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Ahs t ruc t . ' I - o r  j o in t l y  no rma l  va r iab lcs .  cond i t i ona l  i ndcpcndence  g raphs  a rc  uscd  to  p rcsen t
necesserry and sul l lc ient  condi t ions for  thc lack o1-,  what has bccn termed in socia l  sc icncc
l i tcraturc as.  a modcrat ing el l -ect .  Var iablcs havc no moclerat ing ef fect  on a given measure
o f ' assoc ia t i on .  dcpcndcncy .  o r  va r iab i l i t y .  i f  t h i s  mcasurc  r cma ins  unchangcd  a l t c r  marg ina l -
is in-e over or  a l icr  condi t ioning on thcsc var iables in a stcpwisc lashion.  Thc rcsr-r l ts  arc
app l i cd  to  s tudy ing  thc  assoc ia t i on  s t ruc lu rc  o l ' ce r ta in  pc rsona l i t y  cha rac tc r i s t i cs ,  pc r {o rm-
ance.  ancl  socioeconomic background ol-  prcschool  chi ldrcn.  In addi t ion.  i t  is  shown that  wi th
the so-cal led moderated regression equat ions,  a l icqucnt ly  recornmendcd techr i ique.  i t  is
impossib lc to c lcducc thc lack or  thc prcscncc ol 'a modcrat i r ig ef ' fbct  of  a quant i tat ivc var iable
on ri rcgression cocl' l lcient.

Ka. t 'x 'ords ' . '  concl i t iorra l  indcpcndcnce grarphs.  modcrat in-e cf- I tc ts.  paramctr ic  col lapsib i l i ty .

Introduction

The concept of a moderating variable has received an immense attention
in the social science l i terature as documented in a survey by Zedeck (1911)
and in  recent  ar t ic les (see,  e.g. ,  Baron and Kenny (1986) .  Dalber t  and
Schmitt (1986)): however, i ts operational isat ion has remained unsatisfac-
to ry  un l i l  t oday .

Interest in this concept is strongest in nonexperimental research situa-
t ions. For example, anxiety as a personali ty characterist ic is known to be
more l ikely to develop, the more a chi ld perceives the parents as behaving
inconsis tent ly  (Krohne,  Kohlmann and Leid ig (1982)) .  One then wants to
determine condit ions, under which this known relat ionship is intensif ied,
reduced or. more general ly, wi l l  change. This is an example, in which one
wishes to establrsh moderuting ef/ects of further variables and to under-
stand when such ef'fbcts cannot occur.

*)  I  want to thank ( 'ar l -Wal tcr  Kohlrnann. whosc sccpt ic isrn towards thc moderatcd
rcgrcssion tcchniquc has lcc l  mc to construct  countcrcxamplcs which show thc tcch-
r t i quc  to  bc  i nappropr ia tc  fb r  quan t i t a l i ve  modcra to r  va r iab lcs .

Au t l t r t r ' , s  uddre , ; , s ;Nanny  Wermuth .  Psycho log ischcs  Ins t i t u t .  Un ivc rs i tL i t  Mu inz .  Pos t lach
39  80 .  D-6500  Ma inz .
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Related stat ist ical tasks include the fol lowing: to est imate the bias intro-
duced on a measure of associat ion i f  a moderator variable has been left  out
of a model; and to state condit ions, under which a measure remains
unchanged. or. to put i t  di f ferently, under which a moderating effect is
lacking. Even though these aspects are well understood for linear regres-
sion coeff icients (see, e.g., Goldberger (1964). chapter 10), they have, so
far. not been discussed in connection with the concept of moderator
variables. Furthermore, inappropriate techniques for establ ishing the lack
of a moderating effect (Zedeck (1911), equations (1) to (3) and their
interpretat ion on page 304) continue to be recommended in stat ist ical
textbooks (see, e.g., Cohen and Cohen (1983). chapter 10), and in recent
ar t ic les (Cleary and Kessler  (1982) .  Baron and Kenny (1986) ,  Roos and
Cohen (1987)  and others) .

In this paper we wil l  summarise facts for various measures of associa-
t ions in a joint normal distr ibution (section 2) which permit an easy
derivation of moderating effects and of necessary and suff icient condit ions
for the lack thereoff. The techniques needed in that situation differ consid-
erably from those used for only qual i tat ive variables (Bishop (1971), Whit-
temore (1978) ,  Wermuth (1987)) ,  or  for  mixed var iab les (Wermuth (1989) ;
the result ing condit ions, however. are anerlogous and expressible with the
help of condit ional independencies.

We will define and discuss moderating effects on regression coefficients
(section 3), on precisions and concentrat ions (section 4), on variances and
covariances (section 5), and on standardised measures (section 6). Condi-
t ions for the lack of moderating eftbcts are expressed as restr ict ions on
parameters and as condit ional independence statements. To simpli fy the
communication of the obtained results. these are summarised. whenever i t
is possible, in terms of recursive condit ional independence graphs. The
latter are known to characterise associat ions structures of recursively
factorised distr ibutions and have been used previously for models with
condit ional Gaussian distr ibutions (Lauritzen and Wermuth (1984),
(1989) ,  Wermuth and Laur i tzen (1983) ,  (1989) .  Edwards and Kre iner
(1e83) ) .

