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1. LECTURE 1

The main textbook is Klebaner [3]. For the computer exercises we refer to Higham [2]. It
is very important to be able to do computer simulations with stochastic ODEs, so I do
recommend that you do some of these computer exercises. In these lectures I will present
the theoretical background.
1.1. Introduction. We study equations of the form

dX(t) = p(X(t),t)dt +o(X(t),t)dB(t), 0<t<T,

X(0) = Xp.

This means that X is a stochastic process which solves the integral equation

X(t):Xo—i—/O u(X(s),s)dS—l—/O o(X(s),s)dB(s), te]l0,T].

Here B is Brownian motion and the last term is the It6 integral. We next explain what
this means.

1.2. A very brief introduction to stochastic analysis. Let (2, F, P) be a probability
space. Here () is the sample space, F a g-algebra on 2 and P a probability measure on
Q. A random variable is a measurable function f: Q — R. If f € L;(Q), that is,

/ (@) dP(w) < o,
Q

then we can compute the expected value

B(f) = | f(w)aP@) = [ faP.

A stochastic process is a mapping X : [0,7] x @ — R such that X(¢,-) is a random
variable for each t. It usual in stochastic mathematics to suppress the variable w. Thus,
we write X = {X(t) }eo,1) or X = {X(?) }e[0,00)-

A filtration {F;}jo ) in (Q,F,P) is an increasing family of o-algebras such that

.FoC.FtC-"fTZF.

Then (€2, F, {Fi}0,r), P) is called a filtered probability space. A stochastic process X =
{X(t) }1ejo,r) on this space is adapted if X () is Fi-measurable for each ¢.

A stochastic process X = {X(t)}ejo,r) on (2, F, {Fi}o,1), P) is called a martingale if
it is adapted, if E(X(t)) < oo for each t, and if

E(X(t) | Fs) = X(s), s<t
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In particular, by the law of double expectation,
E(X(s)) =E(E(X(t) | Fs)) =E(X(t), s<t,

since Fs C F;. Hence, a martingale has constant mean.
Brownian motion is a stochastic process {B(t)};cjo,7] on (€2, F,P) with the following
properties:

e (continuous paths) B(t) is a continuous function of ¢;

e (independent increments) B(t) — B(s) is independent of B(u) for t > s > u;

e (Gaussian increments) B(t) — B(s) is normally distributed with mean 0 and vari-

ance t — s, B(t) — B(s) ~ N(0,t — s), for t > s.
It is non-trivial to show that Brownian motion exists. It can be shown that it generates a
filtration such that it becomes a martingale. We always work in this filtered probability
space. In particular, if B(0) = z, then E(B(t)) = E(z). We often use B(0) = 0.
Brownian motion is not differentiable with respect to ¢ at any point.
Let X = {X(t)}1cp0,7] be a stochastic process which is adapted and square integrable

T
/ E(X(t)?) dt < oo.
0

Then the Ito integral can be defined:

¢
/ X(s)dB(s).
0
In a very simplified way we can say that it is constructed as a limit of

> X(tr)(B(ter1) — B(ty)) = > X(tr)ABy,
k k
as the partition is refined. The limit is taken in the mean square sense, or Lo(2) sense:

H > X(t)an - /OtX(s) aBs)|, =E( > X (A, - /Otx<s) aB(s)[ ) =0

Note that it is similar to the left endpoint rectangle rule. Using another interpolation

point results in another stochastic integral. For example, with the midpoint rule we

obtain the Stratonovich integral, which different from, but related to, the It6 integral.
The It6 integral is a stochastic process with the following properties:

e it is linear with respect to X;
e (zero mean) E(ng(s) ds) = 0;
e (isometry)

t
0

E(‘/OtX(s)dB(s)’2> :/ E(|X(s)) ds;
e it is a martingale.

1.3. Explicit solutions. We will derive explicit formulas for solutions of some special
cases of the stochastic differential equation. We need It6’s formula, which is a chain rule
for Itd processes.

Assume that the process X satifies

AX (1) = p(t) dt + o(t)dB(t), 0<t<T,
X(0) = Xo,



that is

X(t):X0+/0 ,u(s)ds—l—/o o(s)dB(s), te][0,T].

Here p, 0 are processes such that the integrals exist. Such a process X is called an It6
process. If g is a smooth function then It6’s formula is

dg(X) = ¢/(X)dX + 3¢"(X) d[X, X]

=g (X)(ndt +0dB) + 3¢"(X) o> dt

= (¢ (X)p+ 39"(X)0?)dt + ¢ (X)o dB.
Here we used the fact that the quadratic variation of X satisfies (formally)

d[X, X] = d[u(t)t, u(t)t] + 2d[u(t)t, o (t)B(t)] + o*d[B, B]
=g dt.

