
M u l t i v a r i a l e  A r r a l y s i s :  f f u  t u r e  D i r e c t i o n s

C. I l .  Rao,  e r . l i to r

O  l g 9 3  I J l s e v i c r  S c i e t r c e  I ' u b l i s h e r s  l l . V '  n  l l  r i g l r t s  r e s e r v e d

Chapter  6

SOMtr RtrCtrN'I WORK 01\ MtrTTIODS FOR TFItr
ANALYSIS OT MUL'IIVARIATtr OBStrRVATIONAL
DA'IA IN 'IIItr SOCIAL SCItrNCtrS

D.11 .  COX and  N.  WDITMUTI I

A rcv i< : rv  i s  g iven  o [  sorne  rccer r I  work  on  o  r runrber  o f  t l renres :  t l re  con-

s [ ruc l , ion  o [  der ive< l  response vnr iab les ,  rvhen some o f  t l re  vec tor  vnr inb lcs

I rave  cornponents  where  ind iv i< l r ra l  in te rpre t t r t ion  is  t ,o  be  preserved,  the

exa l r r ina t ion  o f  t , l re  ndeqr racy  o f  covar ia r rce  rna t r i ces  a3  B means o f  cap-

l , r r r ing  deper rdency  ar r r l  assoc ia [ iou  and t l re  s ludy  o f  spec ia l  1>at te rns  o f

con< l i  t io r ra l  i r rdcpendence.

1.  In t ro t lu t : t ion

' I 'he purpose o[  th is chapter is to orr t l ine some o[our recent work conl tected

wi l ,h l ,he analysis o[  rnul [ ivar iate dat,a wi th pr inrary al though not exclusive
enr l ) l la^sis on observat, ional  studies i r r  l ,he social  sciences. L 'he rnajor i ty of
Lhe clrapl ,er  deals wi th cont inuous var iables where structure is assunrcd
l ,o be adc<luately descr ibed via a vector of  means and by a covar iance

rnal , r ix .  [or  fur t , ] rer  d iscussion oI  l ,he i rnport ,ant  case of  mixed discrete and

cont inuous  var iab les ,  see  Laur i tzen  and Werrnu th  (1989) ,  Wcr tnu th  and
Laur i [zen  (1990)  and Cox and Werrnu th  (1992a) .

lVe conccntrate on l , l re strucl ,ure o[  rnor le ls o[  dependence and ussociat , ion
arrd on l , l rc i r  i r r terprel ,at ion ral ,hcr than on nrethods o[  forrnal  inference
which carr  typical ly be achieved via rnaxirnum-l ikel ihood, augmented by
examinat ion for  out l iers,  et ,c.  or ,  when large amounts of  data have to be
dcal t  rv i th rat l rer  autornal , ical ly,  v ia corresponding robust methods.

Arnong Llre features o[ 'c l ixs ical '  norrnal- t .heory nrul t ivar iate analysis as
sc [  ou t ,  e .g . ,  in  the  boohs by  l i ,ao  (19 i3 )  and Anderson (1984)  a re  t ,he
[ol lorv ing:

( f  )  exccpt [or  r r reLhods oI  i r r tcrnal  analysis,  such as pr incipal  cornponetr t
analysis,  t , l rere is i l rvar iance uncler l inear t ransformat ions of  t ,he compo-
n  e t  t l , s ;

( ; i )  t l r , :  r : o v ; r r i ; r n c e  n l i l l r i ; <  a s  r  s u t n r r t a r i z n r  o I  r l c p c t r r l t : t t c 1 '  s I t ' t t c l t t r e  ; r l -
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Iows l to  poss ib i l i [ y  o f  represent iug  non l incar  o r  in te rac l , i vc  c [Tcc ts ,  excepI
v ia  t to t t l incar  t rans lo rmat ion  o f  l ,he  vcc tor  conccr r red ;  e .g . ,  [o r  Ih rcc  conr -
poncnts wc canno[ del ,ecI  a dcpcndence of  the regrcssion cocfTic ierr t ,  c i t  ] !
on Y2 givcn Ys - !/3 on thc valuc o[ yr;

( i ; i )  a p x p covar iance tna[r ix cotr l ,a ins \p(p -  1)  correlaLion coc[Tic ients
so t l ra[ ,  cspccial ly for  large p,  t l tcre is f rorn var ious poinLs o[  v ierv a nced
l ,o rcduce the nunrber of  adjusLable pararnclers.

Al l  l ,hcsc features have bo[h posi t ive and negal iveaspects.  We discuss
l ,hcse  br ic f l y  in  t ,u rn . ' l ' he  invar iancc  o [ ,  e .g . ,  Ihc  canon ica l  cor re la t , ion  and
regressiotr  analysis of  the p x I  vcctor Y otr  thc q x 1 vector X rrndcr non-
s ingu la r  t rans for tna t io l r  o [  Y  ar rd  o I  X  le : rds  to  the  e lcgar r t  a r rd  u l l i r r r ; r l , c ly
gcornc l r i c  l , l reory  invo lved (Dcrnps tc r  lg09 ;  Chap[c r  6 ) .

Subs Iar r t , i vc ly ,  l to rvever ,  Ihc  invar iancc  rnay  or  tnay  noL bc  sens ib lc .  ' I ' l rus

i f  [hc  cornponcnts  o f  Y  are  log  hc igh I  and log  rvc igh [ ,  i t ,  i s  sonrc t i r r res  p lau-
siblc thal ,  ot ,hcr I i r tear cornbina[ iotrs o[  Iog heiglr I  and log weiglr I  arc [ l re
appropr ia te  bas is  lo r  in tc rprcLat ion  and Lhe invar iancc  o f  a r r  ana lys is  l ras
so l I le  appca l .  On the  o ther  hand i I thc  cornponents  a re ,  s&y ,  anger  anr l  a r rx -
ic ty  i t  i s  rnorc  l i ke ly  [ha t ,  an  in [e rpre ta t ion  s ] rou ld  p rcserve  the  ind iv idua l
ident i l ,y  o[  t ] re cornponetr ts as represent, ing dist , inct  [eatures or propcrLics.
I f  l ,hcsc tvcre explanatory var iablcs a l i r rcar cornbinal , ion represent ing t l re i r
re la l ive cf lects on solne respol lse could be a rcasonable basc lor  interprc-
Iat ion;  rv l tcn the componen[s are responses the posi t ion rrray be di f lcrcnt .
In Scct ion 2 we oul , l ine rvork in rvhich sonle cornponent var iables rnay be
subjcct ,  l ,o l inear l , ransfornrat , ions rv l r i lc  ot , l rers are requircd t ,o I ) rcserve l , l rc i r
speci [ ic  idcnt i ty.

' I 'he points ( t i )  and ( i i i )  ate sorncrvhat contradictory in that ,  thc for-
tner poi t tLs to a lack of  r ichness i t r  speci f ica[ ion v ia the covar iarrce rnal , r ix
rv l tereas the laI ter  aspect,  stresses possible overparatnct , r isal , ion in deal ing
rvi l ,h largish arbi t , rary covar iance rnatr iccs.  There arc gencral  i r r rp l icat ions
for l ,he desirabi l i l ,y  of  introducirrg substant ive knorvlcdge i r r l ,o the analysis.
Sect ion 3 discusses the detect , ion o[  c[ [ccl ,s nol ,  represcrr [cd by covar iancc
matr ices and Sccl , ion 4 reviews ways o[  examirr i r rg special  covar iance struc-
tu rcs .  A  fundarncnta l  sub jcc t - rna t l ,e r  d is t inc t ion  in  such d iscuss ions  is  be-
trveett  rcsl)onsc var iables,  intertnediaLe rcsporrsc var iablcs and exJl lanaLory
var iab lcs .

2.  Dcr ivr :d var ia l - r lcs

In  Sec l . io r t  l  rve d is t ingu ished bcLrveen vector  var iab les to  rv l r ich  l i r rcar  t rans-
fo rma [ i ons  cou ld  be  app l i ed  and  vec to r  va r i ab les  l vhe re  con rponen ts  have
an  i nd i v i dua l  i den t i t y  t , o  be  p rese rvec l  f o r  i n te rp rc l , a t i on .  O I  cou rse ,  i n
app l i ca t , i ons  l , l r e  < l i s l , i r r c t , i on  i s  l r o r t t r r l  l o  be  l , o  son re  ex l , en l ,  p rov i s i o r r : r l .
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I [  we havc a p x 1 vcctor Y o[  response var iables and a q x I  vector
X o[  cxplanal ,ory var iablcs t l rcn in lhe abscnce of  fur ther subjcct , -mal, ter
in lorrnat io l l  rve Inay proceed as lo l lows:

(a )  l ,o  p reserve  the  ind iv idua l  idcn t i t y  o I  l ,he  components  o [  Y ,  cons ider
t ,he lnul t ivar iate regression o[  Y on X, i .e. ,  t ] re cornponent by conrponent
rnul [ ip lc regrcssion o[  Y on X and thcn look for substant, ively rnearr inglul
s i rnpl i f icat , ions and intcr ; r retat ions o[which one extrerne fornr might be that
each cornJroncnt Yi  hos regressior. l  on a dist inct  subset o[  t ,he conrponents
o [  X ;