A set of data is presented (section 7) to i l lustrate the results. Final ly, i t
is proven (section 8) that a zero regression coefficient of the constructed
variable in a moderated regression is neither a necessary nor a sufficient
condition for the lack of a moderating effect on a resression coefficient.

2. Notation and facts

In nondegenerate joint normal distr ibutions of p variables with f  as
c'ovariance matrix, the inverse Z I is called the t:oncentrtttion rnutrix
(Dempster (1969), p. 126). The elements o,, of f are (:ovuriant,es (i + j)
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and var iances; the elements of  l - r  are t ' rntcentrat ions ( i  + j )  and preci-
s ions.  Covar iances and concentrat ions are measures of  associat ion;  var i -
ances and precisions are measures of variabil ity. Measures of l inear depen-
dencies are regression coefficients in l inear regressions of response
variables (regressands) X,(i e a) on the influencing variables (regressors)
X, ( t  e  b ) ,  where  a  and b  par t i t ion  {1 ,  2 , . . . ,  p } , ,  the  index  se t  o f  the  var i -
ables. The symmetric matrices f, f t -uy be partit ioned accordingly as

t -

The regression coeffit'ient ntatrix in a regression of Xu on Xb is
i l ^ la :  fo r fu r t ,  cons is t ing  o f  reg ress ion  vec to rs  p f ro  fo r  i : 1 , . . . ,  l a l .

Three basic facts from section 4.3 of Dempster (1969) must be extracted
to derive moderating effects. Two are properties of the sweep-operator;
the last is the special form of the tr iangular decomposit ion of a posit ive
definite matrix in the case the latter is a concentrat ion matrix.

Fact  1:  SWPIb]  t  :  RSW[a]  ( -  t - ' )  for  d is jo int  a ,  b  which par t i t ion
{ 1 ,  . . . ,  p } .

This says that sweeping f on al l  rows and columns i  e b and resweeping
(-  t - t )  on a l l  rows and columns ie  a y ie ld ident ica l  resul ts  shown wi th
the following two symmetric matrices:

[-'i ti;]:[!r1-
This identity may also be proven by standard results on inverting parti-

tioned matrices and it immediately gives different representations of the
regression coefficient matrix (17"1u). as well as of the purtial c'ovarionce
matrix ()u".0), and of the part ial  concentrat ion matrix (fuu'",

( i)  i lulr . ,  :  furfrut :  -  ( tuu) l  tab

( i i )  Euu. t , :  Zuo -  )uuf* t  f ln  :  ( t " )  1

(i i i )  2'bb'a :  fbb - (t 'o)t ( t"") |  2ab - t ; '

Note that fuo.o and )uu are the covariance matrix and concentration
matrix in the condit ional distr ibution of Xo given Xr :  xo, while foo and
Ibb'a are the corresponding matrices in the marginal distr ibution of Xo.

Fctct 2. 'SWPlc, dl r  :  SWP[c] (SWPtdl t)  :  SWP[d] (SWP[c] t)  for c, d
any d is jo int  nonempty subsets of  {1,  .  .  . ,  p} .

This commutativity property gives - for b : (c, d) - the following rep-
resentation of the resression coefficient matrix:

il ula : [ru".a t*: I tua.. r*1"]

] z-'I:E;_Tt
tbb  I

( 1  1 )

( 1 .2 )

(1  3 )
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with e.g. ,  )u. .d,  f " . .d being submatr ices of  the condi t ional  covar iance ma-
tr ix ( f1, ,  

" t .a)  
of  Xu and X. given Xu.

To make this evident,  the two sweeping steps are wr i t ten out:

[:-ll-':li- Il':lswPrdr ': 
L 
__l_':.i_;:11

[:-.i-i:'-l-'l:-lswprcr r: 
I i.* ii;:]

where e.g . ,  17u10 :  Eudt ; t .

By le t t i ng  ?  :  (g ,  i ) ,  b :  (1 ,  d )  and  (a ,  b )  :  (1 , . . .  p ) ,  one  ob ta ins  f rom
(1.3) and (1 .2) the coeff icient of X, in the regression of Xu on Xo as

{ J i , . a : o . ; . ; . 6 ( o i ; . a )  
t : - o i j ' e ( o t t ' ' )  ( 1 ' 4 )

It is identical to the coefficient of X, in the regression of X, on Xo alone
and called a partial regression coe.f/ic'ient of X,.

With d : (k, l )  in addit ion to a : (g. i ; ,  b :  (J, d) the part ial  regression
coefficient 8,,.0 is with the help of Fact 2 - seen to be related to other
partial regression coefficients as

lJ i i . a :  l J t : .u r :  [ J , , . , -  { J ,u . : r [ Ju : . r ,  (1 .5 )

where, for instance, pr,. ,  and 8u,.,  are both coeff icients of X, in regressions
with regressors Xi,X,, but with dif ferent response variables: X, and Xu,
respectively.

Fact  -1. ' I f  ArD 1A :  f  
-1  

is  the upper  t r iangular  decomposi t ion of  f  
-  1 ,

then A is an upper tr iangular matrix containing ones on the diagonal, and
- l l t t o l i ;  w i th  d ( i ) :  { i  +  1 , . . .p } ,  i s  the  r igh t  o f f -d iagona l  pa r t  o f  row i .
Furthermore, D 

- I is a diagonal matrix with reciprocal values of partial
variances as elements: d,,  :  oo,1,,, .

