WEAK CONVERGENCE OF FINITE ELEMENT
APPROXIMATIONS OF LINEAR STOCHASTIC EVOLUTION
EQUATIONS WITH ADDITIVE NOISE

MIHALY KOVACS, STIG LARSSON':2] AND FREDRIK LINDGREN!

ABSTRACT. A unified approach is given for the analysis of the weak error of
spatially semidiscrete finite element methods for linear stochastic partial dif-
ferential equations driven by additive noise. An error representation formula is
found in an abstract setting based on the semigroup formulation of stochastic
evolution equations. This is then applied to the stochastic heat, linearized
Cahn-Hilliard, and wave equations. In all cases it is found that the rate of
weak convergence is twice the rate of strong convergence, sometimes up to a
logarithmic factor, under the same or, essentially the same, regularity require-
ments.

1. INTRODUCTION

Let U, H be real separable Hilbert spaces and consider the following abstract
stochastic Cauchy problem

(1.1) AX(t) + AX(t)dt = BAW(¢), t > 0; X (0) = Xo,

where —A is the generator of a strongly continuous semigroup {E(¢t)}i>0 on H,
B € B(U, H), where B(U, H) denotes the space of bounded linear operators from
U to H, {W(t)}1>0 is a U-valued Wiener process with covariance operator @ with
respect to a filtration {F;};>0 on a probability space (2, F, P), and X is an Fy-
measurable H-valued random variable. The covariance operator Q € B(U,U) with
@ > 0 (selfadjoint, positive semidefinite). Under appropriate conditions, see (3.5))
below, the unique weak solution is given by

(1.2) X(t) = BE(t)Xo + /Ot E(t — 5)BdW (s).

Let V}, C H be a family finite dimensional subspaces and let By, € B(U, H) be
a family of operators with By : U — V3, 0 < h < 1. We consider approximating
stochastic Cauchy problems of the form

(1.3) dXp(t) + Ap Xp(t)dt = B dW(¢), t > 0;  Xp(0) = Xpo,

where — A, is the generator of a strongly continuous semigroup {E},(t)}+>0 on Vj,.
We take Xjo to be an Fy-measurable random variable. As above the unique weak
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solution is given by

(1.4) Xn(t) = En(t) Xno + /0 "Bt — 5)By AW (s)

This framework is designed to accomodate standard spatial finite element discretiza-
tions of various linear stochastic evolution problems including the heat equation,
the linearized Cahn-Hilliard equation, and the wave equation. For further details on
stochastic integration and the semigroup approach to stochastic partial differential
equations we refer to [IJ.

Let G : H — R be a function with globally bounded, continuous Fréchet deriva-
tives of order 1 and 2, that is, G € CZ(H,R). We consider the weak error e, (T) at
T > 0 defined as

(1.5) en(T) == B(G(X, (1)) - B(G(X(T))).

While the literature on strong convergence of numerical approximations of sto-
chastic partial differential equations is abundant, especially for parabolic problems
(see [B] for an exhaustive list of references), there is very little on weak convergence.
In particular, there are no results on the weak error of the finite element method
for the linear stochastic Cahn-Hilliard and wave equations. The papers [4] [ [9]
consider the stochastic heat equation and so does [7], which proves similar results
but under a stronger restriction on the test function G. The results in [3] are con-
cerned with the Schrodinger equation and [8] proves weak convergence of the leap
frog scheme for the stochastic wave equation. In all cases it is observed that the
rate of weak convergence is twice that of strong convergence.

We now present a brief outline of this paper. Precise definitions and statements
are given in the following sections. In Section [2] we recall basic facts about trace
class and Hilbert-Schmidt operators. In Section [3] we work in the abstract setting
, and derive a formula for the weak error in Theorem [3.1} This is then
applied to semidiscretizations of parabolic equations in Section 4] and a hyperbolic
equation in Section [5, An important difference is that the semigroup F(t) = e~ 4
is analytic in Section [4] but only strongly continuous in Section

Let D C R? be a spatial domain and consider the Laplace operator A = —A as an
unbounded operator on Ly(D) with domain of definition D(A) = H*(D) N H (D).
In Subsection [4.1] we study the stochastic heat equation,

(1.6) AX + AX dt =dW, t > 0; X(0) = X,.

This is of the form with H=U = Ly(D), A=A, B=1.

Let S, C H(D) be a family of standard finite element spaces consisting of
continuous piecewise polynomials of degree < r — 1 parametrized by meshsize h.
Thus » > 2 is the formal convergence order of the finite element method. The
spatially discrete approximation of is

(1.7) dXp + ApXpdt = P, dW, t > 0;  X,(0) = P, Xo.

Here A, denotes the discrete Laplacian and Py, : Lo(D) — S}, is the orthogonal
projection. This is clearly of the form (1.3)) with V}, = Sy, A, = An, Br = P,
Xno = P, Xo.

In [14] it was assumed that

(1.8) A" Q% ||us < oo, for some 8> 0,
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where || - ||lus denotes the Hilbert-Schmidt norm of bounded linear operators, see
(2.1). Under appropriate smoothness of the initial value it was then shown that the
solution has regularity of order 3 in the mean square,

8 1/2
(1.9) (BUATX@IP) " <,
and that the finite element approximation has strong convergence of order /3,
o\ 1/2
(1.10) (B(Ixa®) - x@I)*) ~=0ow?), 0<p<r

Here || - || denotes the norm in H = Lo(D).
In the present work we first show in Theorem that under the condition (1.8])
we have weak convergence of essentially order 20,

(1.11) en(T) = O(h*P|log(h)]), 0< B <1.
For larger 3 we assume in Theorem [£.2] that
(1.12) 1A' Q1 < o0,
where the trace norm (2.3) is used, and we show weak order O(h?3|log(h)|) for
1<B<s.