In integrated form (rigorously):
oX(0) =g a) + [ (/KM + 33" (X)) as t [ /(X (D) aBG).

1.3.1. Ezample 1. Compute ng(s) dB(s). We use X = B, that is, p = 0, 0 = 1, and

g(z) = 222, ¢'(z) =z, ¢"(z) = 1. Then

t t t
[%B(s)ﬂo = / ds +/ B(s)dB(s),
0 0
so that, with B(0) =0,
t
/ B(s)dB(s) = :B(t)* — it.
0
This also means that Y (t) = f(f B(s)dB(s) = $B(t)> — 5t is a solution of
dY =BdB, t>0; Y(0)=0.
1.3.2. Example 2. The stochastic exponential. Assume that X satisfies
dX =pXdB, t>0; X(0)= Xy, (B =const).

Here 1 = 0, o(t) = X (t) and we take g(z) = log(x), ¢'(x) = 1/z, ¢"(x) = —1/2%. We
get

[10g(X (s))]

so that

t

t t
,= [ X Ex @A+ [ X)X () aB(s) = ~45% + B,
X(t) = Xoexp(BB(t) — 36°t).
1.3.3. Example 3. The Black-Scholes process. Assume that X satisfies
dX =aX Dt+pXdB, t >0; X(0)= Xy, (a,8 = const).
A similar calculation leads to

X(t) = Xoexp(BB(t) + (o — 38)1).
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1.3.4. Ezample 4. The Ornstein-Uhlenbeck process. Assume that X satisfies
dX =aXdt+pdB, t>0; X(0)=Xo, («,8 = const).

We want to multiply by the integrating factor e=®*. We use It6’s formula for t-dependent
function:

dg(t, X (8)) = (g:(t, X) + go(X)pe + 595,(X) 0%) dt + g, (X)o dB
and g(t,z) = e *x to get
A X (1)) = e dB(2),

so that

¢ ¢

[e_asX(s)} = ,8/ e **dB(s),

0 0

and

t
X(t) = e X, + 8 / =) 4B(s).
0

1.4. Preparations. Let X be a strong solution of the scalar 1to SDE:
) dX(t) = pu(X(t),t)dt +o(X(t),t)dB(t), 0<t<T,

X(0) = Xp.
This means, see Klebaner Definition 5.1, that X solves the integral equation
t t
(2) X(t) = Xo +/ w(X(s),s) ds+/ o(X(s),s)dB(s), te]l0,T].
0 0

Here B is Brownian motion and the last term is the It integral.
We assume that X is a random variable and the coefficients are deterministic functions,

; p:Rx[0,T] = R,
3) o:Rx[0,7T] - R,
that are continuous and satisfy a global Lipschitz condition with respect to x,

) lu(z,t) — p(y, t)| < Lz -yl

o(z,t) —o(y,t)| < Llz —yl,
and a linear growth bound,

()| < L(1+ |z]),
(5) lo(a,t)| < L(1 + |z]),

Remark 1. The Lipschitz condition is called global because it holds for all z,y € R
with the same constant L. Klebaner Theorem 5.4 assumes only a local Lipschitz condition,
where the Lipschitz constant may depend on the size of x,y. We use a global condition in
order to make the presentation simpler. Later on we will also assume a Lipschitz condition
with respect to ¢, see (21)). (There is a mistake in Theorem 5.4: the constants in (5.37)
and (5.38) cannot be the same because the first one depends on N, K = Ky, while the
second one is a global constant, independent of N.)

Remark 2. Note that follows from because
(6) (o] < [0(0. O]+ (e, ) = (00| < mae (0. 0)] + Ll = 0] < L(1 + o)

Vo,y € R, t €[0,T],

VezeR, tel0,T].

with a new constant L. This is because is global.



Remark 3. Systems of SDE of the form

m
(7) AX; = pi(X1,. ., Xo ) At + > 03j(X1,.., X, ) dBy(t), i=1,...,n,
j=1
can be written in the form , and analyzed in the same way, with matrix notation
X=(X,.., X)) eR", p:R"x[0,T] = R", o:R"x[0,T] - R"™™,
and B = (By,...,B,)" an m-dimensional Brownian motion.

We quote Theorem 5.4 from Klebaner.

Theorem 1 (Existence and uniqueness). If Xq is independent of (B(t),0 <t <T) and
E(\XO\Q) < 00, then has a unique strong solution X and

(8) E( sup |X(1)F) < C(1+E(Xo]%),
0<t<T
where C = C(L,T).
As a warm-up for the error analysis of numerical metods, we begin by proving a stability
result. We will use this proof technique several times later. The bound is proved in a

similar way.
We need Gronwall’s lemma.