This says, for example for Z-1 : E*Y' 'u, that A contains in l ine 2nega-
tive values of the regression coefficients in the linear regression of Y on Z
and  U;  the  mat r i x  D  con ta ins  p rec is ions  such  as  d r ,  :6YY 'x :1 f  o , r . , , , .

By using Fact 3, one obtains the fol lowing simple expression for
the determinants of ) and ) 

- r, which by the positive definiteness of )
a r e  k n o w n  t o  b e  p o s i t i v e .  S i n c e  l t - t l :  l A t l l D  t l l n l  a n d  l A l  : 1 ,  i t
f o l l ows  tha t  l t - t | : lD - t I  i s  a  p roduc t  o f  pa r t ia l  p rec is ions ,  and
lZ l :  l l l l  t l  :  lD l i s  a  p roduc t  o f  pa r t ia l  va r iances .  For  ins tance  we  see
that

7 l
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( i )  l r * t " '  |  :  O ' * *  6YY 'x  Ozz ' xvOuu 'xvz  >  0 .

( i i )  lU* r , ,1  :  o * * . r ru  oyy . r r ro . . . , , 6 , , , ,  >  0  .

Another well-known lact then becomes obvious. For posit ive definite f ,
al l  (part ial) precisions and al l  (part ial) variances ure posit ive, since the
order of variables in (1.6) can be permuted.

The definit ion of a recursive condit ional rndependence graph and two
more facts are needed for derivins and visual isins condit ions for the lack
of moderating eff-ects.

Fact 4. '  Given a joint normal distr ibution, one stays in the family of
normal distr ibutions after marginal ising over a subset of variables X", and
af ter  condi t ion ing on X,  (compare e.g. ,  Anderson (1958) ,  sect ion 2) .

A t'onditional independenc'e gruph provides the information for the pic-
ture of an associat ion or dependence structure defined with the help of
conditional independencies of viiriables pairs. A rer:ur:;ive t:onditionul intle-
pendence gruph (G') has been used for er more general family of distribu-
t ions by Lauritzen and Wermuth (1984), (1989). The graph consists of p
vert ices, and at most one edge for each pair I i .  j ]  of dist inct vert ices. This
graph is an undirected one i f  i t  is to characterise an associat ion structure
without response variables. Otherwise the type and the direct ion of al l
e d g e s  a r e  d e t e r m i n e d  b y  a  d e p e n c l e n c e  c h a i n  6 : ( C r . . . . . C r ) . w i t h
T > 1. This chain part i t ions the vertex set and defines T sets of so-
ca l led  concur ren t  va r iab les .  The  se ts  a l re  C ,  u . . .  \ ,  C . ' ,  C ,  u . . .  U  Cr .
C: u .  .  .  \ ,  Cr, .  .  . ,  Cr. Concurrent meetns that the variables are to be
analysed simultaneously. Exactly one of three possibi l i t ies holds for each
pair of vert ices.

For  a  pa i r  { i ,  j }  w i th  ie  C , .  j  e  C ,  one  has :

( 1 . 6 )

( i)  the edge is missing, or
( i i )  the edge is a l ine i f  i  and j  are in the same

(i i i )  the edge is an arrow point ing from j to i
response Xi ( t  <  l ) .

chain element ( t  :  l ) ,  or
i f  Xi  is  an inf luence to

A missing edge implies that X, is to be condit ional ly independent of X,
given the remaining concurrent variables, the variables Xd with
d:  {C,  Cr}  \  [ i ,  j ] .A chain e lement  (C,)  is  drawn ars a box.  A miss-
ing edge means an only indirect relat ion while present edges denote direct
relat ions.

Fact 5. If the distribution of a system of varietbles given by a conditional
independence graph G' is joint ly normal, then a missing edge for [ i ,  j ]
with ie C,, j  e C,, t  < l ,  is equivalent to 'a.zero part ial  concentrat ion of X,
and Xj part ial led over the nonconcurrent variables. over Xk with
k e { C r , . . . , C , - , } .
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To rnake this evident, note (e.-e. from Anderson (1958), section 2.5) that
in  an uncondi t ional  jo in t  normal  d is t r ibut ion of  var iab les (X, ,  X: ,  Xo) ,  X,
is condit ional ly independent of Xj given the remaining variables
Xo (X,  X X:  I  Xu) ,  i f  and only  i f  o , ,  u  :  0 .  By us ing (1.4)  and (1.5)  i t  fo l lows
that the fol lowing statements erre equivalent:

( i )  X ,  r  X l  lXa
( i i )  o i j ' e  :  0 ,

( i i i )  o i j . a  :  0 .

( i v )  / l , : u : o ,

w h e r e  g  :  { C l ,  .  .
d: {c , . . . , c r l  \
X , ,  X j '

( 1 . 1 )

, C, - ,  I  denotes variables not concurrent to X,, X, and
Ii ,  j ]  denotes the rernaining variables concurrent to

We are r-row equipped to derive and describe the moderating eff-ects for
di f f -erent parameters.  In order to keep the notat ion s imple,  we restr ict  our
arguments to an uncondi t ional  jo int  d istr ibut ion of  four var iables.  This
si tu i t t ion is complex enough to see the possible extension to cases thert  are
more general .