In order to compare (1.12)) and (1.8]), we show in Theorem [2.1| that

=1 1 — —14a —«

(113) A= Q2 lus < IA° QI < AP Q s A~ |y, 520, a>0.
It is clear that (1.12]) implies ((1.8) and that they coincide in two important cases:
(i) if A and @ commute, in particular, if @ = I; and (ii) if 8 = 1, that is, if
Tr(Q) < oco. Thus, the rate of weak convergence is essentially twice the rate of
strong convergence under essentially the same regularity assumption.

A result similar to (1.11)) was first proved in [5]. More precisely, there it was
assumed that

(1.14) ||A‘5Q||B(H) < oo, |ATY|m < o0, forsomea>0,a—-1<4d<a.

In view of (1.13) is is clear that (|1.14) implies (1.8)) with 8 = 1 — o + ¢. Under

this assumption was shown in [5] that we have weak convergence of order O(h??)
for 0 < v < 3 < 1, which is almost (I.11)). Weak convergence of the form
was also proved in [9] under assumptig);@ but with stronger restrictions on the
test function G and on 7.

Hence, for the stochastic heat equation, we slightly sharpen and simplify the
results of [5] and [9] and we extend them to higher order.

In Subsection study the linearized stochastic Cahn-Hilliard equation (lin-
earized Cahn-Hilliard-Cook equation),

(1.15) dX + A2X dt =dW, t > 0; X(0) = Xo,
with finite element approximation
(1.16) dX), + A2 X, dt = PdW, t > 0; X3, (0) = P, Xo.

Under the assumption ||A¥Q% |lus < oo, it was shown in [11] that we have reg-
ularity of order 3 for 3 > 0 and strong convergence of order O(h”|log(h)|) for
1 < 3 < r. Here, in Theorem [£.4] if we assume, for example, that S}, is based on
a quasi-uniform mesh family and that for some a > 0 we have 0 < 3 < min(2, ),
0<pB—-24a<1and

IAP=24 Q| sy < 00, [IA™ |y < 00,
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then the weak convergence is of order O(h%3|log(h)|).

Our most novel result concerns the stochastic wave equation in Section
117 dX; — Xodt =0, t > 0; Xl(O):Xo)l,
(1.17) dXo + AXydt =dW, t > 0;  X5(0) = X2,

with its straight-forward finite element approximation based on S and Aj. This
is of the form (1.1) with H = Lo(D) x (H}(D))*, U = L2(D), and

[0 -1 [0 Xy _ | Xoa
R el P B )
Under assumption (1.8]) it was shown in [I0] for the first component X; (the dis-

placement) that we have regularity of order § for 3 > 0 and strong convergence of
order O(h#17) for 0 < 3 < r + 1. Here, in Theorem we assuime

(1.18) IAP~2QA™2 ||y < o0

and show weak convergence of order O(h7127) for 0 < § < r+l. Again, we show

in Theorem that the new condition (1.18)) implies (|1.8) and that they coincide
if A and @ commute.

2. PRELIMINARIES

Let H be a separable real Hilbert space with scalar product (-,-) and norm
I - || and let B(H) denote the space of bounded linear operators on H with the
usual norm || - || gz An operator T' € B(H) is called Hilbert-Schmidt, if for some
orthonormal basis {ej}7° ; the sum

(2.1) 1Tl =Y I Texl)?
k=1

is finite. In this case the sum is independent of the choice of the orthonormal
basis and the quantity ||T'||ngs is called the Hilbert-Schmidt norm of 7'. The set of
Hilbert-Schmidt operators is denoted by Lo(H). If S € B(H) and T € Lo(H), then
T, TS, and ST belong to Lo(H) and

(2.2) | T"las = [ITllus, 1TSllus < | TllusllSlsc), 1STlus < |17 (|usl| S5 -

Let £1(H) denote the set of nuclear operators from H to H, that is, T € £(H)
if T' € B(H) and there are sequences {a;},{b;} C H with Zj’;l lla;|llb;]l < co and
such that

o0
Tz = Z(m,bj>aj7 x € H.
j=1
Sometimes these operators are referred to as trace class operators. It is well known
that £1(H) becomes a Banach space under the norm
o0 o0
(2.3) Il = it {37 a5 : T = Do by)a .
Jj=1 J=1

If T € £1(H), then for any orthonormal basis {e;}72, C H the trace of T', defined
as

(2.4) To(T) = i(Tek, er),

k=1
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is finite and the sum is independent of the choice of the orthonormal basis. If T' > 0
(selfadjoint, positive semidefinite) and the sum in converges for one particular
orthonormal basis, then T' € £1(H). We recall the following well known properties
of the trace and trace norm which we frequently use, see [I, App. C], [12, Chapt. 30]
and [I5, Chapt. 7]. If S € B(H) and T' € L,(H), then both T'S and ST belong to
[:1 (H) and

(2.5) Tr(TS) = Tr(ST),
(2.6) | Te(T'S)| = | Te(ST)| < Tl lSll 5y,
(2.7) ITS|| e < T ISNBy,  1STIme < NT ||l S| 5ca)-
Furthermore, if T' € £4(H), then its adjoint T* € £;(H) and
(2.8) Te(T) = Te(T7), 1 Tlme = (1772
If both T, S € Ly(H), then T'S € £L1(H) and
(2.9) TSN < [T s 1S ms-
The following theorem compares the conditions (1.8]), (1 , , and -
on the covariance operator Q. Since ||T|%4g = Tr(T*T) = ||T T||Tr7 we note that

(1.8) is expressed as the trace of a symmetric positive semidefinite operator:
B=1 1., B=1 1
||A Kk HHs = Tr([AF QAT QF) = AT QAT Q¥ |m.,
while and involve the trace norm of a nonsymmetric operator.

