RATE OF WEAK CONVERGENCE OF THE FINITE ELEMENT
METHOD FOR THE STOCHASTIC HEAT EQUATION WITH
ADDITIVE NOISE

MATTHIAS GEISSERT, MIHALY KOVACS!, AND STIG LARSSON?:2

ABSTRACT. The stochastic heat equation driven by additive noise is discretized
in the spatial variables by a standard finite element method. The weak con-
vergence of the approximate solution is investigated and the rate of weak con-
vergence is found to be twice that of strong convergence.

1. INTRODUCTION AND MAIN RESULT

We consider the stochastic heat equation driven by additive noise,
dX — AX dt = dW, in D xR,
(1.1) X =0, on 0D x R,
X(-,0) = X, in D.

Here D C R? is a convex polygonal domain and A = Eizl 0?/0€2 is the Laplace
operator. Let H = Lo(D) with the usual norm || - || and scalar product (-, -). Define
A = —A with D(A) = H?(D) N H}(D) and write (L.1)) as

(1.2) dX + AX dt =dW, t >0; X(0) = Xo.

Let (Q,F,P,{F:}t>0) be a filtered probability space, let @ : H — H be a self-
adjoint, positive semidefinite bounded linear operator, let W be a QQ-Wiener process
in H adapted to the filtration, and assume that X is an Fp-measurable H-valued
random variable. Then has a unique mild solution given by

(1.3) X(t) = E(t) X, +/OtE(ts) dw (s),

where E(t) = e~*4 is the analytic semigroup generated by —A and the stochastic
convolution is well defined, see [I]. Note that A and @ need not commute.

We approximate by a standard finite element method. Let thus D be a
polygonal domain such that sufficient regularity estimates hold (see below)
and let {Sp}r>0 be a family of function spaces consisting of continuous piecewise

Date: January 22, 2008.

1991 Mathematics Subject Classification. 65M60, 60H15, 60H35, 65C30.

Key words and phrases. finite element, parabolic equation, stochastic, additive noise, Wiener
process, error estimate, weak convergence.

ISupported by the Swedish Research Council (VR). Part of this work was done at Institut
Mittag-Leffler.

2Supported by the Swedish Foundation for Strategic Research (SSF) through GMMC, the
Gothenburg Mathematical Modelling Centre.

1



2 M. GEISSERT, M. KOVACS, AND S. LARSSON

polynomials of degree < r — 1 with respect to a quasi-uniform family of triangu-
lations of D and such that S;, C H}(D). The parameter h is the maximal mesh
size of the triangulation and r may be referred to as the order of the finite element
method.

The finite element approximation of is, see [1],

(1.4) AdXy, + ApXpdt = P dW, t > 0;  X(0) = P, X,

where P, : H — S;, denotes the orthogonal projection and Ay : S, — S} is the
”discrete Laplacian” defined by

<Ahwa X> = <V¢, VX>7 VW X € Sh-

It can be verified that P,W is a Qp-Wiener process in S, with Q, = P,QP, and
the solution of (1.4]) is given by

(1.5) Xo(t) = En(t)PaXo + /0 Bt — $)Py AW (s).

where EJ,(t) = e is the analytic semigroup generated by —Ay,.
In order to describe the spatial regularity of functions we introduce the following
spaces and norms. Let

HY =D(A%), |fllgs =A% fl, veR

It is clear that H° = H, H' = H)(D), H> = H?(D) N H}(D) with equivalent
norms. We also need the Hilbert-Schmidt norm for bounded linear operators,

(1.6) 1K |fs = > 1K ox|* = Tr(K*K),
k=1

where {¢;}22 , is an arbitrary ON-basis in H, and we define Ly (Q, H?) by

1o rey = B IZ0)* = ( /Q 1 @)%, dPw) ).

In [7] the following strong convergence result was proved:
Let r > 2 and 0 < B < r and assume that HA‘¥Q%HHS < oo and X, €
Ly(92, H?). Then there is C such that, for ¢ > 0,

_1-5 1
A7) X0 ~ XOlza@mn < O (| Xoll 0,0 + 1477 Q¥ s ).

(In [7] there is an unnecessary restriction 0 < 3 < 1.)