(b )  i t  p  >  q  and i t  i s  req t r i red  to  p reserve  the  components  o [  X  bu t ,  no t
t l rosc  o [  Y ,  Cox  anr l  Wer rnu t ,h  (1992b)  cons t ruc l ,ed  a  g  x  1  vec tor  Y '  such
t, l ra l ,  whcn regresscd on X, t l re i [h conrpotren[ Y; '  has nonzero regressiorr
on ly  on  l l r c  cor rcspond ing  X; ,  t .e . ,  4*  i s  cond i t iona l l y  independent  o [  X i

U * t  g ivctr  Xi .  ln cs.scncc a prcl i r r r in i r ry I ransfortnat, ion to [ l rc q cotnl)o-
t tcnl ,s of  t , l re canotr ical  regression o[  Y on X is made and then, provided al l
catronical  corrc l l l , io l )s arc nonzero,  a nonsingular l , rans[orrnal , ion oI  l , l rcse
var iablcs aclr icvcs l , l re desircd sLrucIure.  l t )quivalenl , ly ,

\ "  = D,,(D,vDi l  Du,)-  t  D,u D;; \ ' , (2  1 )

rv l rc re  the  covar iance rna l , r i x  D o f  (X t '  ,Y : r ) '  has  been par t i t ioned in  the
usual  rvay.  \ \ rer tnut l t  arrd Cox (1992) discussed this fur ther and gave ex-
arnp lcs ,  a r ld i [ iona l  t ,o  the  one o [  Cox  and Werrnu th  (1992b) ,  where  the
r r re t l rod  lcd  l ,o  s i rnp le  represent ,a t ions  o I the  da ta  v ia  the  rep lacenten I  o [Y '
as  de [c r r r r ined  by  (2 .1 )  bV cornponen[s  w i l ,h  s i rnp le  in te rpre t ,a l , ion .

An c<lrr ivalenl ,  [orrrrulat ion is t ,o nol ,e that  Yi ,  say,  has rrraxirnal  par-
t i a l  c o r r e l a t i o n  r v i t h  X 1  g i v e n  X 2 , . . . , X 0 .  I t  c a n  t h u s  b e  c a l c u l a t e d  a s
the l inear discr int inanI funct , ion (one-dirnensional  canonical  var iable) f rorn
the  regrcss ion  o [  ] '  on  X1 ac l jus l , ing  fo r  X2, . . . ,X0  and res idua ls  o f  a  fu l l
r e g r c s s i o r r  o f  Y  o n  X 1  ,  . . . ,  X s .

In  (b )  i [  [here  a te  so I I le  v i r tua l l y  zero  canon ica l  cor re la t ions  or  i f  p  <  q ,  i t
is  e i ther too arnbi l , ious or i r r rpossi l , r le l ,o f ind a component Y; '  togo rv i t ,h each
cor l lponenL o [  X .  For  e .xa tnp le ,  one rn ig l r t  e l im ina te  cer ta in  components  o f
X al togclher or div ide X in[o l ,wo par l .s (Xtt l  ,  XQ)'y and require ] ' ;  l ,o be

i r rdcpendcnt  o [  x j ( t )  U  I  i )  g iven  X{1)  and X(2) .  Dxcep[  fo r  s rna l l  va lues
o l  p ,q ,  gu idancc  [ ro t t t  sub jec l , - rna t te r  cons idera l , ions  is  ] r igh ly  des i rab le .

' l 'hcre are nulnerous extet ts iot ts of  t ,he above idea, among thern [he [ol -
lorv ing. I f  Y and X are the p x 1 vect ,ors of  the same var iables measured
a[ t,rvo rl if lerent l, irnes (trvo-pha^se panel st,udy) then it, would sornetimes
be reusotrable to require that  i I  a t ransformat, ion to nelv var iables is used
i t ,  s l ro r r l , l  l re  l , l re  sarnc  fo r  bo l ,h  ) '  a r r< l  X .  That  i s  rve  rv r i te  ) ' *  -  AY,
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X'  = ,z lX .  ' I ' hen

c o v ( ) / '  , X " )  =  A D v ' A 7 '  , cov(X ' )  -  AD" ,AT

and the regress ion coef f ic icnt ,s  o [  ] ' *  on X*  arc

Bt, .  x .  -  (AD,,AT11AD",A' ) - '  -  ADy,D; :  A- '

and a possible requirernen[ is that t l r is is a diagonal rr iatr ix D, say, rvhose
elenrents tnay be of either sign. ' l 'ha[ is

A ( D v " D ; : ) A - t  -  D , (2  2 )

Wlrcn  DvrD; :  has  d is t inc t  nonzcro  c igcnva lues ,  thc re  ex is ls  a  n ra t , r i x , , l
sa t i s fy ing  (2 .2 )  ( I tao  1973,  p .43)  bu t ,  in  gencra l ,  the  e igcr rva lucs  and c igcn-
vcctors rv i l l  be complex and hcncc unsui t ,able lor  st ,at , isLical  interprel ,a l iorr .

IJy exploi t ing the knorvlcdge that,  X and Y are the same var iables rnca-
sured at  t rvo t i r r re points there is a roul ,c rvhich may sornct i rncs c i rcurnvcnl ,
such prob le tns .  I t  i s  concc ivab le  in  some such s i tua t ions  tha t  Ihe  nra t r i x  o I
concc t t t ra t io t rs  Xv"  i s  ncar ly  a  d iagona l  rna t r i x  s ince  such a  d iagona l  lo r rn
i rnp l ies  cond i t iona l  independcncc  o [  cornponents  Y ; ,X j  fo r  ( j  I  f )  g iven
al l  ot ,her var iables.  I Iowever,  i I  tv"  is  o[  d iagonal  forrrr  then thc rnatr ix of
regrcssion coef l lc icnts is a syrnrnctr ic mal,r ix s ince

I J y  x  -  - ( D u v ) - t D u " .

' I ' l r i s  suggcs ls  to  takc  f i rs [  X* '  =  (Xv" ) - tX  and [o  app ly  (22)  to  Y  and
X'* .  ' I ' l r is  leads to

B y  x . .  =  - ( D v v ) - t  =  - D y y . " ,

rvhich as a posi t ive def in i te rnatr ix perrrr i [s an orthogonal  dccomposiLion
C IJy x. .  QT -  l ' ,  where gT -  C- I  and T is a diagonal  rnal , r ix  wiLlr  posi t , ive
d iagona l  e lemen[s ,  lead ing  f ina l l y  to

Y. _ CY, x* = cx.-  = c(Dv' ) - t  x .

!V i th  more  t ,han [wo l , i r r re  po in l ,s  l ,hc rc  a re  connec[ ions  w i th  r r ru l t ip lc  I i rne
ser ies  a r rd  co in t ,cgra t ion  ana lys is  (Dng lc  and Grangcr  l9B7)  in  cconornc l , r i cs .
I I  rve  l tave  vcc tors  Y ,  X ,V o [  respec t ive ly  response,  in tc rmed ia te  rcsponse,
and explanatory var iables [ur t ,her possibi l i t ies ar ise when t , ransformal, iorrs
o [  one or  bo th  o [  ( ] ' ,X )  a re  a l lowab le .  In  the  s i rnp le r  p rob le rn  rv i l , l r  jus t
t rvo vec[ors ] ' ,X the forrnal  inclusion o[  squared and cross-product,  [crrns
of or ig inal  var iablcs as componcnl ,s o[  ] '  could be employed pr i rnar i ly  as a
device for  ixsessing the desirabi l i l ,y  of  nonl inear t ranslorrnat ion of  t l re corn-
ponents.  A more lormal approach coulr l  be based on rnaxirnurn l ikel i l rood
es t i lna t ion  o [  a  paramet r ic  fa rn i l y  o [  t rans for rna t ions  o [  lhc  componcn[s  o [
) '  l .oge l , l re r  rv i t . l r  a  n ra t , r i x  ana logor rs  t ,o  l , l ra t  in  (2 .1 ) .
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3. Ade<1uacy of  l 'e l ) rescutat ion by covar iance nratr ix

We now trrrn l ,o t l re secotrr l  general  issue ment io l led in Sect ion 1.  Is i t
adcquate to dcscr ibc t l re associat iorrs bel , rveen t ,he compolrent,  var iables by
a covar iancc nral , r ix? ' Io sorne exl ,ent  t l r is  amounts l ,o test ing nrul [ ivar i -
ate norrnal i ty,  a l lhough in nrany pracl , ical  context ,s i t  is  not  so t r ruch the
distr ibul , ional  lorm l ,hal ,  is  o[  pr in laty concern as the possible exis l ,ence o[
rnore conrplex forrns of  dependcncy not revealed by the covar iance matr ix,
inc lud ing  the  occur rence o [  ou [ l ie rs .

Again a r l is t inct ion is [o be drarvn betrveen rne[hods that are invar iaut
urrc ler  nonsingular t ratrs[ortrrat ions oI  t l re observed vector ] '  and tncthot ls
that,  retain l ,he or ig inal  componctr ts (Cox and Smal l  1978) arrd here rve
corrcelr t  rate on l ,he lat t  er .