Theorem 2.1. Assume that Q € B(H) is selfadjoint, positive semidefinite and that
A is a densely defined, unbounded, selfadjoint, positive definite, linear operator on
H with an orthonormal basis of eigenvectors. Then the following inequalities hold,
forseR, a>0,

(2.10) 1A5Q% 12s < [4°Q)t < 1A°HQlsan 1A~ 11
(2.11) IAZ Q% [}s < |4 2QA™ % || ny,

provided that the respective norms are finite. Furthermore, if A and Q have a
common basis of eigenvectors, in particular, if Q = I, then

(2.12) 1A2Q2 s = [A°Qllme = | A" 2 QA7 2 | ms.

Proof. If {(Ar, ¢r)}72, denotes a set of eigenpairs of A with orthonormal eigenvec-

tors, then we define
Ax =Y Nz, d)on
k=1

Although [A2Qz]* is not equal to QIAS in general, we do have [A2Qz]*¢;, =

Q A% ¢y, and we compute using . . ., and .,
142Q% 1% = [1[47Q?) HHS_ZHA Q) n))? = ZHQ Az gy ||?

k=1

A11Q2 ok = sz@%m Z Qor, Ay,)
k=1

k=1

tqu

=
Il
—_

(A*Qr, dr) = Tr(AQ) < [[A*Qllm < 14" Qllsan A I

M

b
I
—
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This is (2.10]). Similarly, (2.11]) is proved by

1A3Q 2s = 3 A (Qors dr) = 3 QA 2o, AT 2 61

k=1 k=1
=D (ATTIQAT Ty, pr) = Tr(AF2QAT2) < [|[AF2QAT2 |y
k=1

To show (2.12) we assume that @ has the same eigenvectors ¢; with eigenvalues
vk Then

A2Qu =Y Now{w, d) b
k=1

and hence
s s s 1 s 1
1A QI <> Xve = D 142Q2 ¢el|* = |42 Q2 ||s,
k=1 k=1
which shows the first equality in (2.12)) in view of (2.10). The second equality in
(2.12) can be shown in a similar fashion. O

Finally, we define CZ(H, R) to be the set of all real-valued, twice Fréchet differen-
tiable functions G, whose first and second derivatives are continuous and bounded.
By the Riesz representation theorem, we may identify the first derivative DG(x) at
x € H with an element G’(x) € H such that

DG(.’L‘)y: <G/($),y>, yE€H,

and the second derivative D2G/(z) with a selfadjoint linear operator G” (z) € B(H)
such that

D*G(a)(y, z) = (G"(2)y,2), v,z € H.

We say that G € C?(H,R) if G, G', and G” are continuous, that is, G € C(H,R),
G € C(H,H), and G" € C(H,B(H)). Thus, we define

CH(H) := {G € C*(H,R) : |G| c2(mr) < oo},
with the seminorm
1Gllc2 ey = sup |G (@) || + sup [|G” (2) || 5(m)-
xeH xEH

Note that we do not assume that the function G itself is bounded.

3. ERROR REPRESENTATION

In this section we derive a representation of the weak error in the general frame-
work. In the following sections we use this to obtain the weak convergence order
for finite element approximations of various equations.

If condition below holds, then there is a unique weak solution of

dY (¢t) = E(T —t)BdW (¢t), t € (0,T]; Y(0) = E(T)Xo,
which is given by

Y(t) = E(T)X, +/OtE(Ts)B dw(s), telo,T].
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Notice that X (T') = Y(T), where X is given by (1.2). Similarly, we define
¢
Yh(t) = Eh(T)XhO + / Eh(T — S)Bh dW(S), te [O,T],
0

and note that X, (T) = Y, (T'), where X}, is given by (1.4). We also consider the
auxiliary problem

dZ(t) = E(T —t)BdAW (t), t € (1,T); Z(1) =&,

where £ is an F,-measurable random variable. Its unique weak solution is given by
t
(3.1) Z(t,1,8) =¢ —|—/ E(T —s)BdW (s), te[r,T].

For G € CZ(H,R), we define a function u: H x [0,7] — R by
u(z,t) =E(G(Z(T,t,2))).

It follows from that its partial derivatives are given by

(3.2) uz(z,t) = E(G'(Z(T,t,x))),

(3.3) Uge (2, 1) = E(G"(Z(T,t,2))).

It is known (see, for example, [2 Chapters 3 and 6]) that u is a solution to Kol-
mogorov’s equation

(3.4)
(1) + %ﬂ (oo (@, ) E(T — )BQB*E(T — 1)) =0, (x,t) € H x [0,T),
u(z,T) = G(z), =€ H.
We are now ready to prove a representation formula for the weak error.

Theorem 3.1. If

(3.5) Tr ( / ’ E(t)BQB*E(t)* dt) <
0

and G € CE(H,R), then the weak error ep(T) in (L.5) has the representation
en(T) = E(u(Y3(0),0) — u(Y(0),0))

+ ;E/OT Tr (Uxm(yh(t)vt)

(3.6)
x [En(T — t)By, + E(T — t)B]Q[En(T — t)By, — E(T — t)B]*) My
= E(U(Yh(O), 0) — u(Y(O% 0))
1 T
(3.7) T5F /O Tr (“wz(Yh(t)vt)

x [Ep(T —t)By, — E(T — t)B]Q[En(T — t)By, + E(T — t)B] ) de.

Proof. Condition (3.5) guarantees that the stochastic convolution in (1.2)) exists.
Since Ej(t)Bp, acts in a finite-dimensional space, a condition analogous to (3.5)
holds and hence (1.4) exists. As in [I, Theorem 9.8], if £ is Fi-measurable, then

(3.8) u(é,t) = E(G(Z(T, t, 5))‘]—}).
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Therefore, by the law of double expectation,

B(utc1) = (e (c(2(r0) 7)) = m{otzrrcn).