In this work we prove weak convergence, that is, convergence of Eg(X(t)) for
all g in a suitable class of functions. We denote by CZ(H,R) the set of all real-
valued, twice Fréchet differentiable functions g whose first and second derivatives
are continuous and bounded. To be more precise, by the Riesz representation
theorem, we may identify the first derivative Dg(z) at * € H with an element
¢'(z) € H such that

Dg(x)y = (d'(x),y), v € H,
and the second derivative D?g(x) with a linear operator ¢”(z) € B(H) such that
D?g(x)(y, 2) = (¢"(x)y.2), .z € H.
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We say that g € C%(H,R) if g, ¢, and ¢ are continuous, that is, g € C(H,R),
g € C(H,H), and ¢" € C(H,B(H)). Then we define

Ci(H) := {g € C*(H,R) : |gllcz(m) < oo},
with the seminorm
l9llc2ay = sup g’ (@)l + sup lg” (@)l 5cr)-
rxEH reH

Note that we do not assume that the function g itself is bounded. One may construct

g € CZ(H) by the following procedure: Take v € H and G € C?*(R,R) such that

G’ and G” are bounded. Then g, defined by g(u) := G((v,u)), is in CZ(H). Since

g (u) = G'((v,u))v, below is fulfilled if v € H?. A more interesting example

is provided by g(u) = (G(u),v) = [, G(u(&))v(§) d§, where g'(u) = G’ (u)v satisfies

if v € HP N Loo(D). A particular case is the linear functional g(u) = (u,v).
Our main result is the following.

Theorem 1.1. Let X and X}, be given by (1.3) and (1.5), respectively. Let r > 3,
0 < B <1, and assume that W is a Q- Wiener process in H with ||A_#Q%||Hs <
oo and Xo € La(2, HP). Assume that g € CZ(H,R) and, in addition,

(1.8) lg' (W)l s < K+ llullgs), we HP.

Then there are C > 0, hg > 0, depending on g, Xy, @, but not on T, h, such that
for h < hg, T >0,

[B(g(X,(T)) - g(X(T))| < Ch**| log(h)].

Note that the assumption on @, HA_#Q%HHS < 00, is the same as for the
strong convergence estimate . The rate of weak convergence is thus twice the
rate of strong convergence, except for the logarithmic factor.

Two special cases can be high-lighted:

e If Q is of trace class, then 3 = 1, because ||Q%||%IS = Tr(Q) < oo. Thus,
the rate of convergence is O(h?|log(h)]).
e If ) = I, which is space-time white noise, then we assume

1A~ |3 = Tr(A~9) < oo,

Since the eigenvalues of A behave like A\, ~ k?/¢ as k — oo, this is possible
if and only if d = 1 and 8 < % Then the rate of convergence is almost
O(h).

The theorem has two unnatural restrictions which are due only to our proof,
namely 7 > 3 and the extra assumption on ¢’ (see also Remark . Indeed,
after this work was completed we learned that in [5] the same rate of convergence
(without logarithm) was proved without these assumptions. However, the estimate

in [5] blows up as T'— 0, while ours is uniform in 7' (cf. and below). The
proof is also more complicated than ours and the condition HA*Q% llus < oo is
replaced by a different, but essentially equivalent, one. Time stepping by the theta
method is also included in [5]. In a more recent work, [4], a similar result is proved
for a semilinear equation in 1-D.

In this light we may say that condition means that our result has the

flavor of superconvergence. For example, when applied with a linear functional
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g(u) = (u,v), v € H', and = 1, it essentially coincides with the following result
from [7]:

1X0(8) = X Ol i) < OB (1Kol 0,00) + o8 () 1Q% s ).

While the literature on strong convergence of numerical approximations of para-
bolic stochastic partial differential equations is abundant, there is very little on
weak convergence. Apart from [4, 5], we are only aware of [6], which proves a
similar result but under a much stronger restriction on the test function g, and [3]
which is concerned with the Schrédinger equation.

