1 Introduction

This thesis considers finite element solutions of some partial differential equations. All our results concern a posteriori error estimates in the maximum norm. In order to illustrate these concepts we first discuss two model problems: a stationary one and a time-dependent one. We then summarise the three papers that make up the thesis.

1.1 A stationary problem

Let Ω be a convex, polygonal and bounded domain in R^d. Let u be the solution of −Δu = f in Ω, u = 0 in ∂Ω,

(1.1)

where Δ = ∑_d i=1 ∂^2_{xixi} and ∂Ω is the boundary of Ω. This is Dirichlet’s problem for Poisson’s equation and is a prototype of an elliptic differential equation. Let (φ, ψ) = ∫ Ω φ(x)ψ(x) dx. The weak formulation of (1.1) is to find u ∈ H^1_0 (Ω) such that (∇u, ∇v) = (f, v), ∀v ∈ H^1_0 (Ω). (1.2)

We now introduce the finite element method. Let F = {T } be a nondegenerate family of triangulations, where a triangulation is a partition of Ω into open simplices K which are face to face so that Ω = ∪_{K∈T} K. Let h = h(x) denote the function that measures the pointwise size of the triangulation. More precisely h|_K = diam(K). We now introduce the space of trial and test functions. This is the subspace S ⊂ H^1_0 (Ω) consisting of the functions that are piecewise linear with respect to the triangulation T .

The finite element problem reads as follows. Find U ∈ S such that (∇U, ∇χ) = (f, χ), ∀χ ∈ S. (1.3)

It can be proved that this problem has a unique solution U.

A natural question is whether U is a good approximation of u and in what sense. We consider two ways of approaching this question: a priori error estimates and a posteriori error estimates. In the a priori approach we estimate the error in terms of a priori quantities such as data and derivatives of the exact solution u. An a posteriori error estimate bounds the error in terms of data and computed quantities such as U and its derivatives. Further, the error can be measured in different norms. To make this discussion more precise we introduce the L_p norms. Let ‖φ‖_{Lp(Ω)} = ( ∫ Ω |φ(x)|^p dx )_{1/p} , 1 ≤ p < ∞, (1.4) and, for p = ∞,

‖φ‖_{L∞(Ω)} = ess sup_{x∈Ω} |φ(x)|. (1.5)

We now state an a priori estimate of the error u − U. It can be shown that

‖u − U‖_{L2(Ω)} ≤ C‖h^2D^2u‖_{L2(Ω)} ≤ Ch^2_{max}‖D^2u‖_{L2(Ω)} ≤ Ch^2_{max}‖f‖_{L2(Ω)},

(1.6)

where ‖D^2u‖_{L2(Ω)} denotes the norm of all second order partial derivatives of u and h_{max} is the maximum value of h in Ω. We note that a priori error estimates similar to (1.6) can be proved in other norms, particularly, in the L_∞ norm. This estimate shows that for functions f in L_2(Ω) the error measured in the L_2 norm can be made arbitrarily small by choosing h_{max} sufficiently small. This proves that the finite element approximation U is convergent. However, this result does not tell us how to choose the triangulation. If we knew D^2u, we see in the first inequality of (1.6) that we could adapt the triangulation by choosing h small in regions where D^2u is large. Since D^2u is not known in general, adaptivity is often based on a posteriori error estimates instead.

We now turn our attention to an a posteriori error estimate. We will use a residual-based approach, see [5] and [7]. For a review of other approaches see [25]. One can prove that the error u − U satisfies ‖u − U‖_{Lp(Ω)} ≤ C‖h^2R(U)‖_{Lp(Ω)}, 1 < p < ∞. (1.7)

The function R(U), restricted to triangle K, takes the form R(U)(x) = |f(x) + ΔU(x)| + h^{−1/p′}_K max_{∂K} |[∂_ν U]|, x ∈ K, (1.8)

where [∂_ν U] denotes the jump across ∂K in the outward normal derivative ∂_ν U = ν · ∇U and p^′ = p/(p − 1). In order to introduce some important features of our work we discuss the proof of this result, see [5], [4] and [10]. The proof is based on a duality argument and Galerkin orthogonality combined with a regularity estimate for the solution of the adjoint problem.