3. Moderatins effects on resression coefficients

Given a joint normal distr ibution containing variables X, Y, l) .  Z, the
moderating eft-ects of variable [J alone and of variables U and Zjoint ly on
the regression coeff lcient of response Y on the inf luencing variable X are
the changes introduced by modilying the regression f iorn one without [J
and Z as regressors, to one with U alone added, and to one with both U
and Z inc luded.

For  an uncondi t ional jo in t  densi ty  f  , r .u ,  th is  means to move f rom f* , , ,
to f*,r, , ,  and to f"1"r., ,  and to register the changes in the f irst element of
the regression vectors l)*1r, f*1r., ,  and IJ*1y.,, :  in [ ]*r,  IJ^r.u, and lJ*r. , ,u.

Ra,sult 1.1 : The moderatin-q ef'fbcts are of

(i) [J irlone on /*,'. - []*,,., {},,, .
( i i )  U and Z on f i * r :  -  ( [J . , . r1J, ,  *  lJ* . . ru lJ , r . " ) .

Resttlt I .2: There is no moderatins ef-fbct of

(i) U alone on []*,
( i i )  U nor of  LJ and Z on

i f  a n d  o n l y  i f  X  l I  U I Y  o r  Y  I  U ,

lJ*, i f  and only i f  [X -]L U lY or Y X Ul
a n d  [ X  ) L Z l ( Y  U ;  o r  Y  ) L Z l t J l .

Proo/ :  With i  and j  as indice s of X and Y Result 1.1 ( i)  fol lows from (1 5)
w i th  k  as  index  o f  U  and  l l l  : 0 ;  Resu l t  1 .1  ( i i )  f o l l ows  f rom (1 .5 )  w i th  k
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as index of  Z,  I  as index of  [J  and by use of  Resul t  1 .1 ( i ) .  Resul t  1 .2 is
obtained with ( 1 .7) f iom Result 1 .1 .

Proposition 1 : Let X, Y, Z, U have a nondegenerate joint normal distribu-
t ion then {J*r :  lJ* r .u :  f i * r .u . i f  and only  i f  the jo in t  densi ty  is  such that  ( i )
uncl (ii\ are satisfied:

( i)  frrru can be characterised as in Figure 1 by a condit ional indepen-
dence graph wi th chain % :  (  lX i  .  ' ,2 t ,  IU,  Y])  having at  least  one
of  the marked arrows (" / " )  miss ing;

Figure 1 . '  For  f  * r :  f  * r .u :  lJ* r . , , ,  one of  the two rnarked re la t ions has to  be
indirect (condit ion ( i))

the marginal  densi ty f*r ,  can be character ised as in Figure 2 wi th a
least one of  the marked arrows missins.

I . - igurc 2:  For / i " "  :  lJ*" .u:  l i * r .u.one of  the two marked relat ions has to be
indirect  (condi t ion ( i i ) )

Proposit ion 1 fol lows with Result 1.2 and Fact 4 from the definit ion of the
recursive condit ional independence graph.

4. Moderating effects on precisions and concentrations

In a jo int  normal distr ibut ion containing var iables X, Y, lJ,  Z,  the moder-
at ing ef fects of  var iable U alone, and of  var iables U and Z jo int ly on the
precis ion of  X,  or on the concentrat ion of  X,  Y are the changes introduced
by marginal is ing over U alone, and over both of  U and Z.

For an uncondi t ional  jo int  d istr ibut ion wi th densi ty f*"ru.  th is means
to move from f*"ru to the marginal  d istr ibut ions f"" ,  and t*" ,  and to look
at the relevant submatrices of Z*Y"', E*Y'' ' , and f"v' '". Since precisions and
concentrat ions do not change by condi t ioning (see (1.2 (rr)) ,  one compares
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the  concent ra t ion  lna t r i ces
t . ( r * r . , )  1 ,  a n d  ( f " r )  l .  T h e
depict  these si tuat ions.

8 1

in f * " , ru  ,  f * rv ,  and f  * " ,
condi t ional independence

nondegenerate jo int  normal distr ibu-
only i f  f  

" r r . ,  
can be character ised as

independence graph having chain
one arrow marked " l" und another

at  the same t ime
which are ( f*r . , . , )
gri,rphs in Figure 3

(b )

Figure 3. '  Dependence structure with the meaning of the edge for (X. Y) being o*v
in  (a) ,  o*v '  in  (b)  and ( rxv 'uz  in  (c)

Re,sult 2.1 : The moderating effects are of

( i )  [J  a lone on o 'Y .  f  u* . r , -6 tu  ,

( i i )  U and Z on o*v :  l lu* . r .o tu  I  [J . * . ro t ' 'u  .

Result,s 2.2: There is no moderating effect

( i )  o f  U a lone on o*v i f  and only  i f  X l t  Ul (Y,  Z) ,  or  Y I  IJ I (X,  Z) ,
( i i )  of I- l  alone nor of U and Z on o*v i f  and only i f  [X I t ]  l (Y, Z) or

Y  I  U  l (X ,  Z )1 .  and  [X  I  Z IY  o r  Y  ] I  Z lX l .