2. PRELIMINARIES

In this section we collect some facts and make some preparations for the proof
of Theorem [I1]

Let S,T be bounded linear operators on the Hilbert space H and assume that
T is of trace class. Then,

(2.1) Tr(ST) = Te(TS), Te(T*) = Te(T).
If, instead, T is Hilbert-Schmidt, then by (|1.6) and (2.1)),
(22) [Tlas = 1T lns,  [TSllas = 15" s, 1T las < [ISIIT||ns-

Under the assumptions on the finite elements that we made in Section [I| we have
the following inequalities. We state them only for the ranges of parameters that we
need. First we have the inverse inequality,

(2.3) A unl| < Ch™|lupll, un € Sh, v €[0,1].
We also have the following equivalence of norms in Sp:

(2.4) A un | < ClAJunll,  un € S,y €0, 31,
and (by the H'-boundedness of Py)

(2.5) | A Pyull < C|AM||, uweHY, ve0,1]
Moreover, for 0 < § < %, 6 < p <1, we have

(2.6) |A%(P, — T)A™P|| < Ch2P=2,

This is a well-known approximation property for Pj. Finally, the standard error
estimate for the linear elliptic finite element problem can be formulated as

(2.7) (A = A P | < CRE AT £, s € [2,3).

(This requires some assumptions on the polygonal domain D.) The above inequal-
ities are well-known in the special cases when the parameters v, d, p, s are at the
endpoints of the parameter intervals. For intermediate parameter values we use an
interpolation procedure. The error estimate is the only place where we need
r>3.

It is also well known that there are positive numbers C, « such that

(2.8) |AYE(t)v]| < Ct=0De A%, ¢t>0,0<5<y<1,
and that

T T 1
(2.9) /0 142 E(t)ol* dt < § o], /O 1A En () Pool| dt < 5]o]|*.
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We also recall 1t0’s isometry, which takes the form

(2.10) E(H/tF(ts)dW(s)HQ) /tF(ts)Qén%{Sds,

when the integrand is a deterministic operator as in and .
Let

t
(2.11) Z(t,1,8) = E(t—1)¢ +/ E(t—s)dW(s), 0<7<t<T.
If € is F,-measurable, then Y (t) = Z(t, 7, ) is the unique mild solution to

AY (t) + AY(t)dt =dW (1), t >7; Y(r) =&

In particular, the solution of (1.2)) is X (t) = Z(¢,0,Xo). The following lemma
describes the spatial regularity of Z.

Lemma 2.1. If |[|[A="3" afo}; s < oo and & € Ly(Q, HP) for some (3 € [0,1], then
Z(T,t,€) € Ly(Q, HP), for all0 <t < T, and

18 1
1Z(T,t, )l 1,0, 1re) SC(H§||L2(Q,H6)+||A 2 Q2||HS)-

Proof. This is proved in [T, Theorem 3.1]; see also [I} Section 5.4] and Lemma [2.2]
below. 0

We have the same regularity for Xp:

Lemma 2.2. Let § € [0,1], assume that ||A_%Q%||Hs < o0, Xo € L3(Q, HP),
and let Xy, be given by (1.5). Then

18 1
10O o iony < € (1Kol Ly iony + 1477 QP lns ).
Proof. By taking norms in (1.5) and using (2.4)) we have

B
10012, 0 10y < CE(I145 Xn(0)])

< CE(||A§Eh(t)phX0H2) +cx(| /Ot AZE,(t— 5)P, dW(s)HQ)

= C(Il + 12)
By It6’s isometry - ., and selfadjointness, we obtain
L= [ 1AF B - 9Pt as = [ 1QY (4] B s s

- / 1Q¥ A7 En(5)Pull3s ds.
0
Using (2.2) and ([2.9) we calculate
B <1044, T Rk [ 143 P 0
< %HQ%A TR = 11Q AT A A, T P

Hence, using (2.4) and (| . we obtain
< QP A sl A" 4, TR < 014 Qb s
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Finally, by (2.5),
I < E(|AZ P.Xo|?) < CE([A%Xo|?) = C|1 X0l
1 SE(4; PuXol?) < CE(JAF X)) = ClIXol12, g 1oy
The proof is complete. O
For g € CZ(H,R) and with Z as in ([2.11]) we define
(2.12) u(z,t) = E(g(Z(m,x))) veH 0<t<T.
If £ is an F;-measurable random variable, then by [I, Theorem 9.8],
(2.13) u(é,t) = B(g(Z(T,,€)| 7).
Therefore, by the law of double expectation,
214)  EB(u) = E(E(9(Z(T,t,9)|7)) = B(9(Z(T,1,))).