We first define the residual r(U) = −ΔU − f ∈ H^{−1}(Ω), more precisely, ⟨r(U), v⟩ = (f, v) − (∇U, ∇v), ∀v ∈ H^1_0 (Ω). (1.9)

By combining (1.9) and (1.2) we see that e = u − U satisfies

e ∈ H^1_0 (Ω); (∇e, ∇v) = ⟨r(U), v⟩, ∀v ∈ H^1_0 (Ω),

(1.10)

which may be regarded as an equation for the error. We next note that by (1.3) we have ⟨r(U), χ⟩ = 0, ∀χ ∈ S. (1.11)

This property of r(U) is referred to as Galerkin orthogonality. We now introduce the adjoint problem to (1.10). Let g be given and let G be the solution of: −ΔG = g in Ω, G = 0 in ∂Ω,

(1.12) or in weak form G ∈ H^1_0 (Ω); (∇w, ∇G) = (w, g), ∀w ∈ H^1_0 (Ω).

(1.13) Let now w = e in (1.13) and v = G in (1.10). Using also (1.11) we get (e, g) = ⟨r(U), G⟩ = ⟨r(U), G − ΠG⟩, (1.14) where Π : C(Ω) → S is an interpolation operator. The interpolation operator has the following approximation property:

‖v − Πv‖_{Lp(Ω)} ≤ C‖h^2D^2v‖_{Lp(Ω)}, 1 ≤ p ≤ ∞, ∀v ∈ W^2_p (Ω) ∩ H^1_0 (Ω).

(1.15)

Using, essentially, this property it can be shown that |⟨r(U), G − ΠG⟩| ≤ C‖h^2R(U)‖_{Lp′ (Ω)}‖D^2G‖_{Lp(Ω)}, (1.16) where 1/p + 1/p^′ = 1. We thus have the inequality |(e, g)| ≤ C‖h^2R(U)‖_{Lp′ (Ω)}‖D^2G‖_{Lp(Ω)}. (1.17) In order to get an error estimate in the L_p′ norm we note that ‖e‖_{Lp′ (Ω)} = sup_{‖g‖L} p =1 |(e, g)| (1.18) and using (1.17) we get for, 1 < p < ∞, ‖e‖_{Lp′ (Ω)} ≤ C‖h^2R(U)‖_{Lp′ (Ω)} sup_{‖g‖L} p =1 ‖D^2G‖_{Lp(Ω)}. (1.19) In order to complete the proof it remains to estimate sup ‖g‖_{Lp} =1 ‖D^2G‖_{Lp(Ω)}. (1.20) This is based on the regularity estimate

‖D^2v‖_{Lp(Ω)} ≤ C(p)‖Δv‖_{Lp(Ω)}, 1 < p < ∞, ∀v ∈ W^2_p (Ω) ∩ H^1_0 (Ω). (1.21) This inequality combined with the equation (1.12) gives ‖D^2G‖_{Lp(Ω)} ≤ C(p)‖ΔG‖_{Lp(Ω)} ≤ C(p)‖g‖_{Lp(Ω)}, (1.22) and the proof of (1.7) is complete. When one considers the maximum norm the argument differs somewhat. Let x_0 ∈ Ω be such that |e(x_0)| = ‖e‖_{L∞(Ω)} and let g = δ_{x0} be the Dirac measure so that G is the Green function of (1.1). By (1.17) we would have ‖e‖_{L∞(Ω)} = |(e, δ_{x0} )| ≤ C‖h^2R(U)‖_{L∞(Ω)}‖D^2G‖_{L1(Ω)}, (1.23)

but D^2G is not in L_1(Ω). Therefore the estimate has to be achieved by other methods. One approach, used in [3], is to do a more careful analysis of (1.16) for p = 1, using precise information about the singularities in G. In [3] this was carried out for non-convex polygonal domains in R^2.

Our analysis is based on another technique introduced in [20]. This approach uses an approximate Green function which makes it possible to use (1.22). We now introduce an approximate δ function. Let x_0 ∈ Ω be as before and let g = g_{x0} be such that ∫ R^{d g(x) dx = 1; supp g ⊂ B(x0; ρ); 0 ≤ g(x) ≤ Cρ−d.} (1.24)

Here B(x_0; ρ) denotes the closed ball with center at x_0 and with small radius ρ to be chosen.