For the proof of Result 2.1 note from Fact 3 and (1.4) the form of the
t r iangular  decomposi t ion of  f  

- r  -  AI 'D 1A as

[ " : :  
0 . .  o  o IArD,:l I,,., 1.,.,,,:...,, I I

L o t *  0 2 + . t  o - 1 + . 1  2  o 4 1 .  t : 3 1

f - l  -  f i r r . ro  -  l l r . . ro  -  f t ,o . r . , - l

A: lo  r  - f i r ro  - l t ro ,  
I

l 0  0  0  - l t r *  |
Lo o o 

'l '* 
I

Next, write out the matrix product [AI 'D 
11 A, f ix the order of the

variables to give Eu*r,,  then ( i)  can be read off from posit ion (3,2), while
(i i )  fol lows from posit ion (4,3) in r. , ,*u. Result 2.2 fol lows with (I  l )  from
Resu l t  2 .1 .

Proposition 2 : Let X, Y, Z, U have a
t ion.  then o*Y :  o"Y' '  :  6xY'zu i f  and
in Figure 4 wi th a condi t ional
' 6  :  ( l tJ I , {Z} ,  Jx ,  Y} )  and a t  least
marked "//" missing.
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: 6x \ "2 :6x \ ' zu  one  o f  t he  re l a t i ons  marked  /  and  one  o f  t he
relat ions rnarked i /  have to be indirect

x  U l ( Y .  Z )  a n d

normal distr ibu-
characterised by
a t  l eas t  the  two

Proo./:  Proposit ion 2 results f  rom Result 2.2 and Fact 4.

Re,sult  J.1. '  The moderating effects are

(i) of I.J irlone on o**'. l)2,u.r.o** ,
( i i )  of U and Z on o** :  {Jt*".r.(r*" f  f t*, .ro** '" .

Rasult J.2. '  There is no moderating effect

( i )  o f  U  a lone  on  o* *  i f  and  on ly  i f  X  I  l J l (Y .Z ) ,

( i i )  o f  U a lone nor  of  U and Z on o"*  i f  and only  i f  X
x  lL  z lY .

Propo,sition 3 : Let X, Y, Z, U have a nondegenerate joint
t ion.  Then 6xx :  oxx'u -  oxx'uz i f  and only i f  fxyzrr  can be
a condi t ional  independence graph as in Figure 5 wi th
m a r k e d  l i n e s  m i s s i r t u

Fisttra 5 : For o"* :  6xx'u :  6xx'uz both of the marked relat ions have to be indirect

Proof-s of the Results are analogous to those of Results 2.1 and 2.2 and are
left  to the reader. Proposit ion 2 fol lows from Result 3.2, and Fact 4 and
af ter  not ing that  X- lLU|(Y,Z)  and X)LZIY taken to-eether  imply
x lr (u. z)lY.

5. Moderating effects on variances and covariances

In a jo int  normal distr ibut ion containing var iables X. X U. Z.  the moder-
at ing ef fects of  var iable [J alone and, of  var iables [J a,nd Z io int ly on the
var iance of  X or on the covar iance of  X,  Y are the charrges introduced by
corrdi t ioning on U alone, ernd on both of  U and Z.

U

L

Y

X
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For an uncondi t ional  jo int  d istr ibut ion wi th densi ty f*"ru,  th is means
to move from f*rr . ,  to the condi t ional  d istr ibut ions wi th densi t ies f*"r ,u
and f * "1 r r ,  and to  look  a t  the  re levant  submat r ices  o f  Z^r ,u ,Z* r . .u ,  and
E*r. ,u.  Since var iances and covar iances do not change by marginal is ing
(see (1.2) ( i i i ) ) ,  one simultaneously compares the covar iance matr ices
f*r ,  f r r .u,  and Z*r. . , r in f - r ,  f " r l '  and f*y;r ,
and f* , , , , .

Re:;ult 4.1 : The moderatins effects are

as well  as the variances in f . ,  f"r"

( i )  o f  U a lone on 6xy.  f i *uoru.
( i i )  of [J and Z on oxy : -  ( lJ*"oyu + fr*, .uor,.u) .

Rasult 4.2: There is no moderating effect

( i)  of U alone on trxy i f  and only i f  X l l  U or Y lL U ,
( i i )  of U nor of [J and Z on o*u i f  and only i f  [X ]t  U or Y lL U and

X  l I  Z l t J  o t  Y  I  Z l U l  .

For the proof of Result 4.1, note from Fact 3 and (1.4) the simple form
of  the  t r i angu la r  decompos i t i on  o f  f  :  A - tD(A t ) -1  w i th

A ' D :

t . z l +  o t z . l +  6 t l . +  6 t +

6  z z . l +  6  z . l . +  6  z +

0  6 t z . +  o t +

0 0 o++

( A  ' ) t  :

00

2 . 3 4  1  0

3.4 lJ t r .o 1

o lJro {Jro

Next .  wr i te  ou t  the  mat r ix  p roduc t  [A- tD]  (A . ' ) -  r ,  f i x  the  order  o f  the
var iables to give U.r*u,  then ( i )  can be read of f  f rom posi t ion (2.3),  whi le
( i i )  fo l lows f rom pos i t ion  (1 ,  2 )  o f  fu* ,u .  Resu l t  4 .2  fo l lows w i th  (1 .7 )  f rom
R e s u l t  4 . 1  .