For a function f € C2?(H,R), by the Riesz representation theorem, we may
identify the bounded linear functional f/(z) with an element in H and the bounded
bilinear functional f”(x) with a symmetric bounded linear operator on H. Hence,
using the explicit formula for Z in , we have

@Oru(z.1),y) = E((g(Z(T,t,2)). B(T 1)),y € H,

(Ol )y, v2) = B({g"(Z(T.t,2) BT~y BT = )ya)), yr.ye € H,
so that
(2.15) dru(z,t) = E(E(T - t)g’(Z(T,t,x))),

(2.16) 82u(z,t) = E(E(T —1)¢"(Z(T,t,2))E(T — t)).
The function u satisfies Kolmogorov’s equation (see [Il Chapter 9] for details),
dou(z,t) — (Az,d1u(z,t)) + L Tr (Ofu(z,t)Q) =0, z € D(A), t € (0,T),

(2.17) u(z,T) = g(x), reH.

3. PrROOF OF THEOREM [[1]
Let u(z,t) be defined by and apply with € = X(0),
E(u(X(0),0)) = E(E(9(Z(T,0, X(0)))| %))
= E(g(2(1,0,X(0))) = E(g(X(T))),
and with & = X,(T),
E(u(X(T), 7)) = E(E(g(Z(T. T, Xu(T))|Fr) ) = E(9(X(T))),

Hence,
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Using Itd’s formula (see, for example, [1]) for u(X}(t),t), where X}, satisfies (|1.4))
with covariance operator Q, = PrQp Ph, and using the Kolmogorov equation ([2.17))
to replace the term dpu, we have at least formally

(3.1)
B(u(X, (7). ) ~ u(X3(0).0))

T

—E /0 (82u(Xh(t),t) — (ApXn(t), 01u(Xn(t), t)) + 3 Tr(0Fu( Xh(t),t)Qh)) at
T

= E/O ( — (Xn(t), (An — A)Oru(Xn(t),1)) + & Tr (OFu(Xn(t),£)(Qn — Q))) dt.

We note here that the use of It&’s formula requires a function v : H x RT — R
with uniformly continuous partial derivatives on bounded subsets of H x [0, T]. The
above calculation can be made rigorous as follows. Define u,, in the same way as
u in but with A replaced by the Yosida approximant A, = nA(nl — A)~!.
Then wu,, has continuous partial derivatives ([I, Theorem 9.16]) and, since X(t) €
Sh, we may consider u, as a function S, x RT — R. Then the derivatives are
uniformly continuous on bounded subsets of S;, x [0,T]. Writing It6’s formula and
Kolmogorov’s equation for u, we get for u,. Passing to the limit in
using standard arguments (see, for example [I, Chapter 9] and [2, Chapter 7]) we

obtain (3.1]) for w.

We therefore have
E(9(Xa(T)) — g(X(T)) ) = E(u(Xa(0),0) — u(X(0),0))

T
- E/ <(AhPh - PhA)ﬁlu(Xh(t),t),Xh(t» dt
(3.2) 0

T
1B / T (92u( X5 (t), £)(Qn — Q) dt
0
=1+ 1+ I3.

We estimate the three terms separately. For the first term we have, by the chain
rule and recalling X, (0) = P, X, X(0) = X,

I = E{ /01<81u(X0 + 5(PuXo — Xo),0), PaXo — Xo) ds}
=B /01<(Ph ~ Doyu(Xo + 5(PuXo — X0),0), (P — ) Xo) ds},
so that, by with p = /2, § = 0, and since X, € H? almost surely,
n) <E{ /O1 CO[[ru(Xo + 5(PuXo — X0),0) 5 - CB||Xo| 0 s }

1
< o / J011(Xo + 5(PuXo = Xo), 0) 015y I Xol 1 iy s
0

< Ch*P|| Xoll (.10 sup. [01u(Xo + s(PrXo — X0),0)ll 1,0, 79)-
seg|0,
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Now, by (L.8), (2.13), and (2.15)),
101u(Xo + s(PhXo = Xo0),0)7, . sy = Elld1u(Xo + s(PrnXo — Xo),0) 1%