In this approach one uses the following observation. By the mean value theorem there is an x_1 ∈ B(x_0, ρ) such that e(x_1) = (e, g). It can be proved that the quantity |e(x_0) − e(x_1)| can be made arbitrarily small, using an a priori estimate of u, by choosing ρ small. Therefore it is enough to prove an a posteriori estimate of |(e, g)| based on (1.17). The required estimate of ‖D^2G‖_{L1(Ω)} follows by using Hölder’s inequality, (1.21) together with the fact that C(p) = C/(p−1) for 1 < p ≤ 2 and (1.24): ‖D^2G‖_{L1(Ω)} ≤ |Ω|^{1/p′} ‖D^2G‖_{Lp(Ω)} ≤ C p − 1 ‖ΔG‖_{Lp(Ω)} ≤ C p − 1 ‖g‖_{Lp(Ω)} = C p − 1 ρ^{−2/p′} ≤ CL, (1.25)

where L = | log ρ| = 1/(p − 1). Note that p ≈ 1 since ρ is small, we will choose ρ ≈ h^σ_{min}. This leads to an estimate of, essentially, the form ‖u − U‖_{L∞(Ω)} ≤ CL‖h^2R(U)‖_{L∞(Ω)}, (1.26)

where now L = | log h_{min}|. We note that this argument is based on C(p) = C/(p − 1) in (1.21). This is only known for convex polyhedral domains and smooth domains, but it is plausible that C(p) = C/(p − 1) in (1.21) with p ≈ 1 also for non-convex polyhedral domains, see [10]. The case of non-convex polyhedral domains was treated by replacing (1.25) by a more complicated argument in [20] (for Ω ⊂ R^2) and [2] (for Ω ⊂ R^3).

We now discuss the value of an a posteriori error estimate of the type (1.7) or (1.26). A drawback is that it is difficult to determine the constant C, both the contribution from the interpolation error estimate (1.15) and the contribution from the regularity estimate of G. Further, numerical examples show that these a posteriori error estimates are not sharp.

In a more general situation, for example a nonlinear differential equation, it may be impossible to estimate the regularity of the adjoint problem by analytic means. In order to circumvent this difficulty several numerical methods have been developed. Some are based on a more or less direct evaluation of the right hand side of (1.14) instead of estimating it, see [21], [17].

We illustrate such a method using our model example above. By combining (1.9) and (1.14) we have, with g = g_{x0} as in (1.24), |e(x_0)| ≈ (e, g) = (f, G − ΠG) − (∇U, ∇(G − ΠG)). (1.27)

We note that Π is the interpolation operator associated with the mesh that we used in (1.3). We now solve the dual problem (1.12) numerically, which is possible since we know g = g_{x0} from (1.24), with another triangulation, for instance, a finer mesh. In this way we get an approximation of G, which we can insert into (1.27) to get an approximation of (e, g). This is then an approximation of the error, but only at the specified point x_0.

An advantage of (1.26) compared to (1.27) is that it gives an estimate of the global error. Further, (1.27) may be combined with an a priori estimate of the type (1.6) to show that ‖h^2R(U)‖_{L∞(Ω)} → 0 as h_{max} → 0, which indicates that the a posteriori estimate is reliable.

1.2 A time-dependent problem

We now consider a time-dependent problem. Let Ω be a convex, polyhedral and bounded domain in R^d. Let u be the solution of

u_t − Δu = f in Ω × (0, T ), u = 0 in ∂Ω × (0, T ), u = u_0 in Ω × {0},

(1.28)

where f(x, t) and u_0(x) are given functions. In addition to the spatial discretisation we now also have to discretise in time. For this we use a finite element method, namely the Discontinuous Galerkin method, see [8], [5], and [7]. These works establish both a priori and a posteriori error estimates in L_2 and L_∞. As a general reference see [24].

We now describe the Discontinuous Galerkin method. Let 0 = t_0 < · · · < t_N = T be a partition of [0, T ] into subintervals I_n = (t_{n−1}, t_n) of lengths k_n = t_n − t_{n−1}, and associate with each such time interval a triangulation T_n ∈ F with corresponding mesh function h_n and function space S_n. Let q ≥ 0 be an integer. We define the following function spaces: V_n = {v : v(x, t) = q∑ j=0 t^j φ_j (x), φ_j ∈ S_n}, (1.29)

V = {φ : φ|_{Ω×In} ∈ V_n, n = 1, ..., N}, (1.30)

and the mesh functions h = h(x, t) and k = k(t) defined by h|_{In} = h_n, k|_{In} = k_n. (1.31)

We discretise (1.28) as follows: Find U ∈ V such that, for n = 1, 2, ..., N, ∫ I_n { (U_t, v) + (∇U, ∇v) } dt + ([U]_{n−1}, v^+_{n−1}) = ∫ I_n (f, v) dt, ∀v ∈ V_n, (1.32)

where U^−_0 = u_0 and

[φ]_n = φ^+_n − φ^−_n , φ^±_n = lim_{s→0}+ φ(t_n ± s). (1.33)

