ch=# | V(" — )]
< Ch¥=27% 4 Ch™ 8 k% + Ch™ % |6°)?,
i.e., in view of (3.13) and the assumptions that k = O(h%/?) and r > 3, d < 3,
IR5]-1 < C(h" + kP).
Hence
(3.14) 65| —1 < C(R" + kP +[|6°]]).

Together with (3.10) and Gronwall’s lemma this proves an O(h” + kP) bound

for ||0™]], and by (3.12) also for ||¢™ — ®"||. Combined with (3.1), (3.2), and

Lemmas 3.1-3.2 this proves (3.6). O
For schemes satisfying (H), (3.9) can be replaced by

n qg—1 n—q n—q
6712 + 5 3 IVOLNZ < (30702 + kD IR+ kD IERE)2,)
l=q 7=0 £=0 {=0

see Remark 7.2 and Lemma 2.1 in [1]. Therefore, we have the following result:
THEOREM 3.4. Assgme that (H) is satisfied, and that the starting approxima-
tions UY,... U9t € S}, are such that

max ||[W7 — UJ|| < My (kP + h"),
0<j<q—-1
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and all hypotheses of Theorem 3.3 except (3.5) are satisfied. Then (3.6) is valid.

REMARK 3.1. The mesh condition & = O(h%/??) in Theorems 3.3 and 3.4
becomes stringent for d = 3 and p = 1. For a first-order scheme, a combination
of the backward and the forward Euler methods, the estimate (3.6) is established
in [7] under the weaker condition k = O(h%%); the major difference between the
approach of [7] and our present approach is what smoothing property is used; in
[7] a stronger smoothing property for the backward Euler method is used while
here we use (3.9), which is valid for any strongly A(0)-stable scheme.

REMARK 3.2. The optimal order error estimate (3.6) in Theorems 3.3 and
3.4 is derived for r > 3. Here we briefly discuss the case r = 2. The assumption
r > 3 is used in the proof only in the proof of (3.8) and in the estimation of
|R||—1. For r = 2 and d = 3 this estimate yields

RS -1 < C (kP + B3/?).

However, our proof of (3.8) does not work in this case.

For d = 1 or 2, ||R§||_1 is dominated (modulo a constant factor) by ||R§| 1
with s = 1 for d = 1, and any s > 1 for d = 2. Estimating || RS -1 by || RS/ L
instead of || R§||e/s and proceeding along the lines of our proof we obtain (for
r=2)

max 10" < C(kP +h?) for d=1,

0<n<

max_||0"| < C(kP + h*7¢) for d =2,

0<n<N
for any positive e. Thus, for d = 1 the estimate (3.6) holds for r = 2 as well,
while for r = 2 and d = 2 we obtain an estimate of the form (3.6) with h?
replaced by h?7¢, for any positive . The proof of (3.8) works for » = 2 and
d<2.

REMARK 3.3. To advance in time the scheme (1.6)—(1.7) a number of linear
systems have to be solved for U™ and one linear system for ®""4. These
systems cannot be solved in parallel since ®"7¢ depends on U™ "4, (The scheme
(1.6)—(1.7) can be implemented in parallel for "7 and U™t if 3, 1 = 0.)
However, the scheme (1.6)—(1.7) can be easily modified to allow partially parallel
implementation. To this end we replace (1.7) by

(3.15) (c(U™t)VP™H9 Vy) =0 Yy € Sh.
with
q—1
(3.16) grte =" L) una,
§=0

where L7*? € Py are the Lagrange polynomials associated with the points
.t e L?’q(t””) = 05,1, =0,...,¢ — 1. It is easily seen that all
error estimates for the scheme (1.6)—(1.7) established in this paper are also valid
for the scheme (1.6)—(3.15)—(3.16).



LINEARLY IMPLICIT FINITE ELEMENT METHODS 13

REMARK 3.4. The error estimate (3.6) is established under the condition that
o is globally Lipschitz continuous. This may be relaxed to a local Lipschitz
condition if we assume that maxo<j<q—1 |[|[W7 — U?|| L= < 1/2 and

h = o(k?") for d=1,
(3.17) h|log |7 = o(k?") for d=2,
h=o(k?T1) for d=3.

To see this, we replace o everywhere by a globally Lipschitz continuous function
o coinciding with ¢ in the interval

(3.18) I:= [mitn u(z,t) — 1, mfa%xu(x’t) + 1.

k) I)

This does not affect the solution of (1.1). Further, using the same notation for
the numerical approximations given by (1.6)—(1.7) (with & instead of o), all our
estimates are valid and we have, in view of (3.10) and (3.14),

max V& |VO"|| < C(kP +h").
q<n<N

By an inverse inequality, from (3.2) and (3.3) we obtain, for sufficiently small h,

. 1
n n
. - o < —.
(3.19) OénnaSXNHu WL < 5
Similarly,
max_ (|07~ < C(kP~2 + h'k™2) for d=1,
q<n<N
max_ [0z~ < C(kP~2 + h"k"2)|logh|z  for d =2,
q<n<N
max [0~ < C(kP"2h™% 4+ A" 2k~2)  for d=3.
qg<n<N

Thus, under the mesh conditions (3.17), for k£ and h sufficiently small,

1
.2 0" OO<7,
(3.20) quaSXN” I -2
€el,n=0,...,N,x € Q, and

From (3.19) and (3.20) we easily see that U™ (z)
(3.6) is valid for the approxima-

thus o(U™) = 6(U™), and conclude easily that
tions given by the scheme (1.6)—(1.7).
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