= E{|[E (E(T)g'(Z(T,0, Xo + s(PyXo — X0)))|F0) 17}
(33) < E{|E(T)g'(Z(T,0, Xo + s(PnXo — X0)))l|%s}

< C(1+E{||Z(T,0, Xo + s(PnXo — Xo))[1 %5 })

_1=8 1

< O+ X+ 5(PuXo — Xo) g oy + 147 T Q¥ i)

where we used Lemma [2.1] for the last inequality. Thus,

_1=8 1
Sl[lp] [01u(Xo+s(PaXo—X0),0)l| ., 0,5y < COAL+IXoll 1, 0,10 TIA™ 7 Q2[|us),
s€[0,1

and therefore,
(3.4) \L| < CR*P|| Xol| Ly .6y

We remark that by using, instead, (2.8]) with v = 3/2, § =0, in (3.3)), we would
get

(3.5) 11| < CR?PT=P2 sup g (F)] 1Xoll 1, 60,0
feH?
where the assumption (|1.8) is not needed.
For the second term, we use the identity

Ap Py, — PLbA = AhPh(A_l — A;lph)A,

to get
T
.[2 = —E/ <(AhPh - PhA)alu(Xh(t),t),Xh(t» dt
0
T
- _E / (ApPa(A™" — A1 Py) Advu(Xn (1), £), Xn(1)) i
0
roa-s 1 ~1 g
= —E/ <Ah 2 Ph(A — Ah Ph)Aalu(Xh(t),t), Aﬁ Xh(t)> dt.
0
Therefore,

T s
|I2| < E/O 1A, 2 Pu(A™ — A3 ) Advu(X (), Ol [ X0 (1)l 7 it

T _8
< / 1AL E py(AY = A P A (X (1), )|y crny
0

x sup || Xn(t)l1,(0,10)
t€[0,T)

Using (see also ) and we have here

1A} Pa(A™" = A3 Pu) Ay u(Xn (), )l oo
— (A} 2 Pa(A™" = A7 P AE{E(T — )9 (Z(T,t, Xa ()| Fi} | oo
< AL Pu(A = A P AR B(T — OB{A3 ¢ (Z(T,t, Xu ()|}
< AL T PU(ATY — A P A B BT — )| K1+ |1 Z(T,t, Xn(0) |1, 1))
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Lemma [2.2] provides a bound || Xy (t)[| 1, o, oy < C, which inserted into Lemma
leads to a bound for || Z(T',t, Xp(t))ll 1, q,frs)- Therefore,

(3.6) 1| < c/ AL 2 Py (A~" — A7 P A2 B () dt.

In view of we have
-z —1 1 1-8

(3.7) / |4} 8 Pu(A™ = A, P AT B(1) | dt
0

T
< Ch-w/ [(A™Y = A P A2 E(t)| dt.
0

Using (2.7) with s = 2 and s = 2 + 3 (this is the only place where we need r > 3)
and (2.8]), we obtain

T
/ I(A~1 = A1 P) A5 B(1)| dt
0
h2 5
= [ - pa-E e a
0
T s
+/ [(A™' — A, ' Py) A2 AE(t)|| dt
h2

h? T
< Ch2/ 15 At + Ch2+ﬁ/ tle—ot gy
0 h?2

< %h“ﬁ + Ch*TB|log(h)| < Ch?*P|log(h)],

for h < hg (C and hg depend on (). Inserting this into (3.7, (3.6) shows that
(3.8) |Io| < Ch*|log(h)].
For the third term in (3.2]) we use the identity

Qn—Q=PQP,—Q=PFP,QP, —QP,+QP, — Q= (P, —1)QP, + Q(P, — I).
Therefore,

oy — B /O T h (X0~ Q)) i

T
B [ T (BulXu(0).0((Ph ~ DQPy + QP - 1)) .
0

Note that, since F(t) is trace class for ¢ > 0, it follows from (2.16)) that 97u(X},(t),t)

is trace class as well, so that by (2.1]) the above integrands are well defined. More-

over, it follows from (2.1)) and selfadjointness that

Tr (02u(X (1), ) (Ph = 1) (QPa) ) = Tr ((QP)" (P — 1) 0Ru(Xa(1),1)")