We now state an a posteriori error estimate for this problem in the maximum norm. In order to do so we need some notation. Let [∂_ν U] denote the jump across ∂K in the outward normal derivative. We define the following computable residuals R^t_e, R^t_i , R^x_e , and R^x_i by

R^t_e|_{In} = k^{−1}_n [U]_{n−1}, R^t_i |_{In} = |U_t − ΔU − f|, R^x_e |_{K×In} = ‖ ‖ ‖h^{−1}_K k^{−1}_n ∫ I_n |[∂_ν U]| dt ‖ ‖ ‖_{L∞(∂K\∂Ω)}, R^x_i |_{In} = k^{−1}_n ∫ I_n |U_t − ΔU − f| dt, (1.34)

where the indices e and i refer to the edge and the interior parts of the residual, x and t refer to space and time discretisation. The a posteriori error estimate, essentially, takes the form: max 1≤n≤N ‖u(t_n) − U^−_n ‖_{L∞(Ω)} ≤ CL max_{1≤n≤N} ( ‖kR^t_e‖_{L∞(In;L∞)} + ‖kR^t_i‖_{L∞(In;L∞)} + ‖h^2R^x_e ‖_{L∞(In;L∞)} + ‖h^2R^x_i ‖_{L∞(In;L∞)} ) , (1.35)

where L is a logarithmic factor. Note that the last two terms are essentially as in (1.26), see (1.8) with p = ∞.

The proof follows the same lines as in the stationary case. It is based on an L_1 −L_∞ duality argument involving a residual and estimates of the regularity of the solution G of a linear adjoint problem. Let B(·, ·) be the following bilinear form:

B(v, w) = N∑ n=1 ∫ I_n {(v_t, w) + (∇v, ∇w)} dt + N−1∑ n=1 ([v]_n, w^+_n ) + (v^+_0 , w^+_0 )

= N∑ n=1 ∫ I_n {(v, −w_t) + (∇v, ∇w)} dt − N−1∑ n=1 (v^−_n , [w]_n) + (v^−_N , w^−_N ),

(1.36)

where the second variant was obtained by integration by parts in t. By summing (1.32) we see that U satisfies U ∈ V ; B(U, v) = (u_0, v^+_0 ) + ∫_{tN} 0 (f, v) dt, ∀v ∈ V. (1.37)

Let V = {w : w|_{In} is smooth in time, w(t) ∈ H^1_0 (Ω) and w^±_N ∈ H^1_0 (Ω)}. The exact solution u satisfies u ∈ V; B(u, v) = (u_0, v^+_0 ) + ∫_{tN} 0 (f, v) dt, ∀v ∈ V. (1.38) Further, we define the residual r(U) by

⟨r(U), v⟩ = (u_0, v^+_0 ) + ∫_T 0 (f, v) dt − B(U, v), ∀v ∈ V. (1.39) By combining (1.38) and (1.39) we get e ∈ V; B(e, v) = ⟨r(U), v⟩, ∀v ∈ V. (1.40) By subtracting (1.38) and (1.37) we get B(e, v) = 0, ∀v ∈ V, (1.41) which is the Galerkin orthogonality. We now introduce the adjoint problem to (1.40). Given g, find G = G(x, t) such that −G_t − ΔG = 0, in Ω × (0, t_N ), G = 0, in ∂Ω × (0, t_N ), G = g, in Ω × {t_N }. (1.42)

By the second variant of (1.36) we see that G satisfies G ∈ V; B(w, G) = (w^−_N , g), ∀w ∈ V. (1.43) Set now v = G in (1.40) and w = e in (1.43), and use (1.41) to get the error representation (e^−_N , g) = ⟨r(U), G⟩ = ⟨r(U), G − G̃⟩, (1.44) where G̃ ∈ V is arbitrary. In order to estimate |(e^−_N , g)| it remains to estimate ⟨r(U), G − G̃⟩. As in the stationary case this can be done in terms of the computable residuals (1.34) and certain regularity estimates of G. In order to get an estimate of the error in L_2 one chooses g = e. In order to get an error estimate in the maximum norm we choose g as in (1.24). In this case we, essentially, finish the proof by showing the estimate ∫_{tN−1} 0 ‖G_t‖_{L1(Ω)} dt + ∫_{tN−1} 0 ‖D^2G‖_{L1(Ω)} dt ≤ CL, (1.45)

which corresponds to (1.25).