Lemma 1 (Gronwall). Let A, B be constants with B > 0. If

6() < A+ B/t 6(s)ds, te0,T],
then O
o(t) < AePt t 0,77
Proof. u(t) == A+ Bfot #(s)ds, ¢(t) <u(t), v = Bé < Bu, u(t) <u(0)ePt = AeBt. O
We also need Doob’s L, martingale inequality, see Klebaner (7.37) p. 201.
Theorem 2 (Doob’s inequality). If Y is a martingale, then

p p_\P p
(9) B max [V OF) < (25) BIYDIP), 1<p<o
With the Ly-norm, || X|r, = (E(]X]p))l/p = (fQ\X(w)\de(w))l/p, this can also be
written

p
Y(t H <P vy,
\égg 01, < ZHIV D,

This gives a bound for the norm of the whole path in terms of the norm of its final
value.
Finally we recall the isometry of the Itd integral, Klebaner (4.12),

t 2 t
(10) E(| /0 f(s)aB(s)| ) = /0 E(f(s)|?) ds.
We are now ready to prove stability with respect to perturbation of the initial value.

Theorem 3 (Stability). Let X be another solution of with the same p,o, B but a
different initial value Xq. Then

11 B( X(t) - X(H)?) < CE(| %o — Xof?

(1) mex 1K)~ X)) < CB(% - %oP).

where C = C(L,T).



Note that this implies uniqueness: two solutions with the same data pu, o, B, Xg must
be equal.

Proof. We will use Gronwall’s lemma with ¢(t) = E( [max |X(s)—X(s)\2). By (2)), writing

fi = (X (2),2), p = u(X(2),2), etc, and using the inequality (a+b+c)? < 3(a2+b2+¢2),
we get,

6(t) = B max |X(s) - X(s)*)

0<s<t

_ E(()rgg;ct ‘XO ~ Xo+ /0 (W(X(2), 2) — n(X (), 2)) dz

N /0 (0(X(2),2) — 0(X(2), 2)) dB(Z)‘2>

§3{ <|X0—X0| max‘/ i — udz

0<s<t
Here, by the Cauchy-Schwarz 1nequahty and (| .,

B 2 * ~ 2
oo | | - ool ) < B { [ 170 [0 a})
t t
—E(t [ 13- uPdz) =t [ B uf)as
0 0
t
< L2T/ E(|X(s) — X(s)[*) ds
0

max)/ G—o0) dB
0<s<t

t
<72 2
<L T/O E(OIEZEECJX( 2) — X (2)) ds.

For the other term we use Doob’s inequality @ with p = 2 and

~

t
V() = [ (o(X(2).2) = o(X(2). ) 4B,
which is a martingale by Theorem 4.7 in Klebaner. Using also and we get

max‘/ 6—0 dB‘ <4E‘/ dB‘
0<s<t

=4 [ Bl - o) as

§4L2/0 E(|X(s) — X(s)[*) ds

§4L2/0 E( max |X(2) — X(2)[?) ds.

0<2<s

We now have

E(Orga?t\X( X(s)\2) < 3E(]X'0 —Xolz) +C/ E(Orgag X (2) — X(z)\Q) ds
S 0 ZSS

with C' = 3L?(T +4), or

o) < 3B(I%0 — %) + C [ 9(s)ds, ¢elo.T)
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where ¢(t) = E( maxo<s<¢ | X (s) — X(s)|?). Gronwall’s lemma completes the proof. [
We now prove that X is Holder continuous in a mean square sense.

Theorem 4. Under the assumptions of Theorem [1] we have
(12) E(IX(t) - X(s)]?) < C(L+E(|Xo|}))|t —s|, Vt,s€[0,T],
where C' = C(L,T).

Proof. We may assume that s < t. Working as in the previous proof, but without using
Doob’s inequality, we then get

E(|X(t) — X(s)]?) :E(‘/Stu(X(z),z)dz—k/Sta(X(z),z) dB(z)‘g)
<29 [ BuP) s +2 [ B(oP)dz {or @)

<T

< 2L3(T +1) /t E((1+]X(2)))?%) dz

g4L2(T+1)/t{1+E(’X(Z)|2)}dZ {by }

< C(L,T) /t {1+C(L,T)1+E(|Xo|*))} dz

s

< C(L,T)(t - 5) (1 + E(|Xo]?)).