' l ' rvo broadly contrast , i t tg approaches are the plot t ing of  residual .s
(Anscorrrbc,  1973) and Ihc calculat ion of  test ,  stat ist ics.  For t , l re lorrner
t l rerc is sotne evi<Jct tcc (Wermut,h and Cox 1991) t ,hal ,  rather than plot t , ing

! / ;  vcrsus ! /y U * j ) ,  a rr)ore sensi t ive analysis resul l ,s f ro ln plot t , i r rg the
cor respor rd ing  cornp le te  res idua ls  r i  ' r re rsus  t ,  ( i  f  j ) ,  where  r i  i s  t l re  de-
vial , ion o[  y;  f ronr i [s I inear lea^st-squares regression on al l  other var iables.
' l ' l r is  h ingcs part ly on l , l re resul t  l ,hat

c o r r (  r i  , 7 ' i )  :  - p r i . { r , r J ,  ( 3 . 1 )

wlrcre f r ;y is t l re set  o[  a l l  var iables other l , l ran r  ancl  7 and, in t , l re usual
no l .a t ion ,  Lhe cor re la t ion  coef l i c ien l ,  on  lhe  r igh t - l rand s ide  o [  (3 .1 )  i s  the
par l , ia l  corrc lat ion between ) ' ;  and ) ' r .  g iven al l  other var iables.

l lor  nrore fornral  tcsts rv i l ,h al l  cornponents on an equal  loot ing,  we nlay
ca lcu la te

99

( i )  t h e  S L u d c n t  f  s [ a [ i s t i c

\ " i ,  i .e . ,  i r r  l , l te  regress ion  o I
s la l , i sL ics  in  a l l ;

( f f )  the S[uderrL t  st ,at ist ic Q;t i r ;  for  regression o[  Y;  on ] iYt  acl just ing
tor ) ' r ' ,  ) '1.  T 'h is y ie lds *p(p -  lXp -  2)  sta[ ist ics in al l .

l I  i s  c lcar ly  des i rab le  t ,o  reduce t l re  nurnbcr  o [such s ta t i s l . i cs  and [h is  can
bc dorre pr iurar i ly  v ia sul ; jcct , - tnal , ter  considerat ions which rnay indical ,e
concer r t ra [ ion  on  par t i cu la r  subsets  o f  Q; i  and Q;1 i1 ; .  I [  there  is  s t rong
l inear regression present o[ ] ' ;  on a par l , icular var iable or set  o[var iables Yr,
i l ,  rnay be advisable to el i rn ina[e l inear regression on ) ' "  f iorn l ,he stal , is t ics

Q ; 1  ,  Q q r , 1 .
' l 'herc :Lre a nutnber o[  approaches to l ,he assessment o[  th is array o[

s[al , is t ics c lepending on the nurnber of  stat ist ics for  consideral , ion and on
t l re extenl ,  l ,o rvhic l l  an i lpproximal,e calculat ion of  s igni f ic&nce is i r lportant.
l \ /c rnay consider l , l re l r rosl ,  extreme signi f icance level  adjrrst ,ed [or  selecl , ion

Qii tor regression o[ ] ' ; on )'f adjusl,ing tor

Y; orr  bol ,h l jz  and Y;.  This y ie lds p(p -  l )
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or the rv l ro lc set  of  valucs rnay l )e plol lct i  against  expccte( l  nor lnal  or( lcr
sIat isI ics,  t ,hc cf lect  o[  correlal , iotr  otr  suclr  p lo[s usual ly bcing srnal l .

I t  nray be l rc lpful  l ,o arrangc [ l re 'squared'  t ,er t r rs Q; i  in a square array,
and [o c;r lctr la l ,e row and colurnn Inean squarcs or absolutc valucs to de-
l ,ccI  ef lccts associal ,cd wi t ,h a part , icular cotnponclr t .  A s i r r r i lar  purposc is

aclr icved by sunrtr t ing Q;6p1 [ i rst  ovcr 1, , t  for  f rxcd f  and t l tct t  over i ,  l :  for
f i xcd  7 .

I Ic lc r r  cv ic lencc  is  [ound v iaone o t  n to re  o I l ,he  s l ,a [ i s l , i cs  fJ  to r  t ron l i t t car

bchav iour ,  sub jcc t , - rna l , te r  in te rpre ta t ion  rv i l l  i t r vo lve  f i rs t  i r rspec l ion  o [  [he
cor respon< l ing  sca t te r  p lo ts  lead ing  e iLhcr  to  qua l i t ,a t i ve  exp lanaL io t r ,  Lo
l , ranslorrrrat io l t  of  var iables or [o l ,he f i t t ing of  an expl ic i l ,  l r rodcl .

I t ,  r r ray at  f i rs l  s ighl ,  secrn odd l ,o suggest calculal ing bo[ l r  Q; i  an<l  ( )1; ,

c .g . ,  in  t l re  casc  o [ t , rvo  componcn ls  X ,Y to  be  t , rcabed on  an  cqr ra l  loo t ing

rcgrcss ing  bo lh  ] 'on  X2 and X on  Y2.  Sonrc  [hcorc t i ca l  jus l i f i ca l io r r  i s
prov idcd  be low.  I t  ca t r  be  s l to rvn  (Cox and Srna l l  1978)  tha [  asyrnp to l i c : r l l y

cor r (Q y  x ,  Q x t , )  =  p  ̂ t ,  (2  -  3p ' *v ) ,

so l ,ha[  the fonn

( Q t , x , Q ^ r , \ (  
r ' x ' ( 2 - i l t ' \ r ' )  

) - t ( 9 , t ' '  )  ( 3 3 )/ \  I  )  \e" "  )
has asyrnptot ical ly a chi-scluarcd dist , r ibul , ion wi l ,h [ rvo degrces o[  [ rccdorr t ,
rv l rcre rs ly is the sarnple est i tnal ,e o[  pxt , . ' I 'he sarne fortnula cat t  be used

to courbirrc Qi j  and Qi;  U * i )  in the gencral  case.

f lecausc (3.2) rva^s given prcviously rv i thoul ,  proof rve out l ine here l l re
a r g u r n e n [ s  i n v o l v e d .  I i o r  i n d e p e n c l e n t ,  p a i r s  ( X t , y t ) , . . . , ( X , , , ] ' , , ) ,  t h c  n u -
rrrcrator o[  l ,he stat ist ic Qyx i t

( 3 . 2 )

(3  4 )Q' "^  -  I  
" , | * i  

- r i t s2 - r7t93 - tlts2titsl
( X  i  - , ; , 0 ,  ) ]  ,-  - a

I l r g2  -  t I t $1

rv l rc re  r7 re ,  =  (D Xt )  /n  and the  rnu l [ ip l ie r  o f  Y i  i s  X l  o r lhogona l izcd
r v i t h  r c s p c c l ,  t o  [ h e  v e c t o r s  { X i }  a n d  { l } .  I h e  s t a l i s t i c  Q y x  i t s c l f  i s  ( 3 . a )
div i<led by o consist ,cnt  est imate of  i [s  standard error.  We rnay slrpposc
rv i thout  loss  o I  genera l i t y  tha t  thc  b ivar ia te  nor t t ta l  c l i s t r ibu I ion  o f  (X ,  ] ' )
I ras  zcro  rncan,  un i t  var ia t tce  and cor re ia t , ion  p .We lv r iLc  Y j  =  pX i - fZ1 ; iL

lo l lorvs l rotn the orthogonal izat ion that in (3 .4)  \ ' i  can bc replaced by Zi .

Irurtlrer as n -) oo, fior ---+ 0, fi42 ---r 1, ancl t7t03 --* 0 so LhaL Q'1,y i"
approxi tnat ,e ly

Lr,vl -t)
' f l r i s  

a l r r l  t l r e  c o r r e : i p o n r l i n g  e x l l r e s s i o n  h r  t l l  1 t ,  a r e  s l t t n s  o f  r r  i n t l e p c t r t l e t r t ,
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arrr l  idenl . ical ly dis l , r ibuLed t ,crms. ' lhcrelore,  corr(Q;,  x,Q'xy) is the sanre
as  the  cor rc la [ ion  o I  a  s ing lc  tc rn t :

c o r r ( Q 1 , ^  , Q ' ^ r , )  -  c o r r [ ( \ '  -  7 X X X ' -  1 ) ,  ( X  -  p Y ) ( Y ' -  1 ) ]

A direcl ,  calculat ion rv iLh t l re rnornents t rp to order 6 of  the bivar iate nor-
r r r ; r l  d is t r ibu t ion  g ivcs  t l re  rcqr r i red  rcsu l t , ,  l re t rce  ver i [ y ing  (3 .2 ) .  A  s i rn i la r
bu t  r r ro rc  cornp l i ca l ,ed  ca lcu la I ion  wor r ld  y ie ld  the  approx i tna tc  covar ia t rce
rna I r i x  o [  t l re  fu l l  se t ,  o I  quadra t ic  s Ia l , i s t i cs .