2 Summary of the appended papers

[I] A posteriori error analysis in the maximum norm for a penalty finite element method for the time-dependent obstacle problem

In this paper we consider finite element approximations of the time- dependent obstacle problem. Let Ω ⊂ R^d be a convex, polyhedral and bounded domain and Q_T = Ω × (0, T ). Let ψ(x, t) be a smooth function with ψ|_{∂Ω} ≤ 0. Let K = {v ∈ H^1(Q_T ), v|_{∂Ω} = 0, v(·, 0) = v_0, v ≥ ψ}, (2.1) The time-dependent obstacle problem is the following parabolic variational inequality. Find u such that u ∈ K; (u_t, u − v) + (∇u, ∇(u − v)) ≥ (f, u − v), ∀v ∈ K, t > 0. (2.2) One can show, see [11] and [12], that (2.2) possesses a unique solution. Further, the solution u has the following properties u_t − Δu ≥ f, in Q_T , u ≥ ψ, in Q_T , (u_t − Δu − f)(u − ψ) = 0 in Q_T , u|_{∂Ω} = 0.

(2.3)

These relations can be expressed as the following differential inclusion: Find u = u(x, t) such that u_t − Δu + ω(u − ψ) ∋ f, in Ω × (0, T ), u = 0, in ∂Ω × (0, T ), u = v_0, in Ω × {0},

(2.4)

where ω is the maximal monotone graph defined by

ω(s) = {0}, s > 0, (−∞, 0], s = 0, ∅, s < 0.

One way of finding a numerical approximation is to dicretise the variational inequality directly, see [14], [9] and [1]. Another approach is based on discretising the penalised problem: Find u_ϵ = u_ϵ(x, t) such that

u_{ϵ,t} − Δu_ϵ + ϵ^{−1}β(u_ϵ) = f, in Ω × (0, T ), u_ϵ = 0, in ∂Ω × (0, T ), u_ϵ = v_0, in Ω × {0},

(2.5)

where ϵ = ϵ(x, t) is a positive function and β(w(x, t)) = (w(x, t) − ψ(x, t))^− = min(w(x, t) − ψ(x, t), 0). This approach has been analysed in [22], [23], [19], [15] and [10], and this is the approach we take in Paper I.

We first prove that the penalised solution u_ϵ converges to u in the maximum norm. More precisely, we prove ‖u − u_ϵ‖_{L∞(0,T ;L∞(Ω))} ≤ ‖ϵ(f + Δψ − ψ_t)χ_{Ω̂}‖_{L∞(0,T ;L∞(Ω))}, (2.6) where Ω̂ = {(x, t) ∈ Ω × [0, T ] : u(x, t) − ψ(x, t) = 0, u_ϵ(x, t) − ψ(x, t) ≤ 0} is the “contact set”, and χ_{Ω̂} is the characteristic function of Ω̂.

In order to estimate the discretisation error u_ϵ − U_ϵ we argue as described in Section 1 using L_1 − L_∞ duality with the solution G of the adjoint problem acting as an approximate Green function. Instead of (1.40) the equation for the error now takes the form e ∈ V; B(e, v) + ∫_{tN} 0 (be, v) dt = ⟨r(U), v⟩, ∀v ∈ V, (2.7)

where b = b(x, t) is defined by b = β_ϵ(u_ϵ − ψ) − β_ϵ(U_ϵ − ψ) u_ϵ − U_ϵ . We note that 0 ≤ b(x, t) ≤ 1 ϵ(x, t) ≤ 1 ϵ_{min} . (2.8)

The adjoint problem to (2.7) takes the form: Let g be as in (1.24) find G = G(x, t) such that

−G_t − ΔG + bG = 0, in Ω × [0, t_N ], G = 0, in ∂Ω × [0, t_N ], G = g, in Ω × {t_N }. (2.9)

The term bG introduces an extra difficulty because of (2.8). It turns out that in L_2 this term degrades the regularity estimates. More precisely, we are only able to prove ∫_{tN−1} 0 ‖G_t‖_{L2(Ω)} dt + ∫_{tN−1} 0 ‖D^2G‖_{L2(Ω)} dt ≤ Cϵ_{min}^{−1/2}‖g‖_{L2(Ω)},

(2.10) where the factor ϵ_{min}^{−1/2} is unacceptable, since ϵ ≈ h^2 is suggested by a priori analysis. However in L_1 it is possible to get almost ϵ independent regularity estimates of the same form as (1.45). Our result is an estimate of ‖u_ϵ(t_N ) − U^−_{ϵ,N} ‖_{L∞(Ω)} of the same form as (1.35). Our regularity analysis is based on a combination of a maximal regularity theorem from [13] and results from the theory of analytic semigroups.

