PERFECT PACKINGS OF SQUARES USING THE STACK-PACK STRATEGY

JOHAN WÄSTLUND

Abstract. We consider the problem of packing an infinite set of square tiles into a finite number of rectangular boxes. We introduce a simple packing strategy that we call stack-pack. Using this strategy, we prove that if 1/2 < t < 2/3, then the squares of side n^{−t}, for positive integers n, can be packed into some finite collection of rectangular boxes of the same area ζ(2t) as the total area of the squares.

1. Introduction

We consider an infinite collection of square tiles of side f(n), where f is a function of the positive integers such that ∞∑ n=1 f(n)^2 < ∞, in other words, the total area of the squares is finite. We can assume that f is decreasing. We may ask whether it is possible to pack the squares into a rectangular box of given dimensions, that is, to place the squares inside the rectangular box so that no two of them have an interior point in common. Such a packing is called a perfect packing if the area of the box is the same as the total area of the squares.

A. Chalcraft [1] has introduced methods for proving that a given set of squares can be packed perfectly into a rectangular box. He shows that, provided there is a packing of the first few larger squares satisfying certain inequalities, a perfect packing exists. He then shows that for some exponents t in the interval 1/2 < t ≤ 3/5, the squares of side n^{−t} can be packed perfectly into a square box of area ζ(2t).

We introduce a simpler strategy for packing the squares, and by extending the methods of [1], we prove that perfect packings similar to those of [1] can be constructed for t < 2/3.

The choice of a single square box is natural but arbitrary. The methods introduced in [1] are more general. An obstacle is that a computation must be made separately for each t in order to show that a certain finite number of squares can be packed to begin with. For larger values of t it is no longer possible to pack the squares of side n^{−t} into a square box, since not even the first two squares will fit into

Date: 16th January 2002. 1

the box. One can still conjecture that when t = 1 for example, a rectangular box with shorter side equal to 1 will do.

To avoid these difficulties, and to treat the various packing problems in a uniform way, we make the following definition:

We say that a collection of square tiles allows a perfect packing if there exists a finite collection of rectangular boxes of the same total area as that of the squares, into which they can be packed.

The point is that the number of boxes and their shapes do not enter the definition. When considering the problem of the existence of a perfect packing of a given collection of squares, we focus on the infinite tail of smaller squares. In particular, we allow ourselves to discard any finite number of squares, simply by giving each of them their own box.

2. A Packing Strategy

We introduce a strategy that we call stack-pack for packing the squares. The stack-pack strategy is based on the following three principles.

1. The well-ordering principle. Pack the squares one at a time, always choosing the largest remaining square.

This implies that if we do not ever get stuck, then we are done. If there is no positive integer n for which the nth square cannot be packed into the remaining area of the boxes, then the process will lead to a packing of all the squares.

The second principle makes sure that we will always be dealing with a collection of rectangular boxes, and not the irregular shapes that arise if we start packing squares in a random fashion in a box. This method was introduced in [2].

2. The divide-and-conquer principle. When packing a square into a box, always put it in one of the corners of the box, and then divide the remaining L-shaped region of the box into two smaller rectangular boxes.

Principles 1 and 2 imply that the problem will always stay in its original form, that is. after packing any finite number of squares, what remains is still the problem of packing the rest of the squares into a finite collection of rectangular boxes. Although the number of boxes grows, the problem does not become conceptually more complicated. As was shown in [1], this may allow for an argument by induction, showing that a perfect packing exists.

We now introduce a third rule, which will put some further constraints on the packing. The benefit of this rule is not so much that it provides a good packing strategy, but that we will be able to analyse it and prove some of its properties.

Figure 1. The stack-pack strategy.

3. The stacking principle. Choose any box large enough to contain the next square, and stack as many of the following squares as possible along the shorter side of this box. Then divide the remaining area of the box with a line from the inner corner of the first square parallel to the shorter side of the box, and further with segments from the corners of the smaller squares perpendicular to, and extending out to the first line (see Figure 1).

Notice that Principle 3 is consistent with Principles 1 and 2. A sequence of squares stacked according to Principle 3 will be called a round of the stack-pack strategy.

3. Analysis of the stack-pack strategy.

We assume that the stack-pack strategy is used, and let B_n denote the collection of boxes available when n square have been packed.

Since the total area of the boxes is assumed to be equal to the total area of the squares, the number of squares that can be packed in each round of stack-pack must be finite. This argument also leads to the following inequality:

Theorem 3.1. Suppose that the squares n + 1, . . . , n + k are packed in one round of stack-pack. Then for any positive integer k_1 ≤ k,

k^2_1 · f(n + k_1)^2 ≤ ∞∑ j=n+1 f(j)^2. (1) Proof. Since we assumed that f is decreasing, the shorter side of the box where the squares are stacked is at least k_1 · f(n + k_1). Since this is the shorter side of the box, the square of this quantity is smaller than the area of the box, and thereby smaller than the area of the remaining squares.

If B is a collection of boxes, we let a(B) denote their total area. Hence the right hand side of (1) is equal to a(B_n). If we put f(n) = n^{−t}, for some t > 1/2, then (1) implies that for large n, k is much smaller than n:

Theorem 3.2. If t > 1/2, and f(n) = n^{−t}, then under the conditions of Theorem 3.1, k/n → 0 as n → ∞. Proof. By an integral estimate,

a(B_n) ≤ ∫_∞ n x^{−2t} dx = n^{1−2t} 2t − 1 . Hence by (1),

k^2_1 (n + k_1)^{−2t} ≤ n^{1−2t} 2t − 1 . If we divide by n^{2−2t}, this can be rearranged as ( k_1 n )_2 ( 1 + k_1 n )_{−2t} ≤ 1 (2t − 1)n . (2) The right hand side of (2) tends to 0 as n → ∞. Hence for large n, one of the factors of the left hand side must be small. If k > n, then we can choose k_1 = n. Hence the second factor can be bounded away from zero. The only possibility is therefore that k/n → 0 as n → ∞.