Proposition 4 : Let X. Y, Z, U have a nondegenerate joint normal distribu-
t ion.  Then o* ,  o*y. , :  o*y. ,u  i f  and only  i f  the jo in t  densi ty  is  such that
( i )  or  ( i i )  are sat is f ied:

( i)  marginal ising over V e (X, Y) leads to the density f*r.r ,  with
W:  {X ,Y} \V ,  wh ich  can  be  charac te r i sed  by  a  cond i t i ona l  i nde-
pendence graph as in Figure 6 having at least the two marked ver-
t ices miss ins

It3

ll
Il
l',,
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( i i )

We{X,Y}

Figttrc 6: l l  the two marked relat ions are indirect then 6*y: d*"., ,  :  o*,-, .u
(condi t ion ( i ) )

marginal ising over V e lX, Y) and marginal ising over Z and
W: [X.Y]  tV leads to the densi t ies f * ru and fvu,  which can be
characterised by condit ional independence graphs as in Figure 7
having ert least the marked vert ices missing

-r<
{ >o'
"L-/

we{X,Y}

v€{x,Y}\w}

Figure 7: I f  the two marked relat ions are indirect then o*u : o*u., :  6*u.u,
(condi t ion ( i i ) )

Prort:  After notir-rg that W X u and W lL ZIIJ implies W lI  (Z,IJ)
and that the remaining possibi l i t ies in Result 4.2 ( i i )  can be repre-
sen ted  as  W JLZ lu  and  V  l I  U  fo r  W e  {X ,  Y }  and  V  e  [X ,  Y ] \ [W] ,
Proposit ion 4 fol lows from Result 4.2 and Fact 4.

Result 5.1. '  The moderatins effects are

( i )  o f  U  a lone on  6** t  -  f J?uouu,
(i i) of U and Z on oxx : - $1"d,,. * 1J1...,o,,.u)

Result 5.2 : There is no moderatins effect

( i)  of U alone on oxx i f  and only i f  X l l  U,
( i i )  of U nor of U and Z on o** i f  and only i f  X - lJ- U and X JLZIU

Proposi t ion 5 :  Let  X,  Y, Z,  U have a nondegenerate jo int  normal distr ibu-
t ion.  Then 6** :  o**. , . ,  :  o**. .u i f  and only i f  the marginal  densi ty f*ru can
be characterised by a conditional independence graph as in Figure 8 hav-
ing at  least  the two marked vert ices missing
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2 .3624  -  1 .3780
1 . 8 4 5 5

u5

Figure B. '  I*or 6**:  o**. , :  6*" . .u the two marked relat iOns have to be indirect

Proofs of  the Resul ts are analogous to those of  Resul ts 4.1 and 4.2 and
are lef t  to the reader.  Proposi t ion 5 fo l lows from Resul t  5.2 and Fact4
a f te r  no t ing  tha t  X  LZ lu  and X J |  U  imp l ies  X  lL  (Z I IJ ) .

6. Moderating effects on the correlation coefficient
and on standardised resression coefficients

Correlation t 'ocff icients are standardised measures of l inear associations.
Let. l l , , lo.o be both diagonal  matr ices,  the f i rst  wi th elements (orr)- t t t
and the second with diagonal  e lements (o, , .0)-  ' l t  ,  then P"" :  l "  f "u !"  and
Puu.a : f l,.ofuo.a!,,, o denote the mutricas of'murginol and of purtial ( 'orre-

lation t 'oefficient,s, respectively. The partiul correlation coefficient Q*u.u
does not relate in a s imple way to Q*r,  the murginal ,  or  s imple one:

( 1 " y . u :  ( Q * ,  -  
Q * u Q y u ) / [ ( l  

-  
Q , . " )  ( 1  -  

A ; , ) ] - 1 t 2 .

They coincide in the tr ivial case (X, Y) I  U, but a moderating effect of
U on Q*, can be lacking under conditions that are unrelated to independen-
cies. This fact is i l lustrated with the fol lowing correlat ion matrix in which
Qrz :  Qrz . t ,  bu t  no  va r iab le  pa i r  i s  marg ina l l y  o r  cond i t i ona l l y  i ndepen-
den t :

0.eoss l
?il33 I?jl 

':[1  0 .66
1

Stantlardi,sed regression coe.ff ic'ienls or beta coefficients are standardised
measures of  l inear dependencies.  They are obtained as common regression
coeff ic ients by start ing wi th the correlat ion matr ix P instead of  the covar i -
ance matrix f. They have traditionally been used in the social sciences as
an aid in determining the relative importance of the different regressor or
inf luencing var iables.  I t  is  known that th is is done only at  the cost of
ignor ing possible di f ferences in var iabi l i ty  (see e.g. ,  Weisberg (1980),
p .  168 ) .
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Let \6 be a diagonal  matr ix wi th diagonal  e lements (o, , )  
-  1 '2 for  i  e b.

Then the star-rdardised regression coefficients matrix , l-If lu and the residual
matr ix f f " tn relates to the nonstandardised one as

fl ir : ln ["tr T;t , ff,.o : lu f"".u 1l" .

Th is  leads  to  we l l -known re la t ions  l i ke

/  
\ r  l

I t- , :  /J-,  (  1-- ) 
--

\or , /

from which it follows,
moderatir-rg eff-ect have
regression coef l ic ien t  s.