[II] Global and localised a posteriori error analysis in the maximum norm for finite element approximations of a convection-diffusion problem

In this paper we study finite element solutions of the following problem. Let Ω ⊂ R^d, d = 1, 2, 3, be a bounded convex polyhedral domain. Find u such that αu + β · ∇u − ϵΔu = f in Ω, u = 0 in ∂Ω,

(2.11)

where α, β, and f are given functions and ϵ is a positive number. For ϵ ≈ 1 we discretise using the standard Galerkin method, see (1.3), but for small ϵ we use the Streamline Diffusion method: Find U ∈ S such that (αU, χ + δβ · ∇χ) + (β · ∇U, χ + δβ · ∇χ) + ϵ(∇U, ∇χ) = (f, χ + δβ · ∇χ), ∀χ ∈ S. (2.12)

The streamline diffusion coefficient δ = δ(x) is defined by

δ = c_1 max(0, h − ϵ), (2.13)

where the parameter c_1 ≥ 0 is a constant. Note that c_1 = 0 gives the standard Galerkin method.

There is an extensive literature about finite element methods for (2.11) both in the elliptic case, ϵ ≈ 1, and the case ϵ << 1. Our work was inspired by the works [6] and [16] on the convection dominated case.

We analyse (2.11) concerning a posteriori error estimates in the maximum norm for different values of ϵ. As in Section 1.1 we establish an equation for the error. Let the residual be defined by r(U) = αU + β · ∇U − ϵΔU, and let e = u − U. Then, cf. (1.10), e ∈ H^1_0 (Ω); (αe + β · ∇e, v) + ϵ(∇e, ∇v) = ⟨r(U), v⟩, ∀v ∈ H^1_0 (Ω). (2.14)

If we are using the Streamline Diffusion method the orthogonality equation takes a different form. More precisely, instead of (1.11) we have ⟨r(U), χ⟩ = (αU + β · ∇U − f, δβ · ∇χ), ∀χ ∈ S, (2.15)

but using the definition of δ we can still prove a result similar to (1.16). In our analysis of (2.14) we use the following adjoint problem. Let g be given by (1.24) find G such that αG − ∇ · (βG) − ϵΔG = g in Ω, G = 0 in ∂Ω.

(2.16)

We are able to prove the following regularity estimates of G, cf. (1.25), ‖G‖_{L1(Ω)} ≤ C, ‖DG‖_{L1(Ω)} ≤ CLϵ^{−1/2}, ‖D^2G‖_{L1(Ω)} ≤ CL^{3/2}ϵ^{−3/2}.

(2.17)

The first two estimates in (2.17) seem optimal with respect to ϵ, but we believe that one should have the estimate ‖D^2G‖_{L1(Ω)} ≤ CLϵ^{−1}, (2.18)

which we get in the case d = 1. The key step in the proof is an estimate of ‖DG‖_{Lp(Ω)}, 1 ≤ p ≤ 2, which we obtain by an energy argument. A standard argument based on the interpolation inequality ‖DG‖_{Lp(Ω)} ≤ η‖D^2G‖_{Lp(Ω)} + η^{−1}‖G‖_{Lp(Ω)}, η > 0, (2.19)

would lead to ‖DG‖_{L1(Ω)} ≤ CLϵ^{−1}, ‖D^2G‖_{L1(Ω)} ≤ CL^2ϵ^{−2}.

(2.20)

Our error estimate is essentially of the form: ‖u − U‖_{L∞(Ω)} ≤ L^{3/2} ‖ ‖ ‖ ( 1, h ϵ^{1/2} , h^2 ϵ^{3/2} ) R(U) ‖ ‖ ‖_{L∞(Ω)}. (2.21)

Our result in the elliptic case ϵ ≈ 1 is essentially included in the results of [3], [20] and [2].

It is known that if ϵ is small compared to β, then the solution u is nonsmooth in certain regions, typically near characteristic layers and boundary layers. Adaptivity based on a global estimate, such as (2.21), would lead to heavy refinement near such singularities even if we are only interested in the behaviour in regions where the solution is smooth. In order to see that it may be possible to avoid this we prove, in a special case, that the above result may be localised to special regions Ω_0 oriented along the streamlines.

More precisely, we consider the following equation. Let Ω ⊂ R^2, find u such that

u + u_x − ϵΔu = f in Ω, u = 0 in ∂Ω.

Our localised result, essentially, takes the form ‖φ(u − U)‖_{L∞(Ω)} ≤ CL^{3/2} ‖ ‖ ‖φ min ( 1, h ϵ^{1/2} , h^2 ϵ^{3/2} ) R(U) ‖ ‖ ‖_{L∞(Ω)}, (2.22)

where the cut-off function φ is such that φ ≈ 1 in Ω_0 and φ decays exponentially with s/ √ ϵ where s is the distance to Ω_0.