Of course, there is no guarantee that, in a specific case, we will not get stuck using stack-pack, and hence no guarantee that n will become large. Theorem 3.2 simply states that whenever n is large, k will be much smaller.

4. A criterion We introduce a criterion which is sufficient for the next square to fit into some box. If B is a box with sides x and y, we let μ(B) = max(x, y). If B is a collection of boxes, then we let

μ(B) = ∑ B∈B μ(B).

Theorem 4.1. If B is a collection of boxes of total area a(B), and μ(B) ≤ a(B) s , (3) then a square of side s will fit into some box in B.

Proof. If B is a box, we let h(B) be its shorter side. A square of side s will fit into some box if and only if s ≤ max_{B∈B} (h(B)).

If (3) holds, then s ≤ a(B) μ(B) = ∑ μ(B)h(B) ∑ μ(B) ≤ max(h(B)) ∑ μ(B) ∑ μ(B) = max(h(B)),

where the sums and maxima are taken over all B ∈ B.

Next we look at how the stack-pack strategy affects the collection of boxes available. The next theorem gives a bound on the increase in μ(B) in one round of stack-pack.

Theorem 4.2. If n squares have been packed, and k more squares are packed in the next round of stack-pack, then μ(B_{n+k}) − μ(B_n) ≤ k · f(n + 1).

Proof. See Figure 1. The larger of the newly created boxes is not larger than the old box, and all the sides of the k smaller newly created boxes are smaller than or equal to f(n + 1).

5. Perfect packings We now fix f(n) = n^{−t}. Theorem 4.2 gives a bound on the increase in μ(B) during one round of stack-pack, and Theorem 4.1 shows that a bound on μ(B) may prove that yet another square can be packed. A natural thing to do at this point would be to assume, as an induction hypothesis, that the inequality (3) holds, and then show that provided n is large enough, it still holds after another round of the stacking strategy. This would involve making an integral estimate of a(B_n), introducing an error term. To simplify calculations, we make the integral estimate first, and then discard the error term when formulating the induction hypothesis.

We have a(B_n) ≥ ∫_∞ n+1 x^{−2t} dx = (n + 1)^{1−2t} 2t − 1 . Hence a(B_n) f(n + 1) ≥ (n + 1)^{1−t} 2t − 1 . We take as our induction hypothesis that

μ(B_n) ≤

(n + 1)^{1−t} 2t − 1 .

As long as the induction hypothesis is satisfied, we have

μ(B_n) ≤ a(B_n) f(n + 1) , and by Theorem 4.1, it is possible to pack another square into some box.

Assume that at some stage of the packing, we have

μ(B_n) ≤

(n + 1)^{1−t} 2t − 1 , (4) but that after the next round of stack-pack, we have

μ(B_{n+k}) >

(n + k + 1)^{1−t} 2t − 1 . (5) We show that if t is suitably chosen, and n is large enough, this leads to a contradiction.

By Theorem 3.2, the quantity k/n tends to zero as n → ∞. We now show that if t < 2/3, then (4) and (5) imply that k/n is bounded from below by a constant depending only on t and not on n. By Theorem 4.2 we have

(n + k + 1)^{1−t} − (n + 1)^{1−t} 2t − 1 < μ(B_{n+k}) − μ(B_n) ≤ k · (n + 1)^{−t}.

We multiply by 2t − 1 and arrange for every occurrence of k to be divided by n + 1:

(n + 1)^{1−t} (( 1 + k n + 1 )_{1−t} − 1 ) < (2t − 1) k n + 1

(n + 1)^{1−t}.

We now divide by (n + 1)^{1−t} and add 1: ( 1 + k n + 1 )_{1−t} < 1 + (2t − 1) k n + 1 . (6) When k/(n + 1) is small, the left hand side is

1 + (1 − t) k n + 1 + O (( k n + 1

)_2) . Hence if 1 − t > 2t − 1, in other words, if t < 2/3, then (6) implies that k/(n + 1) is bounded away from zero.

Theorem 5.1. If 1/2 < t < 2/3, then the squares of side n^{−t} allow a perfect packing.

Proof. We choose n large enough that the inequalities (2) and (6) are incompatible. We discard the first n squares by giving each of them a separate box, and start with B_n equal to a single square box of area ∞∑ j=n+1 f(j)^2.

Since

μ(B_n) = a(B_n)^{1/2} ≤ (∫_∞ n x^{−2t} dx )_{1/2} = n^{1/2−t} (2t − 1)^{1/2} ≤ (n + 1)^{1−t} 2t − 1 , whenever n ≥ 2t − 1, the induction hypothesis is satisfied. Therefore the stack-pack strategy will lead to a perfect packing.

References

[1] A. Chalcraft, Perfect Square Packings. J. Combin. Theory Ser. A 92 (2000), 158–172.

[2] M. M. Paulhus, An algorithm for packing squares. J. Combin. Theory Ser.

A 82 (1998), 147–157.

Johan Wästlund, MaI, Linköpings universitet, S-581 83 Linköping, Sweden E-mail address: jowas@mai.liu.se