Remark 4. This means, with || Xo||, = E(|Xo[2)"/* < M and C = C(M, L, T),
1/2
(13) 1X() = X ()12, = (E(X(®) = X(5)2)) " < Clt— s/

So X satisfies a Holder condition with exponent % By inspection of the previous proof,
we see that in the deterministic case, o = 0, we have a stronger result, namely that X is
Lipschitz continuous,

(14) I1X() - Xz = (B(x0) - X)) < 0l — ol

1.5. Strong convergence of Euler’s method. We introduce a mesh
(1I5) 0=to<t1 < - <ty <tpp1<---<ty=T, hy=tpnt1—tn, h=maxh, <1,
and note that X satisfies

tn+1 tn+1
(16) X(tny1) = X(tn) + / w(X(s),s)ds + / o(X(s),s)dB(s).
tn tn
This motivates the Euler (or Euler-Maruyama) method, which defines {Y,,}/_, by
}/0 ~ X07
(17)

tpt1 lny1
Viwr = Yo+ ulVista) [ ds+o(Vit) [ dB(o).
tn tn

Since j;t:“ ds = At,, = hy, ttn”“ dB(s) = B(tp+1) — B(t,) = AB,, this can be written
Yo = Xo,

18
( ) Yn+1 =Y, + ,U(Yna tn)hn + U(Yna tn)ABn
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For the practical aspects concerning the computation in a Matlab environment we refer
to [2]. Here we only note that AB,, = v/h,&,, where the &, ~ N(0,1) are independent
Gaussian random variables with mean 0 and variance 1, which can be simulated on the
computer by a random number generator.

Although we only compute the node values Y,, it is convenient for our proofs to define
Y(t) for t € [tn,tns1) by

t t
(19 V) =Yoot plVta) [ dstoVts) [ dBG) tE ftntan).
tn tn
Then Y is continuous on [0,7],Y (t,) =Y, for all n, and
¢ t
Y(t):YO—i—/ u(s)ds+/ a(s)dB(s), 0<t<T,
0 0

Aa(s) = (Yo, tn), 0(s) =o(Yn,tn), $€ (tn,tnt+1)-

We now assume that the coefficients are globally Lipschitz continuous also with respect
to t:

(20)

(e, 1) — pla, )| < LIt — s,

(21) lo(x,t) —o(x,s)] < L|t — s|,

Vx e R, t,s €[0,T].

Theorem 5 (Strong convergence). If

(22) E(|Yo — Xof?) < Kb,

and

(23) E(|Xo?) < M,

then

(24) E( max V() - X(t)|2) < Ch

with C = C(L,K,M,T). In particular,
(25) E(|Y, — X(t)]) < ChY2, n=0,...,N.
Proof. We first prove that implies . We use the Cauchy-Schwarz inequality,

[E(f9)l < VE(?)E(?),

with f =1 and g = |Y(t,) — X (t,)]:

B(Y, = X(t)) < B0V (1)~ X)) < [B( max V() - X(0F) < B2,

0<t<T

We now prove . Let 0 < s <t <T. As in the proof of Theorem |3 using , :

B( max [V (s) - X(9)]?) = {with (=) = n(X(2).2). 0(2) = o(X(2).2) |

= B s {[vo - Xo+ /0 “(i(z) = (=) dz + /0 (0(2) - o)) 4B })

0<s<t

< 3{E(]Yo — XoP?) +T/0tE(y,:L — uf?) ds +4/OtE(|5 ) ds}.



We split 1 — p into two parts and use the Lipschitz conditions and ,
fi(s) = ()] = (Y (tn), tn) — (X (s), s)|
<Y () tn) — (X (s),tn)| + [1(X (5),tn) — n(X(s), 5)]
< LY (tn) — X(s)| + s —tn)
< L([Y (tn) = X (ta)| + [X (tn) — X (s)| + In)

< L(&?%cs\y(z) — X(2)|+ | X(tn) — X(s)| 4+ hn), for s € (tn,tnt1)-

Using also and h, <1 we get
B(li(s) — u(s) ) < 322 (B( guax [V (2) = X()) + B(X () = X(5)12) + 12)

< 3L2(E(012?%<8 Y(2) — X(2)]°) + O(s — t,) + h7)

< C(E(Org?%(s Y(2) — X(2)°) + hn), for s € (tn,tnt1),

with C' = C(M, L,T). The difference & — o is estimated in the same way.
Suppose that ¢t belongs to the m-th mesh interval, ¢t € (¢, tm+1], and denote t,41 =
tn+1 At (the minimum of ¢ and ¢,,41). Then, since h,, < h,

| Blats) = n@P)as =3 [ B(lats) - u(s)) ds
0 n=0"tn

< CZ/t - (E(Olzlgéis Y(2) — X(2)%) + hn) ds

< C/ org?i(s Y (2) — X(2)|*) ds + Ch.