\4re give here only the bivar iate case al though a general  rnul l , ivar iate ex-
l ,ensiolr  is  avai lable.  ' l ' l re I reecl  for  two st ,at ist , ics to assess nonl i t rear depen-
<. lerrce bcl , rvcen l ,wo var iables t rcated on a symmetr ical  foot , ing and a rnore
lorrnal  jus[ i f ica[ ion oI  l ,he above procedures can be obtained by taking as
an al tcrna[ ivc to l ,he bivar ia l ,e t rorrnal  <l ist , r ibul , ion thc rnodi f icat iorr  i r r l , ro-

duccd by orre corrcct iorr  l ,crrn of  an l idgewort ,h exparrs ion. [ , 'or  convcl l icncc
we suppose the ranclorn var iables (X,Y) are scaled to zero rnean and uni t
var iances arrd l ravc corrc la l , ion p,  and l ,a l<e the densi l ,y in t l rc asyrnrrrctr ic
[orrn ( l - ]arrrdorf [ -Nielsen arrr l  Cox 1979)

6r(r ,y ;  r ) )U + *  |  p ' "o l [ " ( r )  - r -  3p '211[2(r ) / / , (y ' )

-13 p' rz I  I  {r) I t  z(V ) * p'o, I  I  3(v'  )J },

wlrere gf2 is l ,he s l ,atrdarr l ized bivar iate t torntal  densi ty o[correlal , ion p,  I I r ( . )
a re  I l c rmi te  po lynorn ia ls  and p" ,  a re  s tanr la rd ized curnu lan ts  o f  the  or thog-
onalized variables X and Y' = (Y -pX)l\re:m. This is sl ight,ly sirnpler
lor  detai led calculat ion than the nrote symrnetr ic fornrulal , ion in tensor ia l
po lynorn ia ls  ( lSarndor f f -N ie lsen and Cox 1989,  Sec t ion  4) .  In  te r rns  o I  the
slandardized curnulants p^ af  X and Y, we have

P:to,  l r 'z t  = (pr ' ' ,  -  PP: l ) l

(pr, - 2pprr * p' '  ptu)(I - p'),

(po. - 3ppr, * 3p'pr, * pt pro)10 - p')*

1 0 1

(3 .5 )

Plo =

P t z  =

Pot  = (3 .6 )
' I ' l rc  c<l t t ivalr : t r t  lorm of  ( : ] .5)  in tcrrns o[  ] '  and X'  :  (X -  pY)/ , r re -n

lrus coeff ic ients p ' rn,  p ' r r ,  p ' iz ,  po,  found by int ,erchanging sui l rces in (3.6).
'fhus, p'.J = ltot, p'iz = (ptz - ltpo:t).rre-n, etc.

In l ,cgrat ion of  (3.5) gives tha[ l ,he nrarginal  densi ty o[  X is

w l re re  r7 i  i s  t l re  s tandar r l i zec l  nor rna l  dens i l , y . ' I ' hus  to  the  f i rs l ,  o rder  in  the
p 's  l ,he  cor rd i t iona l  dcns i l , y  o [  ] ' '  g ivcn  X =  c  i s

4 , ( v ' ) t l  t  i  l i l 1 , ' r r t t 2 ( t : ) t t t ( y  ) l  f  l r , ,  2 l l { r ) t l z ( y '  ) l  r u . / / , , ( y ' ) }

d( ' ) t l  - r  *  p '3o l t3( r )J ,
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so tha l ,  I l re  s Ia r tdard izcd  th i rd  cu lnu la l r t  o [  [hc  cond i l , iona l  d is t , r ibu l , ion  o [
l '  is  2 i3 arrd

D()', I
va r  ( ) ' '

D() ' , I
var  ( ) '

, /11 - p11r2-  1 ) ,

P nr),

a t rd  sy t r r t r r c t i i ca l l y

l t(X | \ '  = u) = py + ln'rrrre:A@, - t),
var(X l \ '  = i l  = ( I  -  p ' ) ( l  - f  p 'z i t ) .

Norv  (3 .5 )  rcprcsc t t t , s  a  d is t r ibu I io t r  on ly  lpprox i rna lc ly  cvcr r  l r r r  vc ry
srnal l  p 's wl tct t  l .he region of  negal ive valucs oi  (3.5) has vcry smal l  prob-
ab i l i t y .  Nutncr ica l  work  suggests  t l ra l ,  t l re  [o r r rn r la  i s  never I l re lcss  capab lc
o I  reprcser r I ing  reasonab ly  a  usc [u l  range o f  d is t r ibuL iona l  s l rapcs .  ' I ' l r c rc

arc  [o t t r  para t t rc te rs  dc l in ing  I ronnonna l i t y ,  l r vo  reprcsenI ing  skcrvness  ar rd
l , tvo lnore dirccl , ly  concerned wiLh del lendence. ' l ' l rus a [csI  of  b ivar ia lc
norrnal i [y Iocal ly againsI  l ,he fu l l  fami ly (3.5) rvould involve four stat , is [ ics
Ie t rd ing ,  as  l , l re  s t : rL is [ i c  cor respor rd ing  to  (3 .3 ) ,  to  a  ch i -squared w i th  four
degrecs  o I  f recdorn .  l l ro rn  a  subs Ian t , i ve  v ie rvJro in t ,  d is t r ibu t iona l  s l rape
rn;ry bc o[  re la l ively minor inLcrest  and l , l r is  is  l ,he just , i f icat ion lor  a re-
<l t rcI iotr  l ,o I rvo sIal , is t ics.  ' I ' l r is  coulr l  be aclr ievcd in var ious rvays,  bu[ [ l re
sirnplesI  is  l .o rcstr ict  at l ,cnLion to <l isLr ibut iorrs rv i l , l r  zcro n-rarginal  skcrv-
ness ,  i .e . ,  rv i th  pe3 =  p to  =  p 'J '  =  { ) 'os  =  0 ;  no tc  t l ra t  l ,h is  i s  no t  [ [e  sarpc
as  re t lu i r i t rg  zero  ske tv t rcss  o f  the  cond i t iona l  d is l , r ibu l , ions ,  rvh ic l r  rvou l< l
rc ( l t r r rc  /0 - r  =  p ' r l  =  0 .  In  l , l r i s  spcc i ; r l  casc ,  p '21y( l=p2)  -  pz r  ; r r r r l

p ' tz( I  -  p2) = pn -  2ppr1 so l , l ra l ,  for  starr<. larr l izcd var iabl<:s

D() '  I  X = c) = px - t  t rpn (r2 -  1; ,
v a r ( ) '  I  X  =  

" )  
=  ( I  -  p ' )  - t -  ( p t  z - 2 p p z r ) x ,

D(x I  Y =  u)  =  py  *  lnn(y '  -  i ) ,
var (X lY :  v )  =  ( l  -  p ' )  +  (pr t  -  2ppn)y .

Note  L l rc  doub le  in te rpre [a t ion  o f  p tz ,  pzr  as  de l ,e rnr in ing  quac l ra l , i c  rc -
g rcss ions  o I t r tear ts  and l inear  regress ions  o Ivar iances ;  l , l re  spcc ia l  casc  p  =  0
tnakes  Lh is  c icar ;  sce  I igurc  1 .  In  par l i cu la r  i [  ] '  i s  in  somc sense a  response
to  X a  l lonzero  va lue  o f  pz t  can  be  in l ,c rp rc ted  as  suggest ing  a  non l ine ; r r
regrcss ion  in  t l rc  usua l  sense,  whcreas  i f  X  i s  a  rcsponse to  f  i t  can  bc
i r r t ,e rprc tcd  as  s r rgges t ing  sys tenra t  i c  c l rangcs  in  cond i t iona l  var iance.  Scr :
l , l r r :  exanrp le  o I  L l rc  t l iabe l ,es  da ta  bc lo rv .
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|  , . - _ . .  _ L _ _ . - -  L - - _ _ . _ t  I

. 2  - t  0  I  2

r t l lO=0 ,  t r j 2 l  - -0 .5 ,  rd l2 -  0 .J , rd ( l . l - 0

- l - 2 - t ( ) t 2

r r l . l 0 =  - 2 . 4 .  n J 2 l  = ( 1 . 1 .  r t l l 2  =  ( 1 ,  r r t 0 l = O

l ' iU . .  
t . ,  Con to r r r s  o I  c l ens i l . y  de r i ved , [ r om Ddge rvo r thexpans ion ,w i t h  p :  0 ,and

( top )  P to  :  0 ,  pz r  -  - 0 .6 ,  p r z  : 0 ,  po r  :  0 ;  ( n i i dd le )  p3s  =  0 ,  pz r  -  - 0 .5 ,  p , t z  :

0 . 5 ,  p u ,  :  0 ;  ( b o t t o , n )  p i o  -  - 2 . 4 t  p z r  : 0 . 1 ,  p ' r ,  =  0 ,  p i 3  -  0
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' I ' h c  
npp ro l ) r i a te  cho i ce  o f  s i gns  u l  p t z ,  p2 t  g i vcs  a l r ) ,  co l l l b i naL ion  o I  co r r -

vcx i l ,y  and concav i ty  i r r  Ihc  [ rvo rcgrcss ior rs .  
' l 'hc  

l ike l ihoo<l  assoc iaLcd rv iLh

(3 .5 )  i n  scvc r r  pa ran rc t c r  f o rm  ( i . e . ,  r v i L l t  r t t r l t nowu  n lean  a r rd  covn r i a r r cc

r r r i r t r i x  i u rd  s t r r a l l  t r o t t ze ro  pn ,  pz r )  i s  bcs l ,  ca l cu la l cd  l oca l l y  by  cxponc r r -

l , i a l , i ng  l , l r e  co r r ccL ion  f ac fo r  l cad i r r g  l , o  l , l r c  l oca l  ( 9 ,7 )  exponc r rL i z i l  f a rn i l y

in  rvh ich thc  sar r rp le  nrcan at rc l  covar ia t tce rnat r ix  is  augtnet rLcd by [he [or r r

t , l r i rd-or< lcr  s l : r [ isL ics ( f  X l ,  D X?Y, ,  D Xt \ ' , ' ,D4t) .  I lv  i r rvar i r rncc an<l
or  condi t ion i r rg Lhcse can be rcp laccd by the s l ,andard izcd nrarg inal  L l r i rc l
curnu la r r t , s  a r r r l  l , l r c  quadra t ic  rcgrcss ion  coc f l i c icn ts  o [  Y  on  X2 ar rd  o I
X  on  Y2.  