=T ({PQ(Py — DHOMu(Xn(1),0)})
=T (afu(Xh(t), ) PhQ(Py — 1)).
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Therefore,
T
oy = E/ Tr (afu(xh(t),t)(Ph +DQ(P, — I)) dt.
0
We bound the integrand. By ([2.16)) we have

‘ Tr (a%u(Xh(t>,t)(Ph +DQ(Py — ”)‘

< Su;)ﬁ Tr <3fu(x,t)(Ph +DHQ(P, — I))‘
= sup [T (E{E(T — )¢ (Z(T,,2))E(T — t)}(Py + D)Q(P, — I)) ]
< E{ sup ‘ Tr (E(T — )¢"(Z(T,t,2))E(T — t)(By, + )Q(Py — 1)) ‘}
< sup | Tr (B(T — t)g"())E(T = )(Py + NQ(Py — 1),

feH®s

so that

T
(3.9) 2|15 < E/ sup
0 feHB

Te (E()g" (N E@®P+ QP — 1) )| at.
Let € € (0,3/2). Since E(t) is of trace class for ¢ > 0, we may use to obtain
Tx (E(t)g" () EW®) (P + DQPy — 1))
_ (A—§+EE(15/2)
x AT2B(t/2)g" (DEW)(Py + DQ(Py — 1)
=Tr (A3 E(t/2)g" (N E®) (P, + DQ(P, — 1)
x AT E(1/2))
= Tr (A5 E(t/2)" () E® (P + 1)Q

% Q3 (P, — J)A—§+6E(t/2)),

[N

so that, in view of Tr(AB) < ||A|lusl|| Bllus,

‘ Tr (E(t)g”(f)E(t)(Ph +1)Q(Pr — D) ’

< |AZE(t/2)g" (/)E(t)(Py + D)Q* |lus |Q (Py — A~ T E(t/2)||ns
= Jl X JQ.

For the first factor we use to get
= [{AR =2 B@/2) Hg" (£ EW) (Pa + Qs
= {Q* (B + DE(t)g" (f)H{A? < E(t/2)}|ns
< Q% (Pu+ DE®)lus llg” ()]l A% ~*E(t/2)]].
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Using also (2.6) with § = p = , we have here
1Q* (P, + 1)E (t)”HS
- HQ%A*# (R +I>A*%A#E< Dlas
< QAT |us [A (P + DA™= || |[A=" ()|
< C|ATFQ|lus AT E(1)].
Therefore,
Ji < ClAF Qs llg” (N |A™Z E@)| | A E(t/2)].
For the other factor we have, by .,
= QI AT AT (P - I)A*%EA%E(t/z)HHs
<QFAF |lus || AT (Py — DA™ 5 F2| | AT E(t/2)].
Then, byw1th<5— <p_ﬂ €,
Jp < Ch”*%HA*TQ%HHs |42 E(t/2)].
Inserting this into and using , we obtain

_ _1-8 1
[Is| < Ch* 7| A=72 Q2 ||fs sup |l (f)l]
feHP

T
x / 1A B(t)|| [|AZ = E(t/2)]| || A% E(¢/2)| dt

T

_ _1-8 1 — _

< W AT Qs sup (P [ e S
feHﬁ 0

By estimating the integral we conclude

_ _ _1-8 1
[I3] < Ce™'n* | A== Q2 ||fs sup |lg"(f)Il-
FeHs

Finally, we set ¢ = 1/|log(h)| < 8/2 (for h < hy with hy small enough) to get
e 12028 — 20221080 =1 — o=2328| Jog ().
Thus, there are C' = C(8), hg = ho(8) independent of g, T and h such that
[I3] < Ch*Plog(W)] 14”2 Q4 Il sup llg” (I,
FeHs

for h < hg, t € [0,T]. Together with (3.4) and (3.8) this completes the proof.

Remark 3.1. It is important to note that the strong assumptions (2.7)), where r > 3,
and (|1.8)) are only needed in the estimate of the second term I. For I3 we only use

(2.6) and

sup [lg" (f)I < oo.
fems

For I; we only use (2.6) and

sup [lg'(f)|| < oo
feHP

in order to get (3.5)), while (2.6)) and (1.8]) are needed for (3.4)).
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