We get the same bound for the o-term. Therefore

o(t) < C’h+C/t o(s)ds, tel0,T],
0

with C = C(L, K, M,T), ¢(t) = E(maxo<s<t [Y(s) — X(s)|*). Gronwall’s lemma com-

pletes the proof. O
We have now proved strong convergence, or pathwise convergence, of order h/2:
(26) ‘ max |Y(t) |H \/ ( max |Y(t) — X(t)|2> < Ch'/?,
0<t<T 0<t<T

in other words,

_ 1/2
‘ max [Y (1) = X (1) HL2 = O(hY?) as h — 0.

Note that, due to the use of Gronwall’s inequality, the constant in grows exponentially
with T, C' = exp(C(L, K, M,T)T). By inspection of the previous proof we see that in the
deterministic case, o = 0, we have convergence of order h:

max [Y(0) = X ()| < Ch.

This is the classical result for Euler’s method for deterministic ODEs.
In the next lecture we shall study weak convergence and prove that

[E(g(¥a) — g(x(t)| < O

for all smooth functions g. Thus the weak convergence order is h.
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We shall also derive a higher order method: Milstein’s method.
The presentation of some of the material in this lecture was inspired by [1]. For more
details see [4].

2. LECTURE 13

Recall the strong solution

(27) X(t) = Xo +/ w(X(s),s) ds—l—/ o(X(s),s)dB(s), te]l0,T],
0 0

and Euler’s method

(28) Y(t)=Yo —i—/o a(s)ds —i—/o a(s)dB(s), te][0,T],

where

(29> ﬁ(s) = M(Y(tn)7tn)7 &(S) = J(Y(tn)vtn)a ERS (tnvtn—&-l)a

are piecewise constant, “frozen”, functions.
We have proved strong convergence, or pathwise convergence:

thXtH = JE( Y ()= X(1)2) < Chl/2.
g o) - xI], = [B( s v - x0R) <€
We are often not interested in individual paths but we would like to compute the expected
value of some quantity that the depends on X (¢), i.e., we want to compute E(g(X(t)))
for some function g.

We shall prove that

[E(g(v (1) - g(x(1)| < Ch

for all smooth functions g. This is called weak convergence. Thus the weak convergence
order is h. We will use Kolmogorov’s backward equation in the proof.

We shall also derive the It6-Taylor expansion and use it to obtain a numerical method
of higher order: Milstein’s method.

All of this rests on Itd’s formula.

2.1. Kolmogorov’s backward equation. We recall [t6’s formula for functions of x,t
(see Klebaner, Theorem 4.18 or Theorem 6.1). If X satisfies

AX(8) = p(X (1), 1) dt + o (X (), 1) dB(t)

and u = u(z,t) is twice differentiable in x and once in ¢, then (denoting the partial

. . 2
derivatives u, = %, Upy = %, up = %)

Qu(X (1)) = (ue(X(0), 1) + (X (0, 1) ma X (0),6) + 302 (X (0, 1) e (X(2), 1))

(31)
+o(X (), t) ug (X (1), t) dB(t).

This really means
t t
(32) u(X(t),t) —u(X(s),s) = / (ur + pug + %U2um) dz —i—/ ouydB(z), 0<s<t,
S S

where the integrands are evaluated at (X (z), z).
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Theorem 6 (Kolmogorov’s backward equation, Klebaner Theorem 6.6). Let
(33) AX (1) = p(X (1), 1) dt + o(X (1), ) dB(t), € [0,T],

and let u(z,t) be a sufficiently smooth solution of

up(w,t) + (@, ug (2, 1) + 30° (2, uge(z,t) =0, z€R, t <T,
(34)
u(z,T) = g(x).

Then

(35) u(e,t) = E(g(X(T)) | X(t) = z).

Note: Under appropriate assumptions we can prove that has a unique solution.
Thus, the only solution is given by .

The notation in is somewhat confusing but it is the traditional one. To explain
what it means, we let Z(s) = Z(s;x,t) denote the unique strong solution of

dZ(s) = u(Z(s),s)ds +o(Z(s),s)dB(s), t<s<T,

Z(t) = x.
In particular, the solution of (1)) is X (¢) = Z(¢; X0,0). Now can be written
(36) u(w,t) = E(g(Z(T:,1).

Note that the variable x in , is deterministic, while Xy in may be a random
variable.