' l ' l re  rnarg ina l  skervnesscs  arc  un i t r lo r rna t , i vc  separa te ly  abor r t
p12 u td  pz t ,  a , l l l ro r rg l r  in  p r inc ip lc  l , l r c re  t r ray  bc  sor re  in fo rnra l ion  in  l ,hc i r

jo i r r I  bc l rav iour .  NcvcrLhc less ,  co t rs idcra l , io r r  o f  t ] rc  rc l : r t , i ve  v ; r r ianccs  sug-
gcs[  [haL, cspccial ly lvhcn p is sr l ra l l ,  t ,he atnorrnt  o[  i r r lorrnal , ion carr icd by
L I r i rd  curnu la r r ts  i s  l i l i c l y  l ,o  bc  s t r ra l l  conr l )a rc ( l  rv iL l r  l , l ra t  i r r  I l r c  rcgr r :ss io r r
coc[Tic icnts.

l I  i r r  r r r r sLan< j ; r r d i zed  u r r i t s  t hc  r cg rcss ion

fo r  X  i s  c . s t i r t t a t cd  r r s  pyy r . y ,  l , l r cn  L l r c

ass t rn r i ng  r reg l i g i b l e  s l t c r v t t css  i s

i z t  :  20"  ̂ , . ,  ok  /o r ,  .

l I  l ,hc  con] l )oner r I  var iab les  in  a  rn t r l t , i va r ia tc  nor rna l  d is t , r ibu t ion  are  r l i -
c l roLorn izcc l  a I  l ,he i r  rncd ians ,  the  resu l t , ing  nru lL id i r r rens iona l  b inary  r l i s -
f , r ibu t io r r  i s  such tha t  thc  f requcnc ics  i t t  cach  o [  [ l r c  rcs r r l t ing  2  x  2  x  2

Lab lcs  a re  c r l r ra l  in  pa i rs  and arc  g iven by  s iu r l r le  f t tnc l , ions  o I  t , l re  n la rg ina l

cor re la t , ions  ( l \ ' l c ladden 1955) .  In  parL ic t r la r ,  l , l r c  t l r rce  lac [o r  i r rLcrac t , io r r
te r rns  i r r  a  log  l inear  f i t  a l l  van ish .  ' l ' l r i s  can  t re  used to  p rov ic lc  a  s in rp lc
Ies l ,  o I  rv l rc thcr  a  cont inuous  mul I i var ia te  d is t r ib r r t , io r t  i s  cons isLc t rL  rv iL l r  a

ruu l l , i va r ia tc  nor rna l  d is t r ibu l , ion  rv iL I r  poss ib le  non l inear  t ra t ts lo r t r ra t ion  o f
t l rc  ind  iv i t l r ra l  co tnpot te t t t s .

I r r  l ,he  d iabc tes  da t ,a  d iscussed bc low a l l  s [anr la rd ized I l r ree  lac l ,o r  i r r l , c r -
; rc l , ions;rrc srnal l  excepl ,  for  l , l rc otrc for  t l rc l , l r rcc v;rr i ; r l r l r :s isol ; r l , r : t l  d i rcr : l , ly
[o r  non l incar  rc la I ions ,  wherc  thc  s l ,udcnt izcd  va luc  ts2 . '2 .  OIcourse ,  l , l r i s  i s
s l ro r I  o f  t l l e  va lue  necded [o  es tab l i sh  t ronnor rna l i t y  on  t l r i s  bas is  a lone;  t l r c
fo r rn  o [  [hc  i r r te rac l , ion  is ,  ho lvevcr ,  p rcc ise ly  in  l inc  w i Ih  t l rc  in t ,e rprc taL io r r
dcr ivcd  v ia  t l re  c ross  produc t  Q s [a t i s t i cs  o f  ( f i ) .

Dxarnplc.  I r rorn ongoing invcst igat ions o[  delcrrninatt t ,s o[  b lood glucose

cor r t ro l  ( l (o l r l rnann eL  a l .  199 i ,  1993)  rve  l tave  obscrva t ions  fo r  70  d iabc t ic

Jrat ients,  a l l  l raving lcss l ,han 10 years o[ [orrrral  school ing.  ' fhc var iablcs are

) ' ,  a  par t i c r r l ; r r  r r re [abo l i c  pararne ter ,  t l re  g lycosy la tcd  haernog lob in  (a l ;b rc -

v iaLed as  GI lb ) ;  X ,  a  s t ,anc la rd ize< l  score  [o r  par l . i c t t la r  l t t to rv lc r lge  abot r { ,

t l i ; r l r c lns ;  l l / ,  t l r r r ; r l ion  o l -  i l l r ress  i r r  n r . rn l , l r s .  I r r r r t , l re r tnor , : ,  l , l r ree  d i f le rc r r t ,

coc f l i c i c r r t  o i  ) '  o r r  X2  ; r< l . j r r s t , c r l

c o r r c s l ) o t r r l i r r g  e s L i r n a L c  o f  p z r ,

( 3  i )
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al, l , i [udcs o[  l , l rc pnt ien[s are rrrcasure( l  as subscale sum scores o[  a qlres-

t , ionrrairc.  ' - l ' l re atLiLudcs are { ,o c i r l ) ture to whotn or to lvhat l ,he pal ient ,
nLl , r ibut ,cs rv l rat ,  is  happcning in relul , ion l ,o l r is  i l lness:  Z,  social  ex[cr t ra l -
i t ,y (porvcr[ul  others are respotrs ib le) ;  U, [a l ,a l is l , ic  external i ty (rnere chartce
r lc [c r rn incs  rv l r ; r t  occurs ) ;  7 ,  in l , c rna l i [ y  ( t l re  pa t icn t  sees  h i rnsc l f  as  rna i r r l y
rcspons ib le ) .

' l 'he obscrvcd correlal , ions among l ,hcse var iablcs are given in ' lable I
t ,ogct l rer  rv i t ,h l , l rc correlat iorrs to l ,wo fur l , l rcr  cotrsIrucl ,ed var iables used to
descr ibc  l , l r c  t , ype  o [  I ron l inear i [y  o Iso tne  o f  l , l r c  re la t ions .  Dven the  la rges t
cor re la f ions  are  s [ i l l  rnodera te  in  s ize ,  bu t  t , l r i s  i s  no t  surpr is ing  s ince  rve
cotrs idcr var iablcs [or  rvhich large var iat , ions beI lveen persons are l ,ypical .

I 'or  l , l rcse r la l ,a l , l rerc is no inr l ical , ion o[  r lcv iat ions l rorn l inear i l ,y  lor  l ,he
rc f i r l io r rs  o I  var i lb lcs  X ,Z ,U,V, l ,V  I ' ro r r r  l ,h r :  Q uL i l i sL ics  o f  ( i )  ru r r l  ( i i ) ,
l l o rvcver ,  in  l ,he  regress io t rs  invo lv i l rg  var iab le  l ' there  are  four  s ta t i s t i cs
l : r r g t : r  t , l r a r r  2 :  Q w y  -  - 2 . 4 ,  Q y z  -  2 . 1 ,  Q y ( z t v )  =  2 . 6  n n d  Q z O , t l , )  =
2 .6 .  I l cc : r r rsc  o l r r  I )u r l )osc  is  [o  scck : r  <1r r : r l i Ia l i ve  cxp lan : r t io r r  we r r r i rkc  no
ad jus t rnen[s  lo r  l ,he  nru l t ip lc  tcs ts  i r rvo lvcc l .

' l ' l re scal , [erplot  in I r igure 2 oI  st ,andardizcd var iables ] '  (good rneIabol ic
:r t l j r rst lncnt corrcsporrc l ing to lorv valucs) on lV (durat ion of  i l l r rcss) s l rorvs
a  t l cc rcas i r rg  var iab i l i t y  i r r  ) 'over  t i rne  w i [h  a  concent ra t ion  a t ,  a  s l ig l r l , l y
bcL ter  ad jusLr r renL l , l re  longer  l ,he  dura l , ion  o [  t l re  i l l nes .s ,  i .e . ,  the  longer  thc
pa[ icn l , ' s  expcr icnce w i t l r  l ,he  i l l ness .  I ro r  l ,he  contours  added,  a  dcns i { ,y
dr:r ivc<l  l rotn an lk lgcworth cxpatrs ior t  is  as.sr t tned lor  Y rcgressed on 14/
rv iL l r  p  =  p to  =  po : t=  p 'z t  =  0  a r rd  p ' tz=  -0 .243 a^s  es t i t t t l l , cd  us i lg  (3 . i ) .