Thus, with ¢ = Y'(0) = E(T)Xo, and since Y (T) = X(T),
E(u(Y(O), o)) - E(G(Z(T, 0, Y(o))) - E(G(Y(T))) - E(G(X(T)))
and, with € = Y;,(T),
E(u(Yh(T),T)> - E(G(Z(T, T, Yh(T)))>
= E(G(Yh(T))) - E(G(Xh(T))).

Hence,

en(T) = B(G(X(T)) = G(X(T))) = E(u(Va(T), T) = u(Y(0),0))

- E(u(Yh(O), 0) — u(Y'(0), o)) + E(u(Yh(T), T) — u(Y;(0), 0)).
Using It6’s formula for u(Y3(¢),t) and Kolmogorov’s equation (3.4) we get

B(u(Yi(1).T) ~ u(¥i(0).0))
_ E/OT {ut(Yh(t),t)

45 T (ua (V30), OBW(T — ) BAQUEW(T — 1)By]*) } e

1 T
) / Tr (um(Yh(t), 0
(3.10) 2 Jo
X {[En(T — t)Bh]Q[Ew(T — t)By])* — E(T — t)BQB*E(T — t)*}) dt.
(Note that By, € B(U, H) with By, : U — Vj,, Ep(s) : Vi, — Vj,, and that we consider
Ey(s)By, as an operator in B(U, H). Since Ej(s) acts only on V}, the corresponding
adjoint [E}(s)By]* is not equal to B E}(s)*.) Now consider the identity

Uz (&, 7){[En(s)Br]Q[En(s)Bn]* — E(s)BQB*E(s)* }
= Uy (§,7)[En(8)Br, — E(s)B|Q[En(s)Bp]*
+ um(gar)E(S)BQ[Eh(S)Bh - E(S)B]* =: 51+ So.

The first term has finite trace since, for example, Fj(s)By, has finite trace and so
has the second term, since F(s)BQB*FE(s)* has finite trace for almost every s by

(3:5). Therefore, using (2.8), (2.5), and that Q, u. (&, 7) are selfadjoint, we get
Tr(S1 +52) = Tr(S1) + Tr(S2) = Tr(Sh) + Tr(S3)
= Tr(S1) + Tr([En(s)Br — E(s)B]QB"E(s) taz (€, 7))
= Tr(S1) + Tr(uea (&, 7)[En(s)Br — E(s)B|QB"E(s)")
r)

(3.11) —H@M [E(s) B — E() BIQIEn(s) By + E(s) B]")

(3.9)

[Ew() By + () BIQIEW(5) By — E(s) BJ tza(&,7))

(3.12) = Tr (u (5)Bp + E(s)B]Q[En(s) By, — E(s)B]*).
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The proof is completed by inserting (3.11)) or (3.12) into (3.10) and using (3.9). O

4. APPLICATION TO PARABOLIC EQUATIONS

In this section we apply the error representation in Section [3| to finite element
approximations of the linear stochastic heat and Cahn-Hilliard equations.

4.1. The stochastic heat equation. Let D C R? be a bounded domain, let
= —A, where A = ZZ=1 02/0€% is the Laplace operator, and set D(A) =
H?(D)N HY(D). Let U = H := Ly(D) with norm || - || and inner product (-, ),
B :=1T1and A := A. Then takes the form of the stochastic heat equation
(1.6). In order to quantify spatial regularity we introduce the following spaces and
norms. Let

-

. > 1/2
= D(A2), ol = 42720 = (30X (0.65)?) ) aeR,
j=1

where {();,¢;)}32, are the eigenpairs of A with orthonormal eigenvectors. Then
H* c HP for « > 3. It is known that H° = Ly(D), H' = HY(D), H? =
H?(D) N H} (D) with equivalent norms and that H—# can be identified with the
dual space (HP)* for § > 0, see [I3, Chapt. 3].

Let {Sh}n>o be a family of function spaces consisting of continuous piecewise
polynomials of degree < r — 1 with respect to a family of triangulations of D
and such that S, C H}(D). The parameter h is the maximal mesh size of the
triangulation and r may be referred to as the order of the finite element method.
Let P, : H — Sp, denote the orthogonal projection and let Ay : S, — Sp be the
”discrete Laplacian” defined by

(A, x) = (VY,Vx), Vi, x € Sh.

Our basic assumption on the finite element method is that the Ritz projection
Ry, : H' — S, defined as

(4.1) (VRyv,Vx) = (Vou,Vx), Yve H', xS,
satisfies the error bound
(4.2) |Rpv —v|| < ChPlulg, ve HP, 1<B<r

This holds, for example, with » = 2 if D is a convex polygonal domain and S},
consists of piecewise linear functions. See [I3] for further details.

If we set V}, := Sy, By, := Py, Ap := Ay, and X0 := P, X, then takes the
form of the semidiscrete finite element approximation . We have the following
result for the weak error.

Theorem 4.1. Let X and Xj be the solutions of and , respectively.
Let g € C2(H,R) and assume that ||A%Q%||Hs = ||A%Q%||HS < oo for some
B € (0,1]. Then there are C > 0, hg > 0, depending on g, Xo, Q, B, and T but not
on h, such that for h < hg,

[B(g(X,(T) - g(X(T))| < Ch**| log(h)].