Proof. 1t6’s formula applied to u(Z(s;x,t),s) and give

T T
w(Z(T;,t),T) —u(Z(t;x,t),t) = / (ur + pug + 30%ugy) ds + / ou, dB
¢ t

T
= / oug, dB.
t

Here the It6 integral is a martingale with respect to 7' and hence its expected value is
zero, so that

E(u(Z(T; x,t), T)) - E(u(Z(t; x,t), t))

= E(/tT o(Z(s;z,t), s)uz(Z(s;x,t),s) dB(s)) =0.

Since u(Z(T;x,t),T) = g(Z(T; z,t)) by and E(u(Z(t; z,1),t)) = E(u(z,t)) = u(z,t),
we get
E(g(Z(T;:E,t))) = U(J:‘,t),

which is . O

The proof requires that u is sufficiently smooth and bounded so that the It6 formula

holds. In particular, we need to guarantee that the It0 integral ftT ouy; dB is defined.
This holds if we assume that wu, is continuous and bounded,

luz(x,t)| < C, VexeR, tel0,T].
Then the process s — o(Z(s;x,t), s)uy(Z(s;z,t),s) is adapted and square integrable,
E(|0(Z(s;x,t), s)ux(Z(s;J:,t),s)F) < CL2(1 + E(]Z(s;:z:,t)|2)) < 00,
where we also used and . Hence, ftT ou, dB is defined.
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Note that the proof actually shows that the expected value of u(y, s) is constant along
the path y = Z(s;x,t), s € [0,T], in the (y, s)-plane. More precisely,

(37) E(u(Z(s;:J:,t), s)) = u(z,t), sel0,T).

According to Definition 5.14 and Theorem 5.15 in Klebaner, there is a unique function
p(y,s,x,t), t <s<T, z,y € R, (a fundamental solution) such that the unique solution

of is given by

(38) ule, 1) = / Py, Toa, 0)gy)dy, ¢ € R, t <T.

— 00

The function (y,s) — p(y,s,z,t) (with x,t¢ fixed) satisfies the forward equation, see
Klebaner (5.5a),

op 0 10%/,
— = <T.
(39) Ds + dy (M(y, S)p) 2 02 (U (v, S)p) 0, yeR, t<s<T

The initial value at s = ¢ is the Dirac measure at x:
(40) p(y,t,x,t) = d:(y), ye<R.
In the simplified case when =0, o2 =1, , become

ps—%pyyzo, yeER, s>t
p(y,t,z,t) =6:(y), yeER,

which is the forward heat equation with solution

(41)

1 _(@—y)?
ply,s,x,t) = ———=e¢ 260, s>t x,y€R,
(y ) =P y

the Gauss kernel. This is proved by taking the Fourier transform of with respect to
y. Then becomes

(z—y)?

o 1 _
U(iﬂat):/_oo\/me ™= g(y) dy.

2.2. Weak convergence of Euler’s method. In the following theorem we make rather
strong assumptions on the coefficients and the initial value in order to make the proof
simpler. These can be relaxed.

Theorem 7 (Weak convergence). Assume that p, o, and g have sufficiently many bound-
ed derivatives. Let X and Y be solutions of and with Yo = Xo a deterministic

variable. Then
(42) [E(g(¥ (7)) — E(g(X(T)))| < Ch.

Proof. Let u = u(x,t) be the solution of the Kolmogorov backward equation . Then
by , we have

(43) u(w,t) = B(g(Z(T;2.1))),
and, in particular, since Xy is deterministic,

(44) u(Xo,0) = E(9(Z(T; Xo,0))) = E(9(X(1))),
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Since Y satisfies (27]), Itd’s formula gives

T
= [ (s 0.0+ O (0).0) + 5 O (V1))

D=

T
+ /0 5(t)ug (Y (), £) dB(1).

From we get
ur (Y (t),t) = —u(Y (1), hua (Y (1), 1) — 507 (Y (), uaa (Y (1), 1),

so that
T

T
w(Y(T),T) —u(Y(0),0) = /0 ((ﬂ — pug + 567 — az)um> dt + /0 ouy dB(t),
where the integrands are evaluated at (Y (¢),t). Take expectation here, use u(Y(T),T) =
g(Y/(T)) from (34), use Yy = X; and to get
E(u(Y(0),0)) = B(u(Yo, 0)) = E(u(Xo,0)) = E(g(X (1)),

and use E(fOT Guy dB) = 0. We get

T
B(o(Y (1)) ~ Bla(X(D) = [ {E((i— ) + $B(* = ) fa
N-1

=3 [ Bl ) + 3B - ) bt

n=0
We shall show

(45) sup  [B(((t) = (Y (6),0)ua (Y (£),1))| < Cha,

te (tn ,tn+1)