Or rc  cxp la r ta l , io t r  o [  t l r c  t ron l inear  re la t , io r rs  l ie t ,ween \ ' ,2 ,W is  tha l ,  the
r lc l rcrrr lcnce oI  r r re l , : rbol ic ad. j r rstrrrcnt  Y on social  external i l ,y  Z changes rv i l ,h
l , l r c  dura l , ion  o [  L l re  i l l ness ,  i .e . ,

i t  =  d  I  ( t l  - f  ju t )z  -F  6 ru= 14 .0605 -  (0 .1466 -  0 .0012w)z-  0 .0370u.

' l ' l re es{, i rnatecl  val t tes in l ,h is ecluat ion i rnply Ihat  adjustment is bel , [er  i f
social  exl ,er t r : r l i [y  is  I r igh in l , l rc e;rr ly years of  l , ] re i l lness,  but i t  is  worse
i I  social  extcrnal i ty is higl r  for  pal , ient ,s wlro l rave had the i l lness for  rnany
yei l rs.  One ra[her l ,etr ta l , ive in l ,erpretal ion is t t rat  social  external i l ,y  Inca-
srrres [o sotrrc exl ,enl ,  l , l re readiness o[  [he pat ient  l ,o adhere strorrgly l ,o the
plrysic iarrs advicc:  l , l r is  appears to be help[ul  for  a good rnel ,abol ic ad. iust-
rr t r :nI  i r r  l , l re elr ly years oI  l ,he i l lness but harnr lu l  the longer l ,he i l l r ress has
l ;x tcd .

A descr ipt , ive surrrnr i l ry o[  the changes in l ,he relat , ions o[  Y arr t l  Z wiLh
l , i r r rc  i s  g iv r : r r  i r r  ' l ' nb lc  2 .
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- 3 - 2 . 1 0 1 2 3

F ig .  2 .  Sca t t e rp lo t  o I  s l anda rd i zed  va lues  [ o r  n re tabo l i c  ad jus t rnen t  ] ' and  du -
ra l , ion o [  i l lness l , /  toge l .her  rv i t ,h  contot t rs  o I  a  derrs i ty  der ived l rom Dclgervor l ,h

expans ron

T'able 2.

Changes  i n  rne tabo l i c  ad jus t rnen t ,  G I Ib  ( l ' ) ,  w i t h  t he  du ra t i on
o f  i l l n css  (W)  and  changes  i n  i t s  dependence  on  soc ia l  ex te rna l i t y

(z) .
Durat ion of  i l lness in months

Overall ff i88

r n e a n :  C l  I b 9 .32  9 .77  9 .41  8 .50

s tand .  dcv . :  G I l b  2 .21  2 .65  1 .99  . 1 .34
correlat iorr of Y rn,J Z 0.04 -0.32 0.37 0.53
rrrtrnber o[ obs. 70 31 20 19
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D . R .  C o r  c n d  N .  l l ' c r m v l h

Sirrrpl i f icat io l r  of  covar iancc structurcs

\ ' \ /e t torv l , r tnt  [o issucs i t t  a scrtse cornplenlcn[ i ] ry Lo lhose o[  Sccl , ion J.
Supposc  [ha [  depet rde t rcy  i s  adcr l r ra tc ly  descr ibed by  a  p  x  p  covar ia r rce
rna t , r i . x ;  i s  i l ,  l r c ly r fu l  to  have a  rnore  pars i lnon ious  rcprcsep l ,a t ion?

l l i s lo r ica l l y  l , l r i s  l ra^s  bccn approac l rcd  l ro rn  a  nurn l l c r  o f  sornervhaL i r r Ic r -
rc la lcd  po in l ,s  o f  v iov  invo lv ing  s i r r rp l i f i ca t ions  i r r  t c r rns  o I

( i )  zc ro  cor rc la t , ions  o t  b locks  o [  zc ro  cor rc la [ ions ,  choscn poss ib ly  i r r  L l rc
l ig l r I  o l  ins i rcc t io r r  o I  t ,he  sarnp le  cor rc la l , ion  rna l , r i x ;

( i i )  s i rnp lc  b lock  s [ ruc tu re  in  Ihe  cor re la t ion  r r ra l , r i x  w i l , l r ,  e .g . ,  eqr ra l
corrc lat iot t  bcIrvccn var iablcs in a blocl< and cqual  arrd di f lerent corrc lat ion
bct* 'cen var iables in di f lercrr l ,  b locks;

( i i i )  zero  c lc rnents  in  the  concenI ra I ion  nra t r i x ;
( i v )  l incar  rc la [ ions  invo lv ing  la tc r r l ,  (unobscrvcd  or  h iddcn)  var iab lcs ;
(u )  se [s  o f  cond i t , iona l  independenc ics  among componcr r [  vnr iab les ,

prcferably ex1>rcssi t tg subsl ,ant ivc rcsearch l rypotheses (Wcrrnu[ l r  ant l  L1q-
r t L z e n  1 9 9 0 ) .

I Icrc ( i )  arrd ( i i )  represct t t ,  spccial  ca^ses o[  l ine:rr  covar iance s{,rucLurcs
(Andcrson 1973) ,  ( i i i )  l cads  t ,o  l ,he  covar iancc  se lcc t ion  modc ls  o I  Der r rps l ,c r
(19 i2 ) ,  ( iu )  [o  fac l .o r  a r ra lys is  and l incar  s I ruc Iu ra l  rnodc ls  (Jc i rcshog igZJ)
ar rd  (v )  i s  rc la tcd  [o  t l re  subs [an t ia l  l i [ c ra tu rc  i r r  cconornc( , r i cs  and o l , l rc r
f ie lds ,  s ten t t r t ing  in  asense f ro rn  \4 / r igh t ' s  pa t l r  ana lys is  (Wr ig l r l ,  lg2 l ,  ig23) .
I l r  l ,hc lnorc for t t ta l  [ ratneworl< o[  e.xponent, ia l  farni ly moclels,  ( i )  and ( i i )
i r t t J rosc  s I ruc Iu rc  o t r  l , l re  n rca l l  o r  lnorncnI  p i r ra rnc Ic rs  rvhcreas  ( i i i )  i s  seL  or r I
i t t  l ,cr tns of  thc canonical  pararnc[crs and l , l r is  lcads to sornc s i rnpl i f icaLion.s
i r r  fo rmal  in [c rcncc  ar rd  in  cor r ]pu t ing  rnax in runr - l i kc l ihood cs t i rna lcs .

I ie re  we co l l cenLra tc  on  (v ) ,  espcc ia l l y  bccausc  th is  appcars  [o  be  a  I ' ru i l , -
f t t l  r vay  o [ i l r t roduc ing  in to  the  ana lys is  i rnpor Ian l ,  in fc l rma l , io r r  bo th  on  t Ic
naLt t rc  o I l ,he  cor l l )o l i cn t  var iab lcs  and on  t , l r c  rc la l , ions  bc t rvccn  thcrn .  ' I ' l r c

trot iot t  of  represenl , ing the relat , ions by graphs l ras been uscd [o ar lvanIagc
i t r  co l t l t cc I ion  iv i t l r  expcr t  sys te rns  exp lo iL ing  the  proper t i cs  o I  I \ {a rkov  ran-
dorn f ie lds.  \ \ 'e sketch here relatcd rnet, l rocls using, horvever,  l , rvo r l i [ [crenL
k i r rds  o [  edgc  in  [he  graphs  and o f tcn  d iv id ing  var iab lcs  in to  b locks  on  l , l r c
bas is  o [  a  p r io r i  subs fan t ive  knorv lcdgc  (Cox and Wcr rnu th  lgg3) .