If, in addition Xy € Ll(Q,Hw), then C' is independent of T as well.
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Proof. If ||A%Q%HHS < oo for some 8 € (0,1], then holds, see [14]. This
guarantees that X (t) and Xp(t) are defined. Let Fy(t) := En(t)Pn, — E(t) be
the deterministic error operator with h < hy small enough. We recall the error
estimates, see [I3, Chapt. 3],

(4.3) |Fn(t)o]| < Chst™ "= o], 0<y<s<r

We use Theorem to estimate the weak error with G := g. First, by the chain
rule, and Yh(O) — Y(O) = Eh(T)PhXO — E(T)XU = Fh(T)Xo,

E (u(Y4(0), 0) — u(Y(0),0))
1
—E / (5 (Y(0) + (¥, (0) — ¥(0)). 0), Y3(0) — Y(0)) ds

1
= E/ (ug(E(T) X0 + sFy(T)X0,0), Fr(T)Xo) ds.
0
Thus, using (3.2) and (4.3)), we obtain
|E (u(Y4(0),0) — u(Y(0),0))] < sup lu (2, 0) [ B (|| Fin (T) Xoll)
x

28—y

< CR*PT™"5 E(|Xoly) sup |/ ()], 0<~ <28
xe€H

If v = 27 there is no dependence on T'. Next, we estimate the second term (3.6))
in the error representation in Theorem Since E(t), En(t)Py, and hence also

Fi(1), are selfadjoint, we obtain by means of [2.), [2.7), [@3), and (29),
‘E/OT Tr (um(Yh(t),t)
% [EW(T — t)By, + E(T — t)B)Q[EW(T — t)By, — B(T — t)B]*) dt‘
_ ‘E /OT Tr (um(Yh(t),t)[Eh(T — )Py + E(T — t)]
x A AT QEQEA AN By (T — t)) dt‘
=B [T (030,04 (T - 0P + BT - 1)
x A QIQY AT AT F(T - t)) dt’
< [ 00,00 BT - 07 + BT~ 1) A Q¥ s

x |Q2 AT A2 Fy(T — t)||ns dt

-1 1
(4.4) < s luga (@)l AT Qs
(z,t)€H X[0,T]
Toiss 1-p
@) x [ 1A EOP + B sl A F @) s dt.
0
Since || Az vy = |[Vun| = ||A}%vh|| for vy, € Sy, we conclude || A%vy|| < ||A2vy,| for

vp, € Sp, 0 € [0, %], and using also the analyticity of the semigroups we have

(4.6) |A° (B (t) Py + E0) |5y < Ce™t=°, €0, 3]
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To estimate HA¥ Fu(t)||8(my we use interpolation. By analyticity, as above,

(4.7) ||A5Fh(t)||B(H) <Ct™, selo, %]
Interpolation between (4.7)) with 6 = % and (4.3)) with s =2 and v = 0 yields
1-8 1 - _14+8
145 (@) lsmy < 100 |42 EaOlhy < OHP 5, 5 € [0,1],

Therefore, for 5 € (0,1] one may estimate the integral in (4.5]) as follows

T
1-p 1-g
| 1A B0 P + B @) 14" B0 e
0

h? T
2 18
0 2

n? T
< C/ A+ O et 2 k2P dt < Ch2P log(h)|.
0 h?
Finally, using (3.3]), we obtain
(4.8) sup ||taa (@, 1) |5y < sup [lg”(2)l|5m),
(z,t)€H % [0,T] wEH
and the proof is complete in view of (4.4]). O

By inspection of the above proof we see that the error estimate is

E(|Xol,) sup [lg'(2)|
rEH

28—~y
2

[E(g(Xa(T)) — g(X(T)))| < CH*PT~
+ Ch*|log(h)|5™" sup lg" @A™ Q% |%s.

Similar remarks can be made about the theorems to follow.

Theorem does not allow § > 1. This is satisfactory if r = 2, but for higher
order elements, that is, r > 2, it is insufficient. Under a slightly stronger condition
on A and @ we now extend the result to the case 5 > 1.

Theorem 4.2. Let X and X, be the solutions of and , respectively. Let
g € C}(H,R) and assume that |AP71Q||n = [AP1Q||1e < o0 for some 8 € [1,5].
Then there are C > 0, hy > 0, depending on g, Xo, @, B, and T but not on h, such
that for h < hg,

|[E(9(Xa(T)) - g(X(T)))| < Ch*"|log(h)].
If, in addition X € Ly (Q,Hm), then C' is independent of T as well.

Proof. 1f [|A°~1Q||1y < oo for some 3 € [1, £], then (3.5) holds by Theoremand
[14], so that X (t) and Xj(t) are defined. From (4.3) with vy =26 -2 < s =24 it
follows that

(4.9) [Fn () A P|gry < CRPPETY, 1< <

and, by (4.7) and since 8 > 1,
(4.10) IEn(t)A P |y < 1 Fu@®)llsan lA sy < C.

9

N3
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The first term in the error representation in Theorem [3.I]can be estimated the same
way as in Theorem To bound the second term (3.7) we use (4.6) with § =0

and to obtain
‘E /0 Tr (um(Yh(t),t)
w [En(T — t)By — E(T — t)B|Q[En(T — t)By + E(T — t)B}*) dt‘
T
_ ‘E/O T (ta (Y (1), 1)
X Fy () A7 PAPLQIEN(T — )Py + E(T — t)]*) dt‘

T
<C sup fluee(@ 0)lsen 1477 Qlln / | (8) AP ey di.
(z,t)eH x[0,T] 0

Using (4.9) and (4.10) we now have

T
| 1m0 et = ([
0 0

h2p

h2# T
b [ VB0 e de
h26

T

< c/ dt + Ch%/ t~lemwtdt < Ch*’|log(h)),
0 h28
and the proof is complete in view of (4.8]). O

In [I4] the strong rate of convergence is found to be O(h?) under the condition
A" Q% ||us < oo. Theorem shows that ||[A°~1Q|/1. < oo provides a sufficient
condition for this and the conditions coincide if 8 =1 or if A and () commute.