(46) sup %‘E((&Q(t) - 02(Y(t),t))um(Y(t),t))‘ < Chy,

t€(tn,tnt1)

which implies the desired result:
N-—1 tnt1
E(g(Y(T)) - B(g(X(T)) <C Y hn/ dt < CTmaxhy, = CTh.
n=0 tn

To prove we define

U(J),t) = (M(Yna tn) - :U“(xat))uflf(x7t)7
and note that means (recall that a(t) = w(Y (t),t,) for t € (tn, tnt1))

‘E(U(Y(t),t))) < Chpy 1€ (tntug)-
Since Y satisfies , Ito’s formula gives
v(Y(t),1) = o(Y(tn), tn)

- / (Y (5),8) + A0 (Y (5),) + 330l (5),)) ds

N[

—|—/t a(s)vz(Y(s),s)dB(s).
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Here v(Y (t,),t,) = 0 and after taking expectation we get

[E(u(Y (£),1)] = ‘ /tt E(vt(Y(s), $) + 1i(5)va (Y (5), 5) + 162 (5)vau (Y (5), s)) ds(

< o i (Joel 11l ol + 1o o)

)

where we used that
’/tE(vt(Y(s),s))ds’ §/tE(|vt(Y(s),s)\)ds
tn t'rz
S ), 140 g )
and similarly for the other terms. This proves if we have the global bounds
lp(z,t)| < C, zeR, tel0,T],
lo(z,t)| <C, zeR,tel0,T],
ve(@, )] + [ve (2, )] + [vee (2, )| < C, w € R, t€[0,T],
where the last one in its turn follows from the bounds
e, O] + a2, 8)] + aa(2,8) < C, z € R, t€[0,T),
[ugt (2, )] + |ug (2, t)] + |ugs (2, t)| + |ugsa(z,t)] < C, z€R, t€][0,T].
Such bounds can be proved if u, o, g are sufficiently smooth and bounded. This proves

, and is proved in the same way. O

This proof was inspired by [5].
If Yy = X is a random variable, then we must first show

u(Xo,0) = E(9(X(T)) | Xo),
so that (by the law of double expectation)
E(u(Xo,0)) = E(E(g(X(T)) | Xo)) = E(9(X(T)))
instead of . The proof can then be continued in the same way. We skip the details.

2.3. Monte-Carlo method, sampling error. In practice we compute several sample
paths {Y (t,w;) j]\/il, w; € Q, and approximate the expected value E(g(X(T))) by the
average 1z Zj\il g(Y(T,wj)). This is called the Monte-Carlo method. The total error is
then the sum of the discretization error and the statistical error (sampling error):
LM
|57 > 9(Y (o)) — E(g(X (1)),

j=1
< [Bor() ~ Blexm)| + |5 3 (907 (1))~ E(g(v (1)) ).
j=1

We have shown that the first part is < C'h, and by using the central limit theorem it can
be shown that the sampling error is < ¢ where the constant depends on the variance

VM
of g(Y(T)). See [9].
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2.4. A numerical method of higher order: Milstein’s method. We derive the first
steps of the Ito-Taylor expansion. We consider for simplicity the autonomous equation

dX(t) = p(X (1)) dt + o(X(t)) dB(1),

where p = p(x),0 = o(z) do not depend on t. Then
t

(47) X(t):X(to)+/ u(X(s))ds+/ o (X (s)) dB(s).

to to

Itd’s formula is, see Klebaner (4.53),

FOX() = FCCt0)) + [ (OXEDL X)) + 30 (X (317X 5)) ds

to

(48) + / o(X () f'(X(s)) dB(s)
— F(X(to) + / Lof(X(s))ds + / Lif(X(s)) dB(s),

where the differential operators Ly and L; are defined by
Lof = uf + 0",
Lif=of.

In particular, with f(xz) = = we get Lof = p, L1f = o and we retrieve . Next we
take f =p and f =0 in and insert the result into . We get

X0 = Xtto) + [ (px) + [ Lonx(eaz + [

to to to

S

Lip(X(2)) dB(z)) ds

+/t (U(X(to))—|—/SLOU(X(Z))dz—i—/sLla(X(z))dB(z)) dB(s)

ZX(to)JrM(X(to))/tt d8+0(X(to))/: dB(s) + Ru(t, to),

where the remainder is

mi(tio) = [ [ Loutx(e)azas
+/: /t:Llu(X(z))dB(z) ds
+ /tt /t Loo(X (2)) dz dB(s)
+/t: /t:Lla(X(z))dB(z) dB(s).

This is the motivation for Euler’s method.