' f l t c  co t tvc t t t ions  lo r  cor ts t ruc l , ing  such grap l rs  as  i l l us t ra [cd  in  I r igurcs  l J
l ,o l ' r  [ rvhcre \vc usc the notat , ion lor  indcpendcncc as i r r l roduccd by Darvic l
(1979) ]  a rc  in  ouL l ine  a^s  fo l lo rvs :

(a) rvhcre possiblc,  var iables are c lassi f ied as res[)onses, inIerrrrcdi i rLc rc-
s l )o l l ses ,  poss ib ly  a t  var ious  leve ls ,  a t rd  exp lana[ory  var iab les ;  t l r c  nor l r :s
rr :present i r rg t l rc var iables of  the abovc types arranger i  in boxes l ror l  lc [L
t .o  r igh [  ( in  l inc  rv i I l r  [ l r c  no t ,a [ ion  fo r  cond iL iona l  p ro l ;ab i l i t y ) ;

(b )  r 'a r ia l r les  i l r  [ l te  sarne  box  nre  l ,o  be  regar r le r l  s1 'n rnrc [ r i ca l l y ,  e .g . ,  bo t , l r
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(c)( b )(a)

tvi ti/ HIi

I r i g .  3 .  S i x  c l i s t r i bu t , i o r ra l l y  c r l u i va l cn t  ways  o [  spcc i l y ing  a  s l tu ra tcd  r r rodc l  f t r r

f , l r ree  va r iab lcs :  (a )  j o i r r t  d i s t r i bu t ion  o I  l / ,  X ,V  rv i Ih  th ree  subs l ,an t ia l  concen-

f , r ; r I i o r r s ;  ( b )  j o i r r l ,  d i s l r i b u t i o n  o [  ) ' , X , V  r v i t h  l . l r r c c  s u b s t a n t i a l  c o v a r i a t r c e s ;  ( c )

r r ru l l , i va r ia t , c  r cg rcss ion  c l ra i  n  rno t l c l  r v i t h  reg ress io t r s  o [  ) ' o t t  V  and  o [  X  o r r  7

and  rv i [h  co r rc la l ,ed  e r ro rs ;  (d )  b lock  reg ress ion  cha in  tnode l  w i th  reg ress ions  o [  l '

c x r  X ,  V  a n d  o [  X  o n  Y , V ;  ( e )  u n i v a r i a t e  r e g r e s s i o n  o [  Y  o n  X , V  a n d j o i n t  d i s t r i -

l r r r t , i on  o [  X ,V ;  ( t )  un i va r ia te  recu rs i ve  reg ress io t r  sys ten r  r v i t h  Y  as  response  to

X , V i  X  a s  i n t c r r n e d i a l , e  r c s p o n s e  L o  V .  I r o r  i t r s t a n c e ,  g , r a p h  ( e )  w i t h  < l o u b l e  l i n e s

round  thc  r i gh t -hand  box  rep resen t . s  the  s tandar t l  l i nea r  mode l  [o r  reg ress ion  o I

X  on  f i xcd  exp lana t .o ry  va r iab les  X ,V .

M$$EMHfl
I r i g .  4 .  Fou r  r l i s t r i bu l . i ona l l y  cqu i va len t  r vays  o I  spec i f y i ng  y  

l l  XJV :  ( a )  cova r i -

ar rce se lect . io r t  t r rodc l  lo r  ] ' ,X ,  /  hav i l lg  para l l le [ers  pur . '  {n ,  P 'u .v  f  0 ,  and

l1r , .u  :  o ;  (b)  un ivar ia te  recurs ive regress ion nrodel  w i th  8y, . ,  {  0 ,  pur .o  = 0 ,

f iu ,  {  O;  ( . )  b lor :k  regress ion chain  nrodel  w i th  ) ' ,  l /  as  jo in t  responses t ,o  X and

rv i l l r  i r r dependen I  pa ra t t t c l , e r s  0vu . '  *  0 ,  0u ' . u  =  0 ,  0u ' . v  *  O ;  ( d )  two  i ndepen -

de r r l ,  r eg ress ions  o [  ] '  on  /  and  o [  X  on  V  w i l , h  0u "  *  0 ,  9 , ,  { 0 ,  py , . o :0 .

(d)( c )(b)( a )
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[ ' i g .  5 .  I rour  t l i s I r ibu t iona l l y  eqr r i va lc r t I  rvays  o I  spcc i [y i r rg  ) ' l l  X :  (a )  l incar
s t r u c t u r e  i n c o v a r i a n c e s  w i l . h  p y ,  *  0 ,  p " ,  #  0 ,  p u , :  0 ;  ( b )  u r r i v a r i a [ e  r c c r r r s i v c
rcgress io r r  rnodc l  rv i th  fu ' . y  t '  0 ,  p "y . ,  #  0 ,  0 r ,  -  0 ;  (c )  n ru l l . i va r ia te  regress io r r
c l ra i r r  n rodc l  w i th  py , . ,  *  0 ,  0 , ,  10 ,  0u ,  -  0 ;  (d )  rn r r l l . ip le  regress ion  o [  7  on

t rvo  i r rdcpendcnL regressors  l ' ,  X ,  rv i [h  8 ,y . ,  f  0 ,0u , .y  {  0 ,  py ,  :0 .

as  rcsponsc  var iab les ,  a t t< l  jo ine<1,  i I  aL  a l l ,  by  an  und i rec [e< l  e r lge ,  rvhcrcas
var iab lcs  in  d i f l c rcn I  boxes  are  jo i r red ,  i IaL  a l l ,  by  d i rccLe< l  cdgcs ,  Ihc  l r row
po inL ing  f ro rn  exp lanat .o ry  var i rb le  to  rcsponse;

(c )  [herc  i s  a [  rnos t  one co t rncc [ ing  edge be [ rveen any  pa i r  o f  nor lc .s ;
(d )  var iab lcs  in  one box  are  cons idcrcd  a l rvays  cor rd iL iona l l y  o r r  a l l  var i -

ab lcs  in  boxes  l ,o  lhc  r igh t ;
(e )  i f  [u l l  l i nes  are  uscd as  edges,  var iab lcs  a re  cons idercd  a lso  cont l iL ion-

a l l y  on  a l l  o [her  var iab les  in  Lhe sarne  box ,  w l re reas  i f  das l red  l ines  are  used
a tesponse is  cons idered marg in : r l i sed  over  the  responscs  in  Ihe  sarne  box ;

( f )  i t  l , l re rc  i s  no  edge connecL i t tg  t rvo  var iab lcs ,  l , l r c  two var iab lcs  a rc
c o n d i l , i o n a l l y  i n d c p e n d c n t ,  l h e  c o n d i [ i o n i n g  v a r i a b l c s  b c i n g  a s  s p e c i f i e d  i n
( d )  a n d  ( e ) ;

(g )  g raphs  are  drarvn  rv i [h  boxcs  to  rcprescnI  subs lanL ive  rescarc l r  l r y -
po thcses ,  i . " . ,  rv l ten  [he  presence o I  an  e< lge  i rn l r l ies  an  assoc iaL ion  la rge
cnough [o  be  o [  subs tan [ ive  in tc rcs t  ra l l re r  th tn  rncre ly  t l re  absence o I
a  zcro  co t ts t ra in [ ;  such hypo[ l rcscs  L ] rus  rcprcse t rL ing  tnodc ls  rv ] r i c l r  a re  in
some sense t .he  s i rnp lcs [  appropr ia [e ;

(h )  i f  a  r ig l rL -hand box  l tas  l , rvo  l ine .s  a ro t rnd  iL ,  [hc  cor rcspor r r l i r rg  var i -
ab lcs  a re  tegardcd as  f i xed  a l ,  L l re i r  observed va lucs ,  i .e . ,  L l re i r  d is t r ibuL ion
is  no t  rnodc l led ;

( i )  a  ro rv  o f  u t rs tackcd boxes  reprcsen l ,s  an  orderc r l  sequcr rcc  o I  res l )onses ,
in Ic rmed ia l ,e  responses  and cxp lanatory  var iab les .  I I  no  ordcr  i s  i rnp l i cd  L l re
boxcs are stacl<ed.

lVhcn l l rese  ideas  are  app l ied  to  L l re  r l iabe les  da ta  o f  ' I ' ab lc  1 ,  we s l . : r r l ,
rv i [h  a  f i rsL  c luss i f i ca l ion  o [  l l re  var iab les  i r r l .o  a  sequencc  o f  dependcr rc ics
and associat ions rvhich is c lcr ived l rorn substanl ive knowledgc and frorn l ry-
poL l reses  about  Ihe  var iab les  a t rd  rv l r i ch  i s  cxprcsscc l  l rc rc  as  l ,he  dcpcr rdcnce
cha in  i r r  I r igurc  6  conta in ing  lour  e le rnenLs,  i . " . ,  four  boxes .

- l ' l r c  s t rengt l r  and r l i r ccb ion  o [  Lhe depcndenc ies  and assoc iaL ions  as  rve l l
a s  p o s s i l r l e  i r r r l e p e n d e n c i e s  a r c  I o  b c  d c d u c c r l  l r o r n  [ l r c  c s L i r r r a l c s  i r r  l , l r c

(a)



Ano lys i s  o l  n : . ' : u l l i vo r io l c  obseruo l i ono l  do lc  i n  l i c  soc ia l  t c ;encc t l l l

m['*=l
Lru

l t ig .  6 .  A f i rs t  c lass i f ica l , ion o I  l ,hc  var iab lcs  in to  a  scquence oI  dcperr t lenc ies
a r rd  assoc ia t i ons  r v i L l r  Y  as  r csponse  o [  p r i r na ry  i n l e res I  hav ing  a l l  o l . hc r s  as
po l , cn t i l l  c xJ r l nna [o ry  va r i ab l cs ;  r v i I l r  X ;Ls  i l n  i l r Le rmcd ia te  va r i ab l c  co r r . s i r l e re t l

co r r r l i t i o r ra l l y  6 i vc r r  Z ,V ,U , lV ,  A ;  w iLh  ) l ,V ,U  a , s  j o i r r I  i l l cnncd i l [ c  vn t i ; r b l cs  o r r
cqual  foot ing g ivcn W,A an<l  w iLh W,z1 as a  bac l tground character is t . ics .