In the special case () = I a simple calculation using the asymptotics A; ~ 42/4.
j — o0, of the eigenvalues of A shows that the spatial dimension d has to be 1 and
8 < %, which gives a weak order of almost h. If Tr(Q) < oo, then we may take
=1 and hence the rate of weak convergence is at least O(h?|log(h)|).

4.2. The linear Cahn-Hilliard-Cook equation. Let D be a bounded domain in
R for d < 3. Let H = U be the subspace of Ly(D), which is orthogonal to constants
with norm || - || and inner product (-,-), i.e., H=U = {v € Ly : {v,1) = 0}, and let
B =1. Let H®* = H*(D) be the usual Sobolev space. We define the linear operator
A := —A with domain of definition

D(A):{ueHQmHzg—Z:()onaD}.

Then A is a selfadjoint, positive definite, densely defined operator on H. If we
set A := A2, then —A generates an analytic semigroup on H. We also define
H* = D(A?%) with norms |v|, = ||A%v| for real s. It is well known that, for integer
$>0, Hsisa subspace of H®* N H characterized by certain boundary conditions and
that the norm | - |, is equivalent to the standard norm | - ||z on H*. In particular,
we have H! = H' N H and the norm |v]; = ||[A2v| = ||Vv|| is equivalent to ||v] g
on H'. With these definitions takes the form of the linear Cahn-Hilliard-Cook
equation .
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With S;, C H! being a family of finite dimensional subspaces we set Vj, := {x €
Sh:{x,1) =0} and define Ay, : V), =V}, by
(Anxsm) = (VX V), X, 1 € Vi

Finally, we set Ay, := A?, By, := P, : H — V}, the orthogonal projection, and set
Xpo := PpXo. Then (1.3) takes the form ((1.16).

As for the heat equation, we assume that the Ritz projection R, : H' — V),
defined as in satisfies an error estimate of the form . This holds, for
example, with » = 2 if D is a convex polygonal domain and with S, being the
standard family of finite element spaces consisting of continuous piecewise linear
functions on a regular family of triangulations of D with maximum mesh size h.

Theorem 4.3. Let X and X}, be the solutions of (L.15) and (L.16), respectively.
Let g € C}(H,R), assume that 0 < (3 < min(2, 5), and, for some K,

B=2 _
(4.11) 1A= QI = [A°2Q|nx < K,

(1.12) 14,7 i@l = 4} *PQln < K. 0<h<1L.
Then there are C' > 0, hg > 0, depending on g, Xo, K, B8, and T but not on h,
such that for h < hy,
[E(9(Xn(T)) — g(X(T)))| < Ch*|1og(h)|.
If, in addition X € Ly (Q,Hw), then C' is independent of T as well.

Proof. If ||A¥QHT& < oo for some § > 0, then (3.5)) holds, see [11], and X and
X, exist. Let Fp(t) := Ej(t)P, — E(t) be the deterministic error operator with
h < hgy small enough. We recall from [6] the error estimate

(4.13) [Fn(t)yol < Ch%t™ T |ul,, 0<y<s<r

We use Theorem [3.1] to estimate the weak error. As in the proof of Theorem
we get, for 0 <y <28 <,
26

|E(u(Y3,(0),0) — u(Y(0),0))| < Ch*T~ "5 E(|Xo|,) sup g (@)]-

To estimate the second term (3.6 in the error representation we proceed as in (4.4]),

— 52
(TH). By inserting both AT”Z> = A*(A=2) and Af = Af(ﬁ&); we obtain this
time

B [ (e300

X [En(T = )By, + E(T — ) BIQIEW(T — t) By — E(T — )B]") dt|

2-8
2

T B—2
- |® / T (a (Vi (1), )[4, (T~ )4, P,
0
+ AP E(T - A" )QFL(T — t)*) dt)

B—=2 B—2
< swp (e, )l (14,7 PQlln + 1477 Qi)
(z,t)EH x[0,T]

T 2s ap
<[ (1427 B Pl + 1% EOllacan) 1P O .
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In view of (4.8)) and (4.11), (4.12) it remains to bound the integral. By analyticity

of the semigroups we have

(4.14) A% (En(t) Pullscm) + |1A°E®) sy < Ce @70, 6> 0.

Therefore, by using (4.14) with § = # €[0,1), that is, 8 € (0,2], and (4.13]) with
s=0and s=28<r,v=0,

T 2s an
| (1427 B Pullan + 145 B s 1)

ht T -
- (/ +/ )HAT[Eh(t)Ph +E(t)]”B(H)”Fh(t)HB(H) dt
0 B4

h* T
< c/ 2 dt+C | et R At < Oh?P)log(h).
0 h4

This completes the proof. (I

In [I1] the strong rate of convergence is found to be O(h®|log(h)|) under the
condition ||[A"T° Q% ||ys < 0o. Theorem [2.1| shows that provides a sufficient
condition for this and that the conditions coincide if A and ) commute or if 5 = 2,
that is, Tr(Q) < oo.

It remains to identify conditions under which we have together with .
This is addressed in the next theorem.

Theorem 4.4. Let X and X}, be the solutions of (L.15) and (L.16), respectively.

Let g € CE(H,R) and make one of the following assumptions.
(i) Assume that Q =1, 0 < < min(2,%), and |A°72||1, < c0.
(ii) Assume that Tr(Q) < oo, r =4, and § = 2.
(ili) Assume that T >3, 3 <3 <min(2,%), and |A°72Q]|1, < o0.
(iv) Assume that Sy, is based on a quasi-uniform mesh family and that, for some

a >0, we have 0 < f <min(2,3), 0< -2+ a <1 and
(4.15) ||A,872+OCQ||B(H) <00, [ATY|m < oo.