/  *  \ l r 2

( 9 . . )  ,
\drr , /

the lack of  a
nstandardised

/ ^  \ r
fixr." -- /r-r,, ( :-- )

\ovr, /

in  tu rn ,  tha t  the
to corncide fbr sta

1' 2

, [J{,." : lJ ",.,'

condi t ions for
ndardised and u

I . Judging moderating effects on a set of data

We il lustrate judgements on moderating ef'fects on a set of data taken from
Hodapp (1984) ,  p .72) .Se l f -concept  (C)  i s  regarded as  a  response to  the
potent ia l  inf luences intel l igence ( l ) ,  perfbrmance (P),  and socioeconomic
status (S).  Avai lable are data for  303 boys at tending classes in k inder-
garten. The observed correlat ion matr ix shows an excel lent  f i t  to the one
est imated under a hypothesis character ised here wi th the condi t ional  inde-
pendence graph in Figure 9.

Figurc 9. Well-f l t t ing dependence structurc to self--concept data

Expressed in words: self-concept depends direct ly on performance and
socioeconomic status, but only indirect ly on intel l igence. The associat ion
between intel l igence and socioeconomic status disappears i f  one controls
for the relat ionship of performance to either variable.

Since the regression structure in Figure 9 does not contain a con-

f igurat ion of  the type is equivalent to the fo l lowing symmetr ic

associat ion structure (Wermuth and Lauritzen, (1989))

- C,/. '
o -  . r t

'o

I n t e l l i g e n c e

Socioeconomic s tatus



Moderatins Eff 'ects

Performance

8 7

I"igure 1(/. Well-f itt ing associntion structure to self-concept data

We know for this type of structure. how to read directly off the
graph al l  independencie s, in part icular I  I  (C, S) |  P as most con-
densed descript ion of this structure (for proofs and motivations, see,
Ki iveri .  Speed and Carl in (1984). or Lauritzen and Wermuth (1984),
(1e8e) ) .

The oberserved marginal correlat ions are displayed in Table 1 (a), as
well  as the corresponding precisions and concentrat ions, while the estimat-
ed marginal correlat ions Q,,,  the estimated precisions 0". and concentra-
t ions 0' j  or. in Table I (b). The l ikel ihood-rat io chi-square stat ist ic for the
hypothesis in Figure 9 against the saturated, i .e. the observed associat ion
structure is

n log (det  (P) /det  (R))  :  55 log (0.1675i0 .1613)  :  0 .30 ,

on two degrees of freedom. It is evident from the test results given in
Table 2 that no additional independencies may be assumed.

Figure 10 and Proposit ion 3 indicate that C and S have no moderating
eff-ect on the precision of I if the hypothesis in Figure 9 is satisfied.

Figure 9 and the flrst picture of Proposition 1 when used repeatedly
show that under the hypothesis / .r . , ,  :  pcp.s and /.r . ,"  :  /cs.p. This
means that up to random variatior-r I has no moderating effect on the
regression coefficients of C on P and S as estimated from the observed
corre lat ions:

f f r . ' t  :  0 .753.  f [ r . r  :0 . l l l

03r . . '  :0 .419,  f [ r . r  :0 .419 .

Similarly, one flnds that the moderating effect of S on the re-
gression coeff icient / i to.,  is not lacking. From (1 5) i t  is: -  f$r.r, . f$.. ,
and is est imated from the observed correlat ions as ( - 0.470)
( -  0 .423)  :  0 .20.
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Table 2.' Liklihood-ratio test results

89

Concli t ional inde- Concurrent
pendence of pair variables Chi-square value Desrees of lreedom

(C, P)
(C,  I )
(C,  S)

( t ,  P)
( I ,  S)
(P ,  S)

1
1
I

1
1
I

8. Discussion

The results in this paper make it plain that moderator effects depend
strongly on the type of the relationship investigated between two variables.
A variable can have no moderating effect on a measure of dependency, but
at the same time have such an effect on a symmetric measure of association
and vice versa.

A moderating effect also need not be symmetric in the following sense:
if Z has no moderating effect on the regression coefficient of Y on X, it
is stil l possible that X has a moderating effect on the regression coefficient
of Y on Z. This is, in fact, the case if X and Z are marginally dependent
and Y )LZlX,  but  not  Y I  XIZ (compare Proposi t ion 1) .

If one knows the necessary and sufficient conditions for the lack of
moderating effects summarised in this paper, it is easy to perform a
goodness-of'-fit test to decide on the lack or presence of moderating effects.
In what follows, it is shown that the technique of so-called moderated
regressions is not suitable for this purpose. Fol lowing Saunders (1956)
Zedeck had recommended the following procedure (Zedeck (1911),
p. 304). Compute
' '  t h rcc  r cg ress ion  equa t ions

t l l  y : a * b x ,

l 2 l  Y : a * b , x * b r z '

where z is  thc potent ia l  modcrator  but  is  t reated as an independcnt predictor ,  and

t 3 l  y : a f b , x * b r z * b . x ' z

(modcrated rcgrcssion cquat ion).  I f  Equat ions 2 and 3 are s igni f icant ly  d i f ferent  f rorn Equa-
t ion 1.  but  not  l iom each other.  then the var iable is  an independent predictor  and modcrator
var iable."

This claim is proven false with the set of variables Y Z,X in Table 3 (a),
which have the covariance and concentration matrices. includine the vari-
able W : X' Z displayed in Table 4.