Fig .  7 .  C l ra in  g rap l r  o I  deper rdenc ies  [o r  the  d iabe les  da ta .

co t r t l iL io r ta l  a t ta lyscs  spec i f ied  i r r  I l r i s  rvay .  l ' he  independe l lc ies  a rc  d isp laycd
r v i L h  [ l r c  c l r a i n  g r a p l r  o [  F i g u r e  7 .

IL  s l ro rvs  in  par t i c t r la r  t l raL  o I  L l re  exp lanatory  var iab lcs  cons idered [ l re
i rnpor l ,anL d i rcc t  in l luenccs  [o r  rne t ,abo l i c  a r l jus tmen[  (Y)  a re  soc ia l  ex [e r -
na l iLy  (Z) ,  dura l ion  o [  i l l ness  ( l ' l )  and  L i rne  o [  da l ,a  co l lec t ion  (21) ;  tha t ,
I tnorv le r lg "  (X)  depcnds d i rec I l y  on ly  on  fa Ia l i sL ic  ex te rna l i l , y  (U) ;  l .ha I  l .he
a t , L r i b u L i o r r  s c o r c s  ( Z , V , U )  a r c  j o i n l l y  i n d e p c n d e n t  o [  l h e  b a c k g r o u n t l c l r a r -
ac l .e r isL ics  and l ,haL duraL ion  o [  i l l ncss  (1 ,1 / )  i s  independent ,  o [  t l re  l . i rne  o [
da l ,a  co l l cc l ion  (1 ,  i990  and l99 l ) .  Wi t l r  z1  be ing  a .< l i cho l .omous var iab le
i fs corrc lat ior t  atrd regrcssion cocf i ic ienLs ref lect  d i f f ierences arnong grol tp
n tcans .

' l ' l r r : re  i s ;  : r  i r r [e r ; rc l , i ve  e [Tcc l ,  o I  soc i ; r l  ex l ,e r t r : r l i l . y  anr l  r l r r rn l . io r r  o r . l
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rneLabo l ic  ad jusLn lcn t  as  descr ibcd  bc lo re  rv i th  L ' tb le  2  and (10) .  ' I ' l r c rc

is  a  fu rL l rc r  rna in  e lTcc l ,  o [  [ i rne  o [  da la  co l lec { , ion :  fo r  Lhe f i rs t  l lB  g raL ienLs
I l rc rc  i s  a  l r ruc l r  rvo tse  avc tagc  t r rc I i rbo l i c  ac . l jus l ,n rcn t  (GI Ib -9 .9 )  L l r : r r r  [o r
L i rc  32  pa [ ic r rLs  (GI tb -8 .6 )  obscrvcd  onc  yc : r r  laLer .  I I  i s  cor rce iv ; rb lc  L l ra l ,
I l r i s  i s  a  conscqucnce o [  L l rc  fccdback  f ro tn  [ l re  f i rs t  sLur ly  rv l r i c l r  s l ro rvc< l

l ) ronour rc r :d  < l i f f c rc r rces  in  tncLubo l ic  a t l jusL t t tc t t [  [o r  pa l , i c r rL .s  o I  lo rvcr  a r r r l
l r ighcr  cdr rcaL iona l  background.  

' l ' l r i s  cou ld  a lso  cxp lu i r r  L l rc  l i r rgcr  var i -

ab i l i t y  in  t l rc  rnc labo l i c  ad jusLrnent  in  t l re  car ly  ycars  o [  l . l r c  i l l ncss  s l ro rv r r

i r r  f ig r r re  2 :  lhc rc  were  a l rnos t  no  pa [ icn ls  rv i th  l css  lhan B ycars  o f  i l l -
r ress  ar rd  good nre tabo l ic  ad jus [ rne t rL  observcd  i r t  1990 bu t  a  subsLanL i ; r l
r ) r r r n b e r  o [ [ l r e r n  o n e  y c a r  l a l , e r .  I n  a d d i L i o n ,  o n l y  i r r  l l r e  f i r s L  s I u t l y  t h c  L y p -

ica l  r r re labo l i c  ad jus t rneu[s  a re  cons i r l c rab ly  be t lc r  [o r  long  L l ran  [o r  s l ro r I
d u r a L i o r r s  o I  i l l n c s s .

As  expccLed,  knowledge is  bc l , t c r  the  lo rvcr  the  fa t ,a l i s I i c  aLLr ibuL ion ;  [a -
Ia l i sL ic  ex te r r ra l i [ y  i s  pos i t i vc ly  cor re laLed rv iL l r  soc i r i l  ex [c rna l i t , y  b r rL  nega-
l , i vc ly  rv i I l r  i r rLerna l i [ y ;  l , l r c rc  i s  a  rvcak  t rcg l t i vc  cor rc laL io r r  l rcLrvcen.soc i ; r l
cx te rna l i t , y  an t l  in Ie rna l i l , y ,  poss ib ly  i rnp l i cd  by  [ l re  oL I rc r  Lwo rc la l , io r rs .  A
c l reck  o [  [hc  s tab i l iLy  o [  [hese resu l l , s  rv i l l  be  poss ib lc  w l re t r  da la  fo r  r r ro re
pa[ ienLs  are  ava i lab le  in  about  o  ycar .

5 .  D i s c r r s s i o r r

Wc havc  i r r  L l r i s  chap l ,e r  co t rccnLra tcd  or r  d i f l c rc t r I  tncL l rods  rv l r i c l r  rvc  j r r t lgcd

to  be  usc lu l  i r r  t .he  ana lys is  o f  rnu lL ivar ia l ,c  observa [ iona l  daLa:

( l )  Conccr rL ra I io l r  o t r  cons I rucL i l rg  ncw var iab lcs  suc l r  L l ra l ,  L l rcy  l ravc  spe-
c i a l  r e l a L i o n s  o I  c o n d i L i o n a l  i n d e p c n d e n c e  r v i I h  a  s c L  o [  c x p l : r t r a [ o r y  v a r i -

ab lcs .  
' - f l r c rcby  [ l rc  cxp lanatory  var iab lcs  e iL l rc r  remi r i r t  un l , ra r ts lo r tncd  s i r tce

L l rc i r  idc r rL i [y  i s  [o  bc  p rescrved or  L l rey  a rc  l rans lo r tned in  l , l r c  samc rvay

as  the  responses  i I  l , l rey  co inc ide  rv iL l r  [ ] rc  responscs  bu l ,  a rc  rneasLr rcd  a t

an  ear  l i c r  t i  rnc ;
(2 )  ConcenI ra t , ion  on  check ing  and rnode l l ing  d i lTcren l ,  fo r tns  o I  r to r r l incar

d e p e n t l e n c i c s  o r  o u l l i e r s .  I n  p a r [ i c u l a r  i t  i s  e x p l a i n c d  i n  r v l r i c l r  s c n s e  a

r ron l inear  dependence in  a  regrcss ion  o I  Y  or t  X  ca t t  cor rcspond t ,o  a  l i r rear

regression oI  X on ] '  having a sysLemal, ic change rv i th y o[  l , l re var ia l ion of

X given \ ' = l l i
(3 )  Conccr r I ra l . ion  on  s i rnp l i f y ing  covar iance s t ruc [u res  w iL l r  c l ra in  g rap l rs

in rp ly ing  conc l i t iona l  indcpendcnc ies .  
' Ih is  permi [s  one [o  in l .egr i r Ie  s t rb -

s l ,an t ive  knorv ledge about ,  the  ro les  o [  var iab lcs  as  respo l rses ,  i t r [e r tncd ia le

and exp lanatory  var iab lcs  and to  d is t ingu ish  be t rveen l , rvo  d i f l c renL typcs

oI  ln r r l t i vn r ia tc  c lependcnc ies ,  bc [ r . rcen  b loc l t  rcgress io t r  a t td  tnu lL ivar i t tLe

regress ion  eqr t  a l . ions .
' [ ' l re  < l i scuss ion  l , l r ro r rg l ro r rL  t . l r c  c l rn l ' ' l , c r  i s  cx l ros i l , r l r y  o r  g ivcn  as  resr t l l , s
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nccdcd  [ o  i n t c rp rc f  Lhe  f ca tu res  o [  a  spcc i f i c  se I  o [  da l , a .  Some  ex tens ions
i r r e  r l l osb  dcs i rab le ,  i r r  l l a r l i cu la r  l , o  i nco rpo ra [ c  de r i ved  va r i ab les  [ o r  seve ra l
co r t )Po r l c l r l " s  o f  a  < l c l r c t t t l c t t cc  c l r a i n ;  Lo  r l c r i ve  imp l i ca t i ons  o I  cond iL iona l
t t o l t l i n ca r  r e l aL io r r s  a [ [ c r  r na rg ina l i z i ng ;  t o  ob Ia in  n rode l  f o rmu la I i ons  co r -
r cspo l t c l i r t g  [ o  mr r l I i v ; r r i a t c  r cg ress ions  r v i L l r  d i sc re l , e  o r  poss ib l y  n r i xLu res
o f  d i sc r cLe  i - r r r t l  con t i nuo r i s  r cs l ) onscs .
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