Then there are C > 0, hg > 0, depending on g, Xo, @, B, and T but not on h,
such that for h < hyg,

[E(9(Xn(T)) — g(X(T)))| < Ch?*|1og(h)|.
If, in addition X € Ly (Q,Hw), then C' is independent of T as well.

Proof. We must show that (4.11]) and (4.12]) hold in each of the four cases.
(i) The eigenvalues of Aj, and A are related as A\p; < \j and || Py|gH) < 1, so
that

N;L (o)
(416) A Pallme < A% =D A0S <D A =AY, >0,
j=1 j=1

With a =2 — (> 0 and @ = I we obtain
1AL 2 PaQllze < A7 2l < 1A 2 = [A°72Q)lmes 0 <A <1
In case (ii) we have

1A 2 PQl e = [|1BQl v < (1@ = I[A°2Q|7, 0<h <1
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For case (iii) we use the fact that

1
APl <€, 0<6< .
1
For § = L this follows by using ||A7 wy|| = [|[AZwy| for wy, € Sy, in the calculation
1 1
-1 A_§P B 7A_§ 3
||Ah2thH = sup |< h hf Uh>| — sup |<f h ’Uh>| - su ‘<flwh>‘
vp €ESh HUh” vp €Sh th” wp €Sy ”Ath”
A-L
= sup ‘<falwh>‘ < sup |<f7 2U>| _ ”A—%f”
wneSn |[A2wn| T pemo VIl

The case 6 = 0 is obvious and the general case follows by interpolation. Hence,
with § =2 — 3 € [0, %]7 that is, % < B <2, we have
1A Pr@lire = |47 Pud* PA%2Q
< 1145 ® 7 Bub* sy |47 2 Qe < CIAT Q.
Finally, for case (iv) we first note that Theorem shows that implies

(4.11). For quasi-uniform mesh families we have the inverse inequality ||Vup| <
Ch=Hlonll, v € Sh, so that

[Von?

m Ch™2.
vn€Sn  [|vpl?

A = A =
1 Anll By \max An

Hence, using also Ry, = A;lphA and , we get
IARPAAT I = [ARPRAT f = AnAL PAAATYf + P |
< AnPL(I = A PuM)AT F |+ (| B £
< Ch™2|(I = Ru) A~ fIL+ (171
< Ch72CR|fIl + IIfIL < CIIFI.
We conclude
1AL P A 5y < C, 0<0 <1,
With 6 =8 —2+a € [0,1] and we obtain
1AL PaQllze < A lmell AR > PaA™ 0725 |5 AP Q) )
< CIA™ I lIA 22 Qs -

Finally, we comment on two of the cases of the previous theorem.

(i) A simple calculation using the asymptotics \; ~ j2/4 j — oo, shows that
A2 < oo if B<2— 4.
(iv) As mentioned in (i) above, we have [|[A~%||l1, < oo if @ > 4 and hence it
is possible to choose § € (0,3 — %) In particular, we may have g = 1 for
d = 1,2,3 and thus for r = 2 the (almost) optimal order can be achieved
in this case.
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5. APPLICATION TO A HYPERBOLIC EQUATION

In this section we apply the general theory to the stochastic wave equation. As
for the heat equation in Subsection [4.1| we use the space La(D) with norm ||-|| and
inner product (-, -) and the Laplace operator A = —A with D(A) = H?(D)NHg (D).
We introduce, using the notation from Subsection

H* = H* x H*Y |l = Joifa + ealacy, @ €R,

and set H := H° = HO x Hfl' with corresponding norm ||-|||= |||-|||o and inner
product (-,-). We define U := H® = Ly(D) and

10 I 10 X | Xoa
i R T ol B R e

with

T2

D(A):{er:Ax: [_Axl

}GHHole}HlHleO.

Here A is regarded as an operator H* — H~!. The operator —A is the generator
of a strongly continuous semigroup E(t) = e~*4 on H and

C(t) Al/QS(t)]

B =e™ = [—A1/2S(t) ()

where C(t) = cos(tA'/?) and S(t) = sin(tA'/?) are the so-called cosine and sine
operators. For example, using {();, ¢;)}32;, orthonormal eigenpairs of A, we have

A28t = A=Y sin(tAY )y = Z )\;1/2 Sin(tA;/2)<U7 ) 0;.
j=1

With the above definition, the stochastic wave equation can be written in
the form of .

Let S, C HY, Ay, P, be as in Subsection with the error estimate . The
semidiscrete approximation of is

dXh,l —Xh,gdt:(), t>0; Xh’l(O) :PhXO,la

5.1
( ) dXh,Q + AhXhJ dt = P,dW, t > 0; Xh,g(O) = P, Xo,2,

We put this is the form (1.3 by defining V}, := S, x Sj and
0 -1 0
Ah = |:Ah O :| s Bh = [Ph:| y Xh() = PhXo.