For this result to be useful it is necessary that the residual R(U) can be made small in Ω_0 without resolving the singular layers. The standard Galerkin finite element method does not have this property.

However, a priori analysis indicates that this is possible for the Streamline Diffusion method. In [16] it is shown that in regions Ω_0, of the same type as above, and where u is assumed to be smooth, we have ‖u − U‖_{L∞(Ω0)} ≤ Ch^{5/4}max. This result is improved in [18] to O(h^{11/8}_{max} ). Further, under special conditions on the triangulation, [29] proves that the error behaves as O(h^2_{max}) in such regions. We also refer to the discussion in [28]. An important feature of these localised results is that they are valid for triangulations that do not resolve the singular layers.

[III] A posteriori error analysis in the maximum norm for finite element approximations of a time-dependent convection-diffusion problem

In this paper we consider the following problem. Let Ω be a convex, polyhedral, bounded domain in R^d, d = 1, 2, 3. Let u be the solution of u_t + αu + β · ∇u − ϵΔu = f in Ω × (0, T ), u = 0 in ∂Ω × (0, T ), u = u_0 in Ω × {0},

(2.23)

where α, β, and f are functions of x and t. The initial value u_0 is a function of x and ϵ is a positive number.

We analyse this problem for different values of ϵ. As for the corresponding stationary problem the standard Galerkin method works well for ϵ ≈ 1, but not for small ϵ. We therefore use the Streamline Diffusion method when ϵ is small.

In order to discretise this equation in time we use a Discontinuous Galerkin method, see the notation in Section 1. Find U ∈ V such that, for n = 1, 2, ..., N, ∫ I_n { (U_t + αU + β · ∇U, w + δ(w_t + β · ∇w)) + ϵ(∇U, ∇w) } dt + ([U]_{n−1}, w^+_{n−1}) = ∫ I_n (f, w + δ(w_t + β · ∇w)) dt, ∀w ∈ V_n, (2.24)

where U^−_0 = u_0 and

[φ]_n = φ^+_n − φ^−_n , φ^±_n = lim_{s→0}+ φ(t_n ± s). (2.25)

The streamline diffusion coefficient δ = δ(x, t) is defined by

δ = c_1 min(0, h − ϵ), (2.26)

where c_1 ≥ 0. Note that c_1 = 0 means that streamline diffusion is not used.

Our a posteriori error estimate takes the form: max 1≤n≤N ‖u(t_n) − U^−_n ‖_{L∞(Ω)} ≤ CL (‖ ‖ k ϵ^{1/2} R^t ‖ ‖_{L∞(In;L∞(Ω))} + ‖ ‖ ‖ min ( h ϵ^{1/2} , h^2 ϵ^{3/2} ) R^x ‖ ‖ ‖_{L∞(In;L∞(Ω))} ) , (2.27)

where L is a logarithmic factor. R^t, R^x are residuals arising from the time and space discretisation, respectively.

The proof follows the outline of Section 1. We use the following adjoint problem. Let g be defined by (1.24). Find G such that −G_t + αG − ∇ · (βG) − ϵΔG = 0, in Ω × (0, t_N ), G = 0, in ∂Ω × (0, t_N ), G = g, in Ω × {t_N }. (2.28)

As in the stationary case we believe that our analysis is not optimal for small ϵ. In fact, our regularity estimates are, instead of (1.45), ∫_{tN−1} 0 ‖G_t‖_{L1(Ω)} dt + ϵ ∫_{tN−1} 0 ‖D^2G‖_{L1(Ω)} dt ≤ CLϵ^{−1/2}, (2.29)

which we believe should be ∫_{tN−1} 0 ‖G_t‖_{L1(Ω)} dt + ϵ ∫_{tN−1} 0 ‖D^2G‖_{L1(Ω)} ≤ CL, (2.30)

The proof of (2.29) combines techniques from Paper I and Paper II.

It is known that the solution u of (1.1) can be nonsmooth in certain regions such as boundary and characteristic layers when ϵ is small, cf. the summary of Paper II. Since its proof is similar to the stationary case, we believe that it is possible to localise (2.27) in a similar way as (2.22). This is also supported by the localised a priori analysis in [27] and [26]. In [27] it is shown that for certain regions Q_0 oriented along the streamlines and where u ∈ C^2(Q_0) we have ‖u − U‖_{L∞(Q0)} ≤ Ch^{(12−d)/8}max , where d is the dimension of Ω.