Next use It6’s formula with f = Lijoc = oo’ and insert into the last term in the
remainder to get

X(t) = X(to) + p(X (t0) / ds + o(X (1)) / aB(s)

+0(X(tg))o' (X (to)) /tt /ts dB(z) dB(s) + Ra(t, to),
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where the new remainder Ra(t,to) consists of five complicated terms.
This is the motivation for Milstein’s method. We have here

/t ds =t — to, /t dB(s) = B(t) — B(to),

to to

and the iterated It6 integral, see Klebaner Example 4.12 on p. 107,
t s t 1 9
/ / dB(2)dB(s) = / <B(s) - B(t0)> dB(s) = 7<(B(t) ~ B(ty))® = (t— to)).
to Jto to 2

The Milstein method defines {Y;,}_, by Y5 = Xo and
Vo1 =Y, + p(Yn)hn + 0(Y)AB, + 30(Y,)0' (Y,) ((ABy,)? — hy),
where
hn =tp+1 — tn, AB, = B(th+1) — B(tyn).
It can be shown that it converges with strong order h:
E(|Y, — X(t,)]) < Ch.
Milstein’s method for a system of SODE involves iterated integrals

t s
/ / dBi(2) dB,(s),
to Jto
which are difficult to evaluate.

This idea can be extended to derive methods of higher order but these are not very
useful in practice because the coefficients are many times iterated integrals, for example,

fti) e ft? dB(z1) - --dB(zp)dsj - - - dsg, which are difficult to evaluate.

More material on iterated It6 formulas and It6-Taylor expansions can be found in [4].
3. EXERCISES

Ezercise 1. Prove the estimate (§]).

Ezercise 2. Existence. Prove Theorem 1. That is, show that there is a unique strong
solution on the interval [0, 7.

Hint: note that equation (2) is a fixed point equation X = G(X) and show that the
operator

GY)(t) = Xo+ /Otu(Y(s), s)ds + /Ot o(Y(s),s)dB(s),
is a contraction on the Banach space
Wior = {Y € C([0,7], L2(2)) : Y is adapted to the filtration generated by B}
with norm

= = 2

I i, = s IV ()2, = gmex /B(Y ()
provided that 7 is small enough. Hence, we obtain a solution on a (short) interval [0, 7].
Repeat and obtain solutions on [r, 27], [27, 37], and so on until we cover the whole interval

[0, 7).
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Ezercise 3. Repeat the proof of Theorem [ but without using Doob’s inequality and with
¢(t) = E(|X(t) — X (t)|?). Prove the weaker result

B(IX (1) - X(1)) < CB(X - Xo), te[0,7]
and hence

(49) max E(|X(t) — X(¢)|?) < CE(|Xo — Xo[?).

0<t<T

Note that the maximum is now outside the expected value and that implies .
Ezercise 4. Prove .

Ezercise 5. Note that the partial differential equations in (39) and may be written

as Lp = 0 and L*u = 0, respectively, where L = % + %(u(x,t)-) - %53—;(02@,25)) and
L* = —% = ,u(x,t)% = %02(m,t)86—;. Show that the operators L and L* are formally

adjoint in the sense that
T T
(50) /0 /R(Laﬁdedt:/O /R¢>(L V) dedt Y, € CE(R x (0,T)).

Ezercise 6. Show that follows from and , . Hint: multiply in the
form 0 = u, + puy + %UQuyy by p(y, s, z,t), integrate ftT fR -+ dyds, integrate by parts

and use , (140)).
Ezercise 7. Derive Milstein’s method for a system of SODE .

Ezercise 8. Matlab computations. Read Higham and do (at least) the programs
bpathl.m, bpath2.m, bpath3.m, stint.m, em.m, emstrong.m.

Ezercise 9. The Black-Scholes process.
dX(t) =rX(t)dt + o X (t)dB(t)
X(0) = Xo

with constants » > 0, 0 > 0. (a) Show that the unique strong solution is given by the
formula

X(t) = Xoexp((r — %JQ)t +oB(t))

(b) Write a Matlab program and solve the equation by the Euler method. Plot several
sample paths and compare with the solution formula. Examine strong convergence. (This
is emstrong.m.)

Ezercise 10. The Ornstein-Uhlenbeck process. The Langevin equation is
dX(t) = —aX(t)dt + o dB(t)
X(0) = Xo

with constants > 0, 0 > 0. (a) Show that the unique strong solution is given by the
formula

t
X(t)=e"Xg+0 / e (=) dB(s)
0

(b) Write a Matlab program and solve the equation by the Euler method. Plot several
sample paths and compare with the solution formula. Examine strong convergence.
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