CPIS
CPIS
CPIS

I P S
IPS
IPS

115.54
0.28

101.97

228.36
0.02

26.68



t1l
l2l
t3l

t1l
l2l
l3l
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The regression coeff ic ients for  the above equat ions are der ived from
these ars

y :  ( -  0 .101 )  +  (0 .862 )x ;  R2 :0 .489 ,
y  :  (0 .000)  +  (0 .600)  x  +  (0 .600)z :  R2 :  0 .616,
y :  (0 .000 )  +  (0 .600 )  x  +  (0 .600 )z  t  (0 .000 )  x . z .  R2  :0 .616 .

Thus. b: : 0, but Z has nevertheless a rnoderating effect on b (: [Jr*).
This  ef - fect  is  -  f r , . *  f i . " :0 .262 (cornpare Resul t  1 .1 ( i ) ) .  This  shows that
the vanishing of the regression coeff icient of the constructed variable
W - X '  Z in [3] is not a suf f lcier-rt  condit ion for the lack of a rnoderating
effect.

Conversely, i t  has been claimed that the regression coeff icient of the
constructed variable (b. in [3]) has to be zero i f  Zhas no moderating ef-fect
on the regression coeff icient in the l inear regression of Y on X (b in [1])
(Steyer  (1983) ,  Cohen and Cohen (1983) ,  Borkenau (1985) ,  Dalber t  and
Schmit t  (1986) ,  Baron and Kenny (1986) ,  Roos and Cohen (1987)) .  A
counterexample is given with the variables in Table 3 (b). The covariance
and concentrat ion matrices of these variables and W - X .Z are in
fable 5. The regression coef f icients and the coeff icients of determinatior-r
for the three regression equations are obtained as

y  :  ( -  0 . 0 2 9 )  +  ( 1 . 1 5 2 )  x ;  R 2  : 0 . 2 9 2 .

y :  ( 0 . 0 8 9 )  +  ( 1 . 1 5 2 )  x  +  ( 1 . 0 7 5 ) z ;  R 2 : 0 . 5 1 1 ,
y  :  (0 .005)  +  (1  .481  )  x  +  (0 .532)  +  (1 .889)  x  .  z ;  R2  :  0 .828  .

Tuhle J. 'Two scts of variables, which give counterexamples to the moderated
regression technique

(a) Counter example to suff iciency (b) Counter example to necessity

XX

- 2.9482
- 0.4104

0.4827
1.2208

- 0.4263
0 . 1 1 4 2

-  1 . 9 7 3 5
- 2.2837

0.1962
0.5078
1.2930

-  0 .5129
-  1 . 5 5 2 0

2.6018

- 1.1203 -  0.6522
-  0 . 2 9 1 6  -  0 . 9 5 1 0
-  0 . 0 4 1 1  0 . 5 8 6 7

1.3734 -  0 .3243
-  1 . 4 2 5 1  -  0 . 5 5 1 4

2.0462 - 0.0564
-  0 . 8 5 6 3  *  2 . 3 7  5 1
-  1 . 3 8 5 8  -  1 . 0 1 7 1
-  0 . 0 1 6 8  -  0 . 0 1 3 4
-  0 . 1 8 9 1  0 . 1 5 2 3

1.7981 0 .1447
-  0 .8934 -  0 .1651

0.0293 0 .8194
1.4496 1 .1021

2.0864 0.6357 0.2910
- 0.9641 -  1.0646 -  0.4447
- 2.2103 0.6225 -  1.6365
-  0 . 7 4 1 6  -  0 . 1 3 8 9  -  1 . 1 8 9 1

1.4917 -  0.4424 0.6972
-  0 .7415 -  0 .2823 -  0 .1918

1 .7414 0 .8237 0 .6519
-  3 .73U9 -  1 .4988 0 .31 .46

0.2537 0.6213 - 0.4409
0.3414 2 .3221 -  0 .6539

-  1 . 5 7 6 6  0 . 6 1 1 1  -  1 . 1 8 8 1
-  2 .5020 -  1 .1147 0 .3594

0.1239 -0 .7265 -1 .s912
-  0 .6660 0 .6225 -  0 .4128
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Table J. ' (cont inued)

(a) Counter example to suff iciency (b) Counter example to necessity

Y X Z Y X Z

91

0.61  55  -  0 .5828 0 .3903 4 .0091 0 .7163 1 .5148
-  0 .0309 0 .2132 0 .3068 1 .8s79 0 .3618 -  0 .3873
- 0.3413 -  0.5022 -  0.6057 4.9534 1.6456 0.5523
-  1 .3402 -  0 .9463 -  1 .7889 1 .0451 0 .2951 1 .6146
-  0 .0330 -  0 .8161 0 .2110 0 .2615 1 .5857 -  0 .5250

0.163U 0 .0143 0 .2651 -  0 .9870 -  0 .3600 0 .3656

Here, Z has no moderating eff-ect on b (:  lJr.) since 6*.:0 (compare
Proposition 1 (ii)), but the regression coefficient of the constructed vari-
able is nonzero. This shows that the vanishing of the regression coeff icient
of W - X . Z in [3] is also not a necessary condit ion for the lack of a
moderating effect.

The moderated regression equations seem to stem from a lalse analogy
to a result in analyses of variance. For these analyses i t  is known (compare
Snedecor and Cochran (1967), chapter 16) that a vanishing interaction
effect is a sufficient condition for the collapsibility of a main effect in
two-way classif icat ions, provided the numbers of observations in subclass-
es are equal or at least proport ional.
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