References

[1] Z. Chen and R. H. Nochetto, Residual type a posteriori error estimates for elliptic obstacle problems, Numer. Math. 84 (2000), 527–548.

[2] E. Dari, R. G. Duran, and C. Padra, Maximum norm error estimators for three-dimensional elliptic problems, SIAM J. Numer. Anal. 37 (2000), 683–700.

[3] K. Eriksson, An adaptive finite element method with efficient maximum norm error control for elliptic problems, Math. Models Methods Appl. Sci. 4 (1994), 313–329.

[4] K. Eriksson, D. Estep, P. Hansbo, and C. Johnson, Computational Differential Equations, Studentlitteratur, Lund, 1996.

[5] K. Eriksson and C. Johnson, Adaptive finite element methods for parabolic problems I: A linear model problem, SIAM J. Numer. Anal. 28 (1991), 43–77.

[6] , Adaptive streamline diffusion finite element methods for stationary convection-diffusion problems, Math. Comp. 60 (1993), 167–188.

[7] , Adaptive finite element methods for parabolic problems II: Optimal error estimates in L_∞L_2 and L_∞L_∞, SIAM J. Numer. Anal. 32 (1995), 706–740.

[8] K. Eriksson, C. Johnson, and V. Thomée, Time discretization of parabolic problems by the discontinuous Galerkin method, RAIRO Modél. Math. Anal. Numér. 19 (1985), 611–643.

[9] A. Fetter, L_∞-error estimate for an approximation of a parabolic variational inequality, Numer. Math. 50 (1987), 557–565.

[10] D. A. French, S. Larsson, and R. H. Nochetto, Pointwise a posteriori error analysis for an adaptive penalty finite element method for the obstacle problem, Preprint 2000:58, Department of Mathematics, Chalmers University of Technology and Göteborg University.

[11] A. Friedman, Stochastic Differential Equations and Applications, Academic Press, New York, 1976.

[12] , Variational Principles and Free-boundary Problems, Wiley, New York, 1982.

[13] M. Hieber and J. Prüss, Heat kernels and maximal L^p-L^q estimates for parabolic evolution equations, Comm. Partial Differential Equations 22 (1997), 1647–1669.

[14] C. Johnson, A convergence estimate for an approximation of a parabolic variational inequality, SIAM J. Numer. Anal. 13 (1976), 599–606.

[15] , Adaptive finite element methods for the obstacle problem, Math.

Models Methods Appl. Sci. 2 (1992), 483–487.

[16] C. Johnson, A. H. Schatz, and L. B. Wahlbin, Crosswind smear and pointwise errors in streamline diffusion finite element methods, Math. Comp. 49 (1987), 25–38.

[17] M. G. Larson, personal communication.

[18] K. Niijima, Pointwise error estimates for a streamline diffusion finite element method, Numer. Math. 56 (1990), 707–719.

[19] R. H. Nochetto, Sharp L_∞-error estimate for semilinear elliptic problems with free boundaries, Numer. Math. 54 (1988), 243–255.

[20] , Pointwise a posteriori error estimates for elliptic problems on highly graded meshes, Math. Comp. 64 (1995), 1–22.

[21] R. Rannacher, A posteriori error estimation in least-squares stabilized finite element schemes, Comput. Methods Appl. Mech. Engrg. 166 (1998), 99– 114.

[22] R. Scholz, Numerical solution of the obstacle problem by the penalty method, Computing 32 (1984), 297–306.

[23] , Numerical solution of the obstacle problem by the penalty method.

II. Time-dependent problems, Numer. Math. 49 (1986), 255–268.

[24] V. Thomée, Galerkin Finite Element Methods for Parabolic Problems, Springer Series in Computational Mathematics, vol. 25, Springer-Verlag, Berlin, 1997.

[25] R. Verfürth, A Review of A Posteriori Error Estimation and Adaptive Mesh Refinement Techniques, Wiley-Teubner, 1996.

[26] G. Zhou, A local L_2-error analysis of the streamline diffusion method for nonstationary convection-diffusion systems, Mathematical Modelling and Numerical analysis 29 (1995), 577–603.

[27] , Local pointwise error estimates for the streamline diffusion method applied to nonstationary problems, East-West J. Numer. Math. 3 (1995), 217–235.

[28] , How accurate is the streamline diffusion method?, Math. Comp.

66 (1997), 31–44.

[29] G. Zhou and R. Rannacher, Pointwise superconvergence of the streamline diffusion finite element method, Numerical Methods for Partial Differential Equations 12 (1996), 123–145.