It can be shown that —Aj generates a Cy-semigroup Fy,(t) given by

En(t) = e

Cu(t) A, PSu(1)
NS Onl)

with Cp(t) = cos(tA,ll/2)7 Sp(t) = sin(t/\,ll/Q)7 which can be expressed in terms of
the eigenpairs {(An ;, qﬁh’j)}j-v:hl of Ap.
Our weak convergence result follows.
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Theorem 5.1. Let X and X}, be the solutions of and , respectively. Let
g € C2(H°R) and assume that ||AP~2QA~2 ||, < 0o and that Xo € Ly (Q, H?P)
for some (B € |0, ’”;1]. Then, there are C > 0, hg > 0, depending on g, Xo, Q, and
T but not on h, such that for h < hg,

|E(9(Xn1(T)) = g(X1(1)))| < Ch7,

Proof. If |[AP~2 QA2 |1 < oo for some (3 € (0, 1], then (3.5) holds by Theorem
and [I0]. Let P; denote the canonical projection H — HO. Define the function
G : H — R by G(z) := g(Pix) = g(x1), for © = [z1,22]" € H. Then, by (3.8), for

Y,z € H,

(5.2) (uz (Y (1),1),y) = E((¢'(PLZ(Y (1), 1, T)), Pry) | F2)
and
(53) (uww(y(t)’t)y’ Z) = E((g”<P1Z(Y(t),t,T))P1y7 P1z>‘]:t)

Let us introduce the error operators

Kn(t) = Ay, 2 Sy (t) Py — A5 S(8),
Gh(t) = Ch(t)Ph - C(t)

From [I0] we quote an error estimate for the finite element approximation of the
deterministic wave equation

i+Au=0,t>0; u(0)=uw, u0)=ws,
with solution u(t) = C(t)wy + A2 8(t)wy. With w = [wy,ws]T we have
(54)  Gu(Bws + Knlws] < COBFwlll,, 1€ [0,7),5 € 0,7+ 1]
In particular, with wy = 0,
1K (Dws|| < C(T)hTT%wo|s—1,  wy € H*Y,

or

| Kn(OA ]| < CORTTofo]|, v e 7
The operator Kh(t)Al%s is bounded on H° for s > 1. For 0 < s < 1 the latter
estimate shows that K h(t)A? extends uniquely to a bounded linear operator on

H° and we use the same notation for the extended operator. Hence, we may write
with the operator norm and s = 23,

(5.5) ||Kh(t)A%‘ﬁ||B(HO) <C(Mh™2P te[0,T), 0<23<r+1.
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We use Theorem[3.1]with G(-) = g(P1-). Since Xp,1(0) = P,X;1(0) and X, 2(0) =
P, X5(0), we have from (5.2)) and (5.4) with s =20 <r+1
|E (u(Y4(0),0) — u(Y(0),0)) |

- ’E( /Ol(uz(Y(O) + 5(Y3(0) — Y(0)),0), Ya(0) — Y(0)) ds) ‘

= | [ B (P20 + 5050 = Y(0)). (¥4 (0) = Y (0)|70) s

< sup lg" (@) B (]| PL (Y4 (0) — Y (0))]])
= sup 19" (@) | E(|G(T)X1(0) + En(T)X2(0)])
< sup lg' (@) [C(T) =12 E(|l| Xolll25).

To bound the second term (3.6]) in the error representation in Theorem [3.1| we can
simplify the integrand due to the special choice of G. With y = [y1,y2]' and the
abbreviation s = T — t we calculate, using (5.3)),

() Ba — B(3)BIQIE(5) B + E(s) Bl e (Va(t), )"
= E([En(s)By, — E(s)B]Q[Ew(s) By + E(s)B]* P ¢" (P Z(Y (1), T)) Pry| ).
We have, using selfadjointness, that
[En(s)Bn + E(s)B]" Py g" (P Z(Y (t),t,T))" Pry
= (P1[Ew(s)Br + E(s)B])"g" (P Z(Y (t),t.T))y1
= [A, 2 Su(s) Py + A2 S(s))g" (PLZ(Y (1), 8, T))yi.
Therefore it follows that
[En(s)Br, — E(s)B]Q[ER(s)Br, + E(s) Bl "tga (Ya(t), 1)y
Kn($)QIA, *Su(s) Py + A=3S(s)lg" (PLZ(Y (1), £, 7))y
Gi()QIN, ¥ Su(s) P+ A ES(s)]g"(PLZ(Y (8),6, 7))

Note that the above operator acts only on y;. Therefore, when we compute its trace
as in (2.4) by using an orthonormal basis for H of the form {(ex,0), (0, fi)}75—;,

where {e;,} is an orthonormal basis of H° and {f;} is an orthonormal basis of H !,
only terms involving e; remain. Hence,

(T (w0 (Vi (6), OB () Br + E(5) BIQIEW(5) Bi — E(5)B]") )|

= [B( T (1Bn(5)Bi — E()BIQUE(5)Bu + () Bl (Vi (£),6)°) )|

= E(’; E(<Kh(s>Q[A;%sh(s)Ph + AT2S(8)]g" (PLZ(Y (£),t,T))ex, ex) ]}'t)) ‘

- E(Tr (Kn(s)QIA;, 2 Su(s) Py + A=3S(s)]lg" (PLZ(Y (8).1, T))))‘
< KR (A2 5470 1A 2 QA2 |y

< |A2[Ay, 2 Sn(s)Po + A2 S ()]l g 70y sup 19" ()l 5s70)-

rcHO
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1
Noting that [|[Azuvp| = ||Von| = | A7 vi|| for v, € Sk, and using (5.5)), we conclude

(T (w00 (Vi (6), OB () Br + E(5) BIQIEW(s) Br — E(5)B]") )|

< C(T)h71%| AP~ QA3 |y sup |lg” (@)l o).
reHO

Now, we may estimate the second term ({3.6]),

T
‘E(/O T (1t (Vi (1), 1)
% [En(T — £) By, + B(T — 1) BQIEW(T — t)By, — B(T — t)B]*) dt) ]

< C(T)A 72| AP~ QA3 Iy sup [lg” (@)l o).
rEHO

O

In [I0] the strong rate of convergence is found to be O(h7+17) for § € [0,7 + 1]

under the condition HA% Q2 ||us < . Theoremshows that |AP~2QA 2 ||py <
oo provides a sufficient condition for this and the conditions coincide if A and @
commute, in particular, if @ = I.

As a special case, if Q = I, then d = 1 and we may take § < % Hence the order
of weak convergence is almost O